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Abstract

In this paper, adaptive state feedback and output feedback control strategies are presented for a class of nonholonomic systems in
chained form with drift nonlinearity and parametric uncertainties. Both control laws are developed using state scaling and backstepping
techniques. In particular, novel adaptive switching is proposed to overcome the uncontrollablity problem associated with x0(t0) = 0.
Observer-based output feedback design is developed when only partial system states are measurable, and a :ltered observer rather than
the traditional linear observer is used to handle the technical problem due to the presence of unavailable states in the regressor matrix.
The proposed control strategies can steer the system globally converge to the origin, while the estimated parameters maintain bounded.
? 2003 Elsevier Ltd. All rights reserved.
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1. Introduction

Due to Brockett’s theorem (Brockett, 1983), it is well
known that nonholonomic systems with restricted mobility
cannot be stabilized to a desired con:guration (or posture)
via di@erentiable, or even continuous, pure-state feedback,
although it is controllable. A number of approaches have
been proposed for the problem, which can be classi:ed as (i)
discontinuous time-invariant stabilization (Astol:, 1996),
(ii) time-varying stabilization (Walsh & Bushnell, 1995;
Samson, 1993) and (iii) hybrid stabilization (Sordalen &
Canudas de Wit, 1995; Canudas de Wit, Berghuis, &
Nijmeijer, 1994). See the survey paper Kolmanovsky and
McClamroch (1995) for more details and references therein.
One commonly used approach for controller design of

nonholonomic systems is to convert, with appropriate state
and input transformations, the original systems into some
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canonical forms for which controller design can be carried
out easier (Murray & Sastry, 1993; M’Closkey & Murray,
1992; Huo & Ge, 2001). Using the special algebra struc-
tures of the canonical forms, various feedback strategies
have been proposed to stabilize nonholonomic systems
in the literature (Astol:, 1996; Ge, Sun, Lee, & Spong,
2001a; Murray, 1993; Sun, Ge, Huo, & Lee, 2001; Jiang &
Nijmeijer, 1999). Recently, adaptive control strategies
were proposed to stabilize the dynamic nonholonomic sys-
tems with modeling or parametric uncertainties (Colbaugh,
Barany, & Glass, 1996; Ge, Wang, Lee, & Zhou, 2001b).
Neural network control was applied to obtain practical point
stabilization solution for a nonholonomic mobile robot with
uncertainty (Fierro & Lewis, 1995). Hybrid control based
on supervisory adaptive control was presented to globally
asymptotically stabilize a wheeled mobile robot (Hespanha,
Liberzon, & Morse, 1999). Adaptive state feedback control
was considered in Do and Pan (2002) using input-to-state
scaling. It should be noticed that all these papers are
concerned with state-feedback control. Output feedback
tracking and regulation were presented in Dixon, Dawson,
Zergeroglu, and Behal (2001) for practical wheeled mobile
robots. In Jiang (2000), robust exponential regulation for
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nonholonomic systems with input and state-driven distur-
bances was presented under the assumption that the bounds
of the disturbances are known.
This paper addresses the problem of stabilization of a

class of nonholonomic systems in chained form with drift
nonlinearity and parameter uncertainties. The main contri-
butions of this paper are listed as follows:

(i) adaptive state feedback stabilization using state scaling
and backstepping is developed without imposing any
restriction on the system order and the growth of the
drift nonlinearities;

(ii) new adaptive switching is designed to handle the tech-
nical problem of uncontrollability at x0(t0) = 0, which
prevents the possible :nite escape of system states, and
at the same time guarantees the boundedness of all the
signals in the system; and

(iii) output feedback stabilization of a class of uncertain
nonholonomic systems is provided when only partial
system states are measurable with an adaptive non-
linear observer to solve the problem of the regressor
matrix involving unmeasured states.

2. Problem formulation

The nonholonomic systems in a chained form have been
formulated as a canonical form for many nonlinear mechan-
ical systems with nonholonomic constraints on velocities.
The purpose of this paper is to deal with a class of perturbed
canonical nonholonomic systems as follows:

ẋ0 = u0 + �T
0 (x0)�;

ẋi = u0xi+1 + �T
i (u0; x0; Mxi)� 16 i¡n; n¿ 2;

ẋn = u1 + �T
n (u0; x0; x)� (1)

where [x0; xT]T , [x0; x1; : : : ; xn]T ∈Rn+1 are system states,
Mxi , [x1; : : : ; xi]T ∈Ri, u0 and u1 are control inputs,
�0(x0)∈Rl and �i(u0; x0; Mxi)∈Rl; 16 i6 n are vectors of
smooth nonlinear functions of x0; u0 and Mxi, and �∈Rl is a
vector of unknown bounded constant parameters.
The control objective is to design adaptive control laws of

the form u0=u0(x0; ); u1=u1(�; ) and ̇=�(�; ), such that
(x0(t); x(t)) converge to zero as t → ∞ and all other signals
in the closed-loop system are bounded. When all the system
states are available for controller design, � = (x0; x). When
only the system output is available for controller design,
�= (x0; x1), a Pat output of undisturbed system (1) (Fliess,
Levine, Martin, & Rouchon, 1995). By a Pat output, we
mean that: (i) its dimension equals that of the control input,
and (ii) it is a function of the state, of the control input, and
of the derivatives of the control input such that the state and
the control input can be expressed as functions of the output
and the derivatives of the output.

3. State feedback control

When full state (x0; x) is available, the class of systems
which can be handled is much larger than that for output
feedback control. A full characterization of the class of sys-
tems (1) is given by the following assumption on �0(x0)
and �i(x0; u0; Mxi), 16 i6 n.

Assumption 1. For �0, there is a known smooth function
vector ’0 such that

�0(x0) = x0’0(x0):

For 16 i6 n, there are some known smooth function vec-
tors ’j; 16 j6 i, such that

�i(u0; x0; Mxi) =
i∑

j=1

xj’j(u0; x0; Mxi):

The nonlinearities �i; 06 i6 n satisfy the triangular-
ity structure. Assumption 1 implies that the origin is an
equilibrium point of system (1). For clarity, the case that
x0(t0) �= 0 is considered in Section 3.1 :rst, then the case
that x0(t0) = 0 is dealt with in Section 3.2 later.

3.1. State scaling and controller design

The inherently triangular structure of system (1) suggest
that we should design the control inputs u0 and u1 in two
separate stages.
Consider the control

u0(x0; �̂0) = x0g0(x0; �̂0); (2)

g0(x0; �̂0) =−’T
0 (x0)�̂0 −

√
k20 + (’T

0 (x0)�̂0)2; (3)

where k0 ¿ 0 and �̂0 is the :rst estimate of �.

Remark 1. Note that control u0 is an adaptive version of
Sontag formula (Sontag, 1989), and is used to stabilize x0
with uncertainties. Because of the particular choice of (3),
g0(x0; �̂0) �= 0 is guaranteed irregardless of the values of x0
and �̂0. Hence, 1=g0 is well-de:ned.

Consider the Lyapunov function candidate

V0 =
1
2
x20 +

1
2
�̃T0�

−1�̃0 (4)

with �̃0 = �− �̂0 and the adaptation law for �̂0 as

˙̂�0 = �x0�0(x0); � = �T ¿ 0: (5)

Its time derivative is given by V̇ 06 − k0x20. Accordingly,
we can conclude that �̂0 is bounded, x0 → 0 as t → ∞ by
using LaSalle’s Invariant Theorem.
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Using control law (2), the closed-loop dynamics of the
x0-subsystem is

ẋ0 =−x0

(√
k20 + (’T

0 �̂0)2 − ’T
0 �̃0

)
: (6)

Since x0(t) and �̃0(t) are bounded, the solution of

(6) is x0(t) = x0(t0)e
− ∫ t

t0
�(s) ds, �(s) = −’T

0 �̃0(s) +√
k20 + (’T

0 �̂0(s))2. Consequently, the two possible cases
for x0(t) = 0 are: (i) x0(t0) = 0 and (ii) t = ∞. Since
x0(t0) �= 0 is assumed, it is concluded that u0 can guarantee
that x0 does not cross zero for all t ∈ (t0;∞) provided that
x0(t0) �= 0.

Remark 2. If x0(t0) �= 0, control u0 and the adaptation law
(5) guarantee that x0 does not cross zero for all t ∈ (t0;∞)
and is independent of the x-subsystem.

From the above analysis, we can see that the x0-state in
(1) can be globally regulated to zero via u0 in (2) as t → ∞.
This phenomenon causes serious trouble in controlling the
x-subsystem via the control input u1 because, in the limit
(i.e. u0 = 0), the x-subsystem is uncontrollable. It can be
avoided by utilizing the following discontinuous state scal-
ing transformation (Astol:, 1996; Astol: & Schaufeberger,
1996)

zi =
xi

xn−i
0

16 i6 n: (7)

The discontinuous coordinates transformation (7) is an ap-
plication of � process (Arnold, 1987). It mainly consists of
a rational (discontinuous) coordinates transformation, pos-
sessing the property of increasing the resolution around a
given point.
Under the new z-coordinates, with the choice of u0 as in

(2), the x-system is transformed into

żi = g0(x0; �̂0)zi+1 + fi(x0; zi; �̂0) +  T
i (x0; Mzi; �̂0)�;

żn = u1 +  T
n (u0; x0; x)�;

(8)

where

 i(x0; Mzi; �̂0) =
�i(u0; x0; Mxi)

xn−i
0

− (n− i)zi�0(x0)
x0

; (9)

fi(x0; zi; �̂0) =−(n− i)g0(x0; �̂0)zi (10)

are computable and known for controller design and
Mzi , [z1; : : : ; zi]T, 16 i6 n− 1.

By following the standard procedures, stable adaptive
control can be obtained.
Step 1: De:ne e1=z1, e2=z2−�1, �1 is referred to be the

:rst virtual control to stabilize the e1-subsystem. Consider

V1 =
1
2
e21 +

1
2
�̃ T�−1�̃ (11)

where �̃= �− �̂ and �̂ is another estimate of �.
Choosing the virtual control �1 and the tuning function  1

as

�1(x0; z1; �̂0; �̂) =
1

g0(x0; �̂0)
[− k1e1 − f1(x0; z1; �̂0)

−  T
1 (x0; z1; �̂0)�̂]; k1 ¿ 0; (12)

 1(x0; z1; �̂0) = �e1 1(x0; z1; �̂0) (13)

yields

V̇ 16− k1e21 + g0e1e2 − �̃ T�−1( ˙̂�− �e1 1(x0; z1; �̂0)):

Note that the term with �̃ would have been eliminated if
we had chosen the following update law ˙̂� =  1. Since this
is not the last step, we postpone the choice of update law
and tolerate the presence of �̃ in V̇ 1.
Step i (26 i6 n): Consider Vi = Vi−1 + 1

2 e2i , let
h1(x0; z1; �̂0; �̂) = 0, and de:ne

wi(x0; Mzi; �̂0; �̂) =  i(x0; Mzi; �̂0)− @�i−1(x0; Mzi−1; �̂0; �̂)
@x0

×�0(x0)− · · · − @�i−1(x0; Mzi−1; �̂0; �̂)
@zi−1

 i−1(x0; Mzi−1; �̂0)

$i(x0; Mzi; �̂0; �̂) =
@�i−1(x0; Mzi−1; �̂0; �̂)

@�̂

hi(x0; Mzi; �̂0; �̂) = hi−1(x0; Mzi−1; �̂0; �̂) + ei$i(x0; Mzi; �̂0; �̂)

which are computable for 26 i6 n.
By choosing the virtual control �i, the tuning function

 i; 26 i6 n− 1, as

�i(x0; Mzi; �̂0; �̂) =
1

g0(x0; �̂0)

{
−g0(x0; �̂0)ei−1 − kiei − wT

i (x0; Mzi; �̂0; �̂)�̂

+
@�i−1(x0; Mzi−1; �̂0; �̂)

@x0
u0(x0; �̂0) +

@�i−1(x0; Mzi−1; �̂0; �̂)

@�̂0
 0(x0) +

@�i−1(x0; Mzi−1; �̂0; �̂)
@z1

[g0(x0; �̂0)z1

+f1(x0; z1; �̂0)] + · · ·+ @�i−1(x0; Mzi−1; �̂0; �̂)
@zi−1

[g0(x0; �̂0)zi + fi−1(x0; zi−1; �̂0)] + hi−1(x0; Mzi−1; �̂0; �̂)

× �wi(x0; Mzi; �̂0; �̂) + $i(x0; Mzi; �̂0; �̂) i(x0; Mzi; �̂0; �̂)
}

 i(x0; Mzi; �̂0; �̂) =  i−1(x0; Mzi−1; �̂0; �̂) + �eiwi(x0; Mzi; �̂0; �̂)
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and the actual control u1, update law for �̂ as

u1(x0; z; �̂0; �̂)

=− g0(x0; �̂0)en−1 − knen − wT
n (x0; z; �̂0; �̂)�̂

+
@�n−1(x0; Mzn−1; �̂0; �̂)

@x0
u0(x0; �̂0)

+
@�n−1(x0; Mzn−1; �̂0; �̂)

@�̂0
 0(x0)

+
@�n−1(x0; Mzn−1; �̂0; �̂)

@z1
[g0(x0; �̂0)z2 + f1(x0; z1; �̂0)]

+ · · ·+ @�n−1(x0; Mzn−1; �̂0; �̂)
@zn−1

[g0(x0; �̂0)zn

+fn−1(x0; zn−1; �̂0)] + $n(x0; z; �̂0; �̂) n(x0; z; �̂0; �̂)

+hn−1(x0; Mzn−1; �̂0; �̂)�wn(x0; z; �̂0; �̂); kn ¿ 0; (14)

˙̂�=  n(x0; z; �̂0; �̂) (15)

then, at the last step, we can show that

V̇ n6− k0x20 −
n∑

j=1

kje2j : (16)

Note that u1(x0; z; �̂0; �̂) and �i(x0; Mzi; �̂0; �̂) are smooth
functions and satisfy u1(x0; 0; �̂0; �̂) = 0; ∀x0; �̂0; �̂ and
�i(x0; 0; �̂0; �̂) = 0; ∀x0; �̂0; �̂.
We have thus far completed the controller design pro-

cedure for x0(t0) �= 0. Without loss of generality, we can
assume that t0 = 0.

3.2. Switching control strategy design

For x0(0) = 0, di@erent schemes can be used for di@erent
classes of systems. The most commonly used control strat-
egy is to use constant control for u0 and u1 under certain
strict conditions. However, for systems with non-Lipschitz
nonlinearities, the choice of constant feedbacks for u0 and
u1 may lead to a :nite escape for the systems in question.
A simple example is given by

ẋ = u+ kx2: (17)

Given any constant control u= uc, the explicit solution of x
is

x(t) = tan
(
t
√

kuc

) √
kuc

k
: (18)

It can be seen that for any ts ¿ 0, we can always :nd a :nite
k such that the solution x(t) blows up before ts. In fact, :nite
escape exists for ẋ=u+kxn; n¿ 2. Thus, care must be taken
to avoid the possibility of :nite escape for such classes of
systems.

3.2.1. New adaptive switching
In this paper, a novel adaptive switching is presented to

solve the problem of :nite escape for the class of systems
where the uncertainties do not satisfy the Lipschitz condition
in general.
When x0(t0) = 0, choose u0 as

u0 = x0g0 + u∗0 (19)

where g0 is given by (3), �̂0 is updated by (5), and constant
u∗0 ¿ 0.
Choosing the same Lyapunov function (4), its time

derivative is given by

V̇ 06− k0x20 + u∗0x0 (20)

which leads to the boundedness of x0, and consequently the
boundedness of �̂0 as well.
Using the control law (19), the closed-loop dynamics of

the x0-subsystem is

ẋ0 =−x0

(√
k20 + (’T

0 �̂0)2 − ’T
0 �̃0

)
+ u∗0 : (21)

Since x0(t) and �̃0(t) are bounded, the solution of (21) is

x0(t) = e−
∫ t
t0

�(s) ds
∫ t

t0
u∗0e

∫ s
t0

�( ) d ds

+ x0(t0)e
− ∫ t

t0
�(s) ds;

where �=
√

k20 + (’T
0 �̂0)2 − ’T

0 �̃0. Consequently, we have
x0 does not escape and x0(ts) �= 0 for any given :nite ts ¿ 0.
Thus, state scaling for the control design can be carried out.
During the time period [0; ts], using u0 de:ned in (19),

backstepping-based feedback u1 = u∗1 (x0; x; �̂) and a new

update law ˙̂# = ˙̂#∗(x0; x; #̂) can be obtained by following
the control design procedure described in Section 3.1 to the
original x-system in (1). Then we conclude that the x-state
of (1) do not blow up during the time period [0; ts]. Since
x0(ts) �= 0 at ts, we can switch the control input u0 and u1
to (2) and (4), respectively.

Theorem 1. Under Assumption 1, if the control law (2)
and the full state feedback control law (14) are applied
to (1) with adaptation laws (5) and (15) along with the
new adaptive control based switching strategy, uncertain
system (1) is globally regulated at origin, and the estimated
parameters are bounded.

Proof. Choose the Lyapunov function V=V0+
∑n

i=1
1
2 e2i +

1
2 �̃ T�−1�̃. Its time derivative is given by V̇ 6 − k0x20 −∑n

j=1 kje2j , which means E = (x0; e1; : : : ; en)∈Ln+1
∞ and

�̃0; �̃∈Ll
∞. Since � is a constant vector, we have �̂0; �̂ are

bounded. From LaSalle’s Invariant Theorem, it further con-
cludes that (E; �̂0; �̂) converges to the largest invariant set
M contained in the set where V̇ = 0, which implies that
E(t) → 0 as t → ∞.
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Note that all the virtual controls �i(0; : : : ; 0; �̂0; �̂) =
0; 16 i6 n−1 and the actual control u1(0; : : : ; 0; �̂0; �̂)=0.
These properties along with E(t) → 0 as t → ∞ imply that
(x0(t); z(t)) → 0 as t → ∞. Accordingly, we conclude that
(x0(t); x(t)) → 0 as t → ∞.

3.2.2. Constant control based switching
For a class of systems with its nonlinearities satisfying the

Lipschitz condition |�T
0�|6 c0|x0| (which is a special case of

the problem setting of the paper), the constant control based
switching strategy can also be used to solve the problem
elegantly (Huo & Ge, 2001; Jiang, 2000).

When x0(0) = 0, choose u0 as a constant as follows

u0 = u∗0 ; u∗0 ¿ 0: (22)

It is easy to obtain that x0 does not escape since the :rst drift
term is global Lipschitz in the special case. Given any :nite
ts ¿ 0, during the time period [0; ts], substituting u0 de:ned
in (22) instead of (2) into the original x-system in (1), we
have

ẋi = u∗0xi+1 + �T
i (x0; Mxi)� 16 i6 n; 26 n;

ẋn = u1 + �T
n (x0; x)�:

(23)

As system (23) is a special case of system (8), the proposed
control design can be directly applied. Since x0(ts) �= 0 at ts,
we can switch the control input u0 and u1 to (2) and (14),
respectively.

4. Output feedback control

When only the system output is measurable and the rest of
the system states are not available for feedback, we need to
estimate them. It is found that when the system uncertainties
are in the linear-in-parameters (LIP) form, a more stringent
condition has to be imposed to make the output feedback
stabilization problem solvable.

Assumption 2. x0-subsystem in system (1) owns a special
structure, i.e. ẋ0 = u0 + c0x0, where c0 is known.

For each 16 i6 n, there is a known smooth function
vector M�i such that

�i(u0; x0; Mxi) = x1 M�i(u0; x0; x1)

which is a function of u0 and the available states x0 and x1
only.

Remark 3. In comparison with Assumption 1, Assumption
2 is more strict. Without loss of generality (change of input),
it can be assumed that c0 = 0, i.e., ẋ0 = u0. For consistence,
c0 is kept in the following derivation.

As in Section 3, let us consider x0(0) �= 0 :rst. The fact
that c0 is a known constant leads us to choose the following
control law

u0 =−k0x0; k0 ¿c0 (24)

with respect to the following Lyapunov function
candidate V0 = 1

2 x20, whose time derivative is given by
V̇ 0 = −(k0 − c0)x206 0. As a consequence, we have
x0 → 0 as t → ∞.
Using the state scaling (7), the x-system is transformed

into

ż = Az + bu1 +  T(x0; x)� (25)

where

A=




a11 −k0 0 · · · 0

0 a22 −k0 · · · 0

...
...

...
...

...

0 0 0 · · · −k0

0 0 0 · · · 0



; b=




0

0

...

0

1




(26)

and aii = (n − i)(k0 − c0),  T = [ 1  2 : : :  n]T =[
�1(−k0x0 ;x0 ;x1)

xn−1
0

�2(−k0x0 ;x0 ; Mx2)
xn−2
0

: : : �n(−k0x0; x0; x)
]T
.

Lemma 1. There exists a smooth function matrix M such
that

 (x0; x) = z1 M (x0; z1): (27)

Proof. The proof is straightforward from Assumption 2.
DenoteC=[1; : : : ; 0] and consider y=Cz=z1 as the output

of the transformed system (25). It is easy to verify that the
pair (A; C) is observable and the pair (A; b) is controllable.
In the following, an observer is to be designed to estimate
the unmeasurable states [z2; : : : ; zn].
To facilitate the following adaptive backstepping con-

trol design, the regressor matrix of the drift nonlineari-
ties needs to be known. If traditional linear observers were
used to estimate the unmeasured states, the regressor ma-
trix would unavoidably become unknown. In order to avoid
the uncertain regressor matrix in parameter adaptation, an
adaptive nonlinear observer is presented to overcome this
diSculty.

The adaptive observer is given by

˙̂z = Aẑ + bu1 + L(y − Cẑ) +  T�̂− /T�̂; (28)

where L = [l1; l2; : : : ; ln]T is chosen so that A − LC is a
stable matrix, and /T = [/1 · · · /n]T ∈Rn×l is de:ned by the
following n× l matrix di@erential equation

/̇T = (A− LC)/T −  T (29)

as discussed in the literature of parametric adaptive control
(Krstic, Kanellakopoulos, & Kokotovic, 1995).
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Let e= z− ẑ; �̃= �− �̂, thus ˙̃�=− ˙̂�. Multiplying on the
right hand side of (29) by �̃ and rearranging it, we obtain

 T�̃= (A− LC)/T�̃− /̇T�̃: (30)

De:ne

ẽ = e + /T�̃: (31)

The overall system to be controlled is given by

˙̃e = (A− LC)ẽ; (32)

ż1 =−k0ẑ2 + (n− 1)(k0 − c0)z1 +  T
1 �− k0e2; (33)

˙̂zi = aiiẑi − k0ẑi+1 + lie1 +  T
i �̂− /Ti

˙̂�; (34)

˙̂zn = u1 + lne1 +  T
n �̂− /Tn

˙̂�: (35)

In the following, output feedback control is presented.
Step 1: De:ne

01 = z1; (36)

02 = ẑ2 − �1 (37)

where �1 is viewed as the :rst virtual control input to stabi-
lize the (ẽ; z1)-subsystem

˙̃e = (A− LC)ẽ

ż1 =−k0ẑ2 + (n− 1)(k0 − c0)z1 +  T
1 �− k0e2:

(38)

Choose the following Lyapunov function candidate

V1 = ẽTPẽ +
1
2
021 +

1
2
�̃ T�−1�̃ (39)

where P is the solution of the Lyapunov equation

P(A− LC) + (A− LC)TP =−In: (40)

By completing the squares, we have

−01k0ẽ26
1
2
ẽTẽ +

k200
2
1

2
:

Choose the virtual control �1 and the tuning function  1 as

�1 = k101 + (n− 1)
(
1− c0

k0

)
z1 +

 T
1 �̂
k0

+
k001
2

;

k1 ¿ 0 (41)

 1 = �01( 1 + k0/2); � = �T ¿ 0: (42)

The time derivative of V1 is given by

V̇ 16− ẽTẽ
2

− k0k1021 − k00102 + �̃ T�−1( ˙̃�+  1) (43)

where the coupling term k00102 will be cancelled at the next
step.

Step i (26 i6 n): Consider the Lyapunov function
candidate Vi = Vi−1 + 1

20
2
i . Again, by completing the

squares as in Step 1, there exist a smooth nonnegative
function pi(x0; z1; : : : ; ẑi ; �̂) and a smooth function vector
gi(x0; z1; : : : ; ẑi ; �̂) such that

0i
@�i−1

@z1
k0e2 + 0ilie1 + 0i

i−1∑
j=2

@�i−1

@ẑj
lje1

6
ẽTẽ
2i

+ 02i pi − 0igTi �̃:

Let h1 = 0, and de:ne

wi =−
(
gi +

@�i−1

@z1
 1

)
; (44)

$i = /Ti −
i−1∑
j=2

@�i−1

@ẑj
/Tj +

@�i−1

@�̂
; (45)

hi = hi−1 + 0i$i (46)

which are computable for 26 i6 n.
By choosing the virtual control �i, the tuning function  i,

26 i6 n− 1, as

�i =−0i−1 + ki0i + (n− i)
(
1− c0

k0

)
ẑi +

 T
i �̂
k0

+
@�i−1

@x0

×(1− c0=k0)x0 +
@�i−1

@z1

[
ẑ2 − (n− 1)

(
1− c0

k0

)
01

]

− @�i−1

@z1

 T
1 �̂
k0

+
0ipi

k0
+

i−1∑
j=2

@�i−1

@ẑj

[
ẑj+1 −

 T
j �̂

k0

− (n− j)
(
1− c0

k0

)
ẑj

]
− hi−1�wi

k0
− $i i

k0
; (47)

 i =  i−1 + �0iwi (48)

and the actual control u1, adaptation law for �̂ as

u1 = k00n−1 − kn0n −  T
n �̂+

@�n−1

@x0
(c0 − k0)x0

+
@�n−1

@z1
[− k0ẑ2 + (n− 1)(k0 − c0)01]− 0npn

+
@�n−1

@z1
 T
1 �̂+

n−1∑
j=2

@�n−1

@ẑj
[(n− j)(k0 − c0)ẑj

−k0ẑj+1 +  T
j �̂] + hn−1�wn + $n n (49)

˙̂�=  n (50)

then, at the last step, we can show that

V̇ n6− ẽTẽ
2n

−
n−1∑
j=1

k0kj02j − kn02n: (51)
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It is of interest to note that u1(x0; 0; �̂) and �i(x0; M0i; �̂)
are smooth functions and satisfy u1(x0; 0; �̂) = 0, and
�i(x0; 0; �̂) = 0, ∀x0; �̂∈R× Rl.
We have thus far completed the output feedback controller

design procedure for x0(0) �= 0. For x0(0) = 0, the switch-
ing control strategies in Section 3.2 can be applied and the
following result for the output feedback stabilization is ob-
tained.

Theorem 2. Under Assumption 2, if the static output feed-
back law (24) and the dynamic output feedback law (49)
are applied to (1) with adaptation law (50) along with the
switching control strategy, uncertain system (1) is globally
regulated at the origin. Furthermore, the estimated param-
eters are bounded.

Proof. Choose the Lyapunov function V = V0 + ẽTPẽ +∑n
i=1

1
2 02i + 1

2 �̃ T�−1�̃. Its time derivative is given by

V̇ 6−(k0−c0)x20−
∑n−1

j=1 k0kj02j −k2n0
2
n− ẽT ẽ

2n , which means

E = (x0; 01; : : : ; 0n; ẽ)∈L2n+1
∞ and �̃∈Ll

∞. Hence, we can
conclude that  is bounded. Since � is constant, we know
that �̂ is bounded. From (29), since (A − LC) is a stable
matrix and  is bounded, we conclude that / is bounded.

From LaSalle’s Invariant Theorem, it further concludes
that (E; �̂) converges to the largest invariant setM contained
in the set where V̇ = 0, which implies that E(t) → 0 as
t → ∞. From Lemma 2,  → 0 as t → ∞. Hence, it can
be conclude that / → 0 as t → ∞ from (29). From the
de:nition of ẽ, since ẽ; / → 0 as t → ∞ and �̃ is bounded,
e → 0 as t → ∞.
From the design procedure, we can see that �i; 16 i¡

n − 1, and u1 are smooth functions of their arguments and
for all �̂∈Rl, �i(0; : : : ; 0; �̂) = 0, and u1(0; : : : ; 0; �̂) = 0.
These properties along with E(t) → 0 as t → ∞ imply
that (x0(t); z1(t); ẑ2(t); : : : ; ẑn(t)) → 0 as t → ∞. Since
we already have e → 0 as t → ∞, which implies that
(x0(t); z(t)) → 0 as t → ∞. Accordingly, we conclude that
(x0(t); x(t)) → 0 as t → ∞.

Remark 4. From linear system theory, since (A; C) is ob-
servable and (A; b) is controllable, it is natural to use a tradi-
tional full order linear observer to estimate the unmeasured
states, i.e. ˙̂z = Aẑ + bu1 + L(y − Cẑ). From e = z − ẑ, the
observer error dynamics would become

ė = (A− LC)e +  T�: (52)

However, because of the presence of uncertainty �, it is hard
to judge the stability of observer (52). Furthermore, because
e is unmeasured, it is impossible to use backstepping tech-
nique to :nd any one control input to stabilize the observa-
tion error.
To overcome such diSculties, adaptive observer (28) was

used, then the observation error dynamics becomes a lin-
ear and stable one (32). Hence, the appearance of unknown
regressor matrix has been avoided, and the adaptive back-
stepping control design can be continued.

Remark 5. It is interesting to note that for the third order
system, n=2, the condition of not containing any unknown
parameter on the x0-subsystem can be relaxed to allow the
existence of uncertainty because of the corresponding re-
gressor matrix does not contain any unmeasured state. In
fact, in this case, there is only one state, x2 needs to be
estimated.
Let us consider the system

ẋ0 = d0u0 + c0x0;

ẋi = u0xi+1 + �T
i (u0; x0; Mxi)� 16 i¡n; n¿ 2;

ẋn = u1 + �T
n (u0; x0; x)�;

(53)

where d0 is unknown but lower bounded by d0¿d1 ¿ 0,
constant c0 is known, and �i satisfy Assumption 2.
Using the knowledge of d1 and c0, we know that control

u0 =−k0x0; k0 ¿
c0
d1

(54)

guarantees x0 → 0 as t → ∞. Through the transformation
zi = xi=xn−i

0 ; 16 i6 n, the x-subsystem in (53) can be sim-
ilarly transformed into

ż = Az + bu1 + ’T(x0; x)# (55)

where

A=




−(n− 1)c0 −k0 0 · · · 0

0 −(n− 2)c0 −k0 · · · 0

...
...

...
...

...

0 0 0 · · · −k0

0 0 0 · · · 0



;

b=




0

0

...

0

1




’T =




�T
1 (−k0x0; x0; x1)

xn−1
0

(n− 1)k0z1

�T
2 (−k0x0; x0; Mx2)

xn−2
0

(n− 2)k0z2

...
...

�T
n 0



; #=

[
�

d0

]
:

Due to the introduction of unknown d0, the regressor matrix
’ has to be augmented as well. From the expression of ’, we
can clearly see the presence of unavailable states z2; : : : ; zn−1

which prohibits output feedback controller design.
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However, for the third order system, ’ is simply given by

’T =

[
�T
1 k0z1

�T
2 0

]
(56)

which does not contain the unknown state x2 or z2 at all.
As the ’ in (56) is known, the proposed control design
procedure can be applied directly.
When c0 = 0, the lower bound condition for the

x0-subsystem can be further relaxed to known sign. For ex-
ample, it is relaxed from condition d0¿d1 ¿ 0 to d0 ¿ 0
as the control for u0 can be simply chosen as u0 = −k0x0
with k0 ¿ 0.

5. Simulation results

In this section, the bilinear model of a mobile robot with
small angle measurement error (Morin, Pomet, & Samson,
1998) is simulated as it is a practical system, which is de-
scribed by

ẋl =
(
1− 52

2

)
v; ẏ l = �lv+ 5v; �̇l = w: (57)

By using the transformation x0 = xl, x1 = yl, x2 = �l + 5,
u0 = v, u1 = w, it becomes

ẋ0 =
(
1− 52

2

)
u0

ẋ1 = x2u0

ẋ2 = u1

(58)

which is in the form as discussed in Remark 5.
Due to space limitation, state feedback control is omitted.

Assuming that x2 is unmeasured, the controller design pro-
cedure in Section 4 is applied to regulate the states of the
transformed system (58) to (0; 0;−5). For simplicity, it is
assumed that (1− 52=2)¿ 0 and x0(0) �= 0. Hence, for any
k0 ¿ 0, the control law (24) can be applied. After perform-
ing the state scaling (7), we have �= 1− 52=2 and

A=

[
0 −k0

0 0

]
; b=

[
0

1

]
;

 T =

[
k0z1

0

]
; C = [1 0]:

Then the adaptive observer, control law for u1 and the update
law are given by (28), (49) and (50), respectively.
In the simulation, the design parameters are chosen as

k0 = k1 = k2 =1, l1 =10 and l2 =−25 to place both poles of
(A− LC) at −5. The system parameter is chosen as 5=0:1
and the initial conditions are (xl(0); yl(0); �l(0)) = (1; 1; 1)
and �̂(0) = 0.
As can be seen from Fig. 1, all signals (xl; yl; �l + 5)

globally converge to zero. Fig. 2 shows the control inputs.
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Fig. 1. System states.
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v

w

Fig. 2. Control inputs.

Comparing Fig. 3 with Fig. 2 in Jiang (2000), it can be seen
that the control e@orts using the controller derived in the
paper are relatively mild in contrast to the robust controller
presented in Jiang (2000). Fig. 3 shows that the estimation
of the unknown constant is bounded but does not approach
to its true value.

6. Conclusion

In this paper, constructive adaptive state feedback control
has been presented for stabilizing a class of uncertain non-
holonomic chained systems without imposing any restriction
on the system order and the growth of the drift nonlinear-
ities. A new switching control strategy has been proposed.
Observer-based output feedback control has been proposed
when only partial system states are measurable. An adaptive
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Fig. 3. �̂.

observer has been constructed to handle the technical prob-
lem due to the presence of unavailable states in the regressor
matrix. All the system states have been proven to globally
converge to the origin, while the estimated parameters have
maintained bounded. Simulation results have shown the ef-
fectiveness of our proposed control approach.
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