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to t = T yields (1=2) T

0
ke(t)k2Qdt � W (e(0); ~�1(0); ~�2(0))

+(�2=2)
T

0
kd(t)k2dt + ��T where�T denotes the time interval

with respect to the operation of the additional controllerur + uh=�
�

g

which may be very short. The term��T can be viewed as an extra
disturbance and a kind ofH1 tracking performance is also achieved.

Remark 7: (i) In the previous literature [10], both adaptive state
feedback and output feedback tracking controllers are proposed for a
class of nonlinear SISO systems represented by an input–output model
as in the form of (1). The result developed in this note can be viewed as
an extension of the adaptive state feedback control design developed in
[10] and possesses the following improvements: 1) we have extended to
treat a larger class of nonlinear MIMO systems; 2) three types of uncer-
tainty: parametric uncertainties, unmodeled perturbations and external
disturbances, are simultaneously compensated; and 3) a nonlinearH1

tracking control is guaranteed. (ii) In the previousH1 tracking control
schemes [1]–[3], [6], [14], the plant models must be assumed to be ex-
actly known. In this study by incorporating both adaptive control and
VSS control techniques the developed adaptive-robustH1 tracking
control scheme can be extended to handle a broader class of nonlinear
systems involving parametric uncertainties and unmodeled perturba-
tions. On the other hand, compared with the existing tracking control
schemes in [7]–[13], due to the incorporation of nonlinearH1 control,
the developed adaptive-robust control scheme possesses a desiredH1

performance and can be applied to uncertain nonlinear MIMO systems
in the presence of finite-energy disturbances. (iii) TheH1 tracking
control developed here requires to solve an algebraic Riccati-like ma-
trix (23) in Theorem 2 that includes the effect of the unmodeled per-
turbation�G(t; x). The smaller�G(t; x) implies the bounded value
�e is smaller and sor�1 is also smaller. That is, there is a trade-off
between the magnitude of�G(t; x) and the control gain in the robust
H1 controlleruh. (iv) Result in Theorem 2 indicates that arbitrarily
small attenuation level can be achieved via an adequate choice of con-
trol gainr�1 in uh. The inequality(1=�2)I � (1� �e=r)I provides
us a sufficient condition to guarantee the solvability ofP = PT > 0
of the Riccati-like (23) [1].

IV. CONCLUSION

This note has addressed the problem of designing robust tracking
controls for a class of nonlinear MIMO systems involving parametric
uncertainties, unmodeled dynamics and external disturbances. Hybrid
adaptive-robustH1 tracking control schemes are developed to
guarantee a transient and asymptotical output tracking performance in
the sense that all the signals and states of the closed-loop system are
bounded, the tracking error is UUB and anH1 tracking performance
is achieved. TheH1 tracking control relies only on the solution of a
modified algebraic Riccati-like matrix equation and so the developed
control law can easily be implemented. Consequently, compared with
the existingH1 tracking control scheme and the robust/adaptive
control scheme the developed adaptive-robustH1 tracking control
design can be extended to handle a broader class of uncertain nonlinear
MIMO systems.

Finally, how to extend to solve the adaptiveH1 tracking control via
output feedback for general uncertain nonlinear MIMO systems and to
involve the effect of zero dynamics as in [10] will be the subject of
future research.
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Reachability and Controllability of Switched Linear
Discrete-Time Systems

S. S. Ge, Zhendong Sun, and T. H. Lee

Abstract—This note investigates the reachability and controllability is-
sues for switched linear discrete-time systems. Geometric characterization
of controllability is presented. For reversible systems, the controllable sets
and the reachable sets are identified in Wonham’s geometric approach, and
verifiable conditions for reachability and controllability are also presented.

Index Terms—Controllability, observability, reachability, recon-
structibility, switched discrete-time systems.

I. INTRODUCTION

Switched systems are hybrid systems that consist of two or more
subsystems and are controlled by switching laws. The switching law
may be either supervised or unsupervised, time-driven or event-driven.
In this note, we focus on the class of switched systems in which the
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switching laws are design parameters to be chosen online by a super-
visor [6], [14], [17].

Switched systems deserve investigation for theoretical interest as
well as for practical applications. Switching among different system
structures is an essential feature of many engineering control applica-
tions such as power systems and power electronics [15], [10]. Control
techniques based on switching between different controllers have been
investigated in recent years, particularly in the context of adaptive con-
trol [8], [9]. The existence of systems that cannot be asymptotically
stabilized by a single continuous feedback controller also motivates us
to study switched systems [2]. Switched systems also arise naturally in
the study of multirate sampled-data systems [11].

In the analysis and design of control systems, controllability and
reachability are two fundamental concepts that need to be investigated.
For switched continuous-time systems, the controllability and reach-
ability issues have been addressed in several references. Studies for
second-order switched linear systems can be found in [7], [17]. Geo-
metric tests for reachability were presented for general switched linear
control systems in [13]. For switched linear discrete-time systems, the
set of points reachable from the origin were investigated in [12]. It was
shown that this set (termed controllable set in [12]) is a subspace under
certain hypothesis, but not always the case in general. Some further ex-
tension of this work can be found in [3], where the controllable set as
the union of its maximal components was investigated.

In this note, the controllability and reachability issues are addressed
for switched linear discrete-time systems. Section II formulates the
problem and presents preliminary analysis. Geometric characteriza-
tions for the controllability and reachability sets are presented in Sec-
tion III. In Section IV, two illustrating examples are analyzed in detail.
Finally, some concluding remarks are made in Section V.

II. DEFINITIONS AND PRELIMINARIES

Consider a switched linear discrete-time control system given by

xk+1 = A�xk +B�uk (1)

where
xk 2 <

n anduk 2 <p states and inputs;
� : f0; 1; . . .g ! M = f1; 2; . . . ;mg switching path to be de-

signed;
matrix pair(Ak; Bk) for k 2 M subsystems of (1).
For clarity, for any positive integerk, setk = f0; . . . ; k� 1g. It can

be calculated that

xk = �k�1
j=0Ai x0 + �k�1

j=1Ai Bi u0 + � � �

+Ai Bi uk�2 +Bi uk�1 (2)

whereij = �(j) for j = 0; . . . ; k � 1.
A state configurationx is said controllable, if it is transferable to the

origin in finite time by appropriate choices of inputu and switching
path�. The precise definitions of the relevant concepts are given as
follows.

Definition 1: Statex 2 <n is controllable, if there exist a time
instantk > 0, a switching path� : k ! M , and inputsu : k ! <p;
such thatx0 = x andxk = 0.

Definition 2: The controllable set of system (1) is the set of states
which are controllable.

Definition 3: System (1) is said to be (completely) controllable, if
its controllable set is<n:

For any matricesA 2 <n�n andB 2 <n�p, setB = ImB and
A�1B = fx 2 <n : Ax 2 Bg. Define

C(i0; . . . ; ik) = (Ai . . .Ai )�1

� Ai . . .Ai Bi + � � �+ Ai Bi + Bi : (3)

Let Ck denote the set of points which can be transfered to the origin
within k steps. It can be readily seen that

Ck = [i ;...;i 2MC(i0; . . . ; ik�1) (4)

and

C = [1k=1Ck (5)

whereC is the controllable set of system (1).
The reachability counterparts can be defined along the same line as

follows.
Definition 4: Statex 2 <n is reachable, if there exist a time instant

k > 0, a switching path� : k ! M , and inputsu : k ! <p, such
thatx0 = 0 andxk = x.

Definition 5: The reachable set of system (1) is the set of states
which are reachable.

Definition 6: System (1) is said to be (completely) reachable, if its
reachable set is<n. Define

R(i0; . . . ; ik) = Ai . . .Ai Bi + � � �+Ai Bi + Bi

Let Rk denote the set of points which are reachable from the origin
within k steps. It can be readily seen that

Rk = [i ;...;i 2MR(i0; . . . ; ik�1)

and

R = [1k=1Rk (6)

whereR is the reachable set of system (1).
Given a matrixA and a subspaceB 2 <n, let�AB denote the min-

imalA-invariant subspace that containsB, i.e.,

�AB = B + AB + � � �+ A
n�1B

This operation can be defined recursively as�A �A B =
�A (�A B): For clarity, define the nested subspaces as

V1 =ImB1 + � � �+ ImBm

Vi+1 =�A Vi + � � �+ �A Vi i = 1; 2; . . . (7)

and

V =

1

k=1

Vk:

Note that ifdimVj = dimVj+1, thenVl = Vj for l > j. This fact
implies thatVn = V . It is readily seen that this subspace is the min-
imal subspace which is invariant underAi, i = 1; . . . ;m and contains

m

j=1
Bj . SubspaceV plays an important role in the following deriva-

tions.
BecauseAiImB � �AImB for all A 2 <n�n, B 2 <n�p and

i � 0, we know that the reachable set

R � [1k=0[i ;...;i 2M

�A � � ��A Bi + � � �+ Bi � V: (8)

System (1) is said to be reversible, if all matricesAi, i = 1; . . . ;m are
nonsingular. For a reversible system, the controllable set

C � [1k=0[i ;...;i 2M

�
A

Bi + � � �+ �
A

. . . �
A

Bi � V: (9)

The above analysis is summarized in the following proposition.
Proposition 1: If the switched linear system (1) is reachable, or if

system (1) is reversible and controllable, then

V = <n: (10)
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III. M AIN RESULTS

A. Geometric Characterizations

In this subsection, we shall present criteria of controllability and
reachability for switched linear systems.

Theorem 1: The switched linear system (1) is controllable if and
only if there exist an integerk <1, andi0; . . . ; ik, such that

Im(Ai . . .Ai Ai ) � R(i0; . . . ; ik): (11)

Proof: From (3)–(5), the controllable set of system (1) is given
by

C = [1k=1 [i ;...;i 2M

(Ai . . .Ai )�1

(Ai � � �Ai Bi + � � �+ Ai Bi + Bi ) :

That is, the controllable set can be expressed as a countable union of
subspaces of<n. Because<n cannot be expressed as a countable union
of lower-dimensional subspaces, to ensure controllability of system (1),
it must be

C(i0; . . . ; ik) =(Ai . . .Ai )�1

(Ai . . .Ai Bi + � � �+ Ai Bi + Bi )

=<n (12)

for somek < 1 andi0; . . . ; ik 2 M . That is

(Ai . . .Ai Bi + � � �+Ai Bi + Bi )

� Im(Ai . . .Ai ) :

For reachability of switched linear systems, similar criterion can be
found in [12, Corollary of Th. 2]. It is summarized in the following
theorem for completeness.

Theorem 2: The switched linear system (1) is reachable if and only
if there exist an integerk <1, andi0; . . . ; ik 2 M , such that

R(i0; . . . ; ik) = <n
: (13)

Remark 1: It is interesting to notice the resemblance between reach-
ability of a switched linear system and weak controllability of a jump
linear system [5]. For a jump linear system [5]

xk+1 = Ar xk +Br uk (14)

whererk 2 M = f1; . . . ;mg, k = 1; 2; . . . form a finite-state
discrete-time ergodic Markov chain, it is weakly controllable if and
only if for someri 2 M , there exists a possible transition sequence
i0; . . . ; iT�1 with T � 1; such that

rank[Bi ; Ai Bi ; . . . ; Ai . . .Ai Bi ] = n

which is equivalent to condition (13).
As proved in [4], any causal discrete-time (input–output) system can

be realized by means of a reversible state variable representation. Ac-
cordingly, reversible system representation is very general and appli-
cable to a large class of systems. In the sequel, we present verifiable
criteria for controllability and reachability of reversible switched linear
systems. Moreover, we prove that the reachable and controllable sets
are nothing but subspaceV in this case.

Theorem 3: Suppose the switched linear system (1) is reversible,
then its reachable set is

R = V: (15)

Proof: Let us prove it by contradiction. Suppose

dimR(i0; . . . ; ik)

= maxfdimR(l0; . . . ; lj): l0; . . . ; lj 2M; j = 0; 1; . . .g

< dimV: (16)

It follows from (16) that, for any arbitrary given integersl0; . . . ; lj , it
has

R(l0; . . . ; lj ; i0; . . . ; ik) = R(i0; . . . ; ik)

which implies that

(Ai . . .Ai )(Al . . .Al Bl ) � R(i0; . . . ; ik): (17)

On the other hand, note that

V =

j ;...;j =0;1;...;n�1

i ;...;i =1;...;m

A
j
i . . .Aj

i Bi : (18)

Sincej andl0; . . . ; lj in (17) can take arbitrarily any values, we have

(Ai � � �Ai )V � R(i0; . . . ; ik)

which is a contradiction because

dim[(Ai � � �Ai )V] = dimV > dimR(i0; . . . ; ik)

where the equality follows from the identitydimAV = dimV for any
nonsingular matrixA 2 <n�n and subspaceV � <n. Accordingly,
we have

dimR(i0; . . . ; ik) = dimV: (19)

It follows from (8) that

R = V :

Theorem 4: Suppose the switched linear system (1) is reversible,
then its controllable set is

C = V: (20)

Proof: This theorem can be proven following the same argument
of the proof of Theorem 3 and the details are omitted.

Corollary 1: For a reversible switched linear system, the following
statements are equivalent:

i) the system is completely controllable;
ii) the system is completely reachable;
iii) V = <n.

Proof: Follows directly from Theorems 3 and 4.
Remark 2: For reversible switched linear systems, the reachable set,

the controllable set and subspaceV always coincide with each other.
For nonreversible systems, however, these favorable properties do not
hold any more as shown in Example 1 of Section IV.

Remark 3: The criterion for controllability and reachability in
Corollary 1 is an extension of the well-known geometric criterion for
reachability of linear system(A;B) [16]

ImB +AImB + � � �+ A
n�1ImB = <n

:

It is equivalent to the Kalman-type rank condition

rank B1; . . . ; Bm; A1B1; . . . ; A1Bm; . . . ; AmB1; . . .

AmBm; . . . ; A
n�1
1 B1; . . .

A
n�1
1 Bm; A

n�2
1 A2B1; . . . ; A

n�2
1 A2Bm; . . .

A
n�1
m B1; . . . ; A

n�1
m Bm = n (21)

which can be efficiently verified by polynomial-time algorithms [1].

B. Computational Issues

As stated in Theorems 3 and 4, the controllable (reachable) set for a
reversible switched system isV , which is defined recursively through
(Ai; Bi), i = 1; . . . ; m. It follows from (18) thatV is summation of
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(mn)np items. It requires much computational effort to calculate this
subspace ifm andn are relatively large.

In this subsection, we provide a procedure to calculateV more effi-
ciently.

Denote the nested subspaces as

W0 =ImB1 + � � �+ ImBm

Wi =Wi�1 +A1Wi�1 + � � �+ AmWi�1

i =1; 2; . . . (22)

and furthermore

W =

1

i=0

Wi:

It can be readily seen thatVn � W � V . As a consequence,W = V:
Let� denote the minimal integerj such thatWj =W . It can be readily
seen that� � n � 1. Define natural numbers

n0 = dimW0 ni = dimWi � dimWi�1 i = 1; . . . ; �

and furthermore

�i =

i

j=0

nj ; i = 1; . . . ; �:

A basis of subspaceV can be constructed according to the following
steps.

1) Choose a group of base vectors1; . . . ; n in W0.
2) Because

W1 =W0 +

m

i=1

AiW0

=spanfj ; Aij ; i = 1; . . . ; m; j = 1; . . . ; n0g

we can find a basis ofW1 by searching the set

f1; . . . ; n ; A11; . . . ; A1n ; . . . ; Am1; . . . ; Amn g

from left to right for linearly independent column vectors. De-
note this basis as

1; . . . ; n ; n +1; . . . ; � :

3) Continuing this process, we can find a basis1; . . . ; n ,
. . . � +1; . . . ; � for Wl. Because

Wl+1 =Wl +

m

i=1

AiWl

=spanf1; . . . ; � ; Aij ; i = 1; . . . ; m

j = �l�1 + 1; . . . ; �lg

by searching the set

f1; . . . ; � ; A1� +1; . . . ;

A1� ; . . . ; Am� +1; . . . ; Am� g

from left to right for linearly independent column vectors, we
can find a basis ofWl+1

1; . . . ; � ; � +1; . . . ; � :

4) Finally, we can find a basis1; . . . ; � of subspaceW . That is

V =W = spanf1; . . . ; � g:

It involves not more thanmp+m���1 column vectors in the above pro-
cedure, which is only a small fraction of the original quantity,(mn)np.

C. Observability and Reconstructibility

In the above analysis, reference is made to reachability and con-
trollability only. It should be noticed that the observability and recon-
structibility counterparts can be addressed dualistically. In the sequel,
we outline the relevant concepts and the corresponding criteria.

Consider a switched linear discrete-time control system with outputs
given by

xk+1 =A�xk +B�uk

yk =E�xk (23)

wherexk 2 <n, uk 2 <p andyk 2 <r are the states, inputs and
outputs, respectively, and� : f0; 1; . . .g !M = f1; 2; . . . ;mg is the
switching path to be designed.

Definition 7: The switched linear system (23) is (completely) ob-
servable, if there exist an integerk and a switching path� : k ! M ,
such that knowledge of the output sequencefy0; y1; . . . ; ykg and the
input sequencefu0; u1; . . . ; uk�1g is sufficient to determinex0.

Definition 8: The switched linear system (23) is (completely) re-
constructible, if there exist an integerk and a switching path� : k !
M , such that statexk can be determined from knowledge of the output
sequencefy0; . . . ; ykg and the input sequencefu0; . . . ; uk�1g.

In view of Theorems 1–4 for reachability and controllability,
the following criteria are readily obtained for observability and
reconstructibility by using the principle of duality.

Theorem 5: The switched linear system (23) is observable if and
only if there exist an integerk <1, andi0; . . . ; ik, such that

Ei + A
T
i Ei + � � �+ A

T
i � � �A

T
i Ei = <n (24)

whereEi = ImET
i for i = 1; . . . ;m.

Moreover, if the system is reversible, then a necessary and sufficient
condition for observability is

j ;...;j =0;1;...;n�1

i ;...;i =1;...;m

A
j
i

T

� � � A
j

i

T

Ei = <n (25)

Theorem 6: The switched linear system (23) is reconstructible if
and only if there exist an integerk <1, andi0; . . . ; ik, such that

Ei + A
T
i Ei + � � �+ A

T
i � � �A

T
i Ei � Im A

T
i � � �A

T
i (26)

Moreover, if the system is reversible, then (25) is a necessary and suf-
ficient condition for reconstructibility.

IV. I LLUSTRATING EXAMPLES

Example 1: Consider system (1) withn = 4;m = 2 and

A1 =

0 0 0 0

0 0 0 0

0 0 1 0

0 0 1 0

B1 =

1

0

0

0

A2 =

0 0 0 0

1 0 0 0

0 0 0 1

0 0 0 1

B2 =

0

0

0

0

: (27)

Simple calculation gives

V =spanfe1; e2g

R =spanfe1g [ spanfe2g

C =spanfe1; e2; e3g [ spanfe1; e2; e4g:

Note that neither the controllable set nor the reachable set is a subspace
of the total space. Furthermore,R � V � C, where the subset rela-
tionships are strict proper.
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Example 2: Controllability of a multirate sampled-data system.
Consider the linear continuous time-invariant system given by

_x =Ax +Bu(t)

=

0 �100� 0 0

100� 0 0 0

0 0 3

2
� 0

0 0 0 3

2
�

+

10 0

10 0

0 10

0 10

u(t) (28)

which can be verified to be controllable.
The corresponding sampled-data system is given by

xk+1 = ATxk +BTuk (29)

whereT is the sampling interval

xk =x(kT ) uk = u(kT );

AT =e
AT

BT =
T

0

e
�A

d�B:

If the sampling intervals are chosen asT1 = 0:01 andT2 = 0:015,
we have the corresponding matrix pairs(AT ; BT ) and(AT ; BT )
given as

AT =

�1 0 0 0

0 �1 0 0

0 0 �0:5 � sin 3

2
�

0 0 sin 3

2
� �0:5

BT =

0:1 0

0:1 0

0 �0:05� 0:1 sin 3

2
�

0 �0:05� 0:1 sin 3

2
�

and

AT =

0 1 0 0

�1 0 0 0

0 0 �1 0

0 0 0 �1

BT =

0:15 0

�0:15 0

0 �0:15

0 �0:15

:

It can be verified that

rank BT ; AT BT ; . . . ; A3
T BT = 3; i = 1; 2

which show that the corresponding sampled-data systems are not con-
trollable.

Now we consider the multirate sampling of system (28) with sam-
pling rate of eitherT1 or T2. A question naturally arises: does there
exist a sampling strategy such that the resulted switched system is con-
trollable? That is, is the switched system (1) withAi = AT ; Bi =
BT ; i = 1; 2 controllable or not?

Simple computation gives

V � spanfB1; B2; A1B1; A2B2g = <4:

From Corollary 1, the controllability follows. Moreover, it can be ver-
ified that

C(2; 1) = R(2; 1) = <4:

Accordingly, the switched system is controllable from (and reachable
to) any point within two steps by choosing subsystem(A2; B2) at the
first step and then switching to subsystem(A1; B1) at the second step.

This example illustrates that switching among different sampling
rates may avoid singularities caused by inappropriate choice of sam-
pling rates.

V. CONCLUSION

Controllability and reachability issues have been addressed for
switched linear discrete-time systems. Geometric characterizations
for controllability and reachability were presented. For reversible
systems, the controllable and reachable sets have been proven to be
subspaces of the total space, and verifiable criteria for controllability
and reachability have also been presented. Criteria for observability
and reconstructibility have been obtained by duality.
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