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Fig. 31. Control voltage of the sliding-mode controller without an integrator.

VIII. C ONCLUSIONS

This paper has presented a method to control the angular displace-
ment of a magnetically suspended balance beam with plant parametric
variations and external disturbances. To overcome the effect of the
parametric variations, and to reject the external disturbance forces, we
used an integral sliding-mode controller. We derived the mathematical
model of the balance beam, including an integral compensator, then we
designed the linear and nonlinear control components. We showed the
insensitivity of the controller response under the parametric variations
and the disturbance rejection by simulations. Finally, we proved the ef-
fectiveness of the integral sliding-mode controller by experimentation.
Extensions of this work to other bearing systems, such as an artificial
heart pump, which employs the electromagnetic bearings, and to other
uncertainties and disturbance such as sinusoidal are currently under in-
vestigation.
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Model-Free Regulation of Multilink
Smart Materials Robots

S. S. Ge, T. H. Lee, and Z. P. Wang

Abstract—In this paper, model-free controllers for multilink smart ma-
terials robots are presented. The approach allows controller design in the
absence of a system model which is complex and difficult to obtain for mul-
tilink smart materials robots, and provides additional degrees of freedom
in feedback control design. Simulation results are provided to show the ef-
fectiveness of the presented approach.

Index Terms—Model-free control, multilink, smart materials robots.

I. INTRODUCTION

In recent years, with the promised advent of lightweight high
strength composite materials, much attention has been given to mod-
eling and control of flexible-link manipulators. The flexible-link robot
is governed by a set of partial differential equations, which means
that the system is of infinite dimensionality. However, the majority
of the research effort has been on control of the end effector through
actuation by the joint motors in the literature. Based on a truncated
(finite dimensional) model obtained from either the finite element
method (FEM) or assumed modes method (AMM), various kinds of
control approaches have been applied to improve the performance
of flexible systems [1]–[5]. To avoid the problems associated with
the truncated model, such as controller/observer spillover problems
[6], some controllers are designed based on the partial differential
equations (PDEs) directly [6]–[8]. While most research is dealing with
the single flexible-link case for its simplicity, some work for multilink
flexible-link robots have also been studied [5], [9].

Recently, utilization of smart or intelligent materials in the control
of flexible structures is receiving increased attention [10]–[13]. In this
paper, by combining the results in [9] for multilink flexible robots and
those in [13] for single-link smart materials robots, decentralized and
centralized model-free controllers for multilink smart materials robots
are presented. The controllers are developed based on the basic en-
ergy–work relationship, and subsequently avoid the problems asso-
ciated with model-based methods. The controllers are very robust in
terms of system parameter variations and can guarantee the stability of
the closed-loop system. In addition, by using a simple adaptive gain
tuning method, an adaptive centralized model-free controller is pre-
sented for satisfactory performance and ease of implementation.

II. M ULTILINK SMART MATERIALS ROBOT

We shall consider anN -link smart materials robot interconnected
byN motors as shown in Fig. 1. The system can be either deployed in
space or configured in the horizontal plane. In both cases, the effects
of gravity are neglected.

Let �di denote the desired joint angular position for linki, while �i
is the actual joint angle,�i is the torque applied to the joint. Assuming
ni pairs of piezoelectric sensors and actuators collocated atni points
along link i, vi = [vi1 vi2 . . . vin ]T 2 R

n is the vector of control
voltages applied to actuators, whileIi = [Ii1 Ii2 . . . Iin ]T 2 R

n is
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Fig. 1. Geometry of anN -link smart materials robot.

the vector of the electrical currents induced by sensors,Iij is propor-
tional to the change of strain [14].

Hence, the total work done by external inputsW =
N

i=1

t

0
�i(t) _�i(t)dt + N

i=1

t

0
v
T
i Iidt, which consists of

that done by the torque applied to theN joints and that contributed by
the voltages applied to piezoelectric actuators. Damping and friction
are neglected because their exclusion will not affect the closed-loop
stability. Thus, from the energy–work relationship, we have the
following equation:

[Ek(t) + Ep(t)]� [Ek(0) +Ep(0)]

=

N

i=1

t

0

_�i(t)�i(t)dt+

N

i=1

t

0

I
T
i vidt

(1)

whereEk(t) andEk(0),Ep(t) andEp(0) are the total kinetic energy
and total potential energy of system at timet and 0, respectively. Then,
we have

_Ek(t) + _Ep(t) =

N

i=1

_�i(t)�i(t) +

N

i=1

I
T
i vi: (2)

III. M ODEL-FREE CONTROLLER DESIGN

In this section, two kinds of model-free controllers are presented for
multilink smart materials robots. The control objective here is to rotate
each link of the robot to the desired angular position and simultane-
ously suppress the residual vibrations effectively. Although the tradi-
tional joint proportional and differential (PD) controller can stabilize
the flexible robots, the system performance is not good because there
are no explicit efforts introduced to suppress the residual vibrations.
Better control performance is expected by appropriately exploiting the
additional control capability available.

A. Decentralized Model-Free Controller (DMFC)

In certain cases, decentralized controllers are very desirable because
of the technical difficulties in implementing communications among
the controllers located at different places; and the inherent robustness
of a decentralized control system.

Consider the following DMFC:

ui =
�i

vi
=

�kpi[�i(t)� �di]� kvi _�i(t)

�Kpsi
t

0
Iidt�KvsiIi

(3)

whereKpsi = diag[kpsi ] 2 Rn �n , Kvsi = diag[kvsi ] 2
Rn �n , andkpi, kvi, kvsi > 0, kpsi � 0, i = 1; 2; . . .N .

Theorem 1: The closed-loop multilink smart materials robot system
is stable if the control inputs are given by (3).

Proof: Consider the following Lyapunov function candidate:

V1(t) = Ek(t) +Ep(t) +
1

2

N

i=1

kpi[�i(t)� �di]
2

+
1

2

N

i=1

t

0

Iidt

T

Kpsi

t

0

Iidt : (4)

It is a Lyapunov function candidate because the energy of system
Ek(t) + Ep(t) � 0.

By virtue of (2) and (3), the time derivative ofV1 is given by

_V1(t) = �

N

i=1

kvi _�i(t)
2
�

N

i=1

I
T
i KvsiIi � 0

thus, the closed-loop system is energy dissipative and, hence, stable.

B. Centralized Model-Free Controller (CMFC)

In order to further improve the control performance and consider
those situations that centralized controllers can be implemented, we
shall study the CMFC design.

Consider the following CMFC:

ui =
�i

vi
=

�kpi[�i(t)� �di]� kvi _�i(t)� �ci

�Kpsi
t

0
Iidt�KvsiIi � vci

(5)

where�ci = m

j=1
k�jf�j(t)

t

0

_�i(s)f�j(s)ds, andvci is a column
vector defined as

vci =

m

j=1
k1jf1j(t)

t

0
Ii1(s)f1j(s)ds

m

j=1
k2jf2j(t)

t

0
Ii2(s)f2j(s)ds

...
m

j=1 kn jfn j(t)
t

0
Iin (s)fn j(s)ds

2 R
n
:

f�j , fkjs are any time-integrable signals,Kpsi = diag[kpsi ] 2
Rn �n , Kvsi = diag[kvsi ] 2 Rn �n , kpi, kvi, kvsi > 0,
kpsi � 0, andk�j , kkj � 0.

Theorem 2: The closed-loop multilink smart materials robot system
is stable if the control inputs are given by (5).

Proof: Consider the following Lyapunov function candidate:

V2(t) = V1(t) +
1

2

N

i=1

m

j=1

k�j

t

0

_�i(s)f�j(s)ds
2

+
1

2

N

i=1

n

k=1

m

j=1

kkj

t

0

Iik(s)fkj(s)ds
2

(6)

whereV1(t) is defined in (4).
Taking the time derivative ofV2 and applying (2) and (5), we arrive

at

_V2(t) = �

N

i=1

kvi _�i(t)
2
�

N

i=1

n

k=1

kvsi I
2

ik(t) � 0

which means that the closed-loop system is stable.
In CMFC, explicit evaluation of deflection related variables provides

direct control efforts on vibration suppression. However, it is not easy to
find suitable gains of the terms for a satisfactory control performance.
In order to improve the performance of proposed CMFC controller, it
is desirable to tune the feedback gain of�ci andvci, rather than keep
them constants. Unlike the well-known model-based adaptive control
where it is required to estimate the physical parameters of the plant and
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then tune parameters of the controller adaptively, a simple adaptive gain
tuning method is proposed for ease of implementation here.

Let k�j = Y 2

�j andkkj = Y 2

kj , the adaptation laws are given by

_Y�j(t) =��jY�j _�if�j(t)
t

0

_�if�j(s)ds� ��jY�j(t) (7)

_Ykj(t) =�kjYkjIikfkj(t)
t

0

Iikfkj(s)ds� �kjYkj(t) (8)

where��j > 0, j = 1; . . . ;m0, �kj > 0, j = 1; . . . ;mk, k =
1; . . . ; ni, andi = 1; . . . ; N . The�-termsin (7) and (8) are introduced
to avoid divergence of the integral gains in the presence of disturbances.

Theorem 3: The proposed control law (5) with the adaptation laws
(7) and (8) can guarantee the stability of the closed-loop multilink smart
materials robot system.

Proof: Consider the following Lyapunov function candidate:

V3(t) =Ek(t) + Ep(t) +
1

2

N

i=1

kpi[�i(t)� �di]
2

+
1

2

N

i=1

m

j=1

�
�1

�j Y
2

�j +
1

2

N

i=1

t

0

Iidt

T

�Kpsi

t

0

Iidt +
1

2

N

i=1

n

k=1

m

j=1

�
�1

kj Y
2

kj : (9)

Taking the time derivative ofV3 and applying (2), (5), (7), and (8), we
arrive at

_V3(t) = �

N

i=1

kvi _�
2

i (t)�

N

i=1

m

j=1

�
�1

�j ��jY
2

�j

�

N

i=1

n

k=1

kvsi I
2

ik(t)�

N

i=1

n

k=1

m

j=1

�
�1

kj �kjY
2

kj � 0

which means that the closed-loop system is stable.
Remark 1: There are no restrictions on the choices off�j andfkj ,

they can be any variable related to the vibration of the links, or any
combination of the bending variables. Theoretically, the stability of the
system will not be affected for any time integrable functionsf�j , fkj ,
but it is preferable to select them be associated with the vibration of the
flexible link.

Remark 2: All the controllers (3) and (5), with/without adaptive
laws (7) and (8) are independent of system parameters and thus possess
stability robustness to system parameters uncertainties. As a matter of
fact, the closed-loop system is stable as long askpi, kvi > 0, k�j ,
kpsi � 0, kvsi > 0, andkkj�0. The stability proof is independent
of the system dynamics and thus the drawbacks/problems associated
with model-based controllers mentioned in Section I are avoided.

Remark 3: All the controllers are very easy to implement in prac-
tice. The joint position�i and the joint velocity_�i can be obtained by
rotary encoder and tachometer attached to the rotor of motori. fkj(t)
andf�j(t) can be chosen as any variable or any combination of vari-
ables related to the vibration of the links. For example, in the torque
control of link 1,f�1(t) can be signals from the second link.

Remark 4: In Theorems 1–3, we only claim the closed-loop sta-
bility of the system. To prove the asymptotic stability of the system is
not easy due to the infinite dimensionality of the system. In the fol-
lowing, instead of giving rigorous proof, we shall show that practically
the smart materials robot can only possibly stop at�i = �di (i =
1; 2; . . .; N) without vibrating. Assuming that theN links stop at the
position�i��i (hence_�i � 0 for i = 1; 2; . . .; N ) with �i 6= �di. Due
to the existence of internal structural damping in a smart materials robot
in practice (structural damping is neglected in the proof of Theorems

1–3), the links must tend to stop vibrating and finally be static at the
undeformed position. Recalling thatIij is proportional to the change
of strain, we haveIi = 0. Hence, there is no energy input to the system
since _�i�i + I

T
i vi = 0 and the robot under study is in the horizontal

plane. Furthermore,t
0
Iijdt is proportional to the strain,t

0
Iidt = 0

when the link is undeformed. As signalsfkj , f�j are chosen to be zero
when the link is at rest, because these functions are associated with the
vibrations of the link. Consequently, the first term in�i is a nonzero
constant, the middle term is zero, and the last term approaches zero
(note thatf�j(t) are zero when the linki is not deformed) andvi = 0.
Therefore,�i approaches a nonzero constant and thus�i � �i cannot
hold. The only possibility is that the flexible link is at the final posi-
tion �i � �di without vibrating, which implies the tip regulation can be
practically achieved.

If the system is of finite dimensions, then LaSalle’s theorem can be
used to prove the asymptotic stability.

Theorem 4: Controller (3) can guarantee the asymptotic stability of
the damped truncated system where the flexible deflection is described
by arbitrarily any finite number of flexible modes. Furthermore, con-
troller (5) with/without adaptive laws (7) and (8) can also guarantee
the asymptotic stability of the same truncated system iffkj , f�j are se-
lected as the functions that are equal to zeros when the smart materials
robot is undeformed.

Proof: Using the same Lyapunov functions (4), (6), and (9), we
consider the motion of the system in the largest invariant set in the set
_Vi = 0 (i = 1; 2; 3). In all cases, we have_�i � 0 and Ii � 0.
Hence, there is no energy input to the system since_�i�i + I

T
i vi = 0.

Subsequently,��i = 0, �i = �kpi(�i� �di), vi = 0, i = 1; 2; . . . ; N .
Firstly, consider link 1. With the aid of Hamilton’s principle, con-

sidering the motion of system in_Vi = 0 (i = 1; 2; 3), we have the
following PDEs of link 1:

ce1w
00

1 (0; t)� kp1(�1 � �d1) =0 (10)

�L1 �w1(x1; t) =� ce1w
0000

1 (x1; t);

0 �x1 � L1 (11)

and boundary conditions (BCs) of link 1

w1(0; t) =0 w
0

1(0; t) = 0 (12)

w
00

1 (0; t) =
kp1

ce1
(�1 � �d1): (13)

Because_�i � 0, the robot is operated as if all the motors are locked.
Consequently, each motor can be taken simply as a concentrated mass.
Hence, the bending moment at the tip of linki� 1 should be equal to
the base bending moment of linki, i.e.,

ce;i�1w
0

i�1(Li�1; t) = ceiw
00

i (0; t); i = 2; 3; . . . ; N:

Considering links 1 and 2, and noting that

ce2w
00

2 (0; t) = ��2 = kp2(�2 � �d2)

thus, we have another boundary condition

w
00

1 (L1; t) =
kp2

ce1
(�2 � �d2): (14)

It is noted that the left-hand sides of (13) and (14) are functions of
time, while the right-hand sides are constants. Let us firstly assume that
the two constants are zero. It is shown later that either constants being
nonzero leads to invalid solutions. Now (13) and (14) can be rewritten
as

w
00

1 (0; t) = 0 w
00

1 (L1; t) = 0: (15)
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Using the Method of Separating Variables and the Superposition Prin-
ciple [15], a solutionw(x; t) can be given by

w(x1; t) =

1

i=1

 i(x1)qi(t) (16)

where i are mode shape functions and

qi(t) = D
i
2e

! t +D
i
2e
�! t (17)

whereDi
1 andDi

2 are related to the initial conditions ofy1(x1; t). Note
that the “initial” momentt0 should denote the moment when the system
motion enters the invariant set, rather than the initial operating mo-
ment since we are considering the motion of the system in the largest
invariant set in the set_Vi = 0 (i = 1; 2; 3). !i can be either pos-
itive or negative, without loss of generality, let!i � 0. This leads
to Di

1 = 0 as follows. IfDi
1 6= 0, then limt!1 qi(t) ! 1 and

limt!1 _qi(t) ! 1, and hencelimt!1 _w1(x1; t) ! 1. This im-
plies the kinetic energyEk of the system approaches infinity, which
contradicts the fact theVi (i = 1; 2; 3) is actually bounded. Therefore,
Di
1 must be zero. Consequently, the solution (16) approaches zero as

time approaches infinity.
In summary,w1(x1; t) = 0 provided that the system motion is in the

largest invariant set in the set_Vi = 0 (i = 1; 2; 3). Moreover, recalling
that we already have�1 = �d1, we further conclude that if the system
motion is in the largest invariant set in the set_Vi = 0 (i = 1; 2; 3),
the first link must stop in the final position described by�1 = �d1 and
w1(x1; t) = 0. Thus, the local frameO2X2Y2 is actually static with
respect to the inertia frameO1X1Y1. This allows us to takeO2X2Y2
as the inertia frame in which link 2 is to be considered. Then we have
the following PDEs of link 2:

ce2w
00

2 (0; t)� kp2(�2 � �d2) =0 (18)

�L2 �w2(x2; t) =� ce2w
0000

2 (x2; t);

0 �x2 � L2: (19)

Moreover, from the above conclusions, a set of boundary conditions
similar to (12) and (15) also exist for (19), i.e.,

w2(0; t) =0

w
0

2(0; t) =0

w
00

2 (0; t) =0

w
00

2 (L2; t) =0:

Thus, carrying out similar analysis for link 2 leads to the conclusion
that link 2 must stop at its final position described by�2 = �d2 and
w2(x2; t) = 0 provided that the system motion is in the largest in-
variant set in the set_Vi = 0 (i = 1; 2; 3). This implies the local frame
O3X3Y3 can be considered as the inertia frame for link 3. Now it is
easy to see that repeating the same procedure until linkN finally leads
to the fact that if the system motion is in the largest invariant set in the
set _Vi = 0 (i = 1; 2; 3), then all links must stop at their final positions,
i.e.,�i = �di andwi(xi; t) = 0 (i = 1; 2; . . . ; N).

Now, let us consider the case when the right-hand side of either (13)
or (14) is a nonzero constant as discussed. If this is true, then from
w1(x1; t) = 	(x1)Q(t),Q(t) and hence,w1(x1; t) must be constant.
This means that the first link is static, which implies that the right side of
both (13) and (14) must equal the same nonzero constant (from the mo-
ment balance of a static bending beam). Subsequently, frameO2X2Y2
can be taken as the inertia frame for link 2. Because the base bending
moment of link 2 equals the tip bending moment of link 1 (note the
condition _Vi = 0), the base bending moment of link 2 must be the
same constant. This, by assumingw2(x2; t) = 	(x2)Q(t), implies
link 2 is also static. Repeating the same procedures for all links leads
to a static bendingN -link robot. Then, from the moment balance of the
static robot, the base bending moment of link 1 should be equal to the tip

TABLE I
SYSTEM PARAMETERS

bending moment of linkN . Since the free tip of linkN is loaded with a
concentrated mass, the tip bending moment is zero. Therefor, either the
base bending moment of link 1 or its tip bending moment must be zero.

Now, invoking the truncation assumption, the elastic deflection of
each link is assumed to be described by a finite number of flexible
modes, and subsequently the system is of only finite dimensions.
For this truncated system, because it has been proven already that
the largest invariant set in the set_Vi = 0 (i = 1; 2; 3) is the final
equilibrium position, the asymptotic stability directly follows the
LaSalle’s theorem.

IV. SIMULATION TESTS

Numerical simulations are carried out on a two-link smart mate-
rials robot moving in the horizontal plane. The plant is simulated by
an FEM model in which each link is divided into four elements with
same length, system parameters are given in Table I where PM refers
to piezoelectric material. A fourth-order Runge–Kutta program with
adaptive step size is used to numerically solve the differential equa-
tions. In simulation,�d1 = 30� and�d2 = 20�, while �1(0) = 0�

and�2(0) = 0�. The two lowest natural frequencies of the system at
�2 = 20� are approximated asf1 = 4:2 Hz andf2 = 13:4 Hz, [16].
The robot is assumed to be initially at rest without any deformation.

Following the discussion in [9], the feedback gains are chosen as
Kp = [21:6; 14:0], Kv = [17:3; 9:3], andk1i = 6000 for EBRC 1
andk2i = 2000 for EBRC 2.

DMFC and CMFC controllers used for simulations are given by

DMFC:

ui =
�i

vi
=

�kpi[�i(t)� �di]� kvi _�i(t)

�KvsiIi(t)
:

CMFC 1:

ui =

�i

vi

=

�kpi[�i(t)� �di]� kvi _�i(t)�
2

j=1

k�jwj(Lj ; t)
t

0

_�i(s)wj(Lj; s)ds

�KvsiIi(t)

wherek�j = Y 2

�j , and

_Y�j(t) = ��jY�j _�jwj(Lj; t)
t

0

_�iwj(Lj; s)ds� ��jY�j(t):

CMFC 2:

ui =

�i

vi

=

�kpi[�i(t)� �di]� kvi _�i(t)�
2

j=1

k�jw
00

j (0; t)
t

0

_�i(s)w
00

j (0; s)ds

�KvsiIi(t)

wherek�j = Y 2

�j , and

_Y�j(t) = ��jY�j _�iw
00

j (0; t)
t

0

_�iw
00

j (0; s)ds� ��jY�j(t):
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Fig. 2. Tip deflections underEBRCandDMFC.

Fig. 3. Tip deflections underDMFC andCMFC.

A. Using One Pair of Smart Sensor and Actuator

First, let us consider the case where only one pair of smart sensor
and actuator is used for each link. The pair of piezoelectric patches are
located atxi = 0:1Li of each link withLi being the full length of each
link.

Fig. 2 shows the deflection of DMFC with large enough feedback
gain kvsi = 6 � 106 due to the low authority of the piezoelectric
material in comparison with the relatively good EBRC. It can be seen
that DMFC is quite effective in residual vibration suppression in com-
parison to EBRC. Though the transient responses are about the same,
there is a big difference at steady state. While there is no residual vibra-
tion at steady state for DMFC, there exists residual vibration of small
magnitude for EBRC. Fig. 3 shows the tip deflection of DMFC and
CMFC’s. The parameters are chosen as��j = 1000, ��j = 0:1, and
k�j(0) = 1000. It can be seen that CMFC’s give a quicker response
with small overshoot and less oscillation. Fig. 4 shows that all con-
trollers can drive the system to the desired joint angular position.

B. Using Multipairs of Smart Sensors and Actuators

It is interesting to investigate the control performance when addi-
tional pairs of smart sensors and actuators are used. Assumed that

Fig. 4. Joint angle underDMFC andCMFC.

Fig. 5. Tip deflections ofDMFC.

for each link, there are two pairs of smart sensors and actuators dis-
tributed atxi1 = 0:1Li andxi2 = 0:1Li + hi with hi the element
length.

Fig. 5 shows the tip deflections of the two links under DMFC with
one pair, two pairs, and four pairs of piezoelectric actuators and sensors.
For comparison, the feedback gains are still chosen askvsi = 6� 106.
It is clear that the two-pair case can suppress residue vibration quickly
and smoothly than the one pair case. Fig. 6 shows the tip deflection of
the individual link for one and two pair cases. The residual vibration
suppression improves as the numbers of pairs are activated as shown in
Fig. 6.

Through the simulation study, we have shown the effectiveness of
both DMFC and CMFC controllers, despite its control low authority
in control action. For more precise control performance, more pairs
of piezoelectric actuators and sensors can be bonded. It should be
pointed out that DMFC and CMFC can be applied according to
different system configurations, and other kinds of feedbacks and/or
other kinds of combinations of feedbacks can also be considered
depending on the available sensor facilities, since the controllers
actually allow a great deal of freedoms of engineering implementation
and controller design.
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Fig. 6. Tip deflections ofCMFC.

V. CONCLUSION

In this paper, two kinds of model-free controllers for multilink
flexible smart materials robot were presented. Theoretical proofs have
shown that both of them can stabilize the closed-loop system, and
the controllers are independent of system parameters, hence, possess
stability robustness to parameter variations. The effectiveness of the
proposed controllers has been proved by numerical simulations.
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End-Point Sensing and State Observation
of a Flexible-Link Robot

Y. F. Li and X. B. Chen

Abstract—This paper presents an end-point sensor system and the de-
velopment of an observer to reconstruct the states of a flexible-link robot.
The sensor system includes a tip displacement sensor and an accelerometer.
Based on the assumed-models method, an observer is developed using the
Kalman filtering algorithm. Experimental results are given to demonstrate
the effectiveness of the observer.

Index Terms—End-point sensing, flexible link, Kalman filter, observer,
robot.

I. INTRODUCTION

Thecontrolof flexible-link robots isdifficultdue to thepresenceof the
flexible modes [1]. In particular, the control of the endpoint trajectory to
achieveadesiredpositionand velocity is achallenging task. To achievea
desired control performance, the knowledge of the state variables of the
endpoint is often needed. For a rigid link, the tip position can be deter-
minedbyusingmeasurements fromtheshaft encoder.Fora flexible link,
however, this problem becomes rather complicated due to the presence
of the structural deflection of the link. To measure the tip deflection, dif-
ferent attempts have been made by researchers over the past years. One
is to use strain gauges [2] by which local deformation information can be
obtained. However, the deflection at the tip needs to be derived from the
measurements taken from several locations along the link, which tends
to make the result inaccurate.Obviously, amethod that candirectlymea-
sure the structural deflection at the tip is desirable. Optical measurement
systemswhichused lasersandposition-sensitivedevices (PSD)wereex-
plored for thispurpose [3], [4].Visionsystemswerealsoused tomeasure
the structural deflections of flexible links [5], [6]. A major problem with
this method is the time-consuming computation needed for the visual
processing in real-time applications. Besides the tip position, informa-
tionon thevelocityandaccelerationat the tip isalsouseful for thecontrol
of flexible-link robots. Theendpoint acceleration canbe measured using
an accelerometer mounted on the tip. The tip velocity, however, has
proved difficult to measure by using hardware at the tip.

Due to such difficulties in measuring the full states of a flexible-link
robot, a state observer is desired. There are a few observers developed
for this purpose in the literature. Using the measurements of the joint
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