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In this article, a nonlinear dynamic model of a flexible manipulator is derived through
finite element method associated with Lagrange approach. The flexible manipulator is
modeled as an Euler–Bernoulli beam driven by a motor at its base and with a point
mass tip payload. The generalized coordinates of the system are selected to be the
displacements and rotations of the nodes on the considered flexible beam, and such
that a state space model is obtained with all the state variables having physical meanings.
Based on this model, an effective nonlinear feedback controller is developed to control
the tip position. Furthermore, an efficient algorithm is developed to calculate the inverse
of the system’s inertia matrix for real-time implementation. Numerical simulation results
are given to show the effectiveness of the controller and its robustness in handling
payload variations.  1997 John Wiley & Sons, Inc.
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1. INTRODUCTION bounded H2 input LQG compensator was designed
based on a linear AMM model to control the tip

To overcome the drawbacks of today’s industrial ro- position of a flexible beam. Input-shaping method
bots, such as large weights, high energy consump- was used in controlling a flexible beam in refs. 8
tions, and low speed operations, much research and 9. This method can effectively suppress the
work1–23 has been carried out in modeling and control elastic vibrations of the flexible beam, but at the
of lightweight flexible manipulators. same time will slow down the transient response.

The two most commonly used modeling methods Although input-shaping method is only valid for
are the Assumed Modes Method (AMM) and Finite linear time-invariant (LTI) systems theoretically, sat-
Element Method (FEM). In ref. 1, the flexible beam isfactory control results were obtained by combining
was modeled using AMM under pinned-free bound- it with an adaptive identification scheme to estimate
ary conditions, and a linear state-space model was the modal frequencies,9 or with a linear PD controller
obtained. The authors of ref. 2 gave a detailed model- and a rigid body inverse dynamics linearization
ing process of a flexible beam under clamped-free process to form a closed-loop controller.8 The dy-
boundary conditions with AMM. Comparison stud- namic model inversion technique, which is quite
ies between the above two linear AMM models were effective in controlling rigid manipulators, was also
carried out in ref. 3, in which the conclusions were introduced into the flexible case in refs. 10 and 11.
made that (1) the pinned-free model performs better The authors of ref. 10 developed an efficient algo-
than the clamped-free model when the hub inertia Ih rithm base on a FEM model to achieve on-line
is comparatively small, and (2) the two models match computation of desired open loop control torques.
each other well when Ih is large. In ref. 11, the design of feed-forward controllers

Based on the linear clamped-free AMM model, based on the discrete inverse dynamics technique
a transfer function model of a flexible beam was dis- was discussed, and an optimal scheme was intro-
cussed by Wang and Vidyasagar.4 They proved that duced to minimize the integral square of the error
the transfer function between the net deflection (the between the reference input and the system’s output.
sum of the rigid motion and the elastic deformation) Singular perturbation theory has been found to
and the control input is not well-defined when the be very effective in controlling flexible robots by
number of modes approaches infinity. It was found decomposing the system into a fast subsystem and a
that a modified output, which was defined to be the slow subsystem, and stabilizing the two subsystems
rigid motion minus the elastic deformation, can en- using a composite law.12,13 To handle the changing
sure the existence of a well-defined transfer function parameters of the flexible beam system, various
with a relative degree of two. The FEM modelling of adaptive schemes, such as self-tuning control,14,15

flexible manipulators can be found in refs. 5, 6, and model reference adaptive control,16,17 and other adap-
19. Single-link flexible beams were considered in refs. tive schemes,18–22 were also introduced to control
5 and 19, while multi-link flexible manipulators were flexible manipulators. Comparison studies between
discussed in ref. 6. the linear PD controller, LQR controller, feedback

Much of the existing research work is carried out linearalization control, singular perturbation
based on dynamic models obtained using AMM, in method, and sliding modes techniques were carried
which the elastic deflection of the beam is represented out in ref. 23 with respect to a single-link flexible
by a series of separable modes. Although the AMM robotic arm. It was found that singular perturbation
can give some physical insights into the system, such method gives the best tracking performance of the
as the concept of natural frequencies, its generalized reference trajectory. In this article, a nonlinear feed-
coordinates do not have any explicit physical mean- back controller is presented based on a FEM model
ings. On the other hand, FEM has its own advantages to achieve tip position control. The controller can
and disadvantages, such as all the generalized coordi- be shown to be very robust to the changes in tip
nates have physical meanings, but, the concept of payload, and the closed-loop system is proved to
natural frequencies is lost. A comparison studies be- be asymptotically stable.
tween the two methods have been carried out in ref. The rest of the article is organized as follows:
7. In this article, the controller is designed based on Dynamic modeling based on FEM is given in section
a FEM nonlinear model under the assumption that 2. The nonlinear controller design is presented in
the states are obtainable. section 3, and in section 4, numerical simulation

Different control techniques have been investi- studies are provided, followed by the conclusion
in section 5.gated in the control of flexible robots. In ref. 3, a
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Figure 1. Finite element modeling of a flexible beam.

2. DYNAMIC MODELING BY FEM
rW i 5 oW i 1 Tr 3 xi

yi(xi , t)4, 0 # xi # l
The flexible manipulator, shown in Figure 1, is mod-
eled as an Euler-Bernoulli beam clamped on the rotor
of a motor. A torque applied by the motor rotates the where Tr is the orthogonal transformation matrix be-
beam in the horizontal plane without the gravita- tween frames (XOY) and (xioi yi) given by
tional influence. The beam is divided into N elements
of the same length l 5 L/N. In the figure, frame (XOY)
is the inertia frame, frames (xioi yi), i 5 1, 2, . . . , N,

Tr 5 3cos u(t) 2sin u(t)

sin u(t) cos u(t) 4 (3)are the local frames for the N elements. Each of them
has the same direction as frame (x1o1y1), which rotates
with the hub and has its origin o1 at O. Other notations

In this article, rW i(xi , t) is used to represent the positionin the figure are defined as:
of a point on the beam, and a nonlinear dynamic
model is obtained. It should be pointed out that if theL: the length of the flexible beam;
length of the arc is used to approximate the position ofEI: the uniform flexural rigidity of the beam;
a point on the beam, a linear dynamic model can be

r: the uniform mass per unit length of the beam; obtained because of the linearization process intro-
m: the concentrated mass tip payload; duced by the arc approximation.7,19

From equations (1), (2), and (3), we obtainIh: the hub inertia;
t(t): the torque applied by the motor at the base;
u(t): the rotation angle of the hub;

rW
.

i 5 oW
.

i 1 T
.

r 3 xi

yi(xi , t)41 Tr 3 x
.

y
.

i(xi , t)4rW i(xi , t): the position vector of a point on the ith
element of the beam within frame (XOY);

oW i : the vector from the origin of frame (XOY) to
5 Tr 3 0

(i 2 1)lu
.41 Tr 3 2yiu

.

xiu
.

1 y
.

i4the origin of frame (xioiyi), such that oW1 5 0; and
yi(xi , t): the elastic deflection of a point on the ith

element measured from the undeformed beam within
frame (xioiyi). 5 Tr 3 2yiu

.

[(i 2 1)l 1 xi]u
.

1 y
.

i4 (4)

Therefore, for all i 5 1, 2, . . . , N, we have the follow-
ing two equations:

Consider the ith element shown in Figure 2. As for
the nodes through which we divide the beam into
elements, each of them undergoes both translational

oW i 5 3(i 2 1)l cos u(t)

(i 2 1)l sin u(t)4 (1) and rotational displacements at the same time when
the beam is rotating. The displacements of two nodes
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Recalling (5) and using the boundary conditions in
(6), we obtain the four admissible functions24

5
c1(x) 5 1 2 3x2/l 2 1 2x3/l 3

c2(x) 5 x 2 2x2/l 1 x3/l 2

c3(x) 5 3x 2/l 2 2 2x3/l 3

c4(x) 5 2x2/l 1 x 3/l 2

(7)

Let Eki and Epi be the kinetic energy and the potential
Figure 2. The ith element. energy of the ith element, and Ekp and Ekm be the

kinetic energy of the point mass tip payload and the
kinetic energy of the motor. Further, let the general-
ized coordinate vector of the ith element be Qi 5of the ith element are denoted by q2i21 and q2i11 , and
[u q2i21 q2i q2i11 q2i12]T, we havethe rotations of the nodes by q2i , q2i12 .

Because there are N elements in total, the number
of qi’s is 2N 1 2, i.e., q1 , q2 , . . . , q2N12 . The elastic Eki 5

1
2

r El

0
hrW

.
ijT hrW

.
ij dxi 5

1
2

Q
.

T
i MiQ

.
ideflection yi(xi , t) for element i can be described by

Epi 5
1
2

EI E l

0
F2yi

x2
i
GT F2 yi

x2
i
G dxi 5

1
2

QT
i KiQiyi(xi , t) 5 O4

j51
cj(xi)q2(i21)1j(t)

(i 5 1, 2, . . . , N and 0 , xi , l) (5) Ekp 5
1
2

m hrW
.

i ui5N, xi51jT hrW
.

i ui5N, xi51j 5
1
2

Q
.

T
NMpQ

.
N

where cj(xi) are the admissible functions and qi are
Ekm 5

1
2

Ihu
.

2
generalized coordinates of the system. The boundary
conditions at the two nodes of the ith element are :24

where Mi is the symmetric and positive definite iner-
tia matrix corresponding to the ith element, Ki is the
symmetric stiffness matrix of the ith element, and Mp

is the inertia matrix corresponding to the payload
and given by5

yi(0, t) 5 q2i21(t)

yi(xi , t)
xi

uxi50 5 q2i(t)

yi(l, t) 5 q2i11(t)

yi(xi , t)
xi

uxi5l 5 q2i12(t)

(6)

Mp 53
dp 0 0 Lm 0

0 0 0 0 0

0 0 0 0 0

Lm 0 0 m 0

0 0 0 0 0

4 (8)
Assume that the admissible functions cj ( j 5 1, 2, 3,
4) are the solutions of the differential equation that
governs the static bending of the considered beam
subject to boundary conditions in (6). Letting c(x) be
the static elastic deflection, the differential equation where
of the static bending of the beam is given by24

dp 5 mL 2 1 mq2
2N11 5 mL2 1 my2

tip (9)
c00(x) 5 0, (0 , x , l)

Indeed, the first column and the first row of Ki contain
The solution of this differential equation has the gen- only zeros because the potential energy, Epi , is inde-
eral form pendent of u. The detailed process of calculating Mi

and Ki can be found in refs. 6 and 24. Since the beam
is clamped on the rotor of the motor, we have q1 andc(x) 5 c1x3 1 c2x2 1 c3x 1 c4
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q2 ; 0 and subsequently q
.

1 5 q
.

2 ; 0. Thus they can
be removed from the above energies. After some alge- A 5 3 0 I

2M21K 2M21C4, B 5 3 0

M21b
G (16)

braic manipulations, the total kinetic energy and the
total potential energy of the system can be written
into the form It should be noted that all the elements except the

first one, m11 , of M(q) are constants. The m11 consists
of a constant part and a variable part. Let Q

¯
i 5Ek 5 ON

i51
Eki 1 Ekp 1 Ekm 5

1
2

q
. T M(q)q

.
(10)

[q2i21 q2i q2i11 q2i12]T, then m11 is given by

m11 5 Ih 1 dp 1 dq(Q
¯

i) (17)Ep 5 ON
i51

Epi 5
1
2

qT Kq (11)

in which dp , given by (9), is the part contributed by the
where q 5 [u q3 ? ? ? q2N12]T [ R2N11 is the complete tip payload, and dq , contributed by the N elements, is
generalized coordinate vector, M(q) is the inertia ma- a positive scalar function of Q

¯
i in the following qua-

trix of the system, which is symmetric and positive dratic form
definite, and K is the constant symmetric stiffness
matrix. In the derivation of M(q) and K in equations
(10) and (11), we need to expand Mi , Mp and Ki into
square matrices of dimension 2N 1 1. The detailed
process has been given in ref. 24. Using the well dq(Q

¯
i) 5 On

i51
Q
¯

T
i 3

s1
i m12

i m13
i m14

i

m12
i s 2

i m23
i m24

i

m13
i m23

i s 3
i m34

i

m14
i m24

i m34
i s 4

i

4Q
¯

i (18)
known Lagrange-Euler Equation

d
dt SL

q
.D2

L

q
5 T (12)

where, as stated above, q1 5 q2 5 0, and mik
i and s j

i

are given by
where T is the generalized force vector and L 5 Ek

2 Ep is the Lagrangian, we have the following dy- mjk
i 5 r El

0
cj(xi) ck(xi) dxinamic equation

s j
i 5 r Ei

0
c2

j (xi) dxiM(q)q
..

1 C(q, q
.
)q
.

1 Kq 5 bt (13)

i 5 1, 2, ? ? ? , N
where t [ R, b 5 [1 0 ? ? ? 0]T [ R2N11 and the jkth

j, k 5 1, 2, 3, 4 and j , kelement, cjk , of matrix C(q, q
.
) is given by

Such a structure of M(q) is very attractive in helping
us to achieve on-line computation of M21, as willcjk 5 O2N11

i51

1
2 Smkj

ui
1

mki

uj
2

mij

uk
D u

.
i (14)

be shown in Appendix A. Subsequently, C(q, q
.
) has

nonzero elements only in its first row and its first
with mij denotes the ijth element of M(q), and u1 5 u, column.
u2 5 q3 , . . . , u2N11 5 q2N12 . It is easy to check that
such a C(q, q

.
) implies that M

.
(q) 2 2C(q, q

.
) is skew-

symmetric. By letting 3. CONTROLLER DESIGN

X 5 [qT q
. T]T In the nonlinear dynamic model obtained above, all

elements of the state vector have physical meanings
5 [u q3 ? ? ? q2N12 u

.
q
.

3 ? ? ? q
.

2N12]T [ R4N12

(hub rotation angle and its velocity, displacements
and rotations of nodes and their velocities), and can

the system can be expressed in state-space form as thus be measured or estimated. For example, some
LEDs can be mounted at the nodes of the beam, and

X
.

5 AX 1 Bt (15) the vision positioning system introduced in ref. 26,
constructed by using a CCD camera overseeing the
whole working-space, can be utilized to detect thewhere



170 • Journal of Robotic Systems—1997

position of the nodes. Then, the rotations of the nodes
can be approximated from the displacements feed- DA 5 3 0 0

2M21
D K 2M21C4, DB 5 3 0

M21
D b4back, and the velocity signals can be estimated from

position signals by the backward-difference operator.
Obviously, the accuracy of the estimation of nodes’ The system can then be described as
rotations can be improved when the beam is divided
into more elements. The system parameters can be X

.
(t) 5 [A0 1 DA]X(t) 1 [B0 1 DB]t (20)

measured or calculated. Therefore, in the article, we
make the following assumptions: where (A0 , B0) is controllable. When the beam is at

the equilibrium position and under nominal payload,
A1: All the states are obtainable for feedback con- DA and DB are all null matrices. The system has been

trol either by direct measurement or by esti- transformed into a combination of linear and nonlin-
mation. ear parts. This is a common practice in controller

A2: All the system parameters, such as Ih , L, EI, design for nonlinear systems. A similar partition of
r, and payload, etc., are given for control- M is used in Appendix A for efficient computation
ler design. of M21, in which M 5 M

¯
0 1 DM

¯
with DM

¯
5 DM udm5m ,

i.e., the M
¯

0 corresponds to the beam at the equilibrium
From assumptions A1 and A2, we know that M(q), position and with 0 payload. From assumptions A1
C(q, q

.
), and K in (13), subsequently A and B in (15), and A2, A0 and B0 , DA, and DB are known as well.

are known. Let us decompose M into M 5 M0 1 DM, Motivated by the controller design for mis-
where M0 is the constant part (when the beam is at the matched systems given in ref. 25, a robust nonlinear
equilibrium position) of M under nominal payload states feedback controller achieving tip position con-
condition, and DM is the difference between M and trol is constructed here for system (20). Firstly, let
M0, and is of the form us briefly discuss the robust controller given in

ref. 25. Consider the uncertain dynamic system
described by

X
.
(t) 5 [A0 1 DA]X(t) 1 [B0 1 DB]u

DM 5 3
ddp 1 dq 0 ? ? ? 0 L ? dm 0

0 0 ? ? ? 0 0 0
.
.
.

.

.

.
.
.
.

.

.

.
.
.
.

L ? dm 0 ? ? ? 0 dm 0

0 0 ? ? ? 0 0 0

4 (19)
where A0 and B0 are the nominal parts of the system,
and DA and DB are unknown uncertainties of the
system but with known upper bounds, and can be
decomposed into matched parts and mismatched
parts. The control law given in ref. 25 is

where dm 5 m 2 m0 , m is the actual tip payload and
m0 is its nominal value, ddp 5 dm ? L2 1 dm ? y2

tip with u 5 FX 1 p«(X) (21)
ytip 5 q2N11 and dq $ 0 given in (18). Because M is
always symmetric and positive definite, M0 is of

where F is designed such that A
¯

5 A0 1 B0F is asymp-course symmetric and positive definite. Then, M21

totically stable, and p«(X) is a nonlinear function ofcan be written as M21 5 M21
0 1 M21

D (note: M21
D is the

the bounds of the matched uncertainties, which, indifference between M21 and M21
0 but not the inverse

practice, are usually hard to know exactly. For a givenof DM). Accordingly, A and B can be divided into
symmetric and positive definite matrix Q, solve forthe nominal static parts A0 , B0 , and the changing parts
P from the Lyapunov EquationDA and DB as follows

PA
¯

1 A
¯

TP 5 2Q (22)A 5 A0 1 DA

B 5 B0 1 DB
It has been proven25 that the system’s mismatched
uncertainties must be covered by the following mis-where
matched threshold

A0 5 3 0 I

2M21
0 K 04, B0 5 3 0

M21
0 b4 M* 5

lmin(Q)
2lmax(P)

(23)
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to assure the Practical Stability25 of the system. When V
.
(X) 5 2XTP[(A

¯
X 1 (DA 1 DBF)X 1 Bp«(X)]

F is independent of P, M* has its maximum when
5 2XTQX 1 2XT P[(DA 1 DBF)X 1 Bp«(X)] (29)Q 5 I.

Under assumptions A1 and A2, A and B, DA, and
DB are all known. A nonlinear feedback controller

When iBT PXi2 $ «, we havecan then be constructed using DA and DB themselves,
instead of the hard-to-know upper bounds of the
matched uncertainties. Suppose the control torque V

.
(X) 5 2XTQX (30)

signal has the same form as (21), i.e.,

t(X, t) 5 FX 1 r«(X) (24) which is negative definite, and when iBTPXi2 , «,
we have

where F is selected as stated above, i.e., to ensure that
A
¯

5 A0 1 B0F is asymptotically stable around the
equilibrium position, and p«(X) is a nonlinear states V

.
(X) 5 2XTQX 1 2XT P(DA 1 DBF)X 2 2

iBT PXi2

«feedback expressed in terms of DA and DB explicitly,
as will be shown later. XT P(DA 1 DBF)X

Substituting (24) into system (20), we have the
closed-loop dynamic equation as

5 2XT QX 1 2S1 2
iBT PXi2

«
DXT P(DA 1 DBF)X

X
.

5 A
¯

X 1 (DA 1 DBF)X 1 Bp«(X) (25)
# 2lmin(Q))iXi2 1 2lmax(P)iXi2iDA 1 DBFi

The closed-loop stability of the system is stated in
the theorem below.

From (27), i.e., 2lmax(P)iDA 1 DBFi , lmin(Q), we have
V
.
(X) , 0. Thus, with p«(X) given in (26) and under

Theorem: The closed-loop system (25) is asymptotically the inequality (27), the closed-loop system is asymp-
stable if, for « . 0, p«(X) is designed as totically stable. n

p«(X) Obviously, it is desirable to maximize the mis-
matched threshold, M* in (27) for a robust controller.
In ref. 25, it was mentioned that M* has its maximum

5 52
BTPX

iBTPXi2 XT P(DA 1 DBF)X when iBT PXi2 $ «

2
BTPX

«
XT P(DA 1 DBF)X when iBT PXi2 , «

when Q 5 I. Actually, it is easy to show that Q 5 aI
(a . 0) will give the same maximum value of M*.
However, it should be pointed out that this is valid
only when F is independent of P. If F is selected to(26)
be a function of P, such as F 5 2AsR21 BT

0P as suggested
in ref. 25, then the Lyapunov Equation (22) becomesand when iBTPXi2 , «, the changing parts of the system,
the following Riccati EquationDA and DB, satisfy the following inequality

AT
0P 1 P A0 2 PB0R21BT

0P 1 Q 5 0 (31)iDA 1 DBFi ,
lmin(Q)
2lmax(P)

5 M* (27)

where PT 5 P . 0 is the solution of the Lyapunov Equa- Using the example in ref. 25, in which the nominal
tion (22). parts of the system were chosen as

Proof: Select the Lyapunov Candidate as

(A0 , B0) 5 SF0 1

1 0
G F0

3
GD (32)V(X) 5 XT PX (28)

The derivative of V(X) along the closed-loop dynamic
equation (25) is given by and R 5 2, solving (31) with Q 5 aI(a . 0), we found
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plies that a controller based on a comparatively rough
model is used to control a more accurate model. The
system parameters are given such values as: L 5
1.0 m, Ih 5 0.05 Kg2, EI 5 2.0 Nm2, and r 5 0.1 kg/
m. The tip position is defined as Lu 1 ytip . The terminal
joint position is set to be u 5 f/2 rad. The small
positive scalar « is selected to be 0.01. The linear states
feedback matrix F is calculated by F 5 2AsR21 BT

0P as
in ref. 25 with R 5 1, Q 5 I, and P is the solution of
(31). From the numerical analysis in section 3, we
know what if F is dependent on P, the selection of
Q 5 I may not ensure the mismatched threshold M* to
be maximized. The simulations are presented here
only for illustration purpose.

First, the mass of the tip payload is assumed to
be exactly known. The simulation results for m 5 m0

5 0.1 kg and 0.5 kg are shown in Figure 4 and Figure
5, respectively. It can be seen that when the mass ofFigure 3. Mismatched threshold M* with Q 5 aI.
the payload is five times as heavy as the beam, the
controller still can assure rather fast convergence
speed.that M* increases with a as shown in Figure 3. There-

Then, unknown payload is considered to test thefore, when F is dependent on P, to obtain a proper
robustness of the controller in handing payload varia-M*, one should not only consider the bounds of the
tions. Indeed, the payload of a robot in practice issystem uncertainties, but also the acceptability of Q,
often unknown or undergoes unknown changes. Insince it affects the choice of P and subsequently the
this case, the system matrices for controller designfinal controller.
are obtained by just using the nominal payload. TheAs shown above, by using the FEM model, the
controller showed perfect robustness in handling therobust controller in ref. 25 has been changed into
changes in payload in the following simulations. Thea nonlinear states feedback controller (24), with
nominal payload m0 was chosen to be 0.1 kg, and thep«(X) given in (26). For the robust controller in ref.
actual payload m was first selected to be 0.2 kg, i.e.,25, the use of bounds of system’s uncertainties
double the nominal value, and then a heavier one m(which are usually difficult to know) may cause
5 0.5 kg. Figure 6 and Figure 7 show the comparisonthe control signal to be unnecessarily large, while,
of tip deflections and tip positions between the knownfor our nonlinear feedback controller, the direct use
payload case and the unknown payload case. Oneof system matrices can be expected to generate a
can see that the results when m is known and whensmoother control torque. To implement the nonlin-
it is unknown are very close. Furthermore, to showear feedback controller, we need to find an efficient
the comparison results clearly, the errors of tip de-way to calculate DA, DB, and B on-line. By checking
flections and of tip positions are given in Figure 8 and(16), one can find that most of the computation
Figure 9. It can be seen that the proposed nonlinearis for obtaining the inverse of the system inertia
feedback controller is very robust to payload varia-matrix M. For this, an efficient algorithm is devel-
tions, and the controller obtained from the nominaloped in Appendix A to achieve on-line computation
payload is able to handle the payload changes in aof M21.
rather large range.

4. NUMERICAL SIMULATIONS 5. CONCLUSION

In this article, we discussed the modeling of a one-Numerical simulations have been carried out to verify
the effectiveness of the nonlinear feedback controller. link flexible manipulator using the finite element

method (FEM), and a nonlinear dynamic modelTo obtain more persuasive results, the plant is ob-
tained with six elements, i.e., N 5 6, and the controller was obtained. The nonlinearity is introduced by the

fact that the inertial matrix M has its first elementis designed based on a two-element model. This im-



Ge, Lee, and Zhu: A Nonlinear Feedback Controller • 173

Figure 4. Control performance when m 5 m0 5 0.1 kg (the weight of beam).

m11 as a function of the generalized coordinates of feedback controller was constructed for the flexible
robot system. To realize the controller, an efficientthe system. The controller presented in ref. 25 was

also briefly discussed, and problems existing in algorithm was developed to achieve on-line compu-
tation of M21. Intensive numerical simulation resultsmaximizing the mismatched threshold M* was ana-

lyzed numerically as well. Motivated by the work were given to show that the controller works well
presented in ref. 25, an effective nonlinear states and is very robust to payload variations.
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Figure 5. Control performance when m 5 m0 5 0.5 kg (5 times the weight of beam).

APPENDIX A: ON-LINE COMPUTATION OF M21 time-consuming, especially when the size of the
matrix is large. A fast computation method to com-

The main difficulty in realizing the controller intro- pute M21 is given below by using the following
duced in section 3 is that we must be able to obtain Matrix Inverse Lemma.system matrices DA, DB, and B on-line to implement
t. Most of the computation is for obtaining the

Matrix Inverse Lemma: Let A, C, and C21 1 DA21 Binverse of the system inertia matrix M21. In general,
be nonsingular square matrices, thencomputation of the inverse of a matrix is very
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Figure 6. Control performance when m 5 2m0 5 0.2 kg (twice the weight of beam).

Figure 7. Control performance when m 5 5m0 5 0.5 kg (5 times the weight of beam).
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Figure 8. Error between known and unknown payload cases when m 5 2m0 5 0.2 kg.

Figure 9. Error between known and unknown payload cases when m 5 5m0 5 0.5 kg.
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(A 1 BCD)21 5 A21 2 A21 B(C21 1 DA21B)21 DA21 Obviously G(q, m) is symmetric and positive definite
as well. When m 5 0, i.e., the no payload case, we(33)
have M21 5 G(q, 0). Simarly, taking M

¯
0 1 d1 ? dT

1 as
Proof: Multiplying both sides by A 1 BCD, the identity the matrix A in the lemma, we have
can be verified.

To use the above lemma in our computation, we M21 5 [(M
¯

0 1 d1 ? dT
1) 1 d2 ? m ? dT

2 ]21

first decompose M as

5 G 2 Gd2S1
m

1 dT
2 Gd2D21

dT
2 G (36)

M 5 M
¯

0 1 DM
¯

(34)

where M
¯

0 is the constant part corresponding to the Noting that 1/m 1 dT
2Gd2 is actually a scalar, M21 can

beam at the equilibrium position and with zero pay- be further written into the following form
load, and DM

¯
is the difference between M and M

¯
0 .

Thus, M
¯

0 is symmetric and positive definite, and DM
¯

M21 5 G(q, m) 2
m

1 1 mdT
2 G(q, m)d2

G(q, m)d2dT
2 G(q, m)can be written as

(37)

which is well-defined for any generalized coordinate
vector q and payload m. Because M

¯
0 is the constant

part of M, M
¯

21
0 can be calculated off-line, and from

DM
¯

5 3
dp 1 dq 0 ? ? ? 0 L ? m 0

0 0 ? ? ? 0 0 0
.
.
.

.

.

.
.
.
.

.

.

.
.
.
.

L ? m 0 ? ? ? 0 m 0

0 0 ? ? ? 0 0 0

4 (35) (37), one can see that no matrix inverse is needed in
on-line computation, thus the amount of computation
is greatly reduced.
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