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Abstract

In this paper, the adaptive control problem is studied for a class of nonlinear systems in the presence of bounded disturbances.
By utilizing a nice property of the studied systems, a novel Lyapunov-based control structure is developed, which avoids the
possible control singularity problem in adaptive nonlinear control. The transient bounds of output tracking error are shown
to be explicit functions of initial conditions and design parameters, and the control performance of the closed-loop system
is guaranteed by suitably choosing the design parameters. Simulation study is provided to verify the theoretical results.
c© 1999 Elsevier Science B.V. All rights reserved.
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1. Introduction

The research of nonlinear control systems using
feedback linearization technique has motivated the
development of many design approaches for exactly
modelled systems [7]. To solve the control problem
in the presence of linearly parameterized uncertain-
ties, signi�cant progress has been achieved in adap-
tive control for a large class of nonlinear systems
[21,24,10,13]. For nonlinear systems containing un-
known disturbances, several robust adaptive control
schemes were developed for di�erent kinds of nonlin-
ear plants and system uncertainties [8,19,14]. As an
alternative, an interesting adaptive strategy has been
presented for nonlinear time-varying systems based
on trajectory approximation technique [18,12,22], in
which both unmodeled dynamics and disturbances
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can be dealt with. The main feature of the scheme
is that controller design does not rely on a parame-
terized model and the exact structure information for
the plants.
Recently, adaptive neural network (NN) control has

been an active area and many successful design ap-
proaches have been developed [2,23,25,3,5]. Most of
these neural controllers are based on feedback lin-
earization technique, and the commonly used con-
troller structure is u = [ − �̂(x) + v]=�̂(x) with �̂(x)
and �̂(x) the approximators for system’s nonlineari-
ties and v the new control input. Therefore, additional
precautions have to be made for avoiding the possi-
ble controller singularity problem (i.e., �̂(x) 6= 0) by
(i) applying a projection algorithm to project the esti-
mated parameters in a feasible set [23], or (ii) choos-
ing the initial NNweights su�ciently close to the ideal
values [2]. In the work [25], a modi�ed adaptive NN
controller has been provided by introducing a limiting
term to keep the control signal bounded regardless of
the NN weight estimates.
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For a general class of non-a�ne nonlinear systems,
stable adaptive state-feedback and output-feedback
controllers were presented using Lyapunov stabil-
ity and neural network parameterization techniques
[4,27]. Due to the complexity of the studied systems
and the approximators used, the developed schemes
there require several restrictive conditions and the an-
alytical results obtained are quite conservative. In this
paper, we focus on adaptive control design for a class
of unknown nonlinear systems with external distur-
bances using high-order neural networks (HONNs).
The proposed approach ensures that regional stabil-
ity of the closed-loop system is guaranteed and the
controller singularity problem mentioned above is
avoided. Two explicit transient bounds of system’s
tracking error are provided to evaluate the control
performance of the proposed scheme.
The paper is organized as follows. Section 2 de-

scribes the nonlinear systems under study and the con-
trol objective. A desired feedback control (DFC) and
HONNs are presented in Section 3. In Section 4, a
robust adaptive NN controller is provided, and the
system’s stability and tracking performance are also
investigated. Simulation results are given in Section 5
to show the e�ectiveness of the developed controller.

2. System description

Consider the SISO nonlinear system in the follow-
ing form:

ẋi = xi+1; i = 1; : : : ; n− 1;
ẋn = �(x) + �(x)u+ d(t);
y = x1;

(1)

where x = [x1; x2; : : : ; xn]T ∈ Rn, u ∈ R, y ∈ R are
state variables, system input and output, respectively;
�(x) and �(x) are unknown smooth functions; d(t)
denotes the external disturbance bounded by a known
constant d0¿ 0, i.e., |d(t)|6d0. In view of the fact
that all physical plants operate in bounded regions,
we study the adaptive control problem of system (1)
whose state x belongs to a compact subset 
⊂Rn.
The objective is to force the output y follow a desired
trajectory yd.

Assumption 1. The sign of �(x) is known and
|�(x)|¿ 0, ∀x ∈ 
.

Since the sign of �(x) is known, we may, without
losing generality, assume that �(x) is positive in the
following discussion.

Assumption 2. There exists a known smooth function
��(x) such that |�(x)|6 ��(x), and �(x)= ��(x) is indepen-
dent of the state xn for all x ∈ 
.

Remark. Let b(x) = �(x)= ��(x). It follows from
Assumption 2 that 0¡b(x)61; ∀x ∈ 
. Taking its
time derivative, we have a nice property

ḃ(x) =
d[b(x)]
dt

=
@b(x)
@x

ẋ =
n−1∑
i=1

@b(x)
@xi

xi+1 (2)

which only depends on the system’s state x. It should
be noticed that although Assumption 2 imposes an ad-
ditional restriction on the class of systems, many phys-
ical systems (e.g., pendulum plants [13,26], magnetic
levitation systems [11], and single link robots with
exible joints [13]) possess such a property. It will be
shown later that this property plays an important role
in the design of a singularity-free adaptive controller.
De�ne vector xd, e and an augmented error es as

xd = [yd; ẏ d; : : : ; y
(n−1)
d ]T;

e = x − xd = [e1; e2; : : : ; en]T; es = [�T 1]e;

(3)

where �=[�1; �2; : : : ; �n−1]T is chosen such that poly-
nomial sn−1 + �n−1sn−2 + · · ·+ �1 is Hurwitz. With
these de�nitions, the tracking error may be expressed
as e1 =H (s)es with H (s) being a proper stable trans-
fer function, which implies that e1(t)→ 0 as es → 0.
The time derivative of es can be written as

ė s = �(x) + �s + b(x) �u+ d(t); (4)

where �u= ��(x)u and �s =−y(n)d + [0 �T]e.

Assumption 3. The desired trajectory vector xd is
continuous and known, and xd ∈ 
d with 
d being a
connected subset of 
.

3. Desired feedback control and function
approximation

In this section, supposing that nonlinear functions
�(x) and �(x) are known exactly, and the system has
no disturbance (d(t) = 0), we present a desired feed-
back control (DFC), u∗, such that the output y follows
the desired trajectory yd(t) asymptotically.

Lemma 3.1. Consider system (1) with Assumptions
1–3 satis�ed and d(t)=0. If the DFC input is chosen
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as u∗ = �u ∗= ��(x) with

�u ∗ =− 1
b(x)

[�(x) + �s]

−
[

1
�b(x)

+
1

�b2(x)
− ḃ(x)
2b2(x)

]
es; (5)

where �¿ 0 is a design parameter; then limt→∞
‖e(t)‖= 0.

Proof. Substituting the DFC controller u=u∗ into (4)
and noting d(t) = 0, we have

ė s =−
[
1

�b(x)
+

1
�b2(x)

]
es +

ḃ(x)
2b(x)

es: (6)

Choosing a Lyapunov function candidate Vd =
e 2s =2b(x) and di�erentiating it along (6), we obtain

V̇d =
1
b(x)

esė s − ḃ(x)
2b2(x)

e 2s =− e 2s
�b(x)

− e 2s
�b2(x)

:

(7)

Since 0¡b(x)61, according to the Lyapunov theo-
rem [15], Eq. (7) implies that limt→∞ |es(t)|=0. Sub-
sequently, we have limt→∞ ‖e(t)‖= 0.

From (7), it is shown that the smaller the parameter
� is, the more negative V̇d will be. Hence, the con-
vergence rate of the tracking error can be adjusted by
tuning the design parameter �. From (2) and (5), DFC
input u∗ can be re-written as a function of x, es and �s

u∗ =
1
��(x)

�u ∗(z); z =
[
xT; es;

es
�
; �s

]T
∈ 
z ⊂Rn+3;

(8)

where compact set 
z is de�ned as


z=
{(
x; es;

es
�
; �s

)
| x ∈ 
; xd ∈ 
d;

es = [�T 1]e; �s =−y(n)d + [0 �T]e
}
: (9)

When nonlinear functions �(x) and �(x) are unknown,
�u ∗(z) is not available. In the following, neural net-
works shall be applied for approximating the unknown
function �u ∗(z). It should be noted that though the el-
ements es and es=� in the input vector z are dependent
due to constant �, they are in di�erent scales when a
very small � is chosen. Thus es=� is also fed into NNs
as an input for improving the NN approximation accu-
racy. Consider high-order neural networks (HONNs)
[9]

g(W; z) =W TS(z); W and S(z) ∈ Rl;

S(z) = [s1(z); s2(z); : : : ; sl(z)]T; (10)

si(z) =
∏
j∈Ii
[s(zj)]dj(i); i = 1; 2; : : : ; l; (11)

where z = [z1; z2; : : : ; zn+3]T ∈ 
z ⊂Rn+3; positive in-
teger l denotes the NN node number, {I1; I2; : : : ; Il} is
a collection of l not-ordered subsets of {1; 2; : : : ; n+3}
and dj(i) are non-negative integers,W is an adjustable
synaptic weight vector, s(zj) is chosen as a hyperbolic
tangent function

s(zj) =
ezj − e−zj
ezj + e−zj

: (12)

It has been shown in [17,9] that neural network
W TS(z) satis�es the conditions of the Stone–
Weierstrass Theorem and can approximate any
continuous function to any desired accuracy over a
compact set. Because the nonlinearity �u ∗(z) in DFC
input (8) is a continuous function on 
z, for an ar-
bitrary constant �0¿ 0, there exist an integer l∗ and
an ideal constant weight vector W ∗, such that for all
l¿l∗,

�u ∗(z) =W ∗TS(z) + �l; ∀z ∈ 
z; (13)

where �l is called the NN approximation error satis-
fying |�l|6�0 and

W ∗:=arg min
W∈Rl

{
sup
z∈
z

|W TS(z)− �u ∗(z)|
}
:

In general, the ideal NN weight W ∗ is unknown and
needs to be estimated in controller design. In the next
section, an adaptive algorithm and a robust adaptive
controller shall be provided to achieve the control
objective.

4. Controller design and performance analysis

Let Ŵ be an estimate of the ideal NN weight W ∗.
We propose the direct adaptive controller

u=
1
��(x)

Ŵ TS(z) (14)

and the robust updating algorithm for NN weights as

˙̂W =−�[S(z)es + �Ŵ ]; (15)

where � = �T¿ 0 is an adaptation gain matrix
and �¿ 0 is a constant. In adaptive law (15),
�-modi�cation [6] is used to improve the robustness
of the adaptive controller in the presence of the NN
approximation error and the external disturbances.
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Substituting controller (14) into (4), error equation
(4) can be re-written as

ė s = �(x) + �s + b(x)Ŵ
T
S(z) + d(t): (16)

Adding and subtracting b(x) �u ∗(z) on the right-hand
side of (16) and noting (13), we have

ė s = �(x) + �s + b(x)[Ŵ
T
S(z)−W ∗TS(z)− �l]

+ b(x) �u ∗(z) + d(t); ∀z ∈ 
z: (17)

Substituting (5) into (17) leads to

ė s = b(x)

[
ḃ(x)
2b2(x)

es − es
�b(x)

− es
�b2(x)

+W̃
T
S(z)− �l

]
+ d(t); ∀z ∈ 
z; (18)

where W̃ = Ŵ −W ∗. Since NN approximation (13),
and Assumptions 1 and 2 are only valid on the com-
pact set 
, it is necessary to guarantee the system’s
states remaining in
 for all time. In the following the-
orem, we show that for appropriate initial condition
x(0) and suitably choosing design parameters, adap-
tive controller (14)–(15) guarantees x ∈ 
; ∀t¿0.

Theorem 4.1 (Stability). For the closed-loop adap-
tive system consisting of plant (1); controller (14)
and NN weight adaptive law (15); there exist a com-
pact set 
0⊂
; and positive constants l∗; �∗ and �∗
such that if
(i) the initial condition x(0) ∈ 
0; and
(ii) the design parameters are chosen such that

l¿l∗; �6�∗; and ��¡�∗ with �� the largest
eigenvalue of �−1;

then; Ŵ (t) ∈ L∞ and x(t) ∈ 
; ∀t¿0:

Proof. The proof includes two steps. We shall �rstly
assume that x ∈ 
 holds for all time, and �nd the
upper bounds of system states. Later, for the appro-
priate initial condition x(0) and controller parameters,
we prove that state x indeed remains in the compact
set 
 for all t¿0.
Step 1: Suppose that x ∈ 
; ∀t¿0; then NN ap-

proximation (13), Assumptions 1 and 2 are valid. Con-
sider the Lyapunov function candidate

Vs =
1
2

[
e 2s
b(x)

+ W̃
T
�−1W̃

]
: (19)

Di�erentiating (19) along (15) and (18) yields

V̇s =
esė s
b(x)

− ḃ(x)
2b2(x)

e 2s + W̃
T
�−1 ˙̂W

=− e 2s
�b(x)

− e 2s
�b2(x)

+
d(t)
b(x)

es − �les − �W̃ T
Ŵ :

(20)

Using the facts that

2W̃
T
Ŵ = ‖W̃‖2 + ‖Ŵ‖2 − ‖W ∗‖2
¿ ‖W̃‖2 − ‖W ∗‖2; (21)

d(t)
b(x)

es6
e 2s

2�b2(x)
+
�
4
d(t)2;

|�les|6 e 2s
�b(x)

+
�
2
�2l b(x)

and noting that |�l|6�0, |d(t)|6d0 and 0¡b(x)61,
the following inequality holds

V̇s6− e 2s
2�b(x)

− �
2
‖W̃‖2 + �

2
�20

+
�
4
d20 +

�
2
‖W ∗‖2: (22)

Considering (19) and W̃
T
�−1W̃6 ��‖W̃‖2 (since �� is

the largest eigenvalue of �−1), we obtain

V̇s6− 1
�0
Vs +

�
2
�20 +

�
4
d20 +

�
2
‖W ∗‖2;

where �0 =max{�; ��=�}. Solving the above inequality
using Lemma B:5 in [10], we have

Vs(t)6 e−t=�0Vs(0) +
( �
2
�20 +

�
4
d20 +

�
2
‖W ∗‖2

)
×
∫ t

0
e−(t−�)=�0 d�

6 e−t=�0Vs(0) + �0
( �
2
�20 +

�
4
d20 +

�
2
‖W ∗‖2

)
;

∀t¿0: (23)

Since Vs(0) is bounded, inequality (23) shows that es
and Ŵ (t) are bounded. By (19) and 0¡b(x)61, it
follows that |es|6

√
2Vsb(x)6

√
2Vs. Combining with

(23), we obtain

|es(t)|6 e−t=2�0
√
2Vs(0)

+
√
�0

(
��20 +

�
2
d20 + �‖W ∗‖2

)1=2
; ∀t¿0:

(24)

Next, we determine an upper bound of the error vector
e. De�ne � = [e1; e2; : : : ; en−1]T. One state-space
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representation of mapping es = [�T 1]e can be ex-
pressed as

�̇= As�+ bses;

where As is a stable matrix (since sn−1 + �n−1sn−2 +
· · · + �1 is Hurwitz) and bs = [0; 0; : : : ; 0; 1]T. In ad-
dition, two constants k0¿ 0 and �0¿ 0 can be found
such that ‖eAst‖6k0e−�0t [16]. The solution for � is

�(t) = eAst�(0) +
∫ t

0
eAs(t−�)bses(�) d�:

It follows that

‖�(t)‖6k0‖�(0)‖e−�0t + k0
∫ t

0
e−�0(t−�)|es(�)| d�:

(25)

Considering (24) and e−t=2�0
√
2Vs(0)6

√
2Vs(0), we

have

‖�(t)‖6 k0‖�(0)‖e−�0t + k0
[√

2Vs(0)

+
√
�0

(
��20 +

�
2
d20 + �‖W ∗‖2

)1=2]

×
∫ t

0
e−�0(t−�) d�

6 k0‖�(0)‖+ k0
�0

[√
2Vs(0) +

√
�0

(
��20

+
�
2
d20 + �‖W ∗‖2

)1=2]
; ∀t¿0: (26)

Noting es = [�T 1]e and e = [�T en]T, we obtain

‖e‖6‖�‖+ |en|6(1 + ‖�‖)‖�‖+ |es|
Substituting (24) and (26) into the above inequality
leads to

‖e‖6 k�‖�(0)‖+
(
1 +

k�
�0

)

×
[
e 2s (0)
b(x(0))

+ ��‖W̃ (0)‖2
]1=2

+
√
�0

(
1 +

k�
�0

)

×
(
��20 +

�
2
d20 + �‖W ∗‖2

)1=2
; (27)

where k� = k0(1 + ‖�‖). Since k�, �0, �0, and �
are positive constants, and �(0) and es(0) depend on
x(0)− xd(0), we conclude that there exists a positive
constant R(�; ��; x(0); W̃ (0)) depending on �, ��, x(0)
and W̃ (0) such that

‖e‖6R(�; ��; x(0); W̃ (0)); ∀t¿0 (28)

Step 2: In the following, we shall �nd the condi-
tions such that x ∈ 
; ∀t¿0. Firstly, de�ne a compact
set


0 := {x(0) | {x | ‖x − xd‖¡R(0; 0; x(0); 0)}⊂
;
xd ∈ 
d}: (29)

It is easy to see that for all x(0) ∈ 
0 and xd ∈ 
d,
we have x ∈ 
; ∀t¿0. Then, for the system with
x(0) ∈ 
0, bounded Ŵ (0) and xd ∈ 
d, the following
constants �∗ and �∗ can be determined:

�∗:= sup
��∈R+

{ ��|{x | ‖x − xd‖¡R(0; ��; x(0); W̃ (0))}

⊂
; xd ∈ 
d} (30)

and

�∗ := sup
�∈R+

{� | {x | ‖x − xd‖

6 R(�; ��; x(0); W̃ (0)); ��¡�∗}⊂
; xd ∈ 
d}:
(31)

Therefore, for the initial condition x(0) ∈ 
0, bounded
initial NN weight Ŵ (0), and the desired signal xd ∈

d, if the controller parameters are chosen such that
l¿l∗, ��¡�∗ and �6�∗, then system state x indeed
stays in 
 for all time. This completes the proof.

Remarks. 1. The result obtained in Theorem 4.1 is
regionally stable because the initial states are required
to be within 
0. This is reasonable because the neural
network approximation is only valid on a compact set
and Assumptions 1 and 2 hold on 
. The stability
analysis of Theorem 4.1 also provides a method to
estimate the allowed initial state region for a given
controller. For controller (14) with parameters �, l,
and � satisfying condition (ii) in Theorem 4.1, the
following compact set can be found:

�
0 = {x(0) | ‖ x − xd‖6R(�; ��; x(0); W̃ (0))}⊂
;
xd ∈ 
d}:

Then, we say that �
0 is the largest region of initial
states for achieving a stable closed-loop system under
the given controller.
2. Theorem 4.1 shows that the initial NN weights

of the adaptive controller can be set to any bounded
values, which relaxes the strong condition required in
[2], where the initial values of the NN weights are
required to be chosen su�ciently close to the ideal
values.

The above discussion only presents the bounded-
ness of the signals in the adaptive system, no transient
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performance of the system’s output is provided. In
practical applications, the transient response is often
more important.

Theorem 4.2 (Transient performance). For the
closed-loop adaptive system (1); (14) and (15); if
x(0) ∈ 
0 and the design parameters l¿l∗; ��¡�∗

and �6�∗; then
(i) the transient bound of tracking error

|e1(t)|6 k0

[
‖�(0)‖e−�0t + te−�st

√
2Vs(0)

+
√
�0
�0

(
��20 +

�
2
d20 + �‖W ∗‖2

)1=2]
;

(32)

where �s=min{�0; 1=2�0}; �0 =max{�; ��=�}; k0
and �0 are positive constants de�ned in Theorem
4:1; and positive constant Vs(0) depends on x(0)
and Ŵ (0);

(ii) the L∞ tracking error bound is

sup
t¿0

|e1(t)|6 k0

[
‖�(0)‖+

√
2Vs(0)
�0

+
√
�0
�0

×
(
��20 +

�
2
d20 + �‖W ∗‖2

)1=2]
: (33)

Proof. If x(0) ∈ 
0; l¿l∗; ��¡�∗, and �6�∗, The-
orem 4.1 ensures that x ∈ 
;∀t¿0, subsequently
NN approximation (13), Assumptions 1 and 2 are
valid. Therefore, inequalities (20)–(25) hold. Since
� = [e1; e2; : : : ; en−1]T, it follows from (24) and (25)
that

|e1(t)|6‖�(t)‖6 k0‖�(0)‖e−�0t + k0
√
2Vs(0)

×
∫ t

0
e−�0(t−�)e−�=2�0 d�+

k0
√
�0

�0

×
(
��20 +

�
2
d20 + �‖W ∗‖2

)1=2
:

(34)

For the integral in the above inequality, we have∫ t

0
e−�0(t−�)e−�=2�0 d�

=



(�0 − 1

2�0
)−1(e−

t
2�0 − e−�0t) if �0 6= 1

2�0
;

te−�0t if �0 =
1
2�0

:

(35)

By applying Mean Value Theory [1], there exists a
constant �′s between �0 and 1=2�0 such that e

−�0t =
e−t=2�0 − (�0 − 1=2�0)te−�′s t . As �s =min{�0; 1=2�0},
we have �s6min{�0; �′s}. Combining with (35), it can
be shown that∫ t

0
e−�0(t−�)e−�=2�0 d�6te−�st :

Substituting the above inequality into (34), we arrive
at (32).
Because |e1(t)|6‖�(t)‖, the L∞ tracking error

bound (33) can be obtained from (26) directly.

Remarks. 1. It is shown from (32) and (33) that large
initial errors e(0) and W̃ (0) may lead to a large track-
ing error during the initial period of adaptation. In
view of (32) and (33), output tracking error may be
reduced by choosing small design parameters � and ��
(i.e., by increasing the controller gain and adaptation
gain �).
2. Taking the limits of both sides of (32) and noting

the facts that limt→∞ e−�0t=0 and limt→∞ te−�st=0,
we have

lim
t→∞ |e1(t)|6k0

√
�0
�0

(
��20 +

�
2
d20 + �‖W ∗‖2

)1=2
:

(36)

Because �0 = max{�; ��=�} and �� is de�ned as the
largest eigenvalue of �−1. The above inequality indi-
cates that the tracking error converges to a small resid-
ual set which depends on the NN approximation error
�l, external disturbance d(t) and controller parame-
ters �, � and �. The decreases in � and � or increases
in the adaptive gain � and NN node number l result
in a better tracking performance.
3. It should be pointed out that HONNs used in this

paper may be replaced by any other linear approxi-
mator such as radial basis function networks [5,20],
spline functions [16] or fuzzy systems [23], while the
stability and performance properties of the adaptive
system are still valid.

5. Simulation study

To verify the e�ectiveness of the proposed ap-
proach, the developed adaptive controller is applied to
a pendulum plant with a variable length l(�) [26] as
shown in Fig. 1. The plant dynamics can be expressed



S.S. Ge et al. / Systems & Control Letters 37 (1999) 275–284 281

Fig. 1. Variable length pendulum plant with l(�) = l0 +
l1cos(�); l1=l0 = 0:5; g=l0 = 10 and ml20 = 1.

in the form of system (1) with

�(x)=

0:5sin x1(1 + 0:5cos x1)x22 − 10sin x1(1 + cos x1)
0:25(2 + cos x1)2

;

�(x) =
1

0:25(2 + cos x1)2
; d(t) = d1(t)cos x1;

where x=[x1; x2]T=[�; �̇]T, u=T and d1(t)=cos (3t).
The initial states [x1(0); x2(0)]T = [0; 0]T, and the ref-
erence signal yd=(�=6)sin(t). The operation range of
the system is chosen as


 =
{
(x1; x2)

∣∣∣| x1 |6�2 ; |x2 |64�
}
:

It can be checked that Assumptions 1 and 2 are satis-
�ed and 4

96�(x)61; ∀x ∈ 
.
The adaptive controller (14)–(15) used in this ex-

ample is described as: ��(x) = 1; � = 10:0; the input
vector is z = [x1; x2; es; es=�; �s]T; a two-order neural
network is selected with the elements si(z) in (10)
choosing as s(z1); s(z2); s(z3); s(z4); s(z5), and the
possible combinations of them (i.e., s(zi)s(zj) with
i; j = 1; 2; 3; 4; 5). The total number of the NN nodes
is 20. The parameter � in adaptive law (15) is taken
as �=0:005 and the initial NN weight Ŵ (0)=0:0. In
order to �nd the transient bounds of x1 and x2, we sup-
pose that the designed HONNs satis�es ‖W ∗‖66:0
and �060:5 on compact set 
z.
Next, constants �∗ and �∗ (de�ned in (30) and (31),

respectively) shall be speci�ed such that if ��¡�∗

and �6�∗, the requirement (x1; x2) ∈ 
 holds for all

time. Because the plant is of second order, we have
�= x1−yd. It follows from �=10:0 that k0 and �0 in
(26) are k0 = 1:0 and �0 = 10:0. Then, inequality (26)
shows that

|x1|6 |�|+ |yd|6|�(0)|+
√
2Vs(0)
�0

+
√
�0
�0

(
��20 +

�
2
d20 + �‖W ∗‖2

)1=2
+ |yd|:

(37)

Noticing [x1(0); x2(0)]T=[0; 0]T and xd(0)=[0; �=6]T,
we have �(0)=0, es(0)=�=6 and |yd|6�=6. Through
a suitable calculation using (37), we may �nd �∗ =
0:505 and �∗ = 0:2571 such that for �¡ 0:2571 and
��¡ 0:505 (i.e., all of the eigenvalues of the adaptive
gain matrix �−1 are chosen smaller than 0.505), the
state |x1|6�=2; ∀t¿0. Considering x2 = es − �+ ẏ d
and inequality (24), we obtain

|x2|6 |es|+ |�|+ |ẏ d|
6

(
1 +

1
�0

)[√
2Vs(0)

+
√
�0

(
��20 +

�
2
d20 + �‖W ∗‖2

)1=2]
:

(38)

For the choice of ��¡ 0:505 and �60:2571, the above
inequality shows |x2|¡ 11:5192¡ 4�; ∀t¿0. There-
fore, the state (x1; x2) do remain in the required set 

for all time.
Fig. 2 presents the simulation results for the de-

signed NN controller with �=diag{2:0} and �=0:25.
Although no exact model of the pendulum plant is
available and the initial NN weights are set to zero,
through the NN learning phase, it is shown that the
tracking error given in Fig. 2(a) converges to a small
region after 15 s. The boundedness of the NN weight
estimates, control input and system states are shown
in Figs. 2(b)–(d), respectively.
To study the control performance for di�erent de-

sign parameters, the following two cases have been
investigated. Firstly, we increase the adaptation gain
from �=diag{2:0} to diag{6:0} with all other param-
eters �xed. The simulation results are given in Fig. 3.
Comparing Fig. 3(a) with Fig. 2(a), it can be seen that
smaller tracking error in Fig. 3(a) is obtained during
the initial period (from 0 to 10 s). This con�rms that
fast adaptation may improve the transient performance
of the adaptive system. Secondly, we reduce the
control parameter � from 0:25 to 0:05 and keep other
simulation parameters be the same as in the �rst
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Fig. 2. Responses of the robust adaptive NN controller (� = 0:25 and � = diag{2:0}).

Fig. 3. Responses of the robust adaptive NN controller (� = 0:25 and � = diag{6:0}).
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Fig. 4. Responses of the robust adaptive NN controller (� = 0:05 and � = diag{2:0}).

simulation. Fig. 4 provides the simulation results.
Comparing the tracking errors in Figs. 4(a), 2(a)
and 3(a), we �nd that smaller �nal tracking error is
achieved for smaller �.

6. Conclusion

In this paper, for a class of nonlinear systems con-
taining bounded disturbances, a robust adaptive con-
trol scheme has been presented using neural networks.
It has been shown that for appropriately chosen con-
troller parameters, stability of the closed-loop adaptive
system can be guaranteed. In addition, explicit tran-
sient bounds for output tracking error have been pro-
vided, and the e�ectiveness of the proposed scheme
is illustrated through the application to the pendulum
plant control.
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