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Adaptive Control of First-Order Systems with Nonlinear
Parameterization

T. Zhang, S. S. Ge, C. C. Hang, and T. Y. Chai

Abstract—In this paper, an adaptive control method is presented for a
class of first-order systems with nonlinear parameterization. The main fea-
tures of the scheme are that a novel integral-type Lyapunov function is de-
veloped for constructing an asymptotically stable adaptive controller, and
output tracking error bounds are provided to evaluate the control perfor-
mance of the adaptive system. The design procedure and the effectiveness
of the proposed controller are illustrated through an example study.

Index Terms—Adaptive control, Lyapunov stability, nonlinear parame-
terization, transient performance.

I. INTRODUCTION

In the past several years, adaptive control of nonlinear systems has
received much attention, and many significant results ([1]–[5] and the
references therein) have been obtained. One of the important assump-
tions in these adaptive schemes is that the system nonlinearities are
linear in the unknown parameters. For many practical systems, non-
linear parameterization is common, e.g., fermentation processes [8],
bioreactor processes [9], and friction dynamics [11]. Research on adap-
tive control for dynamic systems with nonlinear parameterization has
been an important and challenging area.

In early work [6], adaptive control algorithms have been studied
based on a speed-gradient approach. General stability conditions for
these algorithms were obtained for a class of dynamic systems, which
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may be nonlinearly parametrized plants. Nevertheless, for a given
system, no systematic scheme was provided to find an adaptive law
for guaranteeing these stability conditions. Recently, several design
methods were presented for different kinds of nonlinearly parame-
trized systems [7]–[14]. A globally stable adaptive output feedback
controller was developed using high-gain adaptation for systems
containing nonlinear parameterizations [7], which, however, is only
applicable to set-point regulation control. For a class of nonlinearly
parametrized plants similar to those arising in fermentation processes
[8]–[10] an interesting design approach was provided by appropriately
parameterizing the plant and choosing a suitable Lyapunov function
with a cubic term for constructing a stable adaptive controller. The
shortcomings of the approaches in [8] and [10] lie in several restrictive
conditions’ being needed for developing the adaptive controller. For
example, the controller gain is required larger than a constant, which
depends on system states, nonlinearities, and unknown parameters,
and therefore usually has to be conservatively chosen in practical
applications. Other requirements of implementing the scheme include
a good knowledge of the upper and lower bounds of all unknown
parameters and the reference signal to beL1.

Based on a min-max strategy, a new control scheme was investi-
gated for nonlinear systems with convex/concave parameterization
through the introduction of a tuning function [13], [14]. The proposed
parameter tuning algorithm is distinct from the traditionally used
gradient approach [6], [12] and guarantees the global stability of the
closed-loop systems. To implement such an adaptive controller, one
needs to solve a min-max optimization problem for obtaining the
tuning function (which is in general difficult if the number of unknown
parameters or the complexity of the nonlinear function increase), and
the on-line implementation of the adaptive controller is challenging
because of the requirement for the calculation of a function at which
transitions of convexity and concavity occur.A priori knowledge
about the unknown parameters and convex/concave sets is necessary
to perform these calculations. In addition, the sliding-mode-type term
is used in the controller and may result in a nonzero output tracking
error under a continuous control action.

Because of the complexities of the nonlinearly parameterized sys-
tems, investigation of adaptive control for general nonlinear plants is
difficult, and usually results in a conservative design. In this paper, we
shall restrict our attention to a class of first-order nonlinearly parame-
trized systems including the plants studied in [8] and [10]. By utilizing a
good property of the studied systems, an integral-type Lyapunov func-
tion is introduced to construct a Lyapunov-based controller and param-
eter update laws. It is shown that globally asymptotic tracking can be
achieved, and explicit transient bounds on the tracking error are also
provided for different choices of Lyapunov functions.

This paper is organized as follows. Section II describes the studied
systems and the control problem. In Section III, we introduce the novel
Lyapunov function and derive a stable adaptive controller. The tracking
performance of the systems and the method for choosing Lyapunov
functions are discussed in Section IV. Finally, an example is given to
illustrate the design procedure of the proposed controller in Section V.

II. SYSTEM DESCRIPTION

Consider first-order nonlinear systems in the following form:

_x =
fn(x)

fd(x)
+
gn(x)

gd(x)
u (1)

wherex 2 R andu 2 R are state variable and system input, respec-
tively, andfn(x), gn(x), fd(x) > 0, andgd(x) > 0 are continuous

0018–9286/00$10.00 © 2000 IEEE



IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 45, NO. 8, AUGUST 2000 1513

functions containing unknown constant parameters. The control objec-
tive is to forcex follow a desired trajectoryxd asymptotically.

Assumption 1:gn(x) 6= 0 for all x 2 R and its sign is known.
Rewriting system (1), we have

_x =
1

fd(x)gd(x)
[fn(x)gd(x) + gn(x)fd(x)u]: (2)

In this paper, we consider the systems satisfying the following param-
eterization conditions:

fn(x)gd(x) = �Ta wa(x); �a 2 Rn ; wa(x) 2 Rn (3)

gn(x)fd(x) = �Tb wb(x); �b 2 Rn ; wb(x) 2 Rn (4)

fd(x)gd(x) = �Tc wc(x); �c 2 Rn ; wc(x) 2 Rn (5)

where�j andwj(x) with j = a; b; c are unknown constant parameter
vectors and known regressor vectors, respectively, andnj are positive
integers.

Assumption 2:There exist a constantb0 > 0 and a convex set
�

such thatj�Tb wb(x)j � b0, 8 �b 2 
� , x 2 R.
Remark 2.1: Sincefd(x); gd(x) > 0, Assumption 1 implies that

gn(x)fd(x) 6= 0, which is the controllability condition of the plant
(2). Parameterization conditions (3)–(5) show that parameters�a and
�b enter the parameterized plant (2) linearly, but�c appears nonlinearly.
Some practical systems such as fermentation plants [8] and bioreactor
processes [9] can be expressed in the parameterization form (2). As will
be shown later, Assumption 2 is to be used for constructing a projection
algorithm for avoiding controller singularity.

III. L YAPUNOV-BASED ADAPTIVE CONTROLLERDESIGN

In Lyapunov-based control design, the most widely used Lyapunov
function is in quadratic form, which plays an important role in adaptive
controller design and stability analysis. In this section, a different kind
of Lyapunov function shall be developed and utilized to construct a
novel control structure and adaptive tuning law.

Define a scalar function

Ve(x; xd) =
x

x

(z � xd)fd(z)gd(z)�(z)dz (6)

with �(x) > 0 to be specified later. In order to analyze this function,
we introduce the following lemma.

Lemma 3.1: If a functionF (x; y): R � R ! R is differentiable
with respect tox, then for any two pointsx1; x2 2 R

F (x1; y) = F (x2; y) +
1

0

dF (��; y)

d��
d� (x1 � x2) (7)

where�� = �x1 + (1 � �)x2.
Proof: From �� = �x1 + (1 � �)x2, we know that(x1 �

x2) d� = d��. Therefore
1

0

dF (��; y)

d��
d� (x1 � x2) =

x

x

dF (��; y)

=F (��; y)
x

x

=F (x1; y)� F (x2; y)

which proves that (7) holds. Q.E.D.
Let e = x � xd. Applying Lemma 3.1, (6) can be reexpressed as

Ve = e2
1

0

�fd(w�)gd(w�)�(w�)d� (8)

with w� = �x + (1 � �)xd. Becausefd(w�)gd(w�)�(w�) > 0,
8w� 2 R, we know thatVe is a positive definite function with respect
to e. In the following, we shall useVe as a Lyapunov function candi-
date and derive a controller such that the time derivative_Ve < 0 for

achieving asymptotic tracking control. For system (1) with nonlineari-
ties satisfying (3)–(5), the error equation can be written as

_e =
1

�Tc wc(x)
�Ta wa(x) + �Tb wb(x)u � _xd: (9)

Letting� = z� xd and noting (3)–(5), we may rewrite (6) as follows:

Ve =
e

0

��Tc wc(� + xd)�(� + xd) d�: (10)

Its time derivative is

_Ve = e �Tc wc(x) �(x) _e

+
e

0

�
d �Tc wc(� + xd)�(� + xd)

dxd
_xd d�: (11)

Becaused[wc(�+xd)�(�+xd)]=dxd = d[wc(�+xd)�(�+xd)]=d�,
we have

_Ve = e �Tc wc(x) �(x) _e+ _xd
e

0

� �
d �Tc wc(� + xd)�(� + xd)

d�
d�

= e �Tc wc(x) �(x) _e

+ _xd � �Tc wc(� + xd)�(� + xd)
e

0

�
e

0

�Tc wc(� + xd)�(� + xd) d�

= e �Tc wc(x) �(x)( _e+ _xd)� �Tc

x

x

wc(z)�(z)dz _xd:

Substituting (9) into the above equation, we obtain

_Ve = e�(x) �Ta wa(x) + �Tb wb(x)u� �Tc wc(e; xd)
_xd

�(x)
(12)

where

wc(e; xd) =
1

e

x

x

wc(z)�(z)dz: (13)

Utilizing Lemma 3.1, we can see that

x

x

wc(z)�(z)dz = e
1

0

wc(�e+ xd)�(�e+ xd) d�:

Hence,wc(e; xd) is well defined for allx; xd 2 R. In view of (12),
the following controller is chosen

u= �̂Tb wb(x)
�1

�
ke

�(x)
� �̂Tawa(x)+�̂Tc wc(e; xd)

_xd
�(x)

(14)

wherek > 0 is a design parameter, and�̂a, �̂b, and�̂c are the estimates
of �a, �b, and�c, respectively. Substituting (14) into (12), we have

_Ve =�ke2 + e�(x)

� ~�Tawa(x)� ~�Tb wb(x)u+ ~�Tc wc(e; xd)
_xd

�(x)
(15)

where~�i = �̂i � �i, i = a; b; c. The next task is to find adaptive laws
for achieving global tracking control. Choose an augmented Lyapunov
function candidate

V = Ve +
1

2

~�Ta �
�1

a
~�a + ~�Tb �

�1

b
~�b + ~�Tc �

�1

c
~�c (16)
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where�a = �T
a > 0,�b = �T

b > 0, and�c = �T
c > 0 are adaptation

gain matrices. Our goal is to make_V nonpositive. The time derivative
of V is

_V = _Ve + ~�Ta �
�1

a
_̂
�a + ~�Tb �

�1

b
_̂
�b + ~�Tc �

�1

c
_̂
�c

=�ke2 + ~�Ta �wa(x)�(x)e+ ��1a
_̂
�a

+ ~�Tb �wb(x)�(x)ue+ ��1b
_̂
�b

+ ~�Tc wc(e; xd) _xde+ ��1c
_̂
�c : (17)

To eliminate~�a, ~�b, and~�c from _V , we choose the adaptive laws

_̂
�a =�awa(x)�(x)e (18)
_̂
�b =Proj �̂b; wb(x)�(x)ue (19)

_̂
�c =��cwc(e; xd) _xde (20)

where Projf�; �g denotes a suitable projection algorithm, which ensures
that

~�Tb �wb(x)�(x)ue+ ��1b
_̂
�b � 0

and �̂b 2 
� with the convex
� defined in Assumption 2. Several
standard techniques existing in the literature [15]–[19] can be used
to construct this projection algorithm. Thus, during the adaptation,
j�̂Tb wb(x)j � b0 and �̂b 2 
� are guaranteed and no singularity
problem occurs to controller (14). As the main contribution of this
paper is not on designing projection algorithm, we suppose that
projection algorithm (19) has been carried out using the method given
in [15]–[19]. Substituting (18)–(20) into (17), we obtain

_V � �ke2; t � 0: (21)

Integrating (21) shows thatt
0
ke2(�)d� � V (0)� V (t) � V (0) <

1, 8 t � 0. Therefore,e 2 L2 andV (t) � V (0). From (8) and
(16), we know thatVe(t); �̂j(t) 2 L1, j = a; b; c. In view of
1

0
�fd(w�)gd(w�)�(w�)d� > 0, we havee 2 L1. Since�̂Tb wb(x)

is bounded away from zero (�̂b 2 
� guaranteed by the projection al-
gorithm), the control inputu is also bounded. It follows from (9) that_e
is bounded. Becausee 2 L2 L1 and _e 2 L1, by Barbalat’s lemma
[20] we conclude thatlimt!1 e(t) = 0 asymptotically. We summa-
rize the above results into the following theorem.

Theorem 3.1: All the signals in the closed-loop adaptive system
consisting of plant (1) satisfying Assumptions 1 and 2, controller (14),
and adaptive laws (18)–(20) are globally uniformly bounded, and the
asymptotic tracking is achieved, i.e.,limt!1 x(t) = xd(t).

Remark 3.1: It has been shown that the choice of integral type Lya-
punov function (8) plays an important role in the controller design. It
is worth noting that, for a given system, a different function�(x) can
be found to construct a different Lyapunov functionVe. Hence, the re-
sulting controller is not unique, and the control performance is also af-
fected by different choice. In Section IV, we will investigate the design
of Lyapunov functions and their effects on the transient performance.

Remark 3.2: It is very interesting to note that when_xd = 0, i.e., in
adaptive regulation, controller (14) becomes

u = �̂Tb wb(x)
�1

� ke

�(x)
� �̂Tawa(x)

which is independent of the estimated parameter�̂c. This means that
there is no need to estimate�c for adaptive regulation control.

IV. CONTROL PERFORMANCE

Theorem 3.1 only presents the boundedness of the signals in the
closed-loop system and asymptotic tracking of the output; it does not
show the transient response. In the following, we show that for a suit-
ably chosen�(x), bothL2 andL1 performance for the tracking error
can be obtained explicitly.

Theorem 4.1:For the closed-loop control system (2), (14), and
(18)–(20):

i) theL2 transient bound is given by

1

0

e2(�)d� � 1

k

x(0)

x (0)

[z � xd(0)]�
T
c wc(z)�(z)dz

+
1

2k

a; b; c

i=a

~�Ti (0)�
�1
i

~�i(0) (22)

ii) if the �(x) is chosen such that�Tc wc(x)�(x) � c0 with constant
c0 > 0, thenL1 tracking error bound

je(t)j � 2

c0

x(0)

x (0)

[z � xd(0)]�
T
c wc(z)�(z)dz

(1=2)

+
1p
c0

a; b; c

i=a

~�Ti (0)�
�1
i

~�i(0)

(1=2)

: (23)

Proof:

i) Integrating (21) over[0; 1), we have

1

0

ke2(�)d� � �
1

0

_V d� = V (0)� V (1)

which leads to

1

0

e2(�)d�� 1

k
V (0)� 1

k
Ve(0)+

1

2k

a; b; c

i=a

~�Ti (0)�
�1
i

~�i(0) :

(24)

It follows from (6) and (24) that (22) holds.
ii) For �Tc wc(x)�(x) � c0, it follows from (10) that

Ve =
e

0

��Tc wc(� + xd)�(� + xd) d�

� c0
e

0

� d� =
c0
2
e2: (25)

Integrating (21) over[0; t] leads to t

0
_V (�)d� = V (t) �

V (0) � � 1

0
ke2(�)d� � 0. From (16) and (25), we ob-

tain c0e2(t)=2 � Ve(t) � V (t) � V (0), and therefore

e2(t) � 2

c0

x(0)

x (0)

[z � xd(0)]�
T
c wc(z)�(z)dz

+
1

c0

a; b; c

i=a

~�Ti (0)�
�1
i

~�i(0) :

The above inequality implies that (23) holds. Q.E.D.
Remark 4.1: Two performance criteria (22) and (23) reveal that

large initial errorse(0) and ~�i(0), i = a; b; c may lead to a large
tracking error, and bothL2 andL1 performance can be improved by
increasing the control parameterk and the adaptive gains�i.

Remark 4.2: It is shown from (22) and (23) that the smaller
the magnitude of�(x) is, the better the control performance that
can be achieved. In particular, if an�(x) can be taken such that



IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 45, NO. 8, AUGUST 2000 1515

c1 � �Tc wc(x)�(x) � c0 with constantc1, thenL2 performance (22)
can be further written as

1

0

e2(�)d� � c1
2k

e2(0) +
1

2k

a; b; c

i=a

~�Ti (0)�
�1

i
~�i(0)

andL1 tracking error bound can be expressed as

je(t)j � c1
c0
je(0)j+ 1p

c0

a; b; c

i=a

~�Ti (0)�
�1

i
~�i(0)

1=2

: (26)

Remark 4.3: As we have seen from the above discussions, the
choice of�(x) affects the transient response of the tracking error
significantly. Since�Tc wc(x) > 0 with �c the constant vector and
wc(x) the known function vector, designing an�(x) such that
�Tc wc(x)�(x) � c1 is not difficult. For instance, one such choice is

�(x) =
1

nc

n

i=1

w2

ci(x)

(27)

wherewci(x) are the elements of vectorwc(x), which results in
�Tc wc(x)�(x) � max[j�c1j; j�c2j; � � � ; j�cn j]. To find an �(x)
to guarantee�Tc wc(x)�(x) � c0 is not obvious because the de-
tailed structure ofwc(x) is not given explicitly. However, if exact
knowledge of wc(x) is available for a given system, choosing
such an�(x) is in general not a difficult task. For example, if
�ciwci(x) � 0, i = 1; 2; � � � ; nc, the�(x) given in (27) guarantees
�Tc wc(x)�(x) � min[j�c1j; j�c2j; � � � ; j�cn j]=pnc.

Remark 4.4: The transient performance analysis provided in The-
orem 4.1 makes it possible to relax the assumptions of the proposed
approach. For instance, if Assumptions 1 and 2 hold only forx 2 

with 
 a compact set, the developed scheme is still applicable if the
controller parameters are chosen appropriately. The reason is that the
upper bounds of the statex [derived from (23) or (26)] can be adjusted
through tuning the design parametersk and�i such thatx 2 
 is guar-
anteed for all time ifx(0) is inside a subset
0 � 
 (not including the
boundary of
).

Remark 4.5: Although the proposed scheme is developed for first-
order systems, it can be extended to a class ofnth-order systems with
states accessible, e.g., nonlinear systems in a Brunovsky control form
[16], [17] or the plants in [14] with nonlinearities taken in the form of
this paper. It can be shown that by suitably choosing the augmented
tracking error, the dynamic behavior of thenth-order system will be
determined by a first-order differential equation, which is similar to
the error equation (9), and controller design, stability, and performance
analysis can be performed using the similar approach presented in this
work.

V. EXAMPLE STUDY

In this section, we shall apply the proposed scheme to the adaptive
control problem for a class of fermentation processes [8] described by

_x =
�k1x

2

k2 + k3x
+ g(x)u (28)

wherex 2 [0; +1) represents a physical quantity,� can be either+1
or �1, constant parametersk1; k2; k3 > 0, andjg(x)j > 0, 8x 2
[0; +1). The control objective is to make the statex track a desired

signalxd 2 [0; +1). The error equation of the plant can be written in
the form of (9) as

_e =
1

1 + �1x
[�2x

2 + (1 + �1x)g(x)u]� _xd (29)

with �1 = k3=k2 and�2 = �k1=k2. Now consider�(x) = 1 and

Ve =
e

0

�[1 + �1(� + xd)] d�:

The time derivative ofVe along (29) is

_Ve = e(1 + �1x) _e+ �1
e

0

� _xd d�

= e �2x
2 + (1 + �1x)[g(x)u� _xd] + �1 _xd

e2

2

= e �2x
2 + �1 _xd

e

2
+ (1 + �1x)[g(x)u� _xd] : (30)

Therefore, if the controller is designed as

u =
1

g(x)
_xd �

2�̂2x
2 + �̂1 _xd + k e

2 1 + �̂1x
(31)

(30) becomes

_Ve = e �ke

2
� ~�2x

2 � ~�1 _xd
e

2
+ xg(x)u� x _xd (32)

with ~�i = �̂i � �i, i = 1; 2. Considering a positive definite function
V = Ve + (1=2)(~�21 + ~�22), its time derivative is

_V =�ke2

2
+ ~�2 �x2e+ _̂

�2

+ ~�1 � xg(x)u� _xd
2

(x+ xd) e+
_̂
�1 : (33)

Accordingly, the adaptive laws are chosen as

_̂
�1 =

xg(x)u� _xd
2

(x+ xd) e;

if �̂1 > 0 or if �̂1 = 0 and

xg(x)u� _xd
2
(x+ xd) e � 0

0; otherwise

(34)

_̂
�2 =x2e: (35)

From the projection algorithm (34) and the fact that�1 > 0, we have
~�1f�[xg(x)u � ( _xd=2)(x + xd)]e +

_̂
�1g � 0 and �̂1 � 0. Sub-

stituting (34) and (35) into (33), we obtain_V � �ke2=2 � 0. Ac-
cording to Theorem 3.1, the asymptotic tracking control of plant (28)
can be achieved and all the signals in the system are bounded. Since
x 2 [0; +1) and �̂1 � 0, we have1 + �̂1x � 1, which ensures a
well-defined controller (31), and thus all the signals in the system are
bounded. Compared with the method in [8], an important advantage of
adaptive controller (31), (34), and (35) is thata priori knowledge for
the bounds ofk1, k2, andk3 is not required.

VI. CONCLUSION

A direct adaptive controller has been presented for a class of
first-order systems with nonlinear parameterization. Both control
structure and parameter tuning algorithms are developed through the
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newly chosen Lyapunov function. Global stability and asymptotic
convergence are obtained, and transient performance is explicitly
provided for evaluating the proposed adaptive control system.
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A Parameter-Dependent Lyapunov Function for a Polytope
of Matrices

T. Mori and H. Kokame

Abstract—A new sufficient condition for a polytope of matrices to be
Hurwitz-stable is presented. The stability is a consequence of the existence
of a parameter-dependent quadratic Lyapunov function, which is assured
by a certain linear constraint for generating extreme matrices of the poly-
tope. The condition can be regarded as a duality of the known extreme point
result on quadratic stability of matrix polytopes, where a fixed quadratic
Lyapunov function plays the role. The obtained results are applied to a
polytope of second-degree polynomials for illustration.

Index Terms—Hurwitz-stability, parameter-dependent Lyapunov func-
tion, polytope of matrices, quadratic stability.

I. INTRODUCTION

Polytopes of matrices are now established as one of standard rep-
resentations of uncertainties involved in state-space models of control
systems [1], [2]. When the system matrices of uncertain systems are
formulated by a polytope of matrices, a stability problem of the poly-
tope naturally arises. It is known that one generally cannot expect the
extreme point result on stability, Hurwitz or Schur alike, of polytopes
of matrices. That is, stability of the generating extreme matrices does
not necessarily imply that of every matrix in the polytope. This means
that in order to assure stability of a polytope we have to impose addi-
tional constraints to the stability condition or stricter conditions than
that for each extreme matrix. Considerable numbers of such conditions
are currently in hand (see, e.g., the references in [3]), but each of them
has its own demerit. For example, diagonal dominance-type conditions
for Hurwitz stability require negativity of diagonal entries of the ex-
treme matrices, an apparent restriction to their applicability.

This paper presents a new sufficient condition for Hurwitz-stability
of a polytope of matrices, thus providing an alternative to the existing
tools. The stability comes from a parameter-dependent quadratic Lya-
punov function, the existence of which is ensured by a linear constraint
for the extreme matrices. The obtained condition can be considered as
a kind of dual of the quadratic stability result on a polytope of matrices,
where, by contrast, a fixed quadratic Lyapunov function plays the role.
As an illustrative example, we look into the Lyapunov function prob-
lems of a polytope of polynomials, which are connected to the matrix
counterpart with a companion form. The contents of the paper are laid
out as follows. In the next section, the main result is stated along with
the quadratic stability result, which is known, but can also be proved
in the context of the present approach. Section III includes an appli-
cation of the results to a Lyapunov function problem for a polytope
of second-degree polynomials. Discussions are given on which type
of Lyapunov functions can cover the polytopes of the polynomials in
the coefficient plane. Some comments are also made on the differences
between the present results and existing analysis methods that utilize
parameter-dependent Lyapunov functions. Finally, inSection IV, sev-
eral remarks are given to conclude the paper.
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