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Abstract—In this paper, coupled dynamics are presented for5
two cooperating mobile robotic manipulators manipulating an6
object with relative motion in the presence of uncertainties and7
external disturbances. Centralized robust adaptive controls are8
introduced to guarantee the motion, and force trajectories of the9
constrained object converge to the desired manifolds with pre-10
scribed performance. The stability of the closed-loop system and11
the boundedness of tracking errors are proved using Lyapunov12
stability synthesis. The tracking of the constraint trajectory/force13
up to an ultimately bounded error is achieved. The proposed14
adaptive controls are robust against relative motion disturbances15
and parametric uncertainties and are validated by simulation16
studies.17

Index Terms—Adaptive control, cooperation, force/motion,18
mobile manipulators.19

NOMENCLATURE20

Oc Contact point between the end effector of mobile21

manipulator I and the object.22

Oh Point where the end effector of mobile manipu-23

lator II holds the object.24

Oo Mass center of the object.25

OcXcYcZc Frame fixed with the tool of mobile manipulator26

I with its origin at the contact point Oc.27

OhXhYhZh Frame fixed with the end effector of mobile28

manipulator II with its origin at point Oh.29

OoXoYoZo Frame fixed with the object with its origin at the30

mass center Oo.31

OXY Z World coordinates.32

rc Vector describing the posture of frame33

OcXcYcZc with rc = [xT
c , θT

c ]T ∈ R
6.34

rh Vector describing the posture of frame35

OhXhYhZh with rh = [xT
h , θT

h ]T ∈ R
6.36
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ro Vector describing the posture of frame 37

OoXoYoZo with ro = [xT
o , θT

o ]T ∈ R
6. 38

rco Vector describing the posture of frame 39

OcXcYcZc expressed in OoXoYoZo with 40

rco = [xT
co, θ

T
co]

T ∈ R
6. 41

rho Vector describing the posture of frame 42

OhXhYhZh expressed in OoXoYoZo with 43

rho = [xT
ho, θ

T
ho]

T ∈ R
6. 44

q1 Vector of joint variables of mobile manipu- 45

lator I. 46

q2 Vector of joint variables of mobile manipu- 47

lator II. 48

n1 Degrees of freedom of mobile manipulator I. 49

n2 Degrees of freedom of mobile manipulator II. 50

xc Position vector of Oc, the origin of frame 51

OcXcYcZc. 52

xh Position vector of Oh, the origin of frame 53

OhXhYhZh. 54

xo Position vector of Oo, the origin of frame 55

OoXoYoZo. 56

xco Position vector of Oc, the origin of frame 57

OcXcYcZc expressed in OoXoYoZo. 58

xho Position vector of Oh, the origin of frame 59

OhXhYhZh expressed in OoXoYoZo. 60

θc Orientation vector of frame OcXcYcZc. 61

θh Orientation vector of frame OhXhYhZh. 62

θo Orientation vector of frame OoXoYoZo. 63

θco Orientation vector of frame OcXcYcZc ex- 64

pressed in OoXoYoZo. 65

θho Orientation vector of frame OhXhYhZh ex- 66

pressed in OoXoYoZo. 67

I. INTRODUCTION 68

MOBILE manipulators refer to robotic manipulators 69

mounted on mobile platforms. Such systems are suitable 70

for missions which require both locomotion and manipulation, 71

combining the advantages of mobile platforms and robotic 72

arms while reducing their limitations. Coordinated controls of 73

multiple mobile manipulators have attracted the attention of 74

many researchers [1]–[3], [5], [6]. Interest in such systems 75

stems from the greater capability of the mobile manipulators 76

in carrying out more complicated and dexterous tasks which 77

cannot be accomplished by a single mobile manipulator. The 78

applications range from transporting or assembling materials in 79

modern factories, missions in hazardous environments, to the 80

manipulation of undersea/space vehicles. 81

1083-4419/$25.00 © 2008 IEEE
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The control of multiple mobile manipulators presents a sig-82

nificant increase in complexity over the single mobile manip-83

ulator case. The difficulties lie in the fact that when multiple84

mobile manipulators coordinate with each other, they form a85

closed kinematic chain mechanism. This will impose a set of86

kinematic and dynamic constraints on the position and velocity87

of coordinated mobile manipulators. As a result, the degrees of88

freedom of the whole system decrease, and internal forces are89

generated which need to be controlled.90

Thus far, the following are the two main categories of co-91

ordination schemes for multiple mobile manipulators in the92

literature: 1) hybrid position–force control by decentralized/93

centralized scheme, where the position of the object is con-94

trolled in a certain direction of the workspace, and the inter-95

nal force of the object is controlled in a small range of the96

origin [1], [4], [5], and 2) leader–follower control for mobile97

manipulator, where one or a group of mobile manipulators or98

robotic manipulators play the role of the leader, which track a99

preplanned trajectory, and the rest of the mobile manipulators100

form the follower group which move in conjunction with the101

leader mobile manipulators [2], [7], [8].102

However, in the hybrid position–force control of constrained103

coordinated multiple mobile manipulators, such as in [1], [4],104

and [5], although the constraint object is moving, it is usually105

assumed, for the ease of analysis, to be held tightly and thus106

has no relative motion with respect to the end effectors of the107

mobile manipulators. These works have focused on dynamics108

based on predefined fixed constraints among them. The as-109

sumption of these works is not applicable to some applications110

which require both the motion of the object and its relative111

motion with respect to the end effectors of the manipulators,112

such as sweeping tasks and cooperating assembly tasks by113

two or multiple mobile manipulators. The motion of the object114

with respect to the mobile manipulators can also be utilized115

to cope with the limited operational space and to increase task116

efficiency. Such tasks need the simultaneous control of position117

and force in the given direction, so impedance control, like in118

[2], [7], and [8], may not be applicable.119

In [20], possible kinds of coordinated relative motions for120

the industrial robotic systems were listed, including arc welding121

systems for complex contours, paint spraying of moving work-122

pieces, belt picking, and palletizing. In [19], a robotic system123

for arc welding was presented, where the coordinated relative124

movements are defined between the robot and the positioner125

for considerable efficiency at the robot station. In [21], the126

coordination of a part-positioning table and a manipulator127

for welding purpose was presented. The part-positioning table128

manipulates the part into a position and orientation under the129

given task constraints, and the manipulator produces the desired130

touch motion to complete the welding. Through this relative131

motion coordination, the welding velocity and the efficiency of132

the task can be significantly improved.133

There is demand for robotic assembly and disassembly134

operations in space or subsea robotic applications, where the135

operations have to be carried out without special equipment136

due to the unstructured and/or uncertain environment [11].137

Assembly and disassembly operations are decomposed into138

the following two types of tasks: independent and cooperative139

tasks. For the independent tasks, we consider the control of the 140

absolute position and orientation of the robots, while for the co- 141

operative tasks, we consider the control of the relative position, 142

orientation, and contact force between the end effectors. In this 143

case, two robots can be used for assembling the objects in space, 144

with each object being held by one robot [11]. It is necessary 145

to develop a certain form of hybrid control scheme in order to 146

control the relative motion/force between the objects and thus 147

to carry out the task in good condition. The task of mating two 148

subassemblies is a general example of a cooperative task that 149

also requires the control of the relative motion/force of the end 150

effectors. 151

In this paper, we consider tasks for multiple mobile manipu- 152

lators in which the following conditions may hold: 1) the robots 153

are kinematically constrained, and 2) the robots are not physi- 154

cally connected but work on a common object in completing 155

a task, with both robots being in motion simultaneously. Con- 156

ventional centralized and decentralized coordination schemes 157

have not addressed coordination tasks adequately, although the 158

leader/follower scheme may be a solution. Another motivation 159

for developing a coordination scheme is to incorporate hybrid 160

position and force control architecture with leader–follower 161

coordination for easy and efficient implementation. 162

It should be noted that the success of the schemes [1]–[3], 163

[5] for coordinated controls of multiple mobile manipulators 164

relies on one’s knowledge of the complex dynamics of the 165

robotic system. Parametric uncertainties in the dynamic model, 166

such as the payload, may lead to degraded performance and 167

compromise the stability of the system. Recently, some works 168

have successfully incorporated adaptive controls to deal with 169

dynamics uncertainty of single mobile manipulator or robotic 170

manipulators [17]. In [9], adaptive neural network based had 171

been proposed for the motion control of a mobile manipulator. 172

Adaptive control was proposed for the trajectory control of mo- 173

bile manipulators subjected to nonholonomic constraints with 174

unknown inertia parameters [10], which ensures the state of the 175

system to asymptotically converge to the desired trajectory. 176

In this paper, we shall investigate situations where one 177

mobile robotic manipulator (referred to as mobile manipulator 178

I) performs the constrained motion on the surface of an object 179

which is held tightly by another mobile robotic manipulator 180

(referred to as manipulator II) [12]. Mobile manipulator II has 181

to be controlled in such a manner that the constraint object 182

follows the planned motion trajectory, while mobile manipu- 183

lator I has to be controlled such that its end effector follows 184

a planned trajectory on the surface with the desired contact 185

force. We first present the dynamics of two mobile robotic 186

manipulators manipulating an object with relative motion. This 187

will be followed by centralized robust adaptive control to 188

guarantee the convergence of the motion/force trajectories of 189

the constraint object under parameter uncertainties and external 190

disturbances. 191

The main contributions of this paper are listed as follows. 192

1) Coupled dynamics are presented for two cooperating 193

mobile robotic manipulators manipulating an object with 194

relative motion in the presence of the uncertainty of 195

system dynamic parameters and external disturbances. 196
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Fig. 1. Coordinated operation of two robots.

2) Centralized robust adaptive control, which is capable197

of achieving the convergence of the trajectory tracking198

error to an ultimately bounded error without knowing199

the dynamic parameters of the robots, is proposed for200

multiple mobile manipulators’ cooperation.201

3) Nonregressor-based control design is developed and car-202

ried out without imposing any restriction on the system203

dynamics.204

II. DESCRIPTION OF THE INTERCONNECTED SYSTEM205

The system under study is schematically shown in Fig. 1.206

The object is held tightly by the end effector of mobile207

manipulator II and can be moved as required in space. The208

end effector of mobile manipulator I follows a trajectory on209

the surface of the object and, at the same time, exerts a certain210

desired force on the object.211

Assumption 2.1: The surface of the object where the end212

effector of mobile arm I move on is geometrically known.213

A. Kinematic Constraints of the System214

The closed kinematic relationships of the system are given215

by the following [12]:216

xc = xo + Ro(θo)xco (1)

xh = xo + Ro(θo)xho (2)

Rc = Ro(θo)Rco(θco) (3)

Rh = Ro(θo) (4)

where Ro(θo) ∈ R
3×3 and Rco(θco) ∈ R

3×3 are the rotation217

matrices of θo and θco, respectively, and Rc ∈ R
3×3 and218

Rh ∈ R
3×3 given earlier are the rotation matrices of frames219

OcXcYcZc and OhXhYhZh with respect to the world coordi-220

nate, respectively. Differentiating the aforementioned equations221

with respect to time t and considering that the object is tightly 222

held by manipulator II (accordingly, ẋho = 0 and ωho = 0), 223

we have 224

ẋc = ẋo + Ro(θo)ẋco − S (Ro(θo)xco) ωo (5)

ẋh = ẋo − S (Ro(θo)xho) ωo (6)

ωc =ωo + Ro(θo)ωco (7)

ωh =ωo (8)

with 225

S(u) :=

⎡
⎣ 0 −u3 u2

u3 0 −u1

−u2 u1 0

⎤
⎦

for a given vector u = [u1, u2, u3]T. Define vc = [ẋT
c , ωT

c ]T, 226

vh = [ẋT
h , ωT

h ]T, vo = [ẋT
o , ωT

o ]T, vco = [ẋT
co, ω

T
co]

T, and 227

vho = [ẋho, ω
T
ho]

T. From (1)–(4) and (5)–(8), we have the 228

following relationships: 229

vc = Pvo + RAvco (9)

vh = Qvo (10)

where 230

RA =
[

Ro(θo) 0
0 Ro(θo)

]
(11)

P =
[

I3×3 −S (Ro(θo)xco)
0 I3×3

]
(12)

Q =
[

I3×3 −S (Ro(θo)xho)
0 I3×3

]
. (13)

Since Ro(θo) is a rotation matrix, Ro(θo)RT
o (θo) = I3×3 and 231

RART
A = I6×6. It is obvious that P and Q are of full rank. 232
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From Assumption 2.1, suppose that the end effector of233

mobile manipulator I follows the trajectory Φ(rco) = 0 in the234

object coordinates. The contact force fc is given by235

fc =RAJT
c λc (14)

Jc =
∂Φ/∂rco

‖∂Φ/∂rco‖
(15)

where λc is a Lagrange multiplier related to the magnitude of236

the contact force. The resulting force fo due to fc is thus derived237

as follows:238

fo = −PT RAJT
c λc. (16)

B. Robot Dynamics239

Consider two cooperating n-DOF mobile manipulators with240

nonholonomic mobile platforms, as shown in Fig. 1. Combining241

(14) and (16), the dynamics of the constrained mobile manipu-242

lators can be described as243

M1(q1)q̈1 + C1(q1, q̇1)q̇1 + G1(q1) + d1(t) =B1τ1 + JT
1 λ1

(17)

M2(q2)q̈2 + C2(q2, q̇2)q̇2 + G2(q2) + d2(t) =B2τ2 + JT
2 λ2

(18)

where244

Mi(qi) =
[

Mib Miva

Miab Mia

]

Ci(qi, q̇i) =
[

Cib Ciba

Ciab Cia

]

Gi(qi) =
[

Gib

Gia

]

di(t) =
[

dib(t)
dia(t)

]

JT
1 (q1) =

[
AT

1 JT
1b

0 JT
1a

] [
I 0
0 RAJT

c

]

JT
2 (q2) =

[
AT

2 JT
2b

0 −JT
2aPT

] [
I 0
0 RAJT

c

]

λ1 =
[

λ1n

λc

]

λ2 =
[

λ2n

λc

]

for i = 1, 2. Mi(qi) ∈ R
ni×ni is the symmetric bounded245

positive-definite inertia matrix, Ci(qi, q̇i)q̇i ∈ R
ni denote the246

Centripetal and Coriolis forces, Gi(qi) ∈ R
ni are the gravita-247

tional forces, τi ∈ R
pi is the vector of control inputs, Bi ∈248

R
ni×pi is a full-rank input transformation matrix and is as-249

sumed to be known because it is a function of the fixed250

geometry of the system, di(t) ∈ R
ni is the disturbance vector,251

qi = [qT
ib, q

T
ia]T ∈ R

ni and qib ∈ R
niv describe the generalized252

coordinates for the mobile platform, qia ∈ R
nia are the coor- 253

dinates of the manipulator, and ni = niv + nia; Fi = JT
i λi ∈ 254

R
ni denotes the vector of constraint forces; the niv − m nonin- 255

tegrable and independent velocity constraints can be expressed 256

as Aiq̇ib = 0; λi = [λT
in, λT

c ]T ∈ R
pi , with λin being the 257

Lagrangian multipliers with the nonholonomic constraints. 258

Assumption 2.2: There is sufficient friction between the 259

wheels of the mobile platforms and the surface such that the 260

wheels do not slip. 261

Under Assumption 2.2, we have Aiq̇ib = 0, with Ai(qib) ∈ 262

R
(niv−m)×niv , and it is always possible to find an m-rank ma- 263

trix Hi(qib) ∈ R
niv×m formed by a set of smooth and linearly 264

independent vector fields spanning the null space of Ai, i.e., 265

HT
i (qib)AT

i (qib) = 0m×(niv−m). (19)

Since Hi = [hi1(qib), . . . , him(qib)] is formed by a set of 266

smooth and linearly independent vector fields spanning the 267

null space of Ai(qib), define an auxiliary time function vib = 268

[vib1, . . . , vibm]T ∈ R
m such that 269

q̇ib = Hi(qib)vib = hi1(qib)vib1 + · · · + him(qib)vibm (20)

which is the so-called kinematics of nonholonomic system. Let 270

via = q̇ia. One can obtain 271

q̇i = Ri(qi)vi (21)

where vi = [vT
ib, v

T
ia]T and Ri(qi) = diag[Hi(qib), Inia×nia

]. 272

Differentiating (21) yields 273

q̈i = Ṙi(qi)vi + Ri(qi)v̇i (22)

Substituting (22) into (17) and (18) and multiplying both sides 274

with RT
i (qi) to eliminate λin yield 275

Mi1(qi)v̇i + Ci1(qi, q̇i)vi + Gi1(qi) + di1(t)

= Bi1(qi)τ + JT
i1λi (23)

where Mi1(qi) = Ri(qi)TMi(qi)Ri, Ci1(qi, q̇i) = 276

RT
i (qi)Mi(qi)Ṙi(qi) + RT

i Ci(qi, q̇i)Ri(qi), Gi1(qi) = 277

RT
i (qi)Gi(qi), di1(t) = RT

i (qi)di(t), Bi1 = RT
i (qi)Bi(qi), 278

JT
i1 = RT

i (qi)JT
i , and λi = λc. 279

Assumption 2.3: There exists some diffeomorphic state 280

transformation T2(q) for the class of nonholonomic systems 281

considered in this paper such that the kinematic nonholo- 282

nomic subsystem (21) can be globally transformed into a 283

chained form. 284⎧⎪⎪⎨
⎪⎪⎩

ζ̇ib1 = ui1

ζ̇ibj = ui1ζib(j+1) (2 ≤ j ≤ nv − 1)
ζ̇ibnv

= ui2

ζ̇ia = q̇ia = uia

(24)

where 285

ζi =
[
ζT
ib, ζ

T
ia

]T
= T1(qi) =

[
TT

11(qib), qT
ia

]T
(25)

vi =
[
vT

ib, v
T
ia

]T
= T2(qi)ui =

[
(T21(qib)uib)

T , uT
ia

]T
(26)
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with T2(qi) = diag[T21(qib), I] and ui = [uT
ib, u

T
ia]T, where286

uia = q̇ia.287

Remark 2.1: This assumption is reasonable, and examples of288

nonholonomic system which can be globally transformed into289

a chained form are the differentially driven wheeled mobile290

robot and the unicycle wheeled mobile robot [16]. A neces-291

sary and sufficient condition was given for the existence of292

the transformation T2(q) of the kinematic system (21) with293

a differentially driven wheeled mobile robot into this chained294

form (single chain) [15], [16]. For the other types of mobile295

platform (multichain case), the discussion on the existence296

condition of the transformation is given in Proposition A.1297

(See Appendix A).298

Consider the aforesaid transformations, the dynamic system299

[(17) and (18)] could be converted into the following canonical300

transformation, for i = 1, 2:301

Mi2(ζi)u̇i + Ci2(ζi, ζ̇i)ui + Gi2(ζi) + di2(t) = Bi2τi + JT
i2λi

(27)

where302

Mi2(ζi) = TT
2 (qi)Mi1(q)T2(qi)|qi=T−1

1 (ζi)

Ci2(ζi, ζ̇i) = TT
2 (qi)

[
Mi1(qi)Ṫ2(qi)
+ Ci1(qi, q̇i)T2(qi)

]∣∣
qi=T−1

1 (ζi)

Gi2(ζi) = TT
2 (qi)Gi1(qi)|qi=T−1

1 (ζi)

di2(t) = TT
2 (qi)di(t)|qi=T−1

1 (ζi)

Bi2 = TT
2 (qi)Bi1(qi)|qi=T−1

1 (ζi)

JT
i2 = TT

2 (qi)JT
i1|q=T−1

1 (ζi)
.

C. Reduced Dynamics303

Assumption 2.4: The Jacobian matrix Ji2 is uniformly304

bounded and uniformly continuous if qi is uniformly bounded305

and uniformly continuous.306

Assumption 2.5: Each manipulator is redundant and operat-307

ing away from any singularity.308

Remark 2.2: Under Assumptions 2.4 and 2.5, the Jacobian309

Ji2 is of full rank. The vector qia ∈ R
nia can always be prop-310

erly rearranged and partitioned into qia = [q1T
ia , q2T

ia ]T, where311

q1
ia = [q1

ia1, . . . , q
1
ia(nia−κi)

]T describes the constrained motion312

of the manipulator and q2
ia ∈ R

κi denotes the remaining joint313

variables which make the arm redundant such that the possible314

breakage of contact could be compensated.315

Therefore, we have316

Ji2(qi) =
[
Ji2b, J

1
i2a, J2

i2a

]
. (28)

Considering the object trajectory and relative motion trajec-317

tory as holonomic constraints, we can obtain318

q̇2
ia = −

(
J2

i2a

)−1 [
Ji2buib + J1

i2aq̇1
ia

]
(29)

ui =

⎡
⎣ uib

q̇1
ia

−
(
J2

i2a

)−1 [
Ji2buib + J1

i2aq̇1
ia

]
⎤
⎦

= Liu
1
i (30)

where 319

Li =

⎡
⎣ Im×m 0

0 I(nia−κi)×(nia−κi)

−
(
J2

i2a

)−1
Ji2b −

(
J2

i2a

)−1
J1

i2a

⎤
⎦ (31)

u1
i =

[
uib q̇1

ia

]T
(32)

with u1
i ∈ R

(nia+m−κi) and Li ∈ R
(nia+m)×(nia+m−κi). From 320

the definition of Ji2 in (28) and Li previously, we have 321

LT
i JT

i2 = 0. 322

Combining (27) and (30), we can obtain the following com- 323

pact dynamics: 324

Mu̇1 + Cu1 + G + d = Bτ + JTλ (33)

where 325

M =
[

M12L1 0
0 M22L2

]
L =

[
L1 0
0 L2

]

C =
[

M12L̇1 + C12L1 0
0 M22L̇2 + C22L2

]

G =
[

G12

G22

]
B =

[
B12 0
0 B22

]
λ = λc

d =
[

d12(t)
d22(t)

]
τ =

[
τ1

τ2

]
JT =

[
JT

12

JT
22

]
.

Property 2.1: Matrices M = LTM and G = LTG are uni- 326

formly bounded and uniformly continuous if ζ = [ζ1, ζ2]T is 327

uniformly bounded and continuous, respectively. Matrix C = 328

LTC is uniformly bounded and uniformly continuous if ζ̇ = 329

[ζ̇1, ζ̇2]T is uniformly bounded and continuous. 330

Property 2.2: ∀ζ ∈ R
n1+n2 , 0 < λminI ≤ M(ζ) ≤ βI , 331

where λmin is the minimal eigenvalue of M and β > 0. 332

III. CENTRALIZED ROBUST ADAPTIVE-CONTROL DESIGN 333

A. Problem Statement and Control Diagram 334

Let rd
o(t) be the desired trajectory of the object, rd

co(t) be 335

the desired trajectory on the object, and λd
c(t) be the desired 336

constraint force. The first control objective is to drive the 337

mobile manipulators such that ro(t) and rco(t) track their 338

desired trajectories rd
o(t) and rd

co(t), respectively. Accordingly, 339

it is only necessary to make q track the desired trajectory 340

qd = [qdT
1 , qdT

2 ]T since q = [qT
1 , qT

2 ]T completely determines 341

ro(t) and rco(t). Under Assumption 2.4, with the desired joint 342

trajectory qd, there exists a transformation q̇d = R(qd)vd, ζd = 343

T1(qd), and ud = T−1
2 (qd)vd, where vd = [vdT

1 , vdT
2 ]T, v = 344

[vT
1 , vT

2 ]T, ζd = [ζdT
1 , ζdT

2 ]T, ζ = [ζT
1 , ζT

2 ]T, ud = [uT
1d, u

T
2d]

T, 345

and u = [uT
1 , uT

2 ]T. Therefore, the tracking problem can be 346

treated as formulating a control strategy such that ζ → ζd and 347

u → ud as t → ∞. The second control objective is to make 348

λc(t) track the desired trajectory λd
c(t). The centralized control 349

diagram for two mobile manipulators is shown in Fig. 2. 350
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Fig. 2. Block diagram of the proposed control scheme.

Definition 3.1: Consider time-varying positive functions δk351

and ας which converge to zero as t → ∞ and satisfy352

lim
t→∞

t∫
0

δk(ω)dω = ak < ∞ (34)

lim
t→∞

t∫
0

ας(ω)dω = bς < ∞ (35)

with finite constants ak and bς , where k = 1, . . . , 6 and ς =353

1, . . . , 5. There are many choices for δk and ας that satisfy the354

aforementioned condition, for example, δk = ας = 1/(1 + t)2.355

B. Control Design356

The complete model of the coordinated nonholonomic mo-357

bile manipulators consists of the two cascaded subsystems (24)358

and the combined dynamic model (33). As a consequence, the359

generalized velocity u cannot be used to control the system 360

directly, as assumed in the design of controllers at the kinematic 361

level. Instead, the desired velocities must be realized through 362

the design of the control inputs τ ’s (33). The aforesaid proper- 363

ties imply that the dynamics (33) retains the mechanical system 364

structure of the original system (18), which is fundamental 365

for designing the robust control law. In this section, we will 366

develop a strategy so that the subsystem (24) tracks ζd through 367

the design of a virtual control z, defined in (36) and (37) 368

hereafter, and at the same time, the output of the mechanical 369

subsystem (33) is controlled to track this desired signal. In turn, 370

the tracking goal can be achieved. 371

For the given ζd = [ζdT
1 , ζdT

2 ]T, the tracking errors are 372

denoted as e = ζ − ζd = [eT
1 , eT

2 ]T, ei = [eT
ib, e

T
ia]T, eib = 373

[ei1, ei2, . . . , einv
]T = ζib − ζd

ib, eia = ζia − ζd
ia, and eλ = 374

λc − λd
c . Define the virtual control z = [zT

1 , zT
2 ]T and zi = 375

[zT
ib, z

T
ia]T as (36)–(39) [23], shown at the bottom of the page, 376

and l = niv − 2, u
(l)
id1 is the lth derivative of uid1 with respect 377

to t, and kj is positive constant, and Kia is diagonal positive. 378

Denote ũ = [ũb, ũa]T = [ub − zb, ua − za]T, and define a 379

filter tracking error 380

σ =
[
ub

ũa

]
+ Ku

t∫
0

ũds (40)

with Ku = diag[0m×m,Ku1] > 0, where Ku1 ∈ 381

R
(nia−κi)×(nia−κi). We could obtain σ̇ =

[u̇b
˙̃ua

]
+ Kuũ and 382

u = ν + σ, with ν =
[

0
za

]
− Ku

∫ t

0 ũds. 383

We could rewrite (33) as 384

Mσ̇ + Cσ + Mν̇ + Cν + G + d = Bτ + JTλ. (41)

If the system is certain, we could choose the control law 385

given by 386

Bτ = M(ν̇ − Kσσ) + C(ν + σ) + G + d − JTλh (42)

zib =

⎡
⎣uid1 + ηi \\ uid2 − si(niv−1)uid1 − kniv

siniv
+

niv−3∑
j=0

∂(einiv
− siniv

)

∂u
(j)
id1

u
(j+1)
id1 +

niv−1∑
j=2

∂(einiv
− siniv

)
∂eij

ei(j+1)

⎤
⎦ (36)

zia = q̇1d
ia − K1a

(
q1
ia − q1d

ia

)
(37)

si =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ei1

ei2

ei3 + k2si2u
2l−1
id1

ei4 + si2 + 1
uid1

∑0
j=0

∂(ei3−si3)

∂u
(j)
id1

u
(j+1)
id1 +

∑2
j=2

∂(ei3−si3)
∂eij

ei(j+1) + k3si3u
2l−1
id1

...

einiv
+si(niv−2)+kniv−1si(niv−1)u

2l−1
id1 − 1

uid1

∑niv−4
j=0

∂(ei(niv−1)−si(niv−1))
∂u

(j)
id1

u
(j+1)
id1 −

∑niv−2
j=2

∂(ei(niv−1)−si(niv−1))
∂eij

ei(j+1)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(38)

η̇i = − k0ηi − k1si1 −
niv−1∑
j=2

sijζi(j+1) +
niv∑
k=3

sik

k−1∑
j=2

∂(eik − sik)
∂eik

ζi(k+1) (39)
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with diagonal matrix Kσ > 0. The force-control input λh as387

λh = λd − Kλλ̃ − KI

t∫
0

λ̃dt (43)

where λ̃ = λc − λd
c , Kλ is a constant matrix of proportional388

control feedback gains, and KI is a constant matrix of integral389

control feedback gains.390

However, since M(ζ), C(ζ, ζ̇), and G(ζ) are uncertain, to391

facilitate the control formulation, the following assumption is392

required.393

Assumption 3.1: There exist some finite-positive constants394

b, cς > 0(1 ≤ ς ≤ 4), and finite-nonnegative constant c5 ≥395

0 such that ∀ζ ∈ R
2n, ∀ζ̇ ∈ R

2n, ‖ΔM‖ = ‖M−M0‖ ≤396

c1, ‖ΔC‖ = ‖C − C0‖ ≤ c2 + c3‖ζ̇‖, ‖ΔG‖ = ‖G − G0‖ ≤397

c4, and supt≥0 ‖dL(t)‖ ≤ c5, where M0, C0, and G0 are398

nominal parameters of the system [22], [24].399

Letting B = LTB, the proposed control for the system is400

given as401

Bτ = U1 + U2 (44)

where U1 is the nominal control402

U1 = M0(ν̇ − Kσσ) + C0(ν + σ) + G0 (45)

and U2 is designed to compensate for the parametric errors403

arising from estimating the unknown functions M, C, and G404

and the disturbance, respectively.405

U2 = U21 + U22 + U23 + U24 + U25 + U26 (46)

U21 = − β

λmin

ĉ2
1‖Kσσ − ν̇‖2σ

ĉ1‖Kσσ − ν̇‖‖σ‖ + δ1
(47)

U22 = − β

λmin

ĉ2
2‖σ + ν‖2σ

ĉ2‖σ + ν‖‖σ‖ + δ2
(48)

U23 = − β

λmin

ĉ2
3‖ζ̇‖2‖σ + ν‖2σ

ĉ3‖ζ̇‖‖σ + ν‖‖σ‖ + δ3

(49)

U24 = − β

λmin

ĉ2
4σ

ĉ4‖σ‖ + δ4
(50)

U25 = − β

λmin

ĉ2
5‖L‖2σ

ĉ5‖L‖‖σ‖ + δ5
(51)

U26 = − β
‖ũb‖‖Λ‖2σ

‖Λ‖‖σ‖ + δ6
(52)

where δk(k = 1, . . . , 6) satisfies the conditions defined in406

Definition 3.1, and ĉς denotes the estimate cς , which are adap-407

tively tuned according to408

˙̂c1 = − α1ĉ1 +
γ1

λmin
‖σ‖‖Kσσ − ν̇‖, ĉ1(0) > 0 (53)

˙̂c2 = − α2ĉ2 +
γ2

λmin
‖σ‖‖σ + ν‖, ĉ2(0) > 0 (54)

˙̂c3 = − α3ĉ3 +
γ3

λmin
‖σ‖‖ζ̇‖‖σ + ν‖, ĉ3(0) > 0 (55)

˙̂c4 = − α4ĉ4 +
γ4

λmin
‖σ‖, ĉ4(0) > 0 (56)

˙̂c5 = − α5ĉ5 +
γ5

λmin
‖L‖‖σ‖, ĉ5(0) > 0 (57)

with ας > 0 satisfying the condition in Definition 3.1 and γς > 409

0 (ς = 1, . . . , 5), and 410

Λ = [Λ1 Λ2]T (58)

Λi =

⎡
⎣k1si1 +

niv−1∑
j=2

sijζi(j+1)

−
niv∑
j=3

sij

j−1∑
k=2

∂(eik − sik)
∂eik

ζi(k+1)\\ sinv
\\ 0

⎤
⎦ (59)

Remark 3.1: The variables U21, . . . , U26 are to compensate 411

for the parametric errors arising from estimating the unknown 412

functions M, C, and G and the disturbance. The choice of 413

the variables in (47)–(52) is to avoid the use of sign functions 414

which will lead to chattering. Based on the definition of δk in 415

Definition 3.1, the denominators in (47)–(52) are nonnegative 416

and will only approach zero when δk → 0. However, when 417

δk = 0, we can rewrite the equations in (47)–(52) as 418

U21 = − β

λmin
ĉ1‖Kσσ − ν̇‖sgn(σ)

U22 = − β

λmin
ĉ2‖σ + ν‖sgn(σ)

U23 = − β

λmin
ĉ3‖ζ̇‖‖σ + ν‖sgn(σ)

U24 = − β

λmin
ĉ4sgn(σ)

U25 = − β

λmin
ĉ5‖L‖sgn(σ)

U26 = − β‖ũb‖‖Λ‖sgn(σ).

From the aforementioned expressions, we can see that the 419

variables U21, . . . , U26 are bounded when ĉς , ζ, σ, v, v̇, ζ̇, and Λ 420

are bounded. As such, there is no division by zero in the control 421

design. 422

Remark 3.2: Noting (47)–(52), and the corresponding adap- 423

tive laws (53)–(57), the signals required for the implementation 424

of the adaptive robust control are σ, ν̇, ν, ζ̇, and Λ. Acceleration 425

measurements are not required for the adaptive robust control. 426

Remark 3.3: For the computation of the control τ , we 427

require the left inverse of the matrix B to exist such that 428

B+B = BT(BBT)−1B = I . The matrix B can be written as 429

B = diag[LT
1 TT

2 RT
1 B1, L

T
2 TT

2 RT
2 B2]. From the definition of 430

Li in (31), we have that LT
i ∈ R

(nia+m)×(nia+m−κi) is full 431

row ranked, and the left inverse of LT
i exists. The matrix Ri 432

is defined as Ri(qi) = diag[Hi(qib), Inia×nia
] ∈ R

ni×(nia+m). 433

Since Hi ∈ R
niv×m is formed by a set of m smooth and linearly 434

independent vector fields, we have that RT
i is full row ranked, 435

and the left inverse of RT
i exists. 436
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Fig. 3. Cooperating 3-DOF mobile manipulators.

Since the matrices LT
i and RT

i are full row ranked, Bi is437

a full-ranked input transformation matrix, and T2 is a diffeo-438

morphism, there exists a left inverse of the matrix B such that439

B+B = BT(BBT)−1B = I .440

Remark 3.4: Application of sliding-mode control generally441

leads to the introduction of the sgn function in the control442

laws, which would lead to the chattering phenomenon in the443

practical control [18]. To reduce the chattering phenomenon,444

we introduce positive time-varying functions δj , with properties445

described in Definition 3.1, in the control laws (45)–(50), such446

that the controls are continuous for δj 	= 0.447

C. Control Stability448

Theorem 3.1: Considering the mechanical system described449

by (27), under Assumption 2.2, using the control law (44), the450

following can achieved.451

1) eζ = ζ − ζd, ėζ = ζ̇ − ζ̇d, and eλ = λc − λd
c converge to452

a small set containing the origin as t → ∞.453

2) All the signals in the closed loop are bounded for all454

t ≥ 0.455

Proof: See Appendix B. �456

IV. SIMULATION STUDIES457

To verify the effectiveness of the proposed control algorithm,458

we consider two similar 3-DOF mobile manipulator systems459

shown in Fig. 3. Both mobile manipulators are subjected to the460

following constraint:461

ẋi cos θi + ẏi sin θi = 0, i = 1, 2.

Using the Lagrangian approach, we can obtain the462

standard form for (17) and (18) with qiv = [xi, yi, θi]T,463

qia = [θi1, θi2, θi3]T, where θi2 = π/2 and is fixed,464

qi = [qiv, qia]T, and Ai = [cos θi, sin θi, 0]T and465

Miv =
[

Miv11 Miv12

Miv21 Miv22

]
, Civ =

[
Civ11 Civ12

Civ21 Civ22

]
,466

Biv =
[

sin θi/r − cos θi/r −l/r
− sin θi/r cos θi/r l/r

]T
, Miv12 = 467

[mi1i2i3d cos θi + mi2i3 cos(θi + θi1), mi1i2i3d sin θi + 468

mi2i3 sin(θi + θi1)]T, Miv11 = diag[mipi1i2i3], mi2i3 = 469

mi2li2 + mi3Li3, Li3 = 2li2 + li3 + θi3, Miv22 = Iip + 470

Ii1i2i3 + mi1i2i3d
2 + mi2(l2i2 + 2dli2 cos θi1) + mi3(L2

i3 + 471

2dLi3 cos θi1), Miva = [Miva1,Miva2,Miva3], Miva1 = 472

[mi2i3 cos(θi + θi1), mi2i3 sin(θi + θi1), Ii1i2i3 + mi2(l2i2 + 473

2dli2cos θi1)+mi3(L2
i3+2dLi3cos θi1)]T, Miva2=0.0, Miva3= 474

[sin(θi + θi1),−cos(θi+θi1), 0]T, Bia =diag[1.0], Mia = 475

diag[Ii1i2i3, Ii2i3,mi3], τi =[τil, τir, τi1, τi2, τi3]T, Giv =[0.0, 476

0.0, 0.0]T, mipi1i2i3=mip+mi1i2i3, mi1i2i3=mi1+mi2+mi3, 477

Ii1i2i3 =Ii1+Ii2+Ii3+mi3L
2
i3, Ii2i3 =Ii2+Ii3+mi3L

2
i3, 478

Civ11 = 0, Civ12 = CT
iv21, Civ22 = −2mi2i3d sin θi1θ̇i1, 479

Cia = diag[−mi2i3d sin θi1θ̇i, −mi2i3d sini θi1θ̇i, 0], 480

Civ12 = [−mi1i2i3dθ̇i sin θi − mi2i3 sin(θi + θi1)(θ̇i + θ̇i1), 481

mi1i2i3dθ̇i cos θi+mi2i3 cos(θi+θi1)(θ̇i+θ̇i1)]T, Gia = [0.0, 482

mi2gli2,mi3gLi3]T, Civa = [Civa1, Civa2, Civa3], Civa1 = 483

Civa2 = [−mi2i3 sin(θi + θi1)(θ̇i + θ̇i1),−mi2i3 sin cos(θi + 484

θi1)(θ̇i + θ̇i1), 0]T, Civa3 = [−mi3 cos(θi + θi1)(θ̇i + θ̇i1), 485

−mi3 sin cos(θi+θi1)(θ̇i+θ̇i1), 0]T, Ciav1 =CT
iva1, Ciav2 = 486

CT
iva2, and Ciav3 = [mi3 cos(θi + θi1)(θ̇i + θ̇i1),mi3 sin(θi + 487

θi1)(θ̇i + θ̇i1),mi3d sin θiθ̇i1]. The disturbances are d1 = d2 = 488

[0.5 sin(t), 0.5 sin(t), 0, 0.1 sin(t), 0.1 sin(t), 0.1 sin(t)]T. 489

The parameters of the mobile manipulators used in this 490

simulation are as follows: m1p = m2p = 5.0 kg, m11 = m21 = 491

1.0 kg, m12 = m22 = m13 = m23 = 0.5 kg, I1w = I2w = 492

1.0 kg · m2, I1p = I2p = 2.5 kg · m2, I11 = I21 = 1.0 kg · 493

m2, I12 = I22 = 0.5 kg · m2, I13 = I23 = 0.5 kg · m2, d = 494

l = r = 0.5 m, 2l11 = 2l21 = 1.0 m, 2l12 = 2l22 = 0.5 m, 495

2l13 = 0.05 m, and 2l23 = 0.35 m. The mass of the object 496

is mobj = 0.5 kg. The parameters are used for simulation 497

purposes only; they are assumed to be unknown and are not 498

used in the control design. The desired trajectory of the ob- 499

ject is rod = [xod, yod, zod]T, where xod = 1.5 cos(t), yod = 500

1.5 sin(t), and zod = 2l1. The corresponding desired trajectory 501

of mobile manipulator II is q2d = [x2d, y2d, θ2d, θ21d, θ22d]T, 502

with xd = 2.0 cos(t), yd = 2.0 sin(t), θd = t, θ22d = π/2 rad, 503
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Fig. 4. Tracking trajectories of both mobile platforms.

and θ21d, θ23 are to control the force and compensate the task504

space errors. The end effector holds tightly on the top point of505

the surface. The constraint relative motion by mobile manipula-506

tor I is an arc with the center on joint 2 of mobile manipulator I,507

where angle = π/2 − π/6 cos(t), and the constraint force is set508

as λd
c = 10.0 N. Therefore, from the constraint relative motion,509

we can obtain the desired trajectory of mobile manipulator I510

as q1d = [x1d, y1d, θ1d, θ11d, θ12d]T with the corresponding tra-511

jectories x1d = 1.0 cos(t), y1d = 1.0 sin(t), θ1d = t, θ11d =512

π/2 − π/6 cos(t), and θ12 = π/2, and θ13 is used to compen-513

sate the position errors of the mobile platform.514

For each mobile manipulator, by the transformation515

similar to (25) and (26), T11(qib) = [θi, xi cos(θi) +516

yi sin(θi),−xi sin(θi) + yi cos(θi)]T and uib = [vi2, vi1 −517

(xi cos(θi) + yi sin(θi))vi2]T. One can obtain the kinematic518

system in the chained form ζ̇i = [ui1, ζi3ui1, ui2, ui3, ui4]T.519

The robust adaptive control (44) is used, the tracking errors520

for both mobile manipulators are given by [eT
i , eλc

]T = [ζT
i −521

ζdT
i , λc − λd

c ]
T, and sT

i = [ei1, ei2, ei3 + ki2ei2uid1]T.522

The initial conditions selected for mobile manipulator I are523

x1(0) = 1.15 m, y1(0) = 0.0 m, θ1(0) = 0.0 rad, θ11(0) =524

1.047 rad, θ12(0) = π/2 rad, θ13(0) = 0.0 rad, λ(0) = 0.0 N,525

ẋ1(0) = 0.5 m/s, and ẏ1(0) = θ̇1(0) = θ̇11(0) = θ̇12(0) =526

θ̇13(0) = 0.0, and the initial conditions selected for mobile ma-527

nipulator II are x2(0) = 2.15 m, y2(0) = 0 m, θ2(0) = 0.0 rad,528

θ21(0) = 1.57 rad, θ22(0) = π/2 rad, θ23(0) = 0.0 rad, and529

ẋ2(0) = ẏ2(0) = θ̇2(0) = θ̇12(0) = θ̇22(0) = θ̇23(0) = 0.0.530

In the simulation, the design parameters are selected531

as k0 = 5.0, k1 = 180.0, k2 = 5.0, k3 = 5.0, η(0) = 0.0,532

Ka1 = diag[2.0], Kλ = 0.3, KI = 1.5, Kσ = diag[0.5],533

Ku = diag[1.0], γi = 0.1, αi = δi = 1/(1 + t)2, and534

ĉi(0) = 1.0. Fig. 4 shows the trajectory of the mobile535

platforms of both mobile manipulators. Figs. 5–8 show the536

tracking performance, and the corresponding input torques537

are shown in Figs. 9 and 10. Fig. 11 shows the contact538

force tracking λc − λd
c , since joint 3 makes the manipulator539

redundant in the force space. From Fig. 11, we can see that the540

contact force is always more than zero, which means that the541

two mobile manipulators always keep in contact, and the force542

error converges to zero through the selection of Kλ and KI .543

Fig. 5. Tracking of θ for mobile manipulator I.

Fig. 6. Tracking of arm joint angles of mobile manipulator I.

V. CONCLUSION 544

In this paper, the dynamics and control of two mobile robotic 545

manipulators manipulating a constrained object have been in- 546

vestigated. In addition to the motion of the object with respect 547

to the world coordinates, its relative motion with respect to 548

the mobile manipulators is also taken into consideration. The 549

dynamics of such a system is established, and its properties 550

are discussed. Robust adaptive controls have been developed, 551

which can guarantee the convergence of positions and bounded- 552

ness of the constraint force. The control signals are smooth, and 553
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Fig. 7. Tracking of θ for mobile manipulator II.

Fig. 8. Tracking of arm joint angles of mobile manipulator II.

Fig. 9. Input torques for mobile manipulator I.

no projection is used in the parameter update law. Simulation554

results illustrate the performance of the proposed controls.555

APPENDIX A556

TRANSFORMATION INTO THE CHAINED SYSTEM557

Proposition A.1: Consider the drift-free nonholonomic558

system559

q̇v = r1(qv)ż1 + · · · + rm(qv)żm

where ri(qv) are smooth linearly independent input vector560

fields. There exist state transformation X = T1(qv) and feed-561

back ż = T2(qv)ub on some open set U ⊂ R
n to transform562

the system into an (m − 1)-chain single-generator chained563

Fig. 10. Torques of mobile manipulator II.

Fig. 11. Contact force of relative motion.

form if and only if there exists a basis f1, . . . , fm for Δ0 := 564

span{r1, . . . , rm} which has the form 565

f1 = (∂/∂qv1) +
nv∑
i=2

f i
1(qv)∂/∂qvi

fj =
n∑

i=2

f i
j(qv)∂/∂qvi, 2 ≤ j ≤ m

such that the distributions 566

Gj = span
{

adi
f1

f2, . . . , adi
f1

fm : 0 ≤ i ≤ j
}

,

0 ≤ j ≤ nv − 1

have constant dimension on U and are all involutive, and Gnv−1 567

has dimension nv − 1 on U [13]. 568

APPENDIX B 569

PROOF OF THEOREM 3.1 570

Proof: Combining the dynamic equation (41) together 571

with (38), (39), and (44), the close-loop system dynamics can 572

be written as 573

Mσ̇ = − Mν̇ − C(ν + σ) − G − d + Bτ + JT λ (60)

η̇i = − k0ηi − Λi1 (61)

ṡi1 = ηi + ũi1 (62)

ṡi2 = (ηi + ũi1)ζi3 + si3uid1 − k2si2u
2l
id1 (63)
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ṡi3 = (ηi + ũi1)
(

ζi4 −
∂(ei3 − si3)

∂ei2
ζi3

)

+ si4uid1 − si2uid1 − k3si3u
2l
id1

... (64)

ṡi(niv−1) = (ηi + ũi1)ζiniv
− k(niv−1)

× si(niv−1)u
2l
id1 − (ηi + ũi1)

×

⎛
⎝niv−2∑

j=2

∂
(
ei(niv−1) − si(niv−1)

)
∂eji

ζi(j+1)

⎞
⎠

+ siniv
uid1 − si(niv−2)uid1 (65)

ṡiniv
= (ηi + ũi1)

niv−2∑
j=2

∂(einiv
− siniv

)
∂eij

ζi(j+1)

− kniv
siniv

− si(niv−1)uid1 + ũi2. (66)

Let D = LTd. Multiplying LT on both sides of (60), using (44),574

one can obtain575

Mσ̇ = −M0Kσσ + (M0 −M)ν̇ + (C0 − C)(ν + σ)

+ (G0 − G) −D + U2

= −MKσσ + ΔM(Kσσ − ν̇) − ΔC(ν + σ) − ΔG

−D +
6∑

i=1

U2i (67)

where576

σ̇ = −Kσσ + M−1ΔM(Kσσ − ν̇) −M−1ΔC(ν + σ)

−M−1ΔG −M−1D + M−1
6∑

i=1

U2i. (68)

Consider the following positive-definite functions:577

V =V1 + V2

V1 =
1
2

2∑
i=1

niv∑
j=2

s2
ij +

1
2

2∑
i=1

ki1s
2
i1 +

1
2

2∑
i=1

η2
i

V2 =
1
2
σT σ +

5∑
ς=1

1
2γς

c̃2
ς (69)

where c̃ς := ĉς − cς . Taking the time derivative of V1 with578

(61)–(66) results in579

V̇1 =
2∑

i=1

niv−1∑
j=2

sij ṡij +
2∑

i=1

ki1si1ṡi1 +
2∑

i=1

ηiη̇i

= −
2∑

i=1

⎛
⎝niv−1∑

j=2

kijs
2
iju

2l
id1 + kiniv

s2
iniv

+ k0η
2
i + ũT

b Λ

⎞
⎠ .

(70)

Taking the time derivative of V2 and integrating (68) result in 580

V̇2 = − σTKσσ+σTM−1
U26

+

[
σTM−1ΔM(Kσσ−ν̇)+σTM−1

U21+
c̃1

˙̂c1

γ1

]

+

[
−σTM−1ΔC(σ+ν)+

3∑
ς=2

(
σTM−1

U2ς +
c̃ς

˙̂cς

γς

)]

+

[
−σTM−1ΔG+σTM−1

U24+
c̃4

˙̂c4

γ4

]

+

[
−σTM−1D+σTM−1

U25+
c̃5

˙̂c5

γ5

]
. (71)

Considering Property 2.2, Assumption 3.1, and (47), the third 581

right-hand term of (71) is bounded by 582

σTM−1ΔM(Kσσ − ν̇) + σTM−1u21 +
1
γ1

c̃1
˙̂c1

≤ c1

λmin
‖Kσσ − ν̇‖‖σ‖

− 1
λmin

ĉ2
1‖Kσσ − ν̇‖2‖σ‖2

ĉ1‖Kσσ − ν̇‖‖σ‖ + δ1
+

1
γ1

c̃1
˙̂c1

=
ĉ1

λmin
‖Kσσ − ν̇‖‖σ‖ − 1

λmin

ĉ2
1‖Kσσ − ν̇‖2‖σ‖2

ĉ1‖Kσσ − ν̇‖‖σ‖ + δ1

+ c̃1

[
1
γ1

˙̂c1 −
1

λmin
‖Kσσ − ν̇‖‖σ‖

]

≤ δ1

λmin
− α1

γ1
c̃1ĉ1 ≤ δ1

λmin
− α1

γ1

(
ĉ1 −

1
2
c1

)2

+
α1

4γ1
c2
1.

(72)

The last inequality obtained is because −c̃1ĉ1 = −(ĉ1 − 583

(1/2)c1)2 + (1/4)c2
1. 584

Similarly, considering Property 2.2, Assumption 3.1, (48), 585

and (49), the fourth right-hand term of (71) is bounded by 586

− σTM−1ΔC(σ + ν)
3∑

ς=2

(
σTM−1

U2ς +
c̃ς

˙̂cς

γς

)

≤ 1
λmin

[(
c2 + c3‖ζ̇‖

)
‖σ + ν‖‖σ‖

− ĉ2
2‖σ + ν‖2‖σ‖2

ĉ2‖σ + ν‖‖σ‖ + δ2

]
+

1
γ2

c̃2
˙̂c2

− 1
λmin

ĉ2
3‖ζ̇‖2‖σ + ν‖2‖σ‖2

ĉ3‖ζ̇‖‖σ + ν‖‖σ‖ + δ2

+
1
γ3

c̃3
˙̂c3

=
1

λmin
ĉ2‖σ + ν‖‖σ‖ − 1

λmin

ĉ2
2‖σ + ν‖2‖σ‖2

ĉ2‖σ + ν‖‖σ‖ + δ2

+ c̃2

[
1
γ2

˙̂c2 −
1

λmin
‖σ + ν‖‖σ‖

]
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+
ĉ3

λmin
‖ζ̇‖‖σ + ν‖‖σ‖ − ĉ2

3

λmin

‖ζ̇‖2‖σ + ν‖2‖σ‖2

ĉ3‖ζ̇‖‖σ + ν‖‖σ‖ + δ3

+ c̃3

[
1
γ3

˙̂c3 −
1

λmin
‖ζ̇‖‖σ + ν‖‖σ‖

]

≤
3∑

ς=2

1
λmin

δς −
ας

γς

(
ĉς −

1
2
cς

)2

+
ας

4γς
c2
ς . (73)

Similarly, considering Property 2.2, Assumption 3.1, and (50),587

the fifth right-hand term of (71) is bounded by588

σTM−1ΔG + σTM−1u24 +
1
γ4

c̃4
˙̂c4

≤ c4‖σ‖
λmin

− 1
λmin

ĉ2
4‖σ‖2

ĉ4‖σ‖ + δ4
+

c̃4
˙̂c4

γ4

=
ĉ4‖σ‖
λmin

− 1
λmin

ĉ2
4‖σ‖2

ĉ4‖σ‖ + δ4
+ c̃4

[
˙̂c4

γ4
− ‖σ‖

λmin

]

≤ 1
λmin

δ4 −
α4

γ4

(
ĉ4 −

1
2
c4

)2

+
α4

4γ4
c2
4. (74)

Similarly, considering Property 2.2, Assumption 3.1, and (51),589

the sixth right-hand term of (71) is bounded by590

σTM−1D + σTM−1u25 +
1
γ5

c̃5
˙̂c5

≤ 1
λmin

c5‖L‖‖σ‖ −
1

λmin
ĉ2
5

‖L‖2‖σ‖2

ĉ5‖L‖‖σ‖ + δ5
+

1
γ5

c̃5
˙̂c5

=
1

λmin
ĉ5‖L‖‖σ‖ −

1
λmin

ĉ2
5

‖L‖2‖σ‖2

ĉ5‖L‖‖σ‖ + δ5

+ c̃5

[
1
γ5

˙̂c5 −
1

λmin
‖L‖‖σ‖

]

≤ 1
λmin

δ5 −
α5

γ5

(
ĉ5 −

1
2
c5

)2

+
α5

4γ5
c2
5. (75)

Combining (70) and (71), we obtain591

V̇ ≤ −
2∑

i=1

niv−1∑
j=2

kijs
2
iju

2l
id1 −

2∑
i=1

kiniv
s2

iniv
−

2∑
i=1

k0η
2
i

+ ũT
b Λ − σTKσσ −

5∑
ς=1

ας

γς

(
ĉς −

1
2
cς

)2

+
1

λmin

5∑
k=1

δk +
5∑

ς=1

ας

4γς
c2
ς + σTM−1

U26. (76)

Considering Property 2.2 and (52), the fourth and ninth right-592

hand terms of (76) are bounded by593

ũT
b Λ + σTM−1

U26 ≤ ‖ũb‖‖Λ‖ −
‖ũb‖‖Λ‖2‖σ‖2

‖Λ‖‖σ‖2 + δ6
≤ δ6.

(77)

Therefore, we can rewrite (76) as 594

V̇ ≤ −
2∑

i=1

⎛
⎝niv−1∑

j=2

kijs
2
iju

2l
id1 + kinv

s2
iniv

+ k0η
2
i

⎞
⎠

− σTKσσ −
5∑

ς=1

ας

γς

(
ĉς −

1
2
cς

)2

+
5∑

ς=1

(
δς

λmin
+

αςc
2
ς

4γς

)
+ δ6. (78)

Noting Definition 3.1, we have F = (1/λmin)
∑5

k=1 δk + 595∑5
ς=1(ας/4γς)c2

ς + δ6 → 0 as t → ∞. 596

We define A =
∑2

i=1 k0η
2
i +
∑2

i=1 kiniv
s2

iniv
+
∑2

i=1 597

×
∑niv−1

j=2 kijs
2
iju

2l
id1 + λmin(Kσ)‖σ‖2 +

∑5
ς=1(ας/γς)(ĉς − 598

(1/2)cς)2, and from the definition, we have A > 0 ∀ ηi, siniv
, 599

sij , uid1, σ, and cς , where i = 1, 2 and ς = 1, . . . , 5. 600

Integrating both sides of (78) gives 601

V (t) − V (0) ≤ −
t∫

0

Ads +

t∫
0

Fds < −
t∫

0

Ads + C (79)

where C =
∑5

k=1(ak/λmin) +
∑5

ς=1(bς/4γς)c2
ς + a6 is a fi- 602

nite constant from Definition 3.1; we have V (t) < V (0) − 603∫ t

0 Ads + C. Thus, V is bounded, and subsequently, ηi, si, σ, 604

ĉi, and ν are bounded. From the definition of si in (38), it is 605

concluded that [ei1, ei2, . . . , einv
]T is bounded, which follows 606

that η is bounded. From (79), we have sijuid1, siniv
, ηi, σ ∈ 607

L2, which implies that ũb ∈ L2
2. Since σ = u − z is bounded, 608

and considering (25), (30), (37), and the definition of eia, we 609

can say that ėia + K1aeia is bounded, which can be rewritten 610

as ėia ≤ −K1aeia + P . Considering Ve = (1/2)eT
iaeia, we can 611

obtain 612

V̇ ≤ −eT
ia(K1a − Ke)eia +

1
4
(nia − ki)λmax(Ke)‖p‖2

where P = [p, . . . , p]T ∈ R
nia−ki is a constant vector, p > 613

‖σ(t)‖∀t, Ke ∈ R
nia−ki×nia−ki is a constant diagonal matrix 614

chosen such that λmin(K1a − Ke) > 0, λmax(Ke) denotes the 615

maximum eigenvalue of Ke, and λmin(K1a − Ke) denotes 616

the minimum eigenvalue of K1a − Ke. From the previous 617

equations, we can conclude that eia is bounded. Since q1d
ia , the 618

desired trajectory, is bounded, we can say that q1
ia and q̇1

ia are 619

bounded, which implies that ζia and ũia are bounded as well. 620

From (61) and (62), we can say that d(sijuid1)/dt, ṡiv, η̇i, and 621
˙̃u are bounded. Thus, from (40), we can say that ν̇ is bounded 622

and that σ̇ is bounded as well. Therefore, from Remark 3.1, we 623

can conclude that U21, . . . , U26 are bounded. 624

Differentiating ul
id1ηi yields 625

d

dt
ul

id1ηi = −k1u
l
id1si1 + lul−1

id1 u̇l
id1ηi − k0u

l
id1η

−ul
id1

⎧⎨
⎩

v−1∑
j=2

sijζi(j+1) −
v∑

j=3

sij

j−1∑
k=2

∂(eik − sik)
∂eik

ζi(k+1)

⎫⎬
⎭
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where the first term is uniformly continuous and the other626

terms tend to zero. Since (d/dt)ul
id1η converges to zero [18],627

therefore, si and ṡi converge to zero, and ζi → ζid and ζ̇i → ζ̇id628

as t → ∞.629

Substituting the control (44) into the reduced-order dynamics630

(33) yields631

JT

⎡
⎣(Kλ + 1)eλ + KI

t∫
0

eλdt

⎤
⎦ = M(σ̇ + ν̇) + G

+ d + C(ν + σ) − L(LTL)−1(U1 + U2). (80)

Since σ̇, σ, ν̇, ν, ci, αi, ζ̇, γi, Λ, and δi are all bounded, the632

right-hand side of (80) is also bounded, i.e., JT[(Kλ + 1)eλ +633

KI

∫ t

0 eλdt] = Γ(σ̇, σ, ν̇, ν, ci, αi, ζ̇, γi,Λ, δi), Γ(∗) ∈ L∞.634

Let
∫ t

0 eλdt = Eλ, where Ėλ = eλ. By appropriately635

choosing Kλ = diag[Kλ,i], where Kλ,i > −1, and KI =636

diag[KI,i], where KI,i > 0, to make Ei(p) = (1/(Kλ,i +637

1)p + KI,i), where p = d/dt, a strictly proper exponential638

stable transfer function, it can be concluded that
∫ t

0 eλdt ∈ L∞,639

eλ ∈ L∞, and the size of eλ can be adjusted by choosing the640

proper gain matrices Kλ and KI .641

Since σ̇, σ, ν̇, ν, ci, αi, ζ̇, γi, Λ, δi, eλ, and
∫ t

0 eλdt are all642

bounded, we can say that τ is bounded as well. �643
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Robust Adaptive Control of Cooperating Mobile
Manipulators With Relative Motion

1

2

Zhijun Li, Member, IEEE, Pey Yuen Tao, Shuzhi Sam Ge, Fellow, IEEE, Martin Adams, Member, IEEE,
and Wijerupage Sardha Wijesoma, Member, IEEE

3

4

Abstract—In this paper, coupled dynamics are presented for5
two cooperating mobile robotic manipulators manipulating an6
object with relative motion in the presence of uncertainties and7
external disturbances. Centralized robust adaptive controls are8
introduced to guarantee the motion, and force trajectories of the9
constrained object converge to the desired manifolds with pre-10
scribed performance. The stability of the closed-loop system and11
the boundedness of tracking errors are proved using Lyapunov12
stability synthesis. The tracking of the constraint trajectory/force13
up to an ultimately bounded error is achieved. The proposed14
adaptive controls are robust against relative motion disturbances15
and parametric uncertainties and are validated by simulation16
studies.17

Index Terms—Adaptive control, cooperation, force/motion,18
mobile manipulators.19

NOMENCLATURE20

Oc Contact point between the end effector of mobile21

manipulator I and the object.22

Oh Point where the end effector of mobile manipu-23

lator II holds the object.24

Oo Mass center of the object.25

OcXcYcZc Frame fixed with the tool of mobile manipulator26

I with its origin at the contact point Oc.27

OhXhYhZh Frame fixed with the end effector of mobile28

manipulator II with its origin at point Oh.29

OoXoYoZo Frame fixed with the object with its origin at the30

mass center Oo.31

OXY Z World coordinates.32

rc Vector describing the posture of frame33

OcXcYcZc with rc = [xT
c , θT

c ]T ∈ R
6.34

rh Vector describing the posture of frame35

OhXhYhZh with rh = [xT
h , θT

h ]T ∈ R
6.36
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ro Vector describing the posture of frame 37

OoXoYoZo with ro = [xT
o , θT

o ]T ∈ R
6. 38

rco Vector describing the posture of frame 39

OcXcYcZc expressed in OoXoYoZo with 40

rco = [xT
co, θ

T
co]

T ∈ R
6. 41

rho Vector describing the posture of frame 42

OhXhYhZh expressed in OoXoYoZo with 43

rho = [xT
ho, θ

T
ho]

T ∈ R
6. 44

q1 Vector of joint variables of mobile manipu- 45

lator I. 46

q2 Vector of joint variables of mobile manipu- 47

lator II. 48

n1 Degrees of freedom of mobile manipulator I. 49

n2 Degrees of freedom of mobile manipulator II. 50

xc Position vector of Oc, the origin of frame 51

OcXcYcZc. 52

xh Position vector of Oh, the origin of frame 53

OhXhYhZh. 54

xo Position vector of Oo, the origin of frame 55

OoXoYoZo. 56

xco Position vector of Oc, the origin of frame 57

OcXcYcZc expressed in OoXoYoZo. 58

xho Position vector of Oh, the origin of frame 59

OhXhYhZh expressed in OoXoYoZo. 60

θc Orientation vector of frame OcXcYcZc. 61

θh Orientation vector of frame OhXhYhZh. 62

θo Orientation vector of frame OoXoYoZo. 63

θco Orientation vector of frame OcXcYcZc ex- 64

pressed in OoXoYoZo. 65

θho Orientation vector of frame OhXhYhZh ex- 66

pressed in OoXoYoZo. 67

I. INTRODUCTION 68

MOBILE manipulators refer to robotic manipulators 69

mounted on mobile platforms. Such systems are suitable 70

for missions which require both locomotion and manipulation, 71

combining the advantages of mobile platforms and robotic 72

arms while reducing their limitations. Coordinated controls of 73

multiple mobile manipulators have attracted the attention of 74

many researchers [1]–[3], [5], [6]. Interest in such systems 75

stems from the greater capability of the mobile manipulators 76

in carrying out more complicated and dexterous tasks which 77

cannot be accomplished by a single mobile manipulator. The 78

applications range from transporting or assembling materials in 79

modern factories, missions in hazardous environments, to the 80

manipulation of undersea/space vehicles. 81

1083-4419/$25.00 © 2008 IEEE
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The control of multiple mobile manipulators presents a sig-82

nificant increase in complexity over the single mobile manip-83

ulator case. The difficulties lie in the fact that when multiple84

mobile manipulators coordinate with each other, they form a85

closed kinematic chain mechanism. This will impose a set of86

kinematic and dynamic constraints on the position and velocity87

of coordinated mobile manipulators. As a result, the degrees of88

freedom of the whole system decrease, and internal forces are89

generated which need to be controlled.90

Thus far, the following are the two main categories of co-91

ordination schemes for multiple mobile manipulators in the92

literature: 1) hybrid position–force control by decentralized/93

centralized scheme, where the position of the object is con-94

trolled in a certain direction of the workspace, and the inter-95

nal force of the object is controlled in a small range of the96

origin [1], [4], [5], and 2) leader–follower control for mobile97

manipulator, where one or a group of mobile manipulators or98

robotic manipulators play the role of the leader, which track a99

preplanned trajectory, and the rest of the mobile manipulators100

form the follower group which move in conjunction with the101

leader mobile manipulators [2], [7], [8].102

However, in the hybrid position–force control of constrained103

coordinated multiple mobile manipulators, such as in [1], [4],104

and [5], although the constraint object is moving, it is usually105

assumed, for the ease of analysis, to be held tightly and thus106

has no relative motion with respect to the end effectors of the107

mobile manipulators. These works have focused on dynamics108

based on predefined fixed constraints among them. The as-109

sumption of these works is not applicable to some applications110

which require both the motion of the object and its relative111

motion with respect to the end effectors of the manipulators,112

such as sweeping tasks and cooperating assembly tasks by113

two or multiple mobile manipulators. The motion of the object114

with respect to the mobile manipulators can also be utilized115

to cope with the limited operational space and to increase task116

efficiency. Such tasks need the simultaneous control of position117

and force in the given direction, so impedance control, like in118

[2], [7], and [8], may not be applicable.119

In [20], possible kinds of coordinated relative motions for120

the industrial robotic systems were listed, including arc welding121

systems for complex contours, paint spraying of moving work-122

pieces, belt picking, and palletizing. In [19], a robotic system123

for arc welding was presented, where the coordinated relative124

movements are defined between the robot and the positioner125

for considerable efficiency at the robot station. In [21], the126

coordination of a part-positioning table and a manipulator127

for welding purpose was presented. The part-positioning table128

manipulates the part into a position and orientation under the129

given task constraints, and the manipulator produces the desired130

touch motion to complete the welding. Through this relative131

motion coordination, the welding velocity and the efficiency of132

the task can be significantly improved.133

There is demand for robotic assembly and disassembly134

operations in space or subsea robotic applications, where the135

operations have to be carried out without special equipment136

due to the unstructured and/or uncertain environment [11].137

Assembly and disassembly operations are decomposed into138

the following two types of tasks: independent and cooperative139

tasks. For the independent tasks, we consider the control of the 140

absolute position and orientation of the robots, while for the co- 141

operative tasks, we consider the control of the relative position, 142

orientation, and contact force between the end effectors. In this 143

case, two robots can be used for assembling the objects in space, 144

with each object being held by one robot [11]. It is necessary 145

to develop a certain form of hybrid control scheme in order to 146

control the relative motion/force between the objects and thus 147

to carry out the task in good condition. The task of mating two 148

subassemblies is a general example of a cooperative task that 149

also requires the control of the relative motion/force of the end 150

effectors. 151

In this paper, we consider tasks for multiple mobile manipu- 152

lators in which the following conditions may hold: 1) the robots 153

are kinematically constrained, and 2) the robots are not physi- 154

cally connected but work on a common object in completing 155

a task, with both robots being in motion simultaneously. Con- 156

ventional centralized and decentralized coordination schemes 157

have not addressed coordination tasks adequately, although the 158

leader/follower scheme may be a solution. Another motivation 159

for developing a coordination scheme is to incorporate hybrid 160

position and force control architecture with leader–follower 161

coordination for easy and efficient implementation. 162

It should be noted that the success of the schemes [1]–[3], 163

[5] for coordinated controls of multiple mobile manipulators 164

relies on one’s knowledge of the complex dynamics of the 165

robotic system. Parametric uncertainties in the dynamic model, 166

such as the payload, may lead to degraded performance and 167

compromise the stability of the system. Recently, some works 168

have successfully incorporated adaptive controls to deal with 169

dynamics uncertainty of single mobile manipulator or robotic 170

manipulators [17]. In [9], adaptive neural network based had 171

been proposed for the motion control of a mobile manipulator. 172

Adaptive control was proposed for the trajectory control of mo- 173

bile manipulators subjected to nonholonomic constraints with 174

unknown inertia parameters [10], which ensures the state of the 175

system to asymptotically converge to the desired trajectory. 176

In this paper, we shall investigate situations where one 177

mobile robotic manipulator (referred to as mobile manipulator 178

I) performs the constrained motion on the surface of an object 179

which is held tightly by another mobile robotic manipulator 180

(referred to as manipulator II) [12]. Mobile manipulator II has 181

to be controlled in such a manner that the constraint object 182

follows the planned motion trajectory, while mobile manipu- 183

lator I has to be controlled such that its end effector follows 184

a planned trajectory on the surface with the desired contact 185

force. We first present the dynamics of two mobile robotic 186

manipulators manipulating an object with relative motion. This 187

will be followed by centralized robust adaptive control to 188

guarantee the convergence of the motion/force trajectories of 189

the constraint object under parameter uncertainties and external 190

disturbances. 191

The main contributions of this paper are listed as follows. 192

1) Coupled dynamics are presented for two cooperating 193

mobile robotic manipulators manipulating an object with 194

relative motion in the presence of the uncertainty of 195

system dynamic parameters and external disturbances. 196
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Fig. 1. Coordinated operation of two robots.

2) Centralized robust adaptive control, which is capable197

of achieving the convergence of the trajectory tracking198

error to an ultimately bounded error without knowing199

the dynamic parameters of the robots, is proposed for200

multiple mobile manipulators’ cooperation.201

3) Nonregressor-based control design is developed and car-202

ried out without imposing any restriction on the system203

dynamics.204

II. DESCRIPTION OF THE INTERCONNECTED SYSTEM205

The system under study is schematically shown in Fig. 1.206

The object is held tightly by the end effector of mobile207

manipulator II and can be moved as required in space. The208

end effector of mobile manipulator I follows a trajectory on209

the surface of the object and, at the same time, exerts a certain210

desired force on the object.211

Assumption 2.1: The surface of the object where the end212

effector of mobile arm I move on is geometrically known.213

A. Kinematic Constraints of the System214

The closed kinematic relationships of the system are given215

by the following [12]:216

xc = xo + Ro(θo)xco (1)

xh = xo + Ro(θo)xho (2)

Rc = Ro(θo)Rco(θco) (3)

Rh = Ro(θo) (4)

where Ro(θo) ∈ R
3×3 and Rco(θco) ∈ R

3×3 are the rotation217

matrices of θo and θco, respectively, and Rc ∈ R
3×3 and218

Rh ∈ R
3×3 given earlier are the rotation matrices of frames219

OcXcYcZc and OhXhYhZh with respect to the world coordi-220

nate, respectively. Differentiating the aforementioned equations221

with respect to time t and considering that the object is tightly 222

held by manipulator II (accordingly, ẋho = 0 and ωho = 0), 223

we have 224

ẋc = ẋo + Ro(θo)ẋco − S (Ro(θo)xco) ωo (5)

ẋh = ẋo − S (Ro(θo)xho) ωo (6)

ωc =ωo + Ro(θo)ωco (7)

ωh =ωo (8)

with 225

S(u) :=

⎡
⎣ 0 −u3 u2

u3 0 −u1

−u2 u1 0

⎤
⎦

for a given vector u = [u1, u2, u3]T. Define vc = [ẋT
c , ωT

c ]T, 226

vh = [ẋT
h , ωT

h ]T, vo = [ẋT
o , ωT

o ]T, vco = [ẋT
co, ω

T
co]

T, and 227

vho = [ẋho, ω
T
ho]

T. From (1)–(4) and (5)–(8), we have the 228

following relationships: 229

vc = Pvo + RAvco (9)

vh = Qvo (10)

where 230

RA =
[

Ro(θo) 0
0 Ro(θo)

]
(11)

P =
[

I3×3 −S (Ro(θo)xco)
0 I3×3

]
(12)

Q =
[

I3×3 −S (Ro(θo)xho)
0 I3×3

]
. (13)

Since Ro(θo) is a rotation matrix, Ro(θo)RT
o (θo) = I3×3 and 231

RART
A = I6×6. It is obvious that P and Q are of full rank. 232
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From Assumption 2.1, suppose that the end effector of233

mobile manipulator I follows the trajectory Φ(rco) = 0 in the234

object coordinates. The contact force fc is given by235

fc =RAJT
c λc (14)

Jc =
∂Φ/∂rco

‖∂Φ/∂rco‖
(15)

where λc is a Lagrange multiplier related to the magnitude of236

the contact force. The resulting force fo due to fc is thus derived237

as follows:238

fo = −PT RAJT
c λc. (16)

B. Robot Dynamics239

Consider two cooperating n-DOF mobile manipulators with240

nonholonomic mobile platforms, as shown in Fig. 1. Combining241

(14) and (16), the dynamics of the constrained mobile manipu-242

lators can be described as243

M1(q1)q̈1 + C1(q1, q̇1)q̇1 + G1(q1) + d1(t) =B1τ1 + JT
1 λ1

(17)

M2(q2)q̈2 + C2(q2, q̇2)q̇2 + G2(q2) + d2(t) =B2τ2 + JT
2 λ2

(18)

where244

Mi(qi) =
[

Mib Miva

Miab Mia

]

Ci(qi, q̇i) =
[

Cib Ciba

Ciab Cia

]

Gi(qi) =
[

Gib

Gia

]

di(t) =
[

dib(t)
dia(t)

]

JT
1 (q1) =

[
AT

1 JT
1b

0 JT
1a

] [
I 0
0 RAJT

c

]

JT
2 (q2) =

[
AT

2 JT
2b

0 −JT
2aPT

] [
I 0
0 RAJT

c

]

λ1 =
[

λ1n

λc

]

λ2 =
[

λ2n

λc

]

for i = 1, 2. Mi(qi) ∈ R
ni×ni is the symmetric bounded245

positive-definite inertia matrix, Ci(qi, q̇i)q̇i ∈ R
ni denote the246

Centripetal and Coriolis forces, Gi(qi) ∈ R
ni are the gravita-247

tional forces, τi ∈ R
pi is the vector of control inputs, Bi ∈248

R
ni×pi is a full-rank input transformation matrix and is as-249

sumed to be known because it is a function of the fixed250

geometry of the system, di(t) ∈ R
ni is the disturbance vector,251

qi = [qT
ib, q

T
ia]T ∈ R

ni and qib ∈ R
niv describe the generalized252

coordinates for the mobile platform, qia ∈ R
nia are the coor- 253

dinates of the manipulator, and ni = niv + nia; Fi = JT
i λi ∈ 254

R
ni denotes the vector of constraint forces; the niv − m nonin- 255

tegrable and independent velocity constraints can be expressed 256

as Aiq̇ib = 0; λi = [λT
in, λT

c ]T ∈ R
pi , with λin being the 257

Lagrangian multipliers with the nonholonomic constraints. 258

Assumption 2.2: There is sufficient friction between the 259

wheels of the mobile platforms and the surface such that the 260

wheels do not slip. 261

Under Assumption 2.2, we have Aiq̇ib = 0, with Ai(qib) ∈ 262

R
(niv−m)×niv , and it is always possible to find an m-rank ma- 263

trix Hi(qib) ∈ R
niv×m formed by a set of smooth and linearly 264

independent vector fields spanning the null space of Ai, i.e., 265

HT
i (qib)AT

i (qib) = 0m×(niv−m). (19)

Since Hi = [hi1(qib), . . . , him(qib)] is formed by a set of 266

smooth and linearly independent vector fields spanning the 267

null space of Ai(qib), define an auxiliary time function vib = 268

[vib1, . . . , vibm]T ∈ R
m such that 269

q̇ib = Hi(qib)vib = hi1(qib)vib1 + · · · + him(qib)vibm (20)

which is the so-called kinematics of nonholonomic system. Let 270

via = q̇ia. One can obtain 271

q̇i = Ri(qi)vi (21)

where vi = [vT
ib, v

T
ia]T and Ri(qi) = diag[Hi(qib), Inia×nia

]. 272

Differentiating (21) yields 273

q̈i = Ṙi(qi)vi + Ri(qi)v̇i (22)

Substituting (22) into (17) and (18) and multiplying both sides 274

with RT
i (qi) to eliminate λin yield 275

Mi1(qi)v̇i + Ci1(qi, q̇i)vi + Gi1(qi) + di1(t)

= Bi1(qi)τ + JT
i1λi (23)

where Mi1(qi) = Ri(qi)TMi(qi)Ri, Ci1(qi, q̇i) = 276

RT
i (qi)Mi(qi)Ṙi(qi) + RT

i Ci(qi, q̇i)Ri(qi), Gi1(qi) = 277

RT
i (qi)Gi(qi), di1(t) = RT

i (qi)di(t), Bi1 = RT
i (qi)Bi(qi), 278

JT
i1 = RT

i (qi)JT
i , and λi = λc. 279

Assumption 2.3: There exists some diffeomorphic state 280

transformation T2(q) for the class of nonholonomic systems 281

considered in this paper such that the kinematic nonholo- 282

nomic subsystem (21) can be globally transformed into a 283

chained form. 284⎧⎪⎪⎨
⎪⎪⎩

ζ̇ib1 = ui1

ζ̇ibj = ui1ζib(j+1) (2 ≤ j ≤ nv − 1)
ζ̇ibnv

= ui2

ζ̇ia = q̇ia = uia

(24)

where 285

ζi =
[
ζT
ib, ζ

T
ia

]T
= T1(qi) =

[
TT

11(qib), qT
ia

]T
(25)

vi =
[
vT

ib, v
T
ia

]T
= T2(qi)ui =

[
(T21(qib)uib)

T , uT
ia

]T
(26)
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with T2(qi) = diag[T21(qib), I] and ui = [uT
ib, u

T
ia]T, where286

uia = q̇ia.287

Remark 2.1: This assumption is reasonable, and examples of288

nonholonomic system which can be globally transformed into289

a chained form are the differentially driven wheeled mobile290

robot and the unicycle wheeled mobile robot [16]. A neces-291

sary and sufficient condition was given for the existence of292

the transformation T2(q) of the kinematic system (21) with293

a differentially driven wheeled mobile robot into this chained294

form (single chain) [15], [16]. For the other types of mobile295

platform (multichain case), the discussion on the existence296

condition of the transformation is given in Proposition A.1297

(See Appendix A).298

Consider the aforesaid transformations, the dynamic system299

[(17) and (18)] could be converted into the following canonical300

transformation, for i = 1, 2:301

Mi2(ζi)u̇i + Ci2(ζi, ζ̇i)ui + Gi2(ζi) + di2(t) = Bi2τi + JT
i2λi

(27)

where302

Mi2(ζi) = TT
2 (qi)Mi1(q)T2(qi)|qi=T−1

1 (ζi)

Ci2(ζi, ζ̇i) = TT
2 (qi)

[
Mi1(qi)Ṫ2(qi)
+ Ci1(qi, q̇i)T2(qi)

]∣∣
qi=T−1

1 (ζi)

Gi2(ζi) = TT
2 (qi)Gi1(qi)|qi=T−1

1 (ζi)

di2(t) = TT
2 (qi)di(t)|qi=T−1

1 (ζi)

Bi2 = TT
2 (qi)Bi1(qi)|qi=T−1

1 (ζi)

JT
i2 = TT

2 (qi)JT
i1|q=T−1

1 (ζi)
.

C. Reduced Dynamics303

Assumption 2.4: The Jacobian matrix Ji2 is uniformly304

bounded and uniformly continuous if qi is uniformly bounded305

and uniformly continuous.306

Assumption 2.5: Each manipulator is redundant and operat-307

ing away from any singularity.308

Remark 2.2: Under Assumptions 2.4 and 2.5, the Jacobian309

Ji2 is of full rank. The vector qia ∈ R
nia can always be prop-310

erly rearranged and partitioned into qia = [q1T
ia , q2T

ia ]T, where311

q1
ia = [q1

ia1, . . . , q
1
ia(nia−κi)

]T describes the constrained motion312

of the manipulator and q2
ia ∈ R

κi denotes the remaining joint313

variables which make the arm redundant such that the possible314

breakage of contact could be compensated.315

Therefore, we have316

Ji2(qi) =
[
Ji2b, J

1
i2a, J2

i2a

]
. (28)

Considering the object trajectory and relative motion trajec-317

tory as holonomic constraints, we can obtain318

q̇2
ia = −

(
J2

i2a

)−1 [
Ji2buib + J1

i2aq̇1
ia

]
(29)

ui =

⎡
⎣ uib

q̇1
ia

−
(
J2

i2a

)−1 [
Ji2buib + J1

i2aq̇1
ia

]
⎤
⎦

= Liu
1
i (30)

where 319

Li =

⎡
⎣ Im×m 0

0 I(nia−κi)×(nia−κi)

−
(
J2

i2a

)−1
Ji2b −

(
J2

i2a

)−1
J1

i2a

⎤
⎦ (31)

u1
i =

[
uib q̇1

ia

]T
(32)

with u1
i ∈ R

(nia+m−κi) and Li ∈ R
(nia+m)×(nia+m−κi). From 320

the definition of Ji2 in (28) and Li previously, we have 321

LT
i JT

i2 = 0. 322

Combining (27) and (30), we can obtain the following com- 323

pact dynamics: 324

Mu̇1 + Cu1 + G + d = Bτ + JTλ (33)

where 325

M =
[

M12L1 0
0 M22L2

]
L =

[
L1 0
0 L2

]

C =
[

M12L̇1 + C12L1 0
0 M22L̇2 + C22L2

]

G =
[

G12

G22

]
B =

[
B12 0
0 B22

]
λ = λc

d =
[

d12(t)
d22(t)

]
τ =

[
τ1

τ2

]
JT =

[
JT

12

JT
22

]
.

Property 2.1: Matrices M = LTM and G = LTG are uni- 326

formly bounded and uniformly continuous if ζ = [ζ1, ζ2]T is 327

uniformly bounded and continuous, respectively. Matrix C = 328

LTC is uniformly bounded and uniformly continuous if ζ̇ = 329

[ζ̇1, ζ̇2]T is uniformly bounded and continuous. 330

Property 2.2: ∀ζ ∈ R
n1+n2 , 0 < λminI ≤ M(ζ) ≤ βI , 331

where λmin is the minimal eigenvalue of M and β > 0. 332

III. CENTRALIZED ROBUST ADAPTIVE-CONTROL DESIGN 333

A. Problem Statement and Control Diagram 334

Let rd
o(t) be the desired trajectory of the object, rd

co(t) be 335

the desired trajectory on the object, and λd
c(t) be the desired 336

constraint force. The first control objective is to drive the 337

mobile manipulators such that ro(t) and rco(t) track their 338

desired trajectories rd
o(t) and rd

co(t), respectively. Accordingly, 339

it is only necessary to make q track the desired trajectory 340

qd = [qdT
1 , qdT

2 ]T since q = [qT
1 , qT

2 ]T completely determines 341

ro(t) and rco(t). Under Assumption 2.4, with the desired joint 342

trajectory qd, there exists a transformation q̇d = R(qd)vd, ζd = 343

T1(qd), and ud = T−1
2 (qd)vd, where vd = [vdT

1 , vdT
2 ]T, v = 344

[vT
1 , vT

2 ]T, ζd = [ζdT
1 , ζdT

2 ]T, ζ = [ζT
1 , ζT

2 ]T, ud = [uT
1d, u

T
2d]

T, 345

and u = [uT
1 , uT

2 ]T. Therefore, the tracking problem can be 346

treated as formulating a control strategy such that ζ → ζd and 347

u → ud as t → ∞. The second control objective is to make 348

λc(t) track the desired trajectory λd
c(t). The centralized control 349

diagram for two mobile manipulators is shown in Fig. 2. 350
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Fig. 2. Block diagram of the proposed control scheme.

Definition 3.1: Consider time-varying positive functions δk351

and ας which converge to zero as t → ∞ and satisfy352

lim
t→∞

t∫
0

δk(ω)dω = ak < ∞ (34)

lim
t→∞

t∫
0

ας(ω)dω = bς < ∞ (35)

with finite constants ak and bς , where k = 1, . . . , 6 and ς =353

1, . . . , 5. There are many choices for δk and ας that satisfy the354

aforementioned condition, for example, δk = ας = 1/(1 + t)2.355

B. Control Design356

The complete model of the coordinated nonholonomic mo-357

bile manipulators consists of the two cascaded subsystems (24)358

and the combined dynamic model (33). As a consequence, the359

generalized velocity u cannot be used to control the system 360

directly, as assumed in the design of controllers at the kinematic 361

level. Instead, the desired velocities must be realized through 362

the design of the control inputs τ ’s (33). The aforesaid proper- 363

ties imply that the dynamics (33) retains the mechanical system 364

structure of the original system (18), which is fundamental 365

for designing the robust control law. In this section, we will 366

develop a strategy so that the subsystem (24) tracks ζd through 367

the design of a virtual control z, defined in (36) and (37) 368

hereafter, and at the same time, the output of the mechanical 369

subsystem (33) is controlled to track this desired signal. In turn, 370

the tracking goal can be achieved. 371

For the given ζd = [ζdT
1 , ζdT

2 ]T, the tracking errors are 372

denoted as e = ζ − ζd = [eT
1 , eT

2 ]T, ei = [eT
ib, e

T
ia]T, eib = 373

[ei1, ei2, . . . , einv
]T = ζib − ζd

ib, eia = ζia − ζd
ia, and eλ = 374

λc − λd
c . Define the virtual control z = [zT

1 , zT
2 ]T and zi = 375

[zT
ib, z

T
ia]T as (36)–(39) [23], shown at the bottom of the page, 376

and l = niv − 2, u
(l)
id1 is the lth derivative of uid1 with respect 377

to t, and kj is positive constant, and Kia is diagonal positive. 378

Denote ũ = [ũb, ũa]T = [ub − zb, ua − za]T, and define a 379

filter tracking error 380

σ =
[
ub

ũa

]
+ Ku

t∫
0

ũds (40)

with Ku = diag[0m×m,Ku1] > 0, where Ku1 ∈ 381

R
(nia−κi)×(nia−κi). We could obtain σ̇ =

[u̇b
˙̃ua

]
+ Kuũ and 382

u = ν + σ, with ν =
[

0
za

]
− Ku

∫ t

0 ũds. 383

We could rewrite (33) as 384

Mσ̇ + Cσ + Mν̇ + Cν + G + d = Bτ + JTλ. (41)

If the system is certain, we could choose the control law 385

given by 386

Bτ = M(ν̇ − Kσσ) + C(ν + σ) + G + d − JTλh (42)

zib =

⎡
⎣uid1 + ηi \\ uid2 − si(niv−1)uid1 − kniv

siniv
+

niv−3∑
j=0

∂(einiv
− siniv

)

∂u
(j)
id1

u
(j+1)
id1 +

niv−1∑
j=2

∂(einiv
− siniv

)
∂eij

ei(j+1)

⎤
⎦ (36)

zia = q̇1d
ia − K1a

(
q1
ia − q1d

ia

)
(37)

si =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ei1

ei2

ei3 + k2si2u
2l−1
id1

ei4 + si2 + 1
uid1

∑0
j=0

∂(ei3−si3)

∂u
(j)
id1

u
(j+1)
id1 +

∑2
j=2

∂(ei3−si3)
∂eij

ei(j+1) + k3si3u
2l−1
id1

...

einiv
+si(niv−2)+kniv−1si(niv−1)u

2l−1
id1 − 1

uid1

∑niv−4
j=0

∂(ei(niv−1)−si(niv−1))
∂u

(j)
id1

u
(j+1)
id1 −

∑niv−2
j=2

∂(ei(niv−1)−si(niv−1))
∂eij

ei(j+1)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(38)

η̇i = − k0ηi − k1si1 −
niv−1∑
j=2

sijζi(j+1) +
niv∑
k=3

sik

k−1∑
j=2

∂(eik − sik)
∂eik

ζi(k+1) (39)
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with diagonal matrix Kσ > 0. The force-control input λh as387

λh = λd − Kλλ̃ − KI

t∫
0

λ̃dt (43)

where λ̃ = λc − λd
c , Kλ is a constant matrix of proportional388

control feedback gains, and KI is a constant matrix of integral389

control feedback gains.390

However, since M(ζ), C(ζ, ζ̇), and G(ζ) are uncertain, to391

facilitate the control formulation, the following assumption is392

required.393

Assumption 3.1: There exist some finite-positive constants394

b, cς > 0(1 ≤ ς ≤ 4), and finite-nonnegative constant c5 ≥395

0 such that ∀ζ ∈ R
2n, ∀ζ̇ ∈ R

2n, ‖ΔM‖ = ‖M−M0‖ ≤396

c1, ‖ΔC‖ = ‖C − C0‖ ≤ c2 + c3‖ζ̇‖, ‖ΔG‖ = ‖G − G0‖ ≤397

c4, and supt≥0 ‖dL(t)‖ ≤ c5, where M0, C0, and G0 are398

nominal parameters of the system [22], [24].399

Letting B = LTB, the proposed control for the system is400

given as401

Bτ = U1 + U2 (44)

where U1 is the nominal control402

U1 = M0(ν̇ − Kσσ) + C0(ν + σ) + G0 (45)

and U2 is designed to compensate for the parametric errors403

arising from estimating the unknown functions M, C, and G404

and the disturbance, respectively.405

U2 = U21 + U22 + U23 + U24 + U25 + U26 (46)

U21 = − β

λmin

ĉ2
1‖Kσσ − ν̇‖2σ

ĉ1‖Kσσ − ν̇‖‖σ‖ + δ1
(47)

U22 = − β

λmin

ĉ2
2‖σ + ν‖2σ

ĉ2‖σ + ν‖‖σ‖ + δ2
(48)

U23 = − β

λmin

ĉ2
3‖ζ̇‖2‖σ + ν‖2σ

ĉ3‖ζ̇‖‖σ + ν‖‖σ‖ + δ3

(49)

U24 = − β

λmin

ĉ2
4σ

ĉ4‖σ‖ + δ4
(50)

U25 = − β

λmin

ĉ2
5‖L‖2σ

ĉ5‖L‖‖σ‖ + δ5
(51)

U26 = − β
‖ũb‖‖Λ‖2σ

‖Λ‖‖σ‖ + δ6
(52)

where δk(k = 1, . . . , 6) satisfies the conditions defined in406

Definition 3.1, and ĉς denotes the estimate cς , which are adap-407

tively tuned according to408

˙̂c1 = − α1ĉ1 +
γ1

λmin
‖σ‖‖Kσσ − ν̇‖, ĉ1(0) > 0 (53)

˙̂c2 = − α2ĉ2 +
γ2

λmin
‖σ‖‖σ + ν‖, ĉ2(0) > 0 (54)

˙̂c3 = − α3ĉ3 +
γ3

λmin
‖σ‖‖ζ̇‖‖σ + ν‖, ĉ3(0) > 0 (55)

˙̂c4 = − α4ĉ4 +
γ4

λmin
‖σ‖, ĉ4(0) > 0 (56)

˙̂c5 = − α5ĉ5 +
γ5

λmin
‖L‖‖σ‖, ĉ5(0) > 0 (57)

with ας > 0 satisfying the condition in Definition 3.1 and γς > 409

0 (ς = 1, . . . , 5), and 410

Λ = [Λ1 Λ2]T (58)

Λi =

⎡
⎣k1si1 +

niv−1∑
j=2

sijζi(j+1)

−
niv∑
j=3

sij

j−1∑
k=2

∂(eik − sik)
∂eik

ζi(k+1)\\ sinv
\\ 0

⎤
⎦ (59)

Remark 3.1: The variables U21, . . . , U26 are to compensate 411

for the parametric errors arising from estimating the unknown 412

functions M, C, and G and the disturbance. The choice of 413

the variables in (47)–(52) is to avoid the use of sign functions 414

which will lead to chattering. Based on the definition of δk in 415

Definition 3.1, the denominators in (47)–(52) are nonnegative 416

and will only approach zero when δk → 0. However, when 417

δk = 0, we can rewrite the equations in (47)–(52) as 418

U21 = − β

λmin
ĉ1‖Kσσ − ν̇‖sgn(σ)

U22 = − β

λmin
ĉ2‖σ + ν‖sgn(σ)

U23 = − β

λmin
ĉ3‖ζ̇‖‖σ + ν‖sgn(σ)

U24 = − β

λmin
ĉ4sgn(σ)

U25 = − β

λmin
ĉ5‖L‖sgn(σ)

U26 = − β‖ũb‖‖Λ‖sgn(σ).

From the aforementioned expressions, we can see that the 419

variables U21, . . . , U26 are bounded when ĉς , ζ, σ, v, v̇, ζ̇, and Λ 420

are bounded. As such, there is no division by zero in the control 421

design. 422

Remark 3.2: Noting (47)–(52), and the corresponding adap- 423

tive laws (53)–(57), the signals required for the implementation 424

of the adaptive robust control are σ, ν̇, ν, ζ̇, and Λ. Acceleration 425

measurements are not required for the adaptive robust control. 426

Remark 3.3: For the computation of the control τ , we 427

require the left inverse of the matrix B to exist such that 428

B+B = BT(BBT)−1B = I . The matrix B can be written as 429

B = diag[LT
1 TT

2 RT
1 B1, L

T
2 TT

2 RT
2 B2]. From the definition of 430

Li in (31), we have that LT
i ∈ R

(nia+m)×(nia+m−κi) is full 431

row ranked, and the left inverse of LT
i exists. The matrix Ri 432

is defined as Ri(qi) = diag[Hi(qib), Inia×nia
] ∈ R

ni×(nia+m). 433

Since Hi ∈ R
niv×m is formed by a set of m smooth and linearly 434

independent vector fields, we have that RT
i is full row ranked, 435

and the left inverse of RT
i exists. 436
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Fig. 3. Cooperating 3-DOF mobile manipulators.

Since the matrices LT
i and RT

i are full row ranked, Bi is437

a full-ranked input transformation matrix, and T2 is a diffeo-438

morphism, there exists a left inverse of the matrix B such that439

B+B = BT(BBT)−1B = I .440

Remark 3.4: Application of sliding-mode control generally441

leads to the introduction of the sgn function in the control442

laws, which would lead to the chattering phenomenon in the443

practical control [18]. To reduce the chattering phenomenon,444

we introduce positive time-varying functions δj , with properties445

described in Definition 3.1, in the control laws (45)–(50), such446

that the controls are continuous for δj 	= 0.447

C. Control Stability448

Theorem 3.1: Considering the mechanical system described449

by (27), under Assumption 2.2, using the control law (44), the450

following can achieved.451

1) eζ = ζ − ζd, ėζ = ζ̇ − ζ̇d, and eλ = λc − λd
c converge to452

a small set containing the origin as t → ∞.453

2) All the signals in the closed loop are bounded for all454

t ≥ 0.455

Proof: See Appendix B. �456

IV. SIMULATION STUDIES457

To verify the effectiveness of the proposed control algorithm,458

we consider two similar 3-DOF mobile manipulator systems459

shown in Fig. 3. Both mobile manipulators are subjected to the460

following constraint:461

ẋi cos θi + ẏi sin θi = 0, i = 1, 2.

Using the Lagrangian approach, we can obtain the462

standard form for (17) and (18) with qiv = [xi, yi, θi]T,463

qia = [θi1, θi2, θi3]T, where θi2 = π/2 and is fixed,464

qi = [qiv, qia]T, and Ai = [cos θi, sin θi, 0]T and465

Miv =
[

Miv11 Miv12

Miv21 Miv22

]
, Civ =

[
Civ11 Civ12

Civ21 Civ22

]
,466

Biv =
[

sin θi/r − cos θi/r −l/r
− sin θi/r cos θi/r l/r

]T
, Miv12 = 467

[mi1i2i3d cos θi + mi2i3 cos(θi + θi1), mi1i2i3d sin θi + 468

mi2i3 sin(θi + θi1)]T, Miv11 = diag[mipi1i2i3], mi2i3 = 469

mi2li2 + mi3Li3, Li3 = 2li2 + li3 + θi3, Miv22 = Iip + 470

Ii1i2i3 + mi1i2i3d
2 + mi2(l2i2 + 2dli2 cos θi1) + mi3(L2

i3 + 471

2dLi3 cos θi1), Miva = [Miva1,Miva2,Miva3], Miva1 = 472

[mi2i3 cos(θi + θi1), mi2i3 sin(θi + θi1), Ii1i2i3 + mi2(l2i2 + 473

2dli2cos θi1)+mi3(L2
i3+2dLi3cos θi1)]T, Miva2=0.0, Miva3= 474

[sin(θi + θi1),−cos(θi+θi1), 0]T, Bia =diag[1.0], Mia = 475

diag[Ii1i2i3, Ii2i3,mi3], τi =[τil, τir, τi1, τi2, τi3]T, Giv =[0.0, 476

0.0, 0.0]T, mipi1i2i3=mip+mi1i2i3, mi1i2i3=mi1+mi2+mi3, 477

Ii1i2i3 =Ii1+Ii2+Ii3+mi3L
2
i3, Ii2i3 =Ii2+Ii3+mi3L

2
i3, 478

Civ11 = 0, Civ12 = CT
iv21, Civ22 = −2mi2i3d sin θi1θ̇i1, 479

Cia = diag[−mi2i3d sin θi1θ̇i, −mi2i3d sini θi1θ̇i, 0], 480

Civ12 = [−mi1i2i3dθ̇i sin θi − mi2i3 sin(θi + θi1)(θ̇i + θ̇i1), 481

mi1i2i3dθ̇i cos θi+mi2i3 cos(θi+θi1)(θ̇i+θ̇i1)]T, Gia = [0.0, 482

mi2gli2,mi3gLi3]T, Civa = [Civa1, Civa2, Civa3], Civa1 = 483

Civa2 = [−mi2i3 sin(θi + θi1)(θ̇i + θ̇i1),−mi2i3 sin cos(θi + 484

θi1)(θ̇i + θ̇i1), 0]T, Civa3 = [−mi3 cos(θi + θi1)(θ̇i + θ̇i1), 485

−mi3 sin cos(θi+θi1)(θ̇i+θ̇i1), 0]T, Ciav1 =CT
iva1, Ciav2 = 486

CT
iva2, and Ciav3 = [mi3 cos(θi + θi1)(θ̇i + θ̇i1),mi3 sin(θi + 487

θi1)(θ̇i + θ̇i1),mi3d sin θiθ̇i1]. The disturbances are d1 = d2 = 488

[0.5 sin(t), 0.5 sin(t), 0, 0.1 sin(t), 0.1 sin(t), 0.1 sin(t)]T. 489

The parameters of the mobile manipulators used in this 490

simulation are as follows: m1p = m2p = 5.0 kg, m11 = m21 = 491

1.0 kg, m12 = m22 = m13 = m23 = 0.5 kg, I1w = I2w = 492

1.0 kg · m2, I1p = I2p = 2.5 kg · m2, I11 = I21 = 1.0 kg · 493

m2, I12 = I22 = 0.5 kg · m2, I13 = I23 = 0.5 kg · m2, d = 494

l = r = 0.5 m, 2l11 = 2l21 = 1.0 m, 2l12 = 2l22 = 0.5 m, 495

2l13 = 0.05 m, and 2l23 = 0.35 m. The mass of the object 496

is mobj = 0.5 kg. The parameters are used for simulation 497

purposes only; they are assumed to be unknown and are not 498

used in the control design. The desired trajectory of the ob- 499

ject is rod = [xod, yod, zod]T, where xod = 1.5 cos(t), yod = 500

1.5 sin(t), and zod = 2l1. The corresponding desired trajectory 501

of mobile manipulator II is q2d = [x2d, y2d, θ2d, θ21d, θ22d]T, 502

with xd = 2.0 cos(t), yd = 2.0 sin(t), θd = t, θ22d = π/2 rad, 503
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Fig. 4. Tracking trajectories of both mobile platforms.

and θ21d, θ23 are to control the force and compensate the task504

space errors. The end effector holds tightly on the top point of505

the surface. The constraint relative motion by mobile manipula-506

tor I is an arc with the center on joint 2 of mobile manipulator I,507

where angle = π/2 − π/6 cos(t), and the constraint force is set508

as λd
c = 10.0 N. Therefore, from the constraint relative motion,509

we can obtain the desired trajectory of mobile manipulator I510

as q1d = [x1d, y1d, θ1d, θ11d, θ12d]T with the corresponding tra-511

jectories x1d = 1.0 cos(t), y1d = 1.0 sin(t), θ1d = t, θ11d =512

π/2 − π/6 cos(t), and θ12 = π/2, and θ13 is used to compen-513

sate the position errors of the mobile platform.514

For each mobile manipulator, by the transformation515

similar to (25) and (26), T11(qib) = [θi, xi cos(θi) +516

yi sin(θi),−xi sin(θi) + yi cos(θi)]T and uib = [vi2, vi1 −517

(xi cos(θi) + yi sin(θi))vi2]T. One can obtain the kinematic518

system in the chained form ζ̇i = [ui1, ζi3ui1, ui2, ui3, ui4]T.519

The robust adaptive control (44) is used, the tracking errors520

for both mobile manipulators are given by [eT
i , eλc

]T = [ζT
i −521

ζdT
i , λc − λd

c ]
T, and sT

i = [ei1, ei2, ei3 + ki2ei2uid1]T.522

The initial conditions selected for mobile manipulator I are523

x1(0) = 1.15 m, y1(0) = 0.0 m, θ1(0) = 0.0 rad, θ11(0) =524

1.047 rad, θ12(0) = π/2 rad, θ13(0) = 0.0 rad, λ(0) = 0.0 N,525

ẋ1(0) = 0.5 m/s, and ẏ1(0) = θ̇1(0) = θ̇11(0) = θ̇12(0) =526

θ̇13(0) = 0.0, and the initial conditions selected for mobile ma-527

nipulator II are x2(0) = 2.15 m, y2(0) = 0 m, θ2(0) = 0.0 rad,528

θ21(0) = 1.57 rad, θ22(0) = π/2 rad, θ23(0) = 0.0 rad, and529

ẋ2(0) = ẏ2(0) = θ̇2(0) = θ̇12(0) = θ̇22(0) = θ̇23(0) = 0.0.530

In the simulation, the design parameters are selected531

as k0 = 5.0, k1 = 180.0, k2 = 5.0, k3 = 5.0, η(0) = 0.0,532

Ka1 = diag[2.0], Kλ = 0.3, KI = 1.5, Kσ = diag[0.5],533

Ku = diag[1.0], γi = 0.1, αi = δi = 1/(1 + t)2, and534

ĉi(0) = 1.0. Fig. 4 shows the trajectory of the mobile535

platforms of both mobile manipulators. Figs. 5–8 show the536

tracking performance, and the corresponding input torques537

are shown in Figs. 9 and 10. Fig. 11 shows the contact538

force tracking λc − λd
c , since joint 3 makes the manipulator539

redundant in the force space. From Fig. 11, we can see that the540

contact force is always more than zero, which means that the541

two mobile manipulators always keep in contact, and the force542

error converges to zero through the selection of Kλ and KI .543

Fig. 5. Tracking of θ for mobile manipulator I.

Fig. 6. Tracking of arm joint angles of mobile manipulator I.

V. CONCLUSION 544

In this paper, the dynamics and control of two mobile robotic 545

manipulators manipulating a constrained object have been in- 546

vestigated. In addition to the motion of the object with respect 547

to the world coordinates, its relative motion with respect to 548

the mobile manipulators is also taken into consideration. The 549

dynamics of such a system is established, and its properties 550

are discussed. Robust adaptive controls have been developed, 551

which can guarantee the convergence of positions and bounded- 552

ness of the constraint force. The control signals are smooth, and 553
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Fig. 7. Tracking of θ for mobile manipulator II.

Fig. 8. Tracking of arm joint angles of mobile manipulator II.

Fig. 9. Input torques for mobile manipulator I.

no projection is used in the parameter update law. Simulation554

results illustrate the performance of the proposed controls.555

APPENDIX A556

TRANSFORMATION INTO THE CHAINED SYSTEM557

Proposition A.1: Consider the drift-free nonholonomic558

system559

q̇v = r1(qv)ż1 + · · · + rm(qv)żm

where ri(qv) are smooth linearly independent input vector560

fields. There exist state transformation X = T1(qv) and feed-561

back ż = T2(qv)ub on some open set U ⊂ R
n to transform562

the system into an (m − 1)-chain single-generator chained563

Fig. 10. Torques of mobile manipulator II.

Fig. 11. Contact force of relative motion.

form if and only if there exists a basis f1, . . . , fm for Δ0 := 564

span{r1, . . . , rm} which has the form 565

f1 = (∂/∂qv1) +
nv∑
i=2

f i
1(qv)∂/∂qvi

fj =
n∑

i=2

f i
j(qv)∂/∂qvi, 2 ≤ j ≤ m

such that the distributions 566

Gj = span
{

adi
f1

f2, . . . , adi
f1

fm : 0 ≤ i ≤ j
}

,

0 ≤ j ≤ nv − 1

have constant dimension on U and are all involutive, and Gnv−1 567

has dimension nv − 1 on U [13]. 568

APPENDIX B 569

PROOF OF THEOREM 3.1 570

Proof: Combining the dynamic equation (41) together 571

with (38), (39), and (44), the close-loop system dynamics can 572

be written as 573

Mσ̇ = − Mν̇ − C(ν + σ) − G − d + Bτ + JT λ (60)

η̇i = − k0ηi − Λi1 (61)

ṡi1 = ηi + ũi1 (62)

ṡi2 = (ηi + ũi1)ζi3 + si3uid1 − k2si2u
2l
id1 (63)
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ṡi3 = (ηi + ũi1)
(

ζi4 −
∂(ei3 − si3)

∂ei2
ζi3

)

+ si4uid1 − si2uid1 − k3si3u
2l
id1

... (64)

ṡi(niv−1) = (ηi + ũi1)ζiniv
− k(niv−1)

× si(niv−1)u
2l
id1 − (ηi + ũi1)

×

⎛
⎝niv−2∑

j=2

∂
(
ei(niv−1) − si(niv−1)

)
∂eji

ζi(j+1)

⎞
⎠

+ siniv
uid1 − si(niv−2)uid1 (65)

ṡiniv
= (ηi + ũi1)

niv−2∑
j=2

∂(einiv
− siniv

)
∂eij

ζi(j+1)

− kniv
siniv

− si(niv−1)uid1 + ũi2. (66)

Let D = LTd. Multiplying LT on both sides of (60), using (44),574

one can obtain575

Mσ̇ = −M0Kσσ + (M0 −M)ν̇ + (C0 − C)(ν + σ)

+ (G0 − G) −D + U2

= −MKσσ + ΔM(Kσσ − ν̇) − ΔC(ν + σ) − ΔG

−D +
6∑

i=1

U2i (67)

where576

σ̇ = −Kσσ + M−1ΔM(Kσσ − ν̇) −M−1ΔC(ν + σ)

−M−1ΔG −M−1D + M−1
6∑

i=1

U2i. (68)

Consider the following positive-definite functions:577

V =V1 + V2

V1 =
1
2

2∑
i=1

niv∑
j=2

s2
ij +

1
2

2∑
i=1

ki1s
2
i1 +

1
2

2∑
i=1

η2
i

V2 =
1
2
σT σ +

5∑
ς=1

1
2γς

c̃2
ς (69)

where c̃ς := ĉς − cς . Taking the time derivative of V1 with578

(61)–(66) results in579

V̇1 =
2∑

i=1

niv−1∑
j=2

sij ṡij +
2∑

i=1

ki1si1ṡi1 +
2∑

i=1

ηiη̇i

= −
2∑

i=1

⎛
⎝niv−1∑

j=2

kijs
2
iju

2l
id1 + kiniv

s2
iniv

+ k0η
2
i + ũT

b Λ

⎞
⎠ .

(70)

Taking the time derivative of V2 and integrating (68) result in 580

V̇2 = − σTKσσ+σTM−1
U26

+

[
σTM−1ΔM(Kσσ−ν̇)+σTM−1

U21+
c̃1

˙̂c1

γ1

]

+

[
−σTM−1ΔC(σ+ν)+

3∑
ς=2

(
σTM−1

U2ς +
c̃ς

˙̂cς

γς

)]

+

[
−σTM−1ΔG+σTM−1

U24+
c̃4

˙̂c4

γ4

]

+

[
−σTM−1D+σTM−1

U25+
c̃5

˙̂c5

γ5

]
. (71)

Considering Property 2.2, Assumption 3.1, and (47), the third 581

right-hand term of (71) is bounded by 582

σTM−1ΔM(Kσσ − ν̇) + σTM−1u21 +
1
γ1

c̃1
˙̂c1

≤ c1

λmin
‖Kσσ − ν̇‖‖σ‖

− 1
λmin

ĉ2
1‖Kσσ − ν̇‖2‖σ‖2

ĉ1‖Kσσ − ν̇‖‖σ‖ + δ1
+

1
γ1

c̃1
˙̂c1

=
ĉ1

λmin
‖Kσσ − ν̇‖‖σ‖ − 1

λmin

ĉ2
1‖Kσσ − ν̇‖2‖σ‖2

ĉ1‖Kσσ − ν̇‖‖σ‖ + δ1

+ c̃1

[
1
γ1

˙̂c1 −
1

λmin
‖Kσσ − ν̇‖‖σ‖

]

≤ δ1

λmin
− α1

γ1
c̃1ĉ1 ≤ δ1

λmin
− α1

γ1

(
ĉ1 −

1
2
c1

)2

+
α1

4γ1
c2
1.

(72)

The last inequality obtained is because −c̃1ĉ1 = −(ĉ1 − 583

(1/2)c1)2 + (1/4)c2
1. 584

Similarly, considering Property 2.2, Assumption 3.1, (48), 585

and (49), the fourth right-hand term of (71) is bounded by 586

− σTM−1ΔC(σ + ν)
3∑

ς=2

(
σTM−1

U2ς +
c̃ς

˙̂cς

γς

)

≤ 1
λmin

[(
c2 + c3‖ζ̇‖

)
‖σ + ν‖‖σ‖

− ĉ2
2‖σ + ν‖2‖σ‖2

ĉ2‖σ + ν‖‖σ‖ + δ2

]
+

1
γ2

c̃2
˙̂c2

− 1
λmin

ĉ2
3‖ζ̇‖2‖σ + ν‖2‖σ‖2

ĉ3‖ζ̇‖‖σ + ν‖‖σ‖ + δ2

+
1
γ3

c̃3
˙̂c3

=
1

λmin
ĉ2‖σ + ν‖‖σ‖ − 1

λmin

ĉ2
2‖σ + ν‖2‖σ‖2

ĉ2‖σ + ν‖‖σ‖ + δ2

+ c̃2

[
1
γ2

˙̂c2 −
1

λmin
‖σ + ν‖‖σ‖

]
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+
ĉ3

λmin
‖ζ̇‖‖σ + ν‖‖σ‖ − ĉ2

3

λmin

‖ζ̇‖2‖σ + ν‖2‖σ‖2

ĉ3‖ζ̇‖‖σ + ν‖‖σ‖ + δ3

+ c̃3

[
1
γ3

˙̂c3 −
1

λmin
‖ζ̇‖‖σ + ν‖‖σ‖

]

≤
3∑

ς=2

1
λmin

δς −
ας

γς

(
ĉς −

1
2
cς

)2

+
ας

4γς
c2
ς . (73)

Similarly, considering Property 2.2, Assumption 3.1, and (50),587

the fifth right-hand term of (71) is bounded by588

σTM−1ΔG + σTM−1u24 +
1
γ4

c̃4
˙̂c4

≤ c4‖σ‖
λmin

− 1
λmin

ĉ2
4‖σ‖2

ĉ4‖σ‖ + δ4
+

c̃4
˙̂c4

γ4

=
ĉ4‖σ‖
λmin

− 1
λmin

ĉ2
4‖σ‖2

ĉ4‖σ‖ + δ4
+ c̃4

[
˙̂c4

γ4
− ‖σ‖

λmin

]

≤ 1
λmin

δ4 −
α4

γ4

(
ĉ4 −

1
2
c4

)2

+
α4

4γ4
c2
4. (74)

Similarly, considering Property 2.2, Assumption 3.1, and (51),589

the sixth right-hand term of (71) is bounded by590

σTM−1D + σTM−1u25 +
1
γ5

c̃5
˙̂c5

≤ 1
λmin

c5‖L‖‖σ‖ −
1

λmin
ĉ2
5

‖L‖2‖σ‖2

ĉ5‖L‖‖σ‖ + δ5
+

1
γ5

c̃5
˙̂c5

=
1

λmin
ĉ5‖L‖‖σ‖ −

1
λmin

ĉ2
5

‖L‖2‖σ‖2

ĉ5‖L‖‖σ‖ + δ5

+ c̃5

[
1
γ5

˙̂c5 −
1

λmin
‖L‖‖σ‖

]

≤ 1
λmin

δ5 −
α5

γ5

(
ĉ5 −

1
2
c5

)2

+
α5

4γ5
c2
5. (75)

Combining (70) and (71), we obtain591

V̇ ≤ −
2∑

i=1

niv−1∑
j=2

kijs
2
iju

2l
id1 −

2∑
i=1

kiniv
s2

iniv
−

2∑
i=1

k0η
2
i

+ ũT
b Λ − σTKσσ −

5∑
ς=1

ας

γς

(
ĉς −

1
2
cς

)2

+
1

λmin

5∑
k=1

δk +
5∑

ς=1

ας

4γς
c2
ς + σTM−1

U26. (76)

Considering Property 2.2 and (52), the fourth and ninth right-592

hand terms of (76) are bounded by593

ũT
b Λ + σTM−1

U26 ≤ ‖ũb‖‖Λ‖ −
‖ũb‖‖Λ‖2‖σ‖2

‖Λ‖‖σ‖2 + δ6
≤ δ6.

(77)

Therefore, we can rewrite (76) as 594

V̇ ≤ −
2∑

i=1

⎛
⎝niv−1∑

j=2

kijs
2
iju

2l
id1 + kinv

s2
iniv

+ k0η
2
i

⎞
⎠

− σTKσσ −
5∑

ς=1

ας

γς

(
ĉς −

1
2
cς

)2

+
5∑

ς=1

(
δς

λmin
+

αςc
2
ς

4γς

)
+ δ6. (78)

Noting Definition 3.1, we have F = (1/λmin)
∑5

k=1 δk + 595∑5
ς=1(ας/4γς)c2

ς + δ6 → 0 as t → ∞. 596

We define A =
∑2

i=1 k0η
2
i +
∑2

i=1 kiniv
s2

iniv
+
∑2

i=1 597

×
∑niv−1

j=2 kijs
2
iju

2l
id1 + λmin(Kσ)‖σ‖2 +

∑5
ς=1(ας/γς)(ĉς − 598

(1/2)cς)2, and from the definition, we have A > 0 ∀ ηi, siniv
, 599

sij , uid1, σ, and cς , where i = 1, 2 and ς = 1, . . . , 5. 600

Integrating both sides of (78) gives 601

V (t) − V (0) ≤ −
t∫

0

Ads +

t∫
0

Fds < −
t∫

0

Ads + C (79)

where C =
∑5

k=1(ak/λmin) +
∑5

ς=1(bς/4γς)c2
ς + a6 is a fi- 602

nite constant from Definition 3.1; we have V (t) < V (0) − 603∫ t

0 Ads + C. Thus, V is bounded, and subsequently, ηi, si, σ, 604

ĉi, and ν are bounded. From the definition of si in (38), it is 605

concluded that [ei1, ei2, . . . , einv
]T is bounded, which follows 606

that η is bounded. From (79), we have sijuid1, siniv
, ηi, σ ∈ 607

L2, which implies that ũb ∈ L2
2. Since σ = u − z is bounded, 608

and considering (25), (30), (37), and the definition of eia, we 609

can say that ėia + K1aeia is bounded, which can be rewritten 610

as ėia ≤ −K1aeia + P . Considering Ve = (1/2)eT
iaeia, we can 611

obtain 612

V̇ ≤ −eT
ia(K1a − Ke)eia +

1
4
(nia − ki)λmax(Ke)‖p‖2

where P = [p, . . . , p]T ∈ R
nia−ki is a constant vector, p > 613

‖σ(t)‖∀t, Ke ∈ R
nia−ki×nia−ki is a constant diagonal matrix 614

chosen such that λmin(K1a − Ke) > 0, λmax(Ke) denotes the 615

maximum eigenvalue of Ke, and λmin(K1a − Ke) denotes 616

the minimum eigenvalue of K1a − Ke. From the previous 617

equations, we can conclude that eia is bounded. Since q1d
ia , the 618

desired trajectory, is bounded, we can say that q1
ia and q̇1

ia are 619

bounded, which implies that ζia and ũia are bounded as well. 620

From (61) and (62), we can say that d(sijuid1)/dt, ṡiv, η̇i, and 621
˙̃u are bounded. Thus, from (40), we can say that ν̇ is bounded 622

and that σ̇ is bounded as well. Therefore, from Remark 3.1, we 623

can conclude that U21, . . . , U26 are bounded. 624

Differentiating ul
id1ηi yields 625

d

dt
ul

id1ηi = −k1u
l
id1si1 + lul−1

id1 u̇l
id1ηi − k0u

l
id1η

−ul
id1

⎧⎨
⎩

v−1∑
j=2

sijζi(j+1) −
v∑

j=3

sij

j−1∑
k=2

∂(eik − sik)
∂eik

ζi(k+1)

⎫⎬
⎭



IE
EE

Pr
oo

f

LI et al.: ROBUST ADAPTIVE CONTROL OF COOPERATING MOBILE MANIPULATORS WITH RELATIVE MOTION 13

where the first term is uniformly continuous and the other626

terms tend to zero. Since (d/dt)ul
id1η converges to zero [18],627

therefore, si and ṡi converge to zero, and ζi → ζid and ζ̇i → ζ̇id628

as t → ∞.629

Substituting the control (44) into the reduced-order dynamics630

(33) yields631

JT

⎡
⎣(Kλ + 1)eλ + KI

t∫
0

eλdt

⎤
⎦ = M(σ̇ + ν̇) + G

+ d + C(ν + σ) − L(LTL)−1(U1 + U2). (80)

Since σ̇, σ, ν̇, ν, ci, αi, ζ̇, γi, Λ, and δi are all bounded, the632

right-hand side of (80) is also bounded, i.e., JT[(Kλ + 1)eλ +633

KI

∫ t

0 eλdt] = Γ(σ̇, σ, ν̇, ν, ci, αi, ζ̇, γi,Λ, δi), Γ(∗) ∈ L∞.634

Let
∫ t

0 eλdt = Eλ, where Ėλ = eλ. By appropriately635

choosing Kλ = diag[Kλ,i], where Kλ,i > −1, and KI =636

diag[KI,i], where KI,i > 0, to make Ei(p) = (1/(Kλ,i +637

1)p + KI,i), where p = d/dt, a strictly proper exponential638

stable transfer function, it can be concluded that
∫ t

0 eλdt ∈ L∞,639

eλ ∈ L∞, and the size of eλ can be adjusted by choosing the640

proper gain matrices Kλ and KI .641

Since σ̇, σ, ν̇, ν, ci, αi, ζ̇, γi, Λ, δi, eλ, and
∫ t

0 eλdt are all642

bounded, we can say that τ is bounded as well. �643
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