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Abstract

In this paper, robust adaptive control is presented for a class of parametric-strict-feedback nonlinear systems with unknown time delays.
Using appropriate Lyapunov–Krasovskii functionals, the uncertainties of unknown time delays are compensated for. Controller singularity
problems are solved by employing practical robust control and regrouping unknown parameters. By using differentiable approximation,
backstepping design can be carried out for a class of nonlinear systems in strict-feedback form. It is proved that the proposed systematic
backstepping design method is able to guarantee global uniform ultimate boundedness of all the signals in the closed-loop system and the
tracking error is proven to converge to a small neighborhood of the origin. Simulation results are provided to show the effectiveness of
the proposed approach.
� 2005 Elsevier Ltd. All rights reserved.
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1. Introduction

In recent years, there have been tremendous efforts in
adaptive control of certain class of nonlinear systems. Adap-
tive control has proven its great capability in compensating
for linearly parameterized uncertainties. To obtain global
stability, some restrictions have to be made to system
nonlinearities such as matching conditions (Taylor et al.,
1989), extended matching conditions (Kanellakopoulos
et al., 1991), or growth conditions (Sastry & Isidori, 1989).
To overcome these restrictions, a recursive and systematic
backstepping design was developed inKanellakopoulos
et al. (1991). The overparametrization problem was then
removed inKrstic et al. (1992)by introducing the con-
cept of tuning function. Several adaptive approaches for
nonlinear systems with triangular structures have been
proposed inSeto et al. (1994)and Ge et al. (2000).
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Robust adaptive backstepping control has been studied for
certain class of nonlinear systems whose uncertainties are
not only from parametric ones but also from unknown non-
linear functions inPolycarpou and Ioannou (1996)andPan
and Basar (1998), among others. For systems that are feed-
back linearizable, the certainty equivalent control is usu-
ally taken the formu(t) = [−f̂ (x) + v(t)]/ĝ(x), where
f̂ (x) and ĝ(x) are estimates off (x) and g(x). In this
case, the assumption ofĝ(x) �= 0 should be made to avoid
the singularity problem (Yesildirek & Lewis, 1995). When
g(x) is referred as to virtual control coefficient with known
signs, several schemes have been developed to avoid sin-
gularity problems (Wang, 1994; Spooner & Passino, 1996;
Ge et al., 2002).

Practically, systems with time delays are frequently
encountered (e.g., process control). Time-delayed linear
systems have been intensively investigated (Kolmanovskii
et al., 1999). However, the useful tools such as linear matrix
inequalities (LMIs) are hard to apply to nonlinear systems
with time delays. Lyapunov design has been proven to be an
effective tool in controller design for nonlinear systems. One
major difficulty lies in the control of time-delayed nonlinear
systems is that the delays are usually not perfectly known.
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One way to ensure stability robustness with respect to this
uncertainty is to employ stability criteria valid for any
nonnegative value of the delays, i.e., delay-independent re-
sults. A class of quadratic Lyapunov–Krasovskii functionals
(Hale, 1977) has been used earlier as checking criteria
for time-delay systems’ stability. The unknown time de-
lays are the main issue to be dealt with for the exten-
sion of backstepping design to such kinds of systems. In
Nguang (2000), stabilizing controller design based on the
Lyapunov–Krasovskii functionals was proposed for a class
of nonlinear time-delay systems with a so-called “triangular
structure”. However, few attempts have been made towards
systems with unknown parameters or unknown nonlinear
functions. In Ge et al. (2003, 2004), practical backstep-
ping design was studied for a class of nonlinear time-delay
systems in strict-feedback form by solving the problem of
differentiation of the intermediate control functions at the
discontinuous points in a “practical sense”, i.e., setting fi-
nite values at these points, though the intermediate control
functions remain not smooth at all.

Motivated by previous works on the nonlinear systems
with both unknown time delays and uncertainties from un-
known parameters and nonlinear functions, we present in
this paper a practical robust adaptive controller for a class of
unknown nonlinear systems in a parametric-strict-feedback
form by employing practical yet differentiable control. Us-
ing appropriate Lyapunov–Krasovskii functionals in the Lya-
punov function candidate, the uncertainties from unknown
time delays are removed such that the design of the stabiliz-
ing control law is free from these uncertainties. In this way,
the iterative backstepping design procedure can be carried
out directly. A novel smooth approximation is introduced to
solve the differentiability problem for the intermediate con-
trol functions. Time-varying control gains rather than fixed
gains are chosen to guarantee the boundedness of all the
signals in closed-loop system. The global uniform ultimate
boundedness (GUUB) of the signals in the closed-loop sys-
tem is achieved and the output of the systems is proven
to converge to a small neighborhood of the desired trajec-
tory.

To the best of our knowledge, there is little work dealing
with such a kind of systems in the literature at present stage.
The proposed method expands the class of nonlinear systems
that can be handled using adaptive control techniques. The
main contributions of the paper lie in: (i) the employment
of robust adaptive backstepping controller design for a class
of unknown nonlinear time-delay systems in parametric-
strict-feedback form, in which the unknown time delays are
compensated for by using appropriate Lyapunov–Krasovskii
functionals; (ii) the introduction of differentiable practi-
cal control in solving the controller singularity problem
so that it can be carried out in backstepping design and
guarantee the tracking error being confined in a compact
domain of attraction; and (iii) the elegant re-grouping of
unknown parameters, by which the controller singularity
problem is effectively avoided, and the lumping of unknown

parameter vectors as scalars, by which the number of param-
eters being estimated as well as the order and complexity
of the controllers, are dramatically reduced.

2. Problem formulation and preliminaries

Consider a class of single-input-single-output (SISO) non-
linear time-delay systems

ẋi (t) = gixi+1(t) + fi(x̄i(t))

+ hi(x̄i(t − �i )), 1� i�n − 1,

ẋn(t) = gnu(t) + fn(x(t)) + hi(x(t − �n)),
y(t) = x1(t), (1)

wherex̄i=[x1, x2, . . . , xi]T, x=[x1, x2, . . . , xn]T ∈ Rn, u ∈
R, y ∈ R are the state variables, system input and output,
respectively,fi(·) andhi(·) are unknown smooth functions,
gi are unknown constants, and�i are unknown time delays of
the states,i =1, . . . , n. The control objective is to design an
adaptive controller for system (1) such that the outputy(t)

follows a desired reference signalyd(t), while all signals
in the closed-loop system are bounded. Define the desired
trajectory x̄d(i+1) = [yd, ẏd , . . . , y(i)

d ]T, i = 1, . . . , n − 1,

which is a vector ofyd up to itsith time derivativey(i)
d . We

have the following assumptions for the system functions,
unknown time delays and reference signals.

Assumption 1. The signs ofgi are known, and there exist
constantsgmax�gmin >0 such thatgmin� |gi |�gmax.

The above assumption implies that unknown constants
gi are strictly either positive or negative. Without losing
generality, we shall only consider the case whengi >0. It
should be emphasized that the boundsgmin and gmax are
only required for analytical purposes, their true values are
not necessarily known since they are not used for controller
design.

Assumption 2. The unknown functionsfi(·) andhi(·) can
be expressed as

fi(x̄i(t)) = �T
f iFi(x̄i(t)) + �f i(x̄i(t)),

hi(x̄i(t)) = �T
hiHi(x̄i(t)) + �hi(x̄i(t)),

whereFi(·),Hi(·) are known smooth function vectors,�f i ∈
Rni , �hi ∈ Rmi are unknown constant parameter vectors,ni ,
mi are positive integers,�f i(·), �hi(·) are unknown smooth
functions, which satisfy the so-called triangular bounds con-
ditions

|�f i(x̄i(t))|�cf i�i (x̄i (t)),

|�hi(x̄i(t))|�chi�i (x̄i (t)),

wherecf i , chi are constant parameters, which are not nec-
essarily known, and�i (·), �i (·) are known nonnegative
smooth functions.
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Assumption 2 is rather weak as only a rough form offi(·)
andhi(·) need to be known.

Assumption 3. The size of the unknown time delays is
bounded by a known constants, i.e.,�i ��max, i = 1, . . . , n.

There are many physical processes which are governed
by nonlinear differential equations of form (1). Examples
are recycled reactors, recycled storage tanks and cold rolling
mills (Malek-Zavarei, 1987). In general, most of the recy-
cling processes inherit delays in their state equations. Com-
pared with the systems inNguang (2000), the system we
consider in this paper is more general in the sense that the
uncertainty is due to both parametric uncertainty and un-
known nonlinear functions. These unknown functions might
come from inaccurate modeling or model reduction.

To make the problem formulation precise, the system is
presented again as follows:

ẋi (t) = gixi+1(t) + �T
f iFi(x̄i(t)) + �f i(x̄i(t))

+ �T
hiHi(x̄i(t − �i )) + �hi(x̄i(t − �i )),

1� i�n − 1

ẋn(t) = gnu(t) + �T
f nFn(x(t)) + �f n(x(t))

+ �T
hnHn(x(t − �n)) + �hn(x(t − �n)),

y(t) = x1(t). (2)

Assumption 4. The desired trajectory vectors̄xdi ∈ �di ⊂
Ri , i=2, . . . , n are continuous and available with�di known
compact set.

Lemma 1. The following inequality holds for any�1 >0
and for any� ∈ R

0� |�| − � tanh

(
�
�1

)
�k�1,

wherek is a constant that satisfiesk = e−(k+1), i.e., k =
0.2785.

Lemma 2. Even functionqi(x) : R → R

qi(x) =




1, |x|�	ai + 	bi,

cqi
∫ x

	ai
[( 	bi

2 )2

−(
 − 	ai − 	bi

2 )2]n−id
, 	ai < x < 	ai + 	bi,

cqi
∫ −	ai

x
[( 	bi

2 )2

−(
 + 	ai + 	bi

2 )2]n−id
, −(	ai + 	bi)< x

< − 	ai,

0, |x|�	ai,

(3)

wherecqi= [2(n−i)+1]!
	2(n−i)+1
bi [(n−i)!]2 , 	ai, 	bi >0and integeri ∈ R+,

is (n − i)th differentiable, i.e., qi(x) ∈ Cn−i and bounded
by 1.

3. Adaptive controller design for first-order systems

To illustrate the design methodology clearly, let us con-
sider the tracking problem of a first-order system first

ẋ1(t) = g1u(t) + �T
f 1F1(x1(t)) + �f 1(x1(t))

+ �T
h1H1(x1(t − �1)) + �h1(x1(t − �1)) (4)

with u(t) being the control input. Definez1 = x1 − yd , we
have

ż1(t) = g1u(t) + �T
f 1F1(x1(t)) + �f 1(x1(t))

+ �T
h1H1(x1(t − �1)) + �h1(x1(t − �1))

− ẏd (t). (5)

Consider the scalar functionVz1(t) = 1
2g1

z2
1(t), whose time

derivative along (5) is

V̇z1(t) = z1(t){u(t) + 1

g1
[�T

f 1F1(x1(t)) + �f 1(x1(t))

+ �T
h1H1(x1(t − �1)) + �h1(x1(t − �1)) − ẏd (t)]}.

Since�f 1(·) and �h1(·) are partially known according to
Assumption 2, we have

V̇z1(t)�z1(t)u(t) + 1

g1
[z1(t)�

T
f 1F1(x1(t))

+ |z1(t)|cf 1�1(x1(t)) + z1(t)�
T
h1H1(x1(t − �1))

+ |z1(t)|ch1�1(x1(t − �1)) − z1(t)ẏd (t)]. (6)

Remark 1. It can be seen from (6) that the design difficulties
come from two system uncertainties: unknown parameters
and unknown time delay�1. AlthoughH1(·) and�1(·) are
known, they are functions of delayed statex1(t −�1), which
is undetermined due to the unknown time delay�1. Thus,
functionsH1(x1(t−�1)) and�1(x1(t−�1)) cannot be used in
the controller design. In addition, the unknown time delay�1
and unknown parameters�T

h1 andch1 are entangled together
in a nonlinear fashion, which makes the problem even more
complex to solve. Therefore, we have to convert these related
terms into such a form that the uncertainties from�1, �T

h1
andch1 can be dealt with separately.

Using Young’s Inequality (Hardy, Littlewood, & Polya,
1952), we have

V̇z1(t)�z1(t)u(t) + 1

g1
[z1(t)�

T
f 1F1(x1(t))

+ |z1(t)|cf 1�1(x1(t))

+ 1
2z

2
1(t)�

T
h1�h1

+ 1
2H

T
1 (x1(t − �1))H1(x1(t − �1))

+ 1
2z

2
1(t)c

2
h1 + 1

2�2
1(x1(t − �1)) − z1(t)ẏd (t)] (7)

where�h1 andH1(x1(t − �1)), andch1 and�1(x1(t − �1))

are separated, respectively. In fact, parameter vector�h1 and
function vectorH1(x1(t − �1)) have been lumped as scalars
by applying Young’s Inequality, for which they can be dealt
with separately as detailed later.
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To overcome the design difficulties from the unknown
time delay �1, the following Lyapunov–Krasovskii func-
tional can be considered

VU1(t) = 1

2g1

∫ t

t−�1

U1(x1(�))d�, (8)

whereU1(·) is a positive definite function chosen as

U1(x1(t)) = HT
1 (x1(t))H1(x1(t)) + �2

1(x1(t)). (9)

The time derivative ofVU1(t) is

V̇U1(t) = 1

2g1
[HT

1 (x1)H1(x1) + �2
1(x1)

− HT
1 (x1(t − �1))H1(x1(t − �1))

− �2
1(x1(t − �1))]

which can be used to cancel the time-delay terms on the
right-hand side of (7) and thus eliminate the design difficulty
from the unknown time delay�1 without introducing any
uncertainties to the system. For notation conciseness, we
will omit the time variable after time-delay terms have been
eliminated. Accordingly, we obtain

V̇z1 + V̇U1 �z1(u + �T
1F�1) + �10|z1|�10, (10)

where�10 is an unknown constant,�1 is an unknown con-
stant vector,�10(·) is a known function, andF�1(·) is a
known function vector defined below

�10 := cf 1

g1
, �1 :=

[
�T
f 1

g1
,
�T
h1�h1 + c2

h1

g1
,

1

g1

]T

∈ Rn1+2,

�10 := �1,

F�1 =
[
F T

1 ,
1

2
z1,

1

2z1
(HT

1 H1 + �2
1) − ẏd

]T

∈ Rn1+2.

Note that the design ofu(t) is free from unknown time delay
�1 at present stage. To stabilizez1(t), the following desired
certainty equivalent control (Astrom & Wittenmark, 1995)
under the assumption of exact knowledge could be proposed
as

u∗ = −k1z1 − �T
1F�1 − �1(z1), (11)

wherek1 >0 and�1(z1) = sgn(z1)�10�10.

Remark 2. The introduction of�1 has two advantages.
Firstly, we only need to estimate1

g1
rather thang1 such that

the possible controller singularity due toĝ1 = 0 is avoided.
Secondly, after applying Young’s inequality, unknown con-
stant vector�h1 ∈ Rm1 is lumped as a scalar�T

h1�h1. By
doing so, the number of parameters being estimated is dra-
matically reduced, which greatly reduces the order and com-
plexity of the controller. However, it may result in a reduced
fineness of the results.

However, controller singularity may occur since the pro-
posed desired control (11) is not well defined atz1 = 0.

Therefore, care must be taken to guarantee the boundedness
of the control. It is noted that the controller singularity takes
place at the pointz1 = 0, where the control objective is sup-
posed to be achieved. From a practical point of view, once
the system reaches its origin, no control action should be
taken for less power consumption. Asz1 = 0 is hard to de-
tect owing to the existence of measurement noises, it is more
practical to relax our control objective of convergence to a
bounded region rather than the origin. Next, let us show that
certain bounded region is a domain of attraction in the sense
that all z1 will enter into this region and will stay within
thereafter. In the case that the parameters are unknown, we
propose the practical robust adaptive control law to guaran-
tee the systems stability as detailed in Lemma 3.

Lemma 3. For the first-order system(4), if the practical
robust control law is chosen as

u =
{

−k1(t)z1 − �̂
T
1F�1 − �1(z1, �̂10), |z1|�	a1,

0, |z1|< 	a1,
(12)

�1(z1, �̂10) = sgn(z1)�̂10�10, (13)

where�̂10 and �̂1 are the estimates of�10 and �1, respec-
tively, k1(t)�k∗ >0 with k∗ being any positive constant,
and the parameters are updated by

˙̂�10 = �1|z1|�10, (14)
˙̂�1 = 1F�1z1, (15)

with �1 >0and1=T
1 >0, then for any finite initial condi-

tionsx1(0), �̂10(0) and �̂1(0), all signals in the closed-loop
system are bounded, and the tracking errorz1(t) will finally
stay in a compact set defined by�z1 = {z1 ∈ R||z1|�	a1}.

Proof. To show�z1 to be a domain of attraction, we first find
a Lyapunov function candidateV1(t)>0 such thatV̇1(t)�0,
∀z1 /∈�z1. For |z1|�	a1, let us consider the following Lya-
punov function candidate:

V1(t) = Vz1(t) + VU1(t) + 1
2�−1

1 �̃
2
10(t) + 1

2 �̃
T
1(t)

−1
1 �̃1(t),

where ˜(·)= ˆ(·)− (·). The time derivative ofV1(t) along (10)
is

V̇1(t)�z1(u + �T
1F�1) + �10|z1|�10 + �−1

1 �̃10
˙̂�10

+ �̃
T
1−1

1
˙̂�1. (16)

Substituting (12)–(15) into (16), we obtaiṅV1� −
k1(t)z

2
1� − k∗z2

1�0. Hence,V1(t) is a Lyapunov function

andz1(t), x1(t), �̂10(t), �̂1(t) are bounded. In addition, the
domain�z1 is attractive in the sense thatz1 will be driven
onto �z1 in a finite time, and then after stay within. For

|z1|< 	a1, sincez1 = x1 − xd ,
˙̂�10 = 0 and

˙̂�1 = 0, x1 is
bounded,̂�10 and�̂1 are kept unchanged in bounded values.
We can readily conclude that the tracking error|z1(t)|�	a1
while all the other closed-loop signals are bounded.�
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The key point of the proposed design lies in two aspects.
Firstly, the Lyapunov–Krasovskii functional is utilized such
that the design difficulties from unknown time delay has
been removed. Secondly, the practical control scheme in-
cluding a deadzone has employed to avoid possible con-
troller singularity. It is well known inUtkin (1978) and
Slotine & Li (1991) that the above discontinuous control
scheme should be avoided as it will cause chattering phe-
nomena and excite high-frequency unmodeled dynamics.
Furthermore, we would like to extend the methodology de-
scribed in this section from first-order systems to more gen-
eralnth-order systems. To achieve this objective, the iterative
backstepping design can be used, which requires the differ-
entiation of the controlu and the control component�1 at
each step. Therefore, appropriate smooth control functions
shall be used, and at the same time the controller should
guarantee the boundedness of all the signals in the closed-
loop andz1 will still stay in certain domain of attraction.

4. Adaptive controller design for nth-order systems

In this section, the adaptive design will be extended to
nth-order systems (2) and the stability results of the closed-
loop system are presented. Note that the extension requires
the smoothness of intermediate control functions to certain
degree, which is not straightforward but very much involved.
In the recursive backstepping design, the computation of the
intermediate control function�i (t) in each step requires that
of �̇i−1(t), �̈i−2(t), . . . , �

(i−1)
1 . As a result,�i need to be at

least(n−i)th differentiable. On the other hand, the unknown
time delay terms of all the previous subsystems will appear
in Stepi, which have to be compensated for one by one.

The backstepping design procedure containsn steps. At
each step, an intermediate control function�i (t) shall be
developed using an appropriate Lyapunov functionVi(t).
The design of both the control laws and the adaptive laws
are based on the following change of coordinates:z1 =
x1 − yd , zi = xi − �i−1, i = 2, . . . , n. For conciseness
of notation, let us define the scalar functionVzi (t), the
Lyapunov–Krasovskii functionalVUi

(t), and the Lyapunov
function candidateVi(t) as

Vzi (t) = 1

2gi

z2
i (t), (17)

VUi
(t) = 1

2gi

i∑
j=1

∫ t

t−�j
Uj (x̄j (�))d�,

Uj(x̄j (t)) = HT
j (x̄j (t))Hj (x̄j (t)) + �2

j (x̄j (t)), (18)

Vi(t) = Vzi (t) + VUi
(t) + 1

2�−1
i �̃

2
i0(t)

+ 1
2 �̃

T
i (t)

−1
i �̃i (t), (19)

where�̃i0 = �̂i0 −�i0 and�̃i = �̂i −�i with �̂i0 and�̂i being
the estimates of�i0 and �i , respectively, constant�i >0,

matrix i = −1
i >0, and unknown parameters�i0 and�i

are defined as

�i0 := max{cf 1, . . . , cf i},

�i :=
[

�T
f i

gi

,
�T
hi�hi + c2

hi

gi

,
gi−1

gi

,
gi−1

gi

�T
i−1

]T

∈ Rn̄i . (20)

Let us consider the following robust adaptive control law:

�i = qi(zi)[−ki(t)zi − �̂
T
i F�i − �i], (21)

ki(t) = ki0 + 1

z2
i

i∑
j=1

∫ t

t−�max

Uj(x̄j (�))d�, (22)

˙̂�i0 = qi(zi)�i (zi�i − 
i0�̂i0), (23)
˙̂�i = qi(zi)i (F�izi − 
i �̂i ), (24)

where�i = �̂i0�i , �i = �i0 tanh( zi�i0
�i

), ki0 >0 is a design
constant,�i >0 is a small constant, constant�i >0, matrix
i = −1

i >0, 
i0,
i >0 are small constants to introduce
the
−modification for the closed-loop system, and known
function�i0(·) and known function vectorF�i (·) are defined,
respectively, as

�i0 := �i +
i−1∑
j=1

∣∣∣∣��i−1

�xj

∣∣∣∣�j ,

F�i :=
[
F T
i ,

1

2
zi,−��i−1

�xi−1
xi,−��i−1

�xi−1
F T
i−1,

1

2
zi

(
��i−1

�xi−1

)2

,

− ��i−1

�xi−2
xi−1,−��i−1

�xi−2
F T
i−2,

1

2
zi

(
��i−1

�xi−2

)2

, . . . ,

− ��i−1

�x1
x2,−��i−1

�x1
F T

1 ,
1

2
zi

(
��i−1

�x1

)2

,

1

2zi

i∑
j=1

HT
j Hj + �2

j − �i−1




T

∈ Rn̄i ,

n̄i =
i∑

j=1

nj + 2i

with �i−1 = ��i−1
�x̄di

˙̄xdi + ∑i−1
j=1(

��i−1

��̂j0

˙̂�j0 + ��i−1

��̂j

˙̂�j ). Note

that wheni = n, �i = u. In addition, define the positive
constantsci := min{3

2gminki0,2gmin,
i0�i ,

i

	max(−1
i )

} and

	i := 1
2
i0�

2
i0 + 1

2
i‖�i‖2 + 0.2785�i�i0.
Step1: Let us firstly consider thez1-subsystem as

ż1(t) = g1(z2(t) + �1(t)) + �T
f 1F1(x1(t)) + �f 1(x1(t))

+ �T
h1H1(x1(t − �1)) + �h1(x1(t − �1))

− ẏd (t) (25)

Following the same procedure as in Section 3 by choosing
Vz1(t) in (17) andVU1 in (18), and applying Assumption 2
and Young’s inequality, we obtain

V̇z1 + V̇U1 �z1z2 + z1(�1 + �T
1F�1) + �10|z1|�10. (26)
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As stated in Section 3, the control objective now is to show
that z1 will converge to certain domain of attraction rather
than the origin. At the same time, the control functions shall
be smooth or at least differentiable to certain degree. Let
us consider the smooth adaptive scheme (21)–(24) and the
Lyapunov function candidateV1(t) given in (19).The time
derivative ofV1(t) along (21)–(24) when|z1|�	a1 + 	b1 is

V̇1(t)� − k10z
2
1 −

∫ t

t−�max

U1(x1(�))d�

+ z1z2 + �10

[
|z1|�10 − z1�10 tanh

(
z1�10

�1

)]

− 
10�̃10�̂10 − 
1�̃
T
1 �̂1.

Using the inequalities−1
4k10z

2
1 + z1z2� 1

k10
z2

2, −
10�̃10�̂10

� − 1
2
10�̃

2
10 + 1

2
10�
2
10, and−
1�̃

T
1 �̂1� − 1

2
1‖�̃1‖2 +
1
2
1‖�1‖2, and applying Lemma 1, we have

V̇1(t)� − 3

4
k10z

2
1 −

∫ t

t−�max

U1(x1(�))d� + 1

k10
z2

2

− 1

2

10�̃

2
10 − 1

2

1‖�̃1‖2 + 	1. (27)

Since �1��max according to Assumption 3, the inequal-
ity

∫ t

t−�1
U1(x1(�))d��

∫ t

t−�max
U1(x1(�))d� holds. Accord-

ingly, (27) becomes

V̇1(t)� − c1V1(t) + 	1 + 1

k10
z2

2. (28)

Remark 3. If there is no extra termz2
2 within inequal-

ity (28), we can conclude that for|z1|�	a1 + 	b1, V1(t)

is bounded, and thusz1, �̂10 and �̂1 are bounded, and for
|z1|< 	a1 +	b1, the boundness of these signals directly fol-
lows similarly as in Lemma 3 and is independent ofz2. How-
ever, it may not be the case due to the presence of the extra
term z2

2. It is found that ifz2 can be regulated as bounded,
say,|z2|�z2 max with z2 max being finite, we have

V̇1(t)� − c1V1(t) + 	̄1

with 	̄1 = 	1 + 1
k10

z2
2 max. The stability analysis for this case

will be shown later.

Remark 4. Note that both the intermediate control func-
tion (21) and the updating laws (23), (24) are differentiable,
which makes it possible to carry out the backstepping design
in the next steps.

The regulation ofz2 will be shown in the next steps.
Stepi (2� i�n − 1): Similar procedures are taken for

each steps wheni = 2, . . . , n − 1 as in Step 1. The time
derivative ofzi(t) is given by

żi (t) = gi[zi+1(t) + �i (t)] + �T
f iFi(x̄i(t)) + �f i(x̄i(t))

+ �T
hiHi(x̄i(t − �i )) + �hi(x̄i(t − �i ))

− �̇i−1(t). (29)

Since �i−1(t) is a function of x̄i−1, x̄di , �̂10, . . . , �̂i−1,0,
�̂1, . . . , �̂i−1, �̇i−1(t) can be expressed as

�̇i−1(t) =
i−1∑
j=1

��i−1

�xj
ẋj + �i−1.

Considering the scalar functionsVzi (t) in (17) and the func-
tional VUi

(t) in (18) and noting Assumption, we have

V̇zi + V̇Ui
�zizi+1 + zi(�i + �T

i F�i ) + �i0|zi |�i0, (30)

where unknown parameters�i0 and �i , known functions
�i0(·) andF�i (·) are defined before.

Similarly, consider the robust adaptive intermediate con-
trol law (21)–(24) and the Lyapunov function candidateVi(t)

given in (19). For|zi |�	ai+	bi , the time derivative ofVi(t)

is

V̇i(t)� − ciVi(t) + 	i + 1

ki0
z2
i+1. (31)

If zi+1 can be regulated as bounded, say,|zi+1|�zi+1,max
with zi+1,max being finite, from (31), we have thaṫVi(t)� −
ciVi(t)+ 	̄i with 	̄i =	i + 1

ki0
z2
i+1,max. The stability analysis

for this case will be shown later and the effect ofzi+1 will
be handled in the next steps.

For |zi |< 	ai + 	bi , similarly as in Step 1, the following
two cases are considered: (i) if|zi−1|< 	a,i−1 + 	b,i−1,
the following two sub-cases shall be considered for
|zi−2|�	a,i−2+	b,i−2 and|zi−2|< 	a,i−2+	b,i−2, and the
same procedure will apply backwards forzi−3 till z1; and
(ii) if |zi−1|�	a,i−1 + 	b,i−1, we know from Step(i − 1)
that V̇i−1(t)� − ci−1Vi−1(t) + 	i−1 + 1

ki−1,0
z2
i , hence

V̇i−1(t)� − ci−1Vi−1(t) + 	̄i−1

with 	̄i−1 = 	i−1 + 1
ki−1,0

(	ai + 	bi)
2. The stability results

will be given later.
Step n: This is the final step, since the actual controlu

appears in the derivative ofzn(t) as given in

żn(t) = gnu(t) + �T
f nFn(x(t)) + �f n(x(t))

+ �T
hnHn(x(t − �n)) + �hn(x(t − �n))

− �̇n−1(t). (32)

Since�n−1(t) is a function ofx̄n−1, x̄dn, �̂10, . . . , �̂n−1,0,
�̂1, . . . , �̂n−1, �̇n−1(t) can be expressed as

�̇n−1(t) =
n−1∑
j=1

��n−1

�xj
ẋj + �n−1(t).

Considering the scalar functionsVzn(t) in (17) and the
functionalVUi

in (18), and applying Assumption 2 and the
Young’s Inequality, we have

V̇zn + V̇Un �zn(u + �T
nF�n) + �n0|zn|�n0. (33)

Similarly, consider the robust adaptive control law (21)–(24)
and the Lyapunov function candidateVn(t) given in (19).
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For |zn|�	an + 	bn, the final controlu(t) is invoked and
the time derivative ofV (t) along (21)–(24) and (33) is

V̇n(t)� − cnVn(t) + 	n. (34)

It is known from (34) thatVn(t) is bounded, hencezn, �̂n0

and�̂n are bounded.
For |zn|< 	an + 	bn, two cases are considered: (i)

if |zn−1|< 	a,n−1 + 	b,n−1, we shall similarly consider
the two sub-cases, i.e.,|zn−2|�	a,n−2 + 	b,n−2 and
|zn−2|< 	a,n−2 + 	b,n−2 and such analysis shall be carried
out backwards tillz1; and (ii) |zn−1|�	a,n−1 + 	b,n−1, we
know from Step(n − 1) that V̇n−1(t)� − cn−1Vn−1(t) +
	n−1 + 1

kn−1,0
z2
n, hence

V̇n−1(t)� − cn−1Vn−1(t) + 	̄n−1

with 	̄n−1 = 	n−1 + 1
kn−1,0

(	an + 	bn)
2.

Theorem 1 shows the stability and control performance
of the closed-loop adaptive system.

Theorem 1. Consider the closed-loop system consisting of
the plant(2) under Assumptions1–4.If we apply the control
laws (21)–(24),the following properties can be guaranteed
under any finite initial conditions: (i) zi , �̂i0, �̂i and xi ,
i=1, . . . , n, are globally uniformly ultimately bounded; and
(ii) the signalz(t) = [z1, . . . , zn]T ∈ Rn will eventually
converge to the compact set defined by

�z := {z|‖z‖��}

with �=max{√2gmax�,
√∑n

j=1(	ai + 	bi)
2} and the com-

pact set�z can be made as small as desired by an appro-
priate choice of the design parameters.

Proof. Consider the following Lyapunov function candi-
date:

V (t) =
n∑

i=1

[
Vzi (t) + VUi

(t) + 1

2
�−1
i �̃

2
i0(t)

+ 1

2
�̃

T
i (t)

−1
i �̃i (t)

]
, (35)

whereVzi (t), VUi
(t), i =1, . . . , n are defined as before, and

˜(·) = ˆ(·) − (·). The following three cases are considered:
Case1: All zi ’s, i = 1, . . . , n, are satisfying|zi |�	ai +

	bi . From the previous derivation, we have the following
inequality for|zi |�	ai + 	bi , i = 1, . . . , n

V̇ (t)� − cV (t) + 	,

wherec := min{c1, . . . , cn} and 	 := ∑n
i=1	i . Let � :=

	/c, it follows that

0�V (t)�[V (0) − �]e−ct + ��V (0) + �, (36)

where the constantV (0) = ∑n
i=1[ 1

2gi
z2
i (0) + 1

2�−1
i �̃

2
i0(0) +

1
2 �̃

T
i (0)

−1
i �̃i (0)].

Considering (35), we know that

n∑
i=1

z2
i �2gmax[V (0) + �] (37)

n∑
i=1

�̃
2
i0�2 max{�i}[V (0) + �],

n∑
i=1

‖�̃i‖2� 2[V (0) + �]
	min{−1

i } . (38)

It can be seen from (36)–(38) thatV (t) is bounded, hence
zi , �̂i0 and �̂i are uniformly bounded for|zi |�	ai + 	bi ,
i = 1, . . . , n. In addition, from (35) and (36), we have

‖z‖�
√

2gmax[(V (0) − �)e−ct + �]
i.e., limt→∞‖z‖ = √

2gmax�. Since the above analysis is
carried out for|zi |�	ai + 	bi , i = 1, . . . , n, we have that

lim t→∞‖z‖ = max{√2gmax�,
√∑n

j=1(	ai + 	bi)
2}.

Case2: All zi ’s, i = 1, . . . , n, are satisfying|zi |< 	ai +
	bi . In this case,Vn(t) is bounded, hencezi , xi , �̂i0
and �̂i , i = 1, . . . , n are all bounded. In addition,

‖z‖�
√∑n

j=1(	ai + 	bi)
2.

Case3: Somezi ’s are satisfying|zi |�	ai + 	bi , while
somezj ’s are satisfying|zj |< 	aj +	bj . For |zi |�	ai +	bi ,
the control effort�i will renderV̇i � −ciVi +	i + 1

ki0
z2
i+1. If

zi+1 is bounded, the boundedness ofzi can be guaranteed.
Otherwise, the control effort�i+1 will be invoked, which
yieldsV̇i+1�−ci+1Vi+1+	i+1+z2

i+2. Similarly, regulation
of zi+2 will be left to the next steps till the final step where
zn will be regulated as bounded. Therefore, thosezi ’s will
be regulated as bounded finally. For those|zj |< 	aj + 	bj ,
their boundedness has already obtained.

Therefore, we can conclude from Cases 1–3 that all the
closed-loop signals are GUUB and there does exist a com-
pact set�z such thatz will eventually converge to. This
completes the proof. �

Remark 5. Theorem 1 shows that the system tracking er-
ror converges to a domain of attraction defined by compact
set�z rather than the origin. This is due to the introduction
of the practical control, the smooth�i control component
and the
-modification for the parameter adaptation. Even
though the size of the compact set is unknown due to the
unknown parametersgmin, gmax, �i0 and�i , i = 1, . . . , n, it
is possible to make it as small as possible by appropriately
choosing the design parameters. However, parameters such
as 	ai or 	bi cannot be made zero to avoid possible con-
trol singularity and computational singularity. Therefore, in
practical applications, the design parameters should be ad-
justed carefully for achieving suitable transient performance
and control action.
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Remark 6. The unknown parameters have been rearranged
into a newly defined vector in each step of the iterative back-
stepping design. By doing so, on one hand, unknown vectors
�hi , i=1, . . . , n have been lumped as scalars, which reduces
the number of parameters to be estimated in each step and
finally reduces the order of the controller dramatically. On
the other hand, we only need to estimate1

gi
rather thangi

such that possible controller singularities due toĝi =0 have
been avoided.

5. Simulation studies

To illustrate the proposed robust adaptive control algo-
rithms, we consider the following second-order plant:

ẋ1(t) = g1x2(t) + �f 1x
2
1(t) + �f 1(x1(t)),

ẋ2(t) = g1u(t) + �h2x2(t − �2) + �h2(x(t − �2)),

y(t) = x1(t),

whereg1, g2 are unknown virtual control coefficients,�f 1,
�h2 are unknown parameters, and�f 1(·), �h2(·) are unknown
functions. For simulation purpose, we assume thatg1 = 2,
g2 = 1, �f 1 = 0.1, �h2 = 0.2, and let�f 1 = 0.6 sin(x1),
�h2 =0.5(x2

1 +x2
2) sin(x2). The bounds on�f 1(·) and�h2(·)

are|�f 1(x1)|�cf 1�1(x1), |�h2(x)|�ch2�2(x), wherecf 1=
0.6,�1(x1)=1,ch2=0.5,�2(x)=x2

1+x2
2. The unknown time

delays are�1 = 0, �2 = 3 s. The control objective is to track
the desired reference signalyd(t) = 0.5[sin(t) + sin(0.5t)].
For the design of robust adaptive controller, letz1=x1−yd ,
z2 = x2 − �1 and �̂1,�̂2 be the estimates of unknown pa-

rameter vectors�1=[ �f 1
g1

, 1
g1

]T, �2=[ �2
h2+c2

h2
g2

,
g1
g2

,
�f 1
g2

, 1
g2

]T,
respectively, we have

�1(t) = q1(z1)[−k1z1 − �̂
T
1F�1 − �1],

u(t) =
{

−k2z2 − �̂
T
2F�2 − �2, |z2|�cz2,

0, |z2|<cz2,

�i = �̂i0�i , �i = �i0 tanh

(
zi�i0

�i

)
,

˙̂�i0 = �i (zi�i − 
i0�̂i0),
˙̂�i = i (F�izi − 
i �̂i ),

i = 1,2,

whereki(t) is given in (22),i = 1,2. The following design
parameters are adopted in the simulation:[x1(0), x2(0)]T =
[0.1,0.1]T, �1 = �2 = 1, 1 = 2 = diag{1}, 
10 = 
20 =

1 = 
2 = 0.05,�0

10 = �0
20 = 0, �0

1 = �0
2 = 0, k10 = k20 = 0.8,

�1 = �2 = 0.1, andcz1 = cz2 = 1.0e−3.
From Fig. 1, it was seen that satisfactory transient track-

ing performance was obtained after 10 s of adaptation peri-
ods.Figs. 2and3 show the boundedness of the control in-
put and the estimates of the parameters in the control loop.
Among the design parameters, the choices ofczi are critical
for achieving good control performance. Through extensive
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Fig. 1. Outputy(t) (solid), and referenceyd (dashed).
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Fig. 2. Control inputu(t).
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Fig. 3. Parameter estimates:�̂10 (solid), �̂20 (dashed),‖�̂1‖2 (dotted),
‖�̂2‖2 (dash-dotted).
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simulation study, it was found thatczi should not be cho-
sen as too small. From analytical point of view, it is found
that the known functionsF�i which are used for on-line pa-
rameters tuning contain possibly singular terms. The robust
design is then carried out to make sure those terms to be
bounded. Althoughczi can be chosen arbitrarily small theo-
retically, it is not the case in real implementation due to the
limited actuator tolerance and computational capacity.

6. Conclusion

A robust adaptive control has been addressed for a class of
parametric-strict-feedback nonlinear systems with varying
unknown time delays. The uncertainty from unknown time
delays has been compensated for through the use of appro-
priate Lyapunov–Krasovskii functionals. The controller has
been made to be free from singularity problem by employ-
ing practical robust control and regrouping unknown param-
eters. Backstepping design has been carried out for a class
of nonlinear systems in strict feedback form by using dif-
ferentiable approximation. The proposed systematic back-
stepping design method has been proved to be able to guar-
antee global uniformly ultimately boundedness of closed-
loop signals. In addition, the output of the system has been
proven to converge to an arbitrarily small neighborhood of
the origin. Simulation results have been provided to show
the effectiveness of the proposed approach.

References

Aström, K. J., & Wittenmark, B. (1995).Adaptive control. (2nd ed.),
Reading, MA: Addison-Wesley.

Ge, S. S., Hang, C. C., Lee, T. H., & Zhang, T. (2002).Stable adaptive
neural network control. Boston: Kluwer Academic Publisher.

Ge, S. S., Hang, C. C., & Zhang, T. (2000). Stable adaptive control
for nonlinear multivariable systems with a triangular control structure.
IEEE Transactions on Automatic Control, 45(6), 1221–1225.

Ge, S. S., Hong, F., & Lee, T. H. (2003). Adaptive neural network control
of nonlinear systems with unknown time delays.IEEE Transactions
on Automatic Control, 48(11), 2004–2010.

Ge, S. S., Hong, F., & Lee, T. H. (2004). Adaptive neural control of
nonlinear time-delay systems with unknown virtual control coefficients.
IEEE Transactions on System, Man, Cybernetics B, 34(1), 499–516.

Hale, J. (1977).Theory of functional differential equations. (2nd ed.),
New York: Springer.

Hardy, G. H., Littlewood, J. E., & Polya, G. (1952).Inequalities. (2nd
ed.), Cambridge: Cambridge University Press.

Kanellakopoulos, I., Kokotovi´c, P. V., & Marino, R. (1991). An extended
direct scheme for robust adaptive nonlinear control.Automatica, 27(2),
247–255.

Kolmanovskii, V.B., Niculescu, S.-I., Gu, K., 1999. Delay effects on
stability: A survey. InProceedings of the IEEE conference on decision
and control, Phoenix, AZ, pp. 1993–1998.
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