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In this paper, adaptive neural network (NN) control is investigated for a class of single-input single-output (SISO)
discrete-time unknown non-linear systems with general relative degree in the presence of bounded disturbances. Firstly,
the systems are transformed into a causal state space description, adaptive state feedback NN control is presented based
on Lyapunov’s stability theory. Then, by converting the systems into a causal input–output representation, adaptive
output feedback NN control is given. Finally, adaptive NN observer design and observer-based adaptive control are
presented under the assumption of persistent excitation (PE). All the control schemes avoid the so-called controller
singularity problem in adaptive control. By suitably choosing the design parameters, the closed-loop systems are proven
to be semi-globally uniformly ultimately bounded (SGUUB). Simulation studies show the effectiveness of the newly
proposed schemes.

1. Introduction

In recent years, control system design for systems
with complex non-linear dynamics has attracted an
ever increasing attention in the control community.
Many remarkable results have been obtained owing to
the advances in geometric non-linear control theory,
especially feedback linearization techniques (Marino
and Tomei 1995), Lyapunov design (Slotine and Li
1991) and NN control (Ge et al. 1998). Both state
feedback and output feedback linearization methods
have been studied in the literature. A general form of
control structure of adaptive feedback linearization is
u ¼ N̂NðxÞ=D̂DðxÞ, where D̂DðxÞ must be bounded away
from zero to avoid the possible controller singularity
problem (Yesidirek and Lewis 1995). The approach is
only applicable to the class of systems whose dynam-
ics are linear-in-the-parameters and satisfy the so-
called matching conditions. The matching condition
was relaxed to the extended matching condition in
Kanellakopoulos et al. (1991 b) and Campion and
Bastin (1990), and the extended matching barrier was
broken in Kanellakopoulos et al. (1991 a) by using adap-
tive backstepping (Kanellakopoulos 1991, Krstic et al.
1995, Ge et al. 2002).

The design methodologies for both continuous-time
systems and discrete-time systems are very different.
Similar formulations in continuous-time and discrete-
time domains may describe two totally different systems.
Many properties in continuous-time domain may disap-
pear in discrete-time domain, and vice versa. The same
concepts in continuous-time and discrete-time domains
may have different meanings. For example, the relative
degrees defined for continuous-time and discrete-time

systems have totally different physical explanations

(Cabrera and Narendra 1999). As a consequence, results

obtained in continuous-time domain may not be obtain-

able at all in discrete-time domain. Therefore, it is

necessary to investigate them separately. Adaptive con-

trol of discrete-time systems using input–output data is

of great interest owing to the wide application of digital

computers. In the study of non-linear discrete-time con-

trol, one of the most popular representations is the

NARMAX (non-linear auto regressive moving average

with exogenous inputs) model (Leontaritis and Billings

1985). As only input and output sequences appear in the

NARMAX model, it is straightforward to use approx-

imation based methods to construct the ‘inverse’ of the

system to emulate the desired control input, which can

then drive the system output to the desired trajectory.

For non-linear systems in discrete-time, linear con-

trol theory is of little use. As such, adaptive robust con-

trol schemes have been investigated by many researchers

(Baras and Patel 1998, Zhang et al. 2000, Zhao and

Kanellakopoulos 2002). In Baras and Patel (1998),

robust control was given for a class of ‘set-valued’

discrete-time dynamical systems subject to persistent

bounded noises. In Zhang et al. (2000), by using the

backstepping procedures with parameter projection

update laws, robust adaptive control was designed for

systems with the a priori range of unknown time-varying

parameters. In Zhao and Kanellakopoulos (2002), a sys-

tematic design method was given for global stabilization

and tracking of discrete-time output feedback non-linear

systems with unknown parameters. Most of the schemes

require the structures of the system models to be known.

In this research, approximation based control is pre-

sented for unknown non-linear systems because of the

difficulty in obtaining realistic models for complex

systems in practice. Compared with robust adaptive

control schemes, the universal approximate ability of a

neural network makes it one of the best and attractive
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alternatives in discrete-time control though using neural
networks may raise the complexity of computing. This is
especially true when the model of the system is unknown
or impossible to obtain.

In the past several years, active research has been
carried out in neural network control. It has been pro-
ven that artificial neural networks can approximate a
wide range of non-linear functions to any desired degree
of accuracy under certain conditions. Recently, several
excellent NN control approaches have been proposed
based on Lyapunov’s stability theory, such as Lewis
et al. (1995, 1996), Yesidirek and Lewis (1995),
Polycarpou (1996), Ge et al. (1999, 2002), Seshagiri
and Khalil (1999), among others. One main advantage
of these schemes is that the adaptive laws are derived
based on Lyapunov synthesis and therefore guarantee
the stability of continuous-time systems without the
requirement for off-line training. All the works men-
tioned above deal with static neural networks (feed-for-
ward networks). Recently, the study of dynamic neural
networks (recurrent networks) in identification and con-
trol also attracted much attention in the control com-
munity. The most successful one may be the work of
Poznyak et al. (1999), in which an on-line learning
dynamic NN identifier was combined with an optimal
controller to solve the trajectory tracking problem for
non-linear continuous-time systems.

There are fewer analytical mathematical tools in
the discrete-time domain than in the continuous-time
domain. Thus, an easy problem in continuous-time
may become difficult in discrete-time. This may be one
of the reasons that NN control for non-linear systems in
discrete-time is less studied than that for non-linear
systems in continuous-time in the literature. Neverthe-
less, owing to its universal function approximation
ability, NN control is drawing more attention to
discrete-time output feedback control (Chen and
Khalil 1995, Jagannathan and Lewis 1996, Adetona et
al. 2000, Dabroom and Khalil 2002) among others. In
Chen and Khalil (1995), multi-layer NNs were used to
control a class of discrete-time non-linear systems with
general relative degree through back propagation. To
provide a good starting point for on-line adaptive con-
trol, off-line training was needed. The convergence
results are local with respect to the initial parameters.
In Jagannathan and Lewis (1996), NN control was
studied for a class of discrete-time non-linear systems
with relative degree 1. The controller singularity prob-
lem was excellently solved but not avoided completely.
The existence of reversibility or invertibility of non-
linear discrete-time systems studied in Fliess (1992)
inspires us to search for stable adaptive NN control
for discrete-time non-linear systems. In this paper,
both state and output feedback adaptive NN controllers
are presented for a class of unknown SISO discrete-time

non-linear systems with general relative degree under
external disturbances using high-order neural networks
(HONNs). The controllers not only guarantee that the
overall system is semi-globally uniformly ultimately
bounded without the requirement for persistent excita-
tion, but also avoid the controller singularity problem
completely as in Ge et al. (2002).

When the states are not available for feedback con-
trol, observers are frequently used to reconstruct the
states. Non-linear discrete-time observers have been dis-
cussed in the literature (e.g. Moraal and Grizzle 1995,
Dabroom and Khalil 2001). In Dabroom and Khalil
(2001), a high gain observer was firstly designed in con-
tinuous time domain, then it was discretized and imple-
mented for state estimation in a sampled-data control
problem. In Moraal and Grizzle (1995), novel observers
(different from Luenberger ones) for non-linear discrete-
time systems were constructed by solving sets of non-
linear equations simultaneously. Research on control
system design based on this discrete-time observer is
still yet to be investigated. As an additional contribution
in this paper, an adaptive NN observer is firstly con-
structed which guarantees the estimated states of the
unknown system converge to a small neighbourhood
of the system states under persistent exciting (PE) con-
dition (Sadegh 1993), then observer-based adaptive NN
control is presented for completeness.

The paper is organized as follows. Section 2 presents
the dynamics of the systems and the preliminaries. In } 3,
adaptive NN control is proposed when full states are
measurable. In } 4, output feedback adaptive NN con-
trol is presented. In } 5, novel NN observer design and
observer-based control are presented under the assump-
tion of PE. Finally, simulation results are given in } 6 to
show the effectiveness of the schemes.

2. System description and preliminaries

2.1. Input–output model description

Consider the SISO non-linear discrete-time system in
the NARMAX form

ykþ1 ¼ foðyk; . . . ; yk�nþ1; uk�� ; . . . ; uk���mþ1Þ

þ goðyk; . . . ; yk�nþ1; uk�� ; . . . ; uk���mþ1Þuk��þ1

þ dk ð1Þ

where m � n, y 2 R is the measured output, u 2 R is the
input, dk denotes the external disturbance bounded by a
known constant d0 > 0, i.e. jdkj � d0, � is the system
delay which satisfies 1 � � � n (� is also called the rela-
tive degree of the system), and foð	Þ and goð	Þ are
unknown smooth non-linear functions.

The relative degree for discrete-time systems was
well defined and explained in Cabrera and Narendra
(1999), which is much different from the counterpart
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in continuous-time. For a system of relative degree 1,
the controller design procedure is causal and simple,
because the control input uk appears explicitly on the
right side of equation (1). However, for a system with
relative degree larger than 1, we cannot obtain control
uk directly from equation (1) because uk does not appear
in the equation explicitly.

Moving forward ð� � 1Þ steps, equation (1) becomes

yðkþ �Þ ¼ foðykþ��1; . . . ; ykþ��n; uk�1; . . . ; uk�mÞ

þ goðykþ��1; . . . ; ykþ��n; uk�1; . . . ; uk�mÞuk
þ dkþ��1 ð2Þ

where uk appears explicitly. But we still have difficulty in
designing uk because of the existence of future outputs
ykþ1; . . . ; ykþ��1, which are unavailable for feedback. By
carefully examining equations (1) and (2), it can be seen
that control input uk only affects future output ykþ� and
those beyond, and has no influence on the intermediate
future outputs ykþ1; . . . ; ykþ��1. When the external dis-
turbance dkþ��1 is ignored, there will be no non-causal
problem to predict the future outputs on the right-hand
side of equation (2) if fo and go are known.

Definition 1: The future output of a discrete-time
control system is said semi-determined future output
(SDFO) at time instant k, if it can be determined
based on the available system information up to time
instant k and controls up to time instant k� 1 under
the assumption that the dynamics of the plant and the
disturbance are known.

For example, ykþ1 is a semi-determined future out-
put because it can be predicted from equation (2) if fo, go
and dk are known. Actually, ykþ1; . . . ; ykþ��1 are all
SDFOs. Further explanation can be found in } 4.

2.2. State space model description

For convenience of analysis, define system states
xðkÞ ¼ ½x1ðkÞ; . . . ; xnðkÞ�T as

xiðkÞ ¼ yðk� n� 1 þ � þ iÞ i ¼ 1; 2; . . . ; n

and rewrite (2) in state space description

xiðkþ 1Þ ¼ xiþ1ðkÞ i ¼ 1; 2; . . . ; n� 1

xnðkþ 1Þ ¼ f ðxðkÞ; �k�1ðkÞÞ þ gðxðkÞ; �k�1ðkÞÞuk
þ dkþ��1

yk ¼ xn��þ1ðkÞ

9>>>>>=
>>>>>;
ð3Þ

where xðkÞ 2 Rn, and

�k�1ðkÞ ¼ ½uk�1; . . . ; uk�m�T 2 Rm

f ðxðkÞ; �k�1ðkÞÞ ¼ foðykþ��1; . . . ; ykþ��n; uk�1; . . . ; uk�mÞ

gðxðkÞ; �k�1ðkÞÞ ¼ goðykþ��1; . . . ; ykþ��n; uk�1; . . . ; uk�mÞ

For clarity, define

f ðkÞ ¼ f ðxðkÞ; �k�1ðkÞÞ

gðkÞ ¼ gðxðkÞ; �k�1ðkÞÞ

which are functions of states xðkÞ and all past control
inputs from uk�1 up to the most delayed input uk�m on
the right-hand side of (2).

Assumption 1: The sign of gðkÞ is known and there ex-
ist two constants g0; g1 > 0 such that g0 � jgðkÞj � g1,
8xðkÞ 2 O  Rn and 8uk 2 Ou  R.

Without losing generality, we shall assume that gðkÞ
is positive in the following discussion.

The control objective is to drive the system output yk
to follow a desired trajectory ydðkÞ 2 Oy  R. Define
vector xdðkÞ as the desired system states

xdðkÞ ¼ ½ydðkþ � � nÞ; . . . ; ydðkÞ; . . . ; ydðkþ � � 1Þ�T

Assumption 2: ydðkÞ is smooth and known, and
xd 2 Od with Od being a connected small subset of O.

Define error vector eðkÞ as

eðkÞ ¼ xðkÞ � xdðkÞ ¼ ½e1ðkÞ; e2ðkÞ; . . . ; enðkÞ�T

Then the error equation of eðkÞ can be written as

eiðkþ 1Þ ¼ eiþ1ðkÞ; i ¼ 1; 2; . . . ; n� 1

enðkþ 1Þ ¼ f ðkÞ þ gðkÞuk þ dkþ��1 � ydðkþ �Þ

)
ð4Þ

Define the one-step open-loop tracking error ef ðkÞ and
one-step open-loop speed error veðkÞ as

ef ðkÞ ¼ enðkþ 1Þ
���
uk¼0

ð5Þ

veðkÞ ¼ ef ðkÞ � enðkÞ ð6Þ

Assumption 3: ð1=g0Þjef ðkÞj 2 Of  Ou, ð1=g0ÞjveðkÞj 2
Of , 8xðkÞ 2 O and 8uk 2 Ou.

Assumption 3 is reasonable for many physical
systems because the states of a physical system cannot
change too fast within a small time interval in open-loop
due to the ‘inertia’ of the systems.

Since Assumptions 2 and 3 are only valid on the
compact sets O and Ou, it is necessary to guarantee
that the system’s states and the control signal remain
in O and Ou 8k � 0 respectively. We will design an
adaptive control uk for system (3) which makes system
output yk follow the desired trajectory ydðkÞ, and
simultaneously guarantees xðkÞ 2 O; uk 2 Ou 8k > 0 for
xð0Þ 2 O.
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Definition 2: The solution of (4) is semi-globally uni-
formly ultimately bounded (SGUUB), if for any O, a
compact subset of Rn and all xðk0Þ ¼ x0 2 O, there
exist an � > 0, and a number Nð�; x0Þ such that
keðkÞk < � for all k � k0 þN.

Definition 3: The sequence SðkÞ is said to be persis-
tently exciting (PE) if there is a constant ��� > 0 and in-
teger L > 0 such that

�min

Xk0þL�1

k¼k0

SðkÞSTðkÞ
" #

� ���; 8k0 � 0 ð7Þ

where �minðMÞ denotes the smallest eigenvalue of M
(Sadegh 1993).

Lemma 1: Consider the linear time varying discrete-
time system

xðkþ 1Þ ¼ AðkÞxðkÞ þ uk; yk ¼ xðkÞ ð8Þ
Let Fðk1; k0Þ be the state transition matrix corresponding
to AðkÞ for system (8), i.e. Fðk1; k0Þ ¼

Qk1�1
k¼k0

AðkÞ.
If kAðkÞk2 is strictly less than 1 (implies
kFðk1; k0Þk2 < 1), then xðkþ 1Þ is bounded for bounded
control input uðkÞ.

2.3. High-order neural network and function
approximation

For function approximation, different neural net-
works can be used. They include high-order neural net-
works (HONN) and radial basis function (RBF) neural
networks. In this paper, for closed-loop stability, we
need the basis function of the neural networks to be
less than 1. Therefore, let us consider the following
high-order neural networks which satisfies the above
condition (Kosmatopoulos et al. 1995)

	ðW ; zÞ ¼ WTSðzÞ; W and SðzÞ 2 Rl

SðzÞ ¼ ½s1ðzÞ; s2ðzÞ; . . . ; slðzÞ�T ð9Þ

siðzÞ ¼
Y
j2Ii

½sðzjÞ�djðiÞ; i ¼ 1; 2; . . . ; l ð10Þ

where z ¼ ½z1; z2; . . . ; zq�T 2 Oz  Rq; positive integer l
denotes the NN node number; fI1; I2; . . . ; Ilg is a collec-
tion of l not-ordered subsets of f1; 2; . . . ; qg and djðiÞ are
non-negative integers; W is an adjustable synaptic
weight vector; sðzjÞ is chosen as a hyperbolic tangent
function

sðzjÞ ¼
ezj � e�zj

ezj þ e�zj

It has been shown in Kosmatopoulos et al. (1995) that
neural network WTSðzÞ satisfies the conditions of the
Stone–Weierstrass theorem and can approximate any
continuous function to any desired accuracy over a
compact set. Because the non-linearity u	ðzÞ in desired

feedback control input (14) is a smooth function on Oz,
for an arbitrary constant 
0 > 0, there exist an integer
l	 and an ideal constant weight vector W	, such that for
all l � l	

u	ðzÞ ¼ W	T
SðzÞ þ 
z; 8z 2 Oz ð11Þ

where 
z is called the NN approximation error satisfy-
ing j
zj � 
0 and

W	 :¼ arg min
W2Rl

fsup
z2Oz

jWTSðzÞ � u	ðzÞjg

The NN approximation error is a critical quantity,
representing the minimum possible deviation of the
ideal approximator W	T

SðzÞ from the unknown ideal
control u	ðzðkÞÞ. The NN approximation error can be
reduced by increasing the number of the adjustable
weights. Universal approximation results for neural net-
works (Gupta and Rao 1994) indicate that, if NN node
number l is sufficiently large, then j
zj can be made
arbitrarily small on a compact region.

3. State feedback adaptive control

3.1. Desired state feedback control

Assuming that states xðkÞ are measurable, non-linear
functions f ðkÞ and gðkÞ are known exactly, and there is
no disturbance in the system, i.e. dk ¼ 0, we present a
desired control, u	k, such that the output yk follows the
desired trajectory ydðkÞ asymptotically.

The following lemma establishes the existence of the
ideal control, u	k, which brings the output of the system
to the desired trajectory.

Lemma 2: Consider system ð3Þ with Assumptions 1–3
satisfied and dk ¼ 0. If the desired control input is cho-
sen as

u	k ¼ � 1

gðkÞ f ðkÞ � ydðkþ �Þ � kv
gðkÞ
g1

enðkÞ
� 

ð12Þ

where 0 � kv < 1 is a design parameter, then
limk!1 keðkÞk ¼ 0.

Proof: From equation (4) and the definition of ef ðkÞ
in (5), we obtain

ef ðkÞ ¼ f ðkÞ � ydðkþ �Þ

Accordingly, we have

ju	kj ¼
1

gðkÞ

���� f ðkÞ � ydðkþ �Þ � kv
gðkÞ
g1

enðkÞ
����

¼ 1

gðkÞ

����ef ðkÞ � kv
gðkÞ
g1

enðkÞ
����

¼ 1

gðkÞ

����hef ðkÞ � kv
gðkÞ
g1

enðkÞ
i
sgnðenðkÞÞ

����

Adaptive NN control for non-linear systems 337



Based on Assumption 1 and the condition that
0 � kv < 1, it is obvious that

0 � kv
gðkÞ
g1

< 1

To prove u	k 2 Of , let us consider the following three
cases:

(i) If sgnðef ðkÞÞ ¼ sgnðenðkÞÞ and jef ðkÞj �
kvðgðkÞ=g1ÞjenðkÞj, then

ju	kj ¼
1

gðkÞ

����jef ðkÞj � kv
gðkÞ
g1

jenðkÞj
����

� 1

gðkÞ jef ðkÞj

From Assumption 3, we conclude that u	k 2 Of

for this case.
(ii) If sgnðef ðkÞÞ ¼ sgnðenðkÞÞ and jef ðkÞj <

kvðgðkÞ=g1ÞjenðkÞj, then

ju	kj ¼
1

gðkÞ

����jef ðkÞj � kv
gðkÞ
g1

jenðkÞj
����

¼ 1

gðkÞ

����kv gðkÞg1

jenðkÞj � jef ðkÞj
����

<
1

gðkÞ

����jenðkÞj � jef ðkÞj
����

� 1

gðkÞ jenðkÞ � ef ðkÞj

¼ 1

gðkÞ jveðkÞj

From Assumption 3, we conclude that u	k 2 Of

for this case.
(iii) If sgnðef ðkÞÞ ¼ �sgnðenðkÞÞ, then

ju	kj ¼
1

gðkÞ

����� jef ðkÞj � kv
gðkÞ
g1

jenðkÞj
����

¼ 1

gðkÞ

����jef ðkÞj þ kv
gðkÞ
g1

jenðkÞj
����

<
1

gðkÞ jjef ðkÞj þ jenðkÞjj

¼ 1

gðkÞ

����� sgnðenðkÞÞef ðkÞ þ sgnðenðkÞÞenðkÞ
����

¼ 1

gðkÞ jenðkÞ � ef ðkÞj

¼ 1

gðkÞ jveðkÞj

From Assumption 3, we conclude that u	k 2 Of

for this case.

In summary, we conclude that u	k 2 Of .
Substituting the desired controller uk ¼ u	k into (4)

and noting that dk ¼ 0, we have

enðkþ 1Þ ¼ kv
gðkÞ
g1

enðkÞ ð13Þ

Since jkvðgðkÞ=g1Þj is always less than 1, then

jenðkþ 1Þj < jenðkÞj

It is obvious that limk!1 kenðkÞk ¼ 0, which leads to
limk!1 keðkÞk ¼ 0, because

e1ðkþ n� 1Þ ¼ e2ðkþ n� 2Þ ¼ � � � ¼ enðkÞ

This means that the system output yk will follow
the desired trajectory ydðkÞ asymptotically. Under
Assumption 2, xðkÞ will remain in O for all k > 0 if
xð0Þ 2 O and will be attracted into Od asymptotically
if xð0Þ is outside Od . Due to Of  Ou, u

	
k will remain

in Ou for all k > 0. &

Noting expression (12), the desired control input u	k
is a function of xðkÞ, �k�1ðkÞ, ydðkþ �Þ and enðkÞ, it can
be expressed as

u	k ¼ u	ðzðkÞÞ;

z ¼ ½xTðkÞ; ydðkþ �Þ; �T
k�1ðkÞ; kvenðkÞ�T 2 Oz  Rnþmþ2

)

ð14Þ

where the compact set Oz is defined as

Oz ¼
n
ðx; yd ; �k�1; kvenÞ

����k�1ðkÞ ¼ ½uk�1 . . . uk�m�T;

enðkÞ ¼ xnðkÞ � ydðkþ � � 1Þ; x 2 O;

yd 2 Oy; u 2 Ou

o
If non-linear functions f ðkÞ and gðkÞ are unknown,
u	ðzðkÞÞ is unavailable. In the following discussion,
neural networks will be used to approximate the
unknown function u	ðzðkÞÞ.

Remark 1: When kv ¼ 0 in (12), the controller is a
deadbeat controller because enðkÞ ¼ 0 is achieved after
one step.

3.2. Adaptive state feedback control

In this section, state feedback NN adaptive control is
investigated. For convenience of analysis, define the
variables

enðkÞ ¼ xnðkÞ � ydðkþ � � 1Þ

zðkÞ ¼ ½x1ðkÞ; . . . ; xn��þ1ðkÞ; xn��þ2ðkÞ; . . . ; xnðkÞ;

ydðkþ �Þ; �T
k�1ðkÞ; kvenðkÞ�T ð15Þ

The adaptive NN controller is given by

338 S. S. Ge et al.



uk ¼ ŴWTSðzðkÞÞ ð16Þ

ŴWðkþ 1Þ ¼ ŴWðkÞ � G SðzðkÞÞenðkþ 1Þ þ �ŴWðkÞ
� �

ð17Þ

where adaptation diagonal gain matrix G ¼ GT > 0 and
constant � > 0. In adaptive law (17), �-modification
(Ioannou and Sun 1995) is used to eliminate the require-
ment of PE condition for the boundedness of NN
weights.

Substituting controller (16) into (4), the error equa-
tion (4) can be re-written as

enðkþ 1Þ ¼ f ðkÞ � ydðkþ �Þ

þ gðkÞŴWTðkÞSðzðkÞÞ þ dkþ��1 ð18Þ

Adding and subtracting gðkÞu	ðzðkÞÞ on the right-hand
side of (18) and noting (11), we have

enðkþ 1Þ ¼ f ðkÞ � ydðkþ �Þ þ gðkÞ½ŴWTðkÞSðzðkÞÞ

�W	T
SðzðkÞÞ � 
z� þ gðkÞu	ðzðkÞÞ þ dkþ��1

ð19Þ

Substituting (12) into (19) leads to

enðkþ 1Þ ¼ gðkÞ
�
ŴWTðkÞSðzðkÞÞ �W	TðkÞSðzðkÞÞ

� 
z þ
kv
g1

enðkÞ

þ dkþ��1

¼ gðkÞ ~WWTðkÞSðzðkÞÞ � 
z þ
kv
g1

enðkÞ
� 

þ dkþ��1

ð20Þ

where ~WWðkÞ ¼ ŴWðkÞ �W	.
Since NN approximation (11), and Assumptions 1–3

are only valid on the compact sets O and Ou, it is necess-
ary to guarantee that the system’s states remain in O and
the control signal remains in Ou for all time.

Due to u	k 2 Of  Ou, there must exist two non-zero
compact sets Ow  Rl and Os  Rl such that for all
~WWðkÞ 2 Ow and SðkÞ 2 Os guarantee uk 2 Ou.

In the following theorem, we show that for appro-
priate initial conditions xð0Þ, ~WWð0Þ, and suitably chosen
design parameters, adaptive controller (16) and adaptive
law (17) guarantees xðkÞ 2 O; uk 2 Ou 8k � 0.

Theorem 1: Consider the closed-loop system consisting
of system ð3Þ, controller ð16Þ and adaptation law ð17Þ.
There exist compact sets O0  O, Ow0

 Ow and positive
constants �1; k

	
v ; l

	; 	 and �	 satisfying

�1 < 1; k	v ¼
2 � �1

3
;

	 ¼ 2 � �1 � 3k	v
2 þ g1l

	 and �	 ¼ 1

	 þ g1
	l	

9>>=
>>; ð21Þ

such that if

(i) Assumptions 1–3 are satisfied, the initial condition
xð0Þ 2 O0, ~WWð0Þ 2 Ow0

, and

(ii) the design parameters are suitably chosen such
that kv < k	v ; l > l	; � < �	, and  < 	, with 
being the largest eigenvalue of diagonal gain
matrix G,

then, the closed-loop system is SGUUB. The tracking
error can be made arbitrarily small by increasing the
approximation accuracy of the neural networks.

Proof: See Appendix A.1. &

4. Direct output feedback NN control

Considering the good estimation property of NN, it
may be feasible to search for a direct output feedback
NN controller which is easier to implement than the
state feedback NN controller.

For clarity, define

yðkÞ ¼ ½yk; yk�1; . . . ; yk�nþ1�T

uk�1ðkÞ ¼ ½uk�1; . . . ; uk���mþ1�T

dðkÞ ¼ ½dkþ��1; dkþ��2; . . . ; dk�T

zðkÞ ¼ ½yTðkÞ; uT
k�1ðkÞ�T 2 Oz  Rnþmþ��1

From equations (1) and (3), we obtain

xn��þ2ðkÞ ¼ ykþ1 ¼ foðyTðkÞ; �T
k�1ðk� � þ 1ÞÞ

þ goðyTðkÞ; �T
k�1ðk� � þ 1ÞÞ

uk��þ1 þ dk ð22Þ

It means that xn��þ2ðkÞ is a function of yðkÞ;
uk��þ1; . . . ; uk���mþ1 and dk. Though the right-hand
side of (22) does not contain all the elements of zðkÞ
and dðkÞ, for uniformity of presentation, define

xn��þ2ðkÞ ¼ ykþ1 ¼ F1ðzðkÞ; dðkÞÞ ð23Þ
Accordingly, we obtain the following equation from (1)
and (3)

xn��þ3ðkÞ ¼ ykþ2 ¼ foðyTðkþ 1Þ; �T
k�1ðk� � þ 2ÞÞ

þ goðyTðkþ 1Þ; �T
k�1ðk� � þ 2ÞÞ

� uk��þ2 þ dkþ1 ð24Þ

Substituting (23) into (24), xn��þ3ðkÞ can be represented
as a function of yðkÞ; uk��þ2; . . . ; uk���mþ1; dk and dkþ1.
Based on Definition 2, ykþ2 is a SDFO. Define

xn��þ3ðkÞ ¼ ykþ2 ¼ F2ðzðkÞ; dðkÞÞ ð25Þ
If we continue the iteration recursively, it is easy to
prove that xnðkÞ is a function of zðkÞ and dðkÞ described
as

xnðkÞ ¼ ykþ��1 ¼ F��1ðzðkÞ; dðkÞÞ ð26Þ

Adaptive NN control for non-linear systems 339



where F��1ð	Þ contains the full elements of zðkÞ and
dðkÞ. It is clear that ykþ��1 is also a SDFO because all
the elements of zðkÞ are available at time instant k. By
the mean value theorem (Apostol 1974), equation (26)
can be further written as

xnðkÞ ¼ F��1ðzðkÞ; 0Þ þ �ddðkÞ ð27Þ

where

�ddðkÞ ¼
�
@F��1

@d

����
dðkÞ¼�ðkÞ

�T

dðkÞ; �ðkÞ 2 Lð0; dðkÞÞ

and Lð0; dðkÞÞ is a line defined by

Lð0; dðkÞÞ ¼ f�ðkÞ j �ðkÞ ¼ �dðkÞ 0 < � < 1g

We may assume that �ddðkÞ is bounded by a known con-
stant �dd0 with j �ddðkÞj < �dd0 because F��1ð	Þ is a smooth
function, dðkÞ is bounded and @F=@d is evaluated on
a finite line L.

Substituting the predicted future outputs from (23)
to (26) for the predictable future outputs in equation (2),
we obtain

ykþ� ¼ F� ðzðkÞ; dðkÞÞ þ G� ðzðkÞ; dðkÞÞuk þ dkþ��1

where

F� ðzðkÞ; dðkÞÞ

¼ f0ðF��1ð	Þ; . . . ;F1ð	Þ; yk; . . . ; ykþ��n; uk�1; . . . ; uk�mÞ

G� ðzðkÞ; dðkÞÞ

¼ g0ðF��1ð	Þ; . . . ;F1ð	Þ; yk; . . . ; ykþ��n; uk�1; . . . ; uk�mÞ

The above equation can be express as Taylor’s formula
by mean value theorem as

ykþ� ¼ f� ðzðkÞÞ þ�1ðkÞ þ ½g� ðzðkÞÞ þ�2ðkÞ�uk þ dkþ��1

where

f� ðzðkÞÞ ¼ F� ðzðkÞ; 0Þ; g�ðzðkÞÞ ¼ G� ðzðkÞ; 0Þ

�1ðkÞ ¼
�
@F�

@d

����
dðkÞ¼�1ðkÞ

�T

dðkÞ; �1ðkÞ 2 Lð0; dðkÞÞ

�2ðkÞ ¼
�
@G�

@d

����
dðkÞ¼�2ðkÞ

�T

dðkÞ; �2ðkÞ 2 Lð0; dðkÞÞ

and Lð0; dðkÞÞ is a line defined by

Lð0; dðkÞÞ ¼ f�ðkÞ j �ðkÞ ¼ �dðkÞ; 0 < � < 1g

We can assume that �1ðkÞ and �2ðkÞ are bounded
by known constants �10, �20 with j�1ðkÞj < �10,
j�2ðkÞj < �20 because F�ð	Þ and G� ð	Þ are smooth,
and dk is bounded.

Define the tracking error as eyðkÞ ¼ yk � ydðkÞ. The
tracking error dynamics are

eyðkþ �Þ ¼ �ydðkþ �Þ þ f� ðzðkÞÞ þ�1ðkÞ

þ ½g� ðzðkÞÞ þ�2ðkÞ�uk þ dkþ��1 ð28Þ

Supposing that the non-linear functions f� ðzðkÞÞ and
g� ðzðkÞÞ are known exactly, and there is no disturbance,
i.e. dðkÞ ¼ 0, we present a desired deadbeat control, �uu	k,
such that the output yk follows the desired trajectory
ydðkÞ in deadbeat steps

�uu	k ¼
1

g� ðzðkÞÞ
ðydðkþ �Þ � f� ðzðkÞÞÞ ð29Þ

Substituting the desired control �uu	k into error equation
(28), and noting that dðkÞ ¼ 0, we obtain

eyðkþ �Þ ¼ 0

This means that after � steps eyðkÞ ¼ 0, therefore �uu	k is a
� steps deadbeat control. Under Assumption 3, we can
conclude that �uu	k 2 Of .

Accordingly, the desired control �uu	k can be expressed
as

�uu	k ¼ �uu	ð�zzðkÞÞ

�zzðkÞ ¼ ½zTðkÞ; ydðkþ �Þ�T 2 O�zz  Rnþmþ�

9=
; ð30Þ

where the compact set O�zz is defined as

O�zz ¼ fðyðkÞ; uk�1ðkÞ; ydðkÞÞjuk�1ðkÞ

¼ ½uk�1; . . . ; uk���mþ1�T;

yðkÞ ¼ ½yk; . . . ; yk�nþ1�T; y 2 Oy; yd 2 Oy; u 2 Oug

As mentioned in } 2.3, there exist an integer l	1 and
an ideal constant weight vector W	

1 , such that, for all
l1 � l	1

�uu	ð�zzÞ ¼ W	
1

T
Sð�zzÞ þ 
�zz; 8�zz 2 O�zz ð31Þ

where 
�zz is the NN estimation error satisfying j
�zzj < 
1.
If we choose the control as

uk ¼ ŴW1ðkÞSð�zzðkÞÞ ð32Þ

and the weight updating law as

ŴW1ðkþ 1Þ ¼ ŴW1ðk1Þ � G1½Sð�zzðk1ÞÞ

� ðykþ1 � ydðkþ 1ÞÞ þ �1ŴW1ðk1Þ� ð33Þ

where adaptation diagonal gain matrix G1 ¼ GT
1 > 0,

�1 > 0 and k1 ¼ k� � þ 1.
Since Oyd is a small subset of Oy, there must exist a

large enough compact set Oe  R, such that for any
eyðkÞ 2 Oe guarantees that yk 2 Oy.
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Control input (32) can be rewritten as

uk ¼ ð ~WW1ðkÞ þW	
1 ÞSð�zzðkÞÞ ¼ u	k þ ~WW1ðkÞSð�zzðkÞÞ

Since u	k 2 Of  Ou, there must exist a non-zero compact

set Ow1
 Rl1 such that for any ~WW1ðkÞ 2 Ow1

, uk 2 Ou is
guaranteed.

In the following theorem, we show that for appro-
priate initial conditions and suitably chosen design par-
ameters, adaptive controller (32) and adaptation law
(33) guarantee yk 2 Oy, uk 2 Ou 8k � 0.

Theorem 2: Consider the closed-loop system consisting
of system ð1Þ, controller ð32Þ and adaptation law ð33Þ.
There exist compact sets Oy0  Oy, Ow10

 Ow1
and

positive constants l	1 ; �
	
1 ; and �	

1 satisfying

�	1 ¼ 1

1 þ l	1 þ ðg1 þ�20Þl	1

�	
1 ¼

1

ð1 þ g1l
	
1 þ�20l

	
1Þ�	1

9>>>=
>>>;

ð34Þ

such that if

(i) Assumptions 1–3 are being satisfied, the initial
condition at time instant k0 is

yk0�i 2 Oy0; i ¼ 0; . . . ; n

uk0�i 2 Ou; i ¼ 1; . . . ; � þm

~WW1ðk0 � iÞ 2 Ow10
; i ¼ 1; . . . ; �

(ii) the predictable future outputs at time instant k0,
yk0þ1, . . . , yk0þ��1 are all in compact set Oy, and

(iii) the design parameters are suitably chosen such
that l1 > l	1 ; �1 < �	

1 and �1 < �	1 with �1 being
the largest eigenvalue of diagonal gain matrix G1,

then, the closed-loop system is SGUUB. The tracking
error can be made arbitrarily small by increasing the
approximation accuracy of the neural networks.

Proof: See Appendix A.2. &

5. HONN observer-based adaptive control

When states are not available for control, observer
design and observer-based control are frequently being
investigated as well. For completeness, they are also
investigated here. Suppose that only output yk ¼
xn��þ1ðkÞ is measurable and the rest of the ð� � 1Þ
states are not available for feedback, we need to re-
construct the states xn��þ2ðkÞ; . . . ; xnðkÞ in order to
implement the state feedback adaptive NN controller
presented in } 3.2.

Lemma 3: For bounded system output y and control in-
put u, consider the NN observer described by

x̂xiðkÞ ¼ x̂xiþ1ðk� 1Þ i ¼ 1; 2; . . . ; n� 1

x̂xnðkÞ ¼ ŴWoðkÞSðzðkÞÞ

ŴWoðkÞ ¼ ŴWoðk1Þ � GoSðzðk1ÞÞðx̂xn��þ1ðkÞ � ykÞ

k1 ¼ k� � þ 1

9>>>>>>>=
>>>>>>>;

ð35Þ

where SðzðkÞÞ defined by ð9Þ is PE, zðkÞ 2 Oz 
Rnþmþ��1, and adaptive positive gain matrix Go ¼
GT
o > 0 is diagonal. There exist a positive number k	 and

a small constant � such that, for all k > k	, the following
equations hold

x̂xiðkÞ � xiðkÞ � � i ¼ 1; 2; . . . ; n ð36Þ

Proof: According to the function approximation
property of a high-order NN, for any arbitrary con-
stant 
o0 > 0, there exist an integer l	o and an ideal
constant vector W	

o , such that for all lo > l	o , equation
(27) can be expressed as

xnðkÞ ¼ W	T
o SðzðkÞÞ þ 
z þ �ddðkÞ; 8z 2 Oz

where lo denotes the NN node numbers, and 
z is called
the NN approximation error satisfying j
zj � 
o0.
Equation (5) can then be rewritten as

xiðkÞ ¼ xiþ1ðk� 1Þ i ¼ 1; 2; . . . ; n� 1

xnðkÞ ¼ W	T
o SðzðkÞÞ þ 
z þ �ddðkÞ

9=
; ð37Þ

Subtracting equation (37) from equation (35) and
subtracting W	

o ðkÞ on both sides of the last equation
in (35), the state space error description of the ob-
server is

~xxiðkÞ ¼ ~xxiþ1ðk� 1Þ i ¼ 1; 2; . . . ; n� 1

~xxnðkÞ ¼ ~WWT
o ðkÞSðzðkÞÞ � 
z � �ddðkÞ

~WWoðkÞ ¼ ~WWoðk1Þ � GoSðzðk1ÞÞ~xxn��þ1ðkÞ

k1 ¼ k� � þ 1

9>>>>>>>=
>>>>>>>;

ð38Þ

where ~xxi ¼ x̂xi � xi, i ¼ 1; 2; . . . ; n are the state estima-
tion errors, and ~WWoðkÞ ¼ ŴWoðkÞ �W	

o is the NN weight
estimation error.

Choose the following Lyapunov function candidate

VðkÞ ¼
Xn
i¼1

~xx2
i ðkÞ þ

X��1

j¼1

~WWT
o ðkþ jÞG�1

o
~WWoðkþ jÞ ð39Þ
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The first difference of (39) along (38) is given by

�V ¼ VðkÞ � Vðk� 1Þ

¼ ~xx2
nðkÞ � ~xx2

1ðk� 1Þ

þ ~WWT
o ðkþ � � 1ÞG�1

o
~WWoðkþ � � 1Þ

� ~WWT
o ðkÞG�1

o
~WWoðkÞ

¼ ~xx2
nðkÞ � ~xx2

1ðk� 1Þ � 2 ~WWT
o ðkÞSðzðkÞÞ~xxnðkÞ

þ STðzðkÞÞGoSðzðkÞÞ~xx2
nðkÞ

¼ �~xx2
nðkÞ � ~xx2

1ðk� 1Þ � 2ð
z þ �ddðkÞÞ~xxnðkÞ

þ STðzðkÞÞGoSðzðkÞÞ~xx2
nðkÞ

Using the fact that (see Appendix A.4 for more details)

2ð
z þ �ddðkÞÞ~xxnðkÞ � �o~xx
2
nðkÞ þ

1

�o
ð
z þ �ddðkÞÞ2

STðzðkÞÞGoSðzðkÞÞ � �olo

where �o is the largest eigenvalue of Go, we obtain

�V � ��o~xx
2
nðkÞ � ~xx2

1ðk� 1Þ þ �o

where

�o ¼ 1 � �o � lo�o and �o ¼
ð
o0 þ �dd0Þ2

�o

If we choose the design parameter as

�o <
1

lo þ 1
ð40Þ

then �V � 0 once the estimation error ~xx1ðk� 1Þ is lar-
ger than

ffiffiffiffiffi
�o

p
. This means that the estimation error ~xx1ðkÞ

is bounded for all k � 0, and ~xx1ðkÞ will asymptotically
converge into the compact set denoted by � <

ffiffiffiffiffi
�o

p
.

Namely, there must exist a positive number k	o, for all
k > k	o, such that j~xx1ðkÞj ¼ jx̂x1ðkÞ � x1ðkÞj � �. Since
~xx1ðkþ n� 1Þ ¼ ~xx2ðkþ n� 2Þ ¼ � � � ¼ ~xxnðkÞ, it is easy
to show that ~xxiðkÞ; i ¼ 1; 2; . . . ; n are bounded, and

j~xxiðkÞj ¼ jx̂xiðkÞ � xiðkÞj � �;

i ¼ 1; 2; . . . ; n for all k > k	o þ n� 1

Next, let us prove the boundedness of ~WWoðkÞ, or equiva-
lently, ŴWoðkÞ. From the state estimation error dynamic
equation, we obtain

~xx2
nðkÞ ¼ ½ ~WWT

o ðkÞSðzðkÞÞ � 
z � �ddðkÞ�T

� ½ ~WWT
o ðkÞSðzðkÞÞ � 
z � �ddðkÞ�

¼ ~WWT
o ðkÞSðzðkÞÞSTðzðkÞÞ ~WWoðkÞ

� 2ð
z þ �ddðkÞÞ~xxnðkÞ � ð
z þ �ddðkÞÞ2 ð41Þ

Since ~xxnðkÞ and 
z; �ddðkÞ are all bounded, ~WWoðkÞ is also
bounded as long as SðzðkÞÞ satisfies PE condition (7). &

For convenience, define the variables

êenðkÞ ¼ x̂xnðkÞ � ydðkþ � � 1Þ

ẑzðkÞ ¼ ½x1ðkÞ; . . . ; xn��þ1ðkÞ; x̂xn��þ2ðkÞ; . . . ; x̂xnðkÞ;

ydðkþ �Þ; �T
k�1ðkÞ; kvêenðkÞ�T ð42Þ

The adaptive NN controller based on observer (35) is
given by

uk ¼ ŴWTSðẑzðkÞÞ ð43Þ

ŴWðkþ 1Þ ¼ ŴWðkÞ � G½SðẑzðkÞÞêenðkþ 1Þ þ �ŴWðkÞ� ð44Þ

where adaptive gain matrix G ¼ GT > 0 and constant
� > 0. In adaptive law (44), �-modification is used to
eliminate the requirement of PE condition for the
boundedness of kŴWðkÞk, while PE condition is needed
in the NN observer (38) in order to guarantee the
boundedness of kŴWoðkÞk.

Substituting controller (43) into (4), the error equa-
tion (4) can be re-written as

enðkþ 1Þ ¼ f ðkÞ � ydðkþ �Þ

þ gðkÞŴWTðkÞSðẑzðkÞÞ þ dkþ��1 ð45Þ

Adding and subtracting gðkÞu	ðzðkÞÞ on the right-hand
side of (45) and noting (11), we have

enðkþ 1Þ ¼ f ðkÞ � ydðkþ �Þ þ gðkÞ½ŴWTðkÞSðẑzðkÞÞ

�W	T
SðzðkÞÞ � 
z�

þ gðkÞu	ðzðkÞÞ þ dkþ��1 ð46Þ

Substituting (12) into (46) leads to

enðkþ 1Þ ¼ gðkÞ
�
ŴWTðkÞSðẑzðkÞÞ �W	TðkÞSðzðkÞÞ � 
z

þ kv
g1

enðkÞ

þ dkþ��1

¼ gðkÞ
�
~WWTðkÞSðẑzðkÞÞ þ 2W	T ðkÞStðkÞ � 
z

þ kv
g1

enðkÞ

þ dkþ��1 ð47Þ

where ~WWðkÞ ¼ ŴWðkÞ �W	 and

StðkÞ ¼ 1
2½SðẑzðkÞÞ � SðzðkÞÞ�

The basis functions of HONN have the following prop-
erties �max½StðkÞST

t ðkÞ� < 1, ST
t ðkÞStðkÞ < l.

Since NN approximation (11), and Assumptions 1–3
are only valid on the compact sets O and Ou, it is necess-
ary to guarantee that the system’s states remain in O and
the control signal remains in Ou for all time.

Due to u	k 2 Of  Ou, there must exist two nonzero
compact sets Ow  Rl and Os  Rl such that for all
~WWðkÞ 2 Ow and StðkÞ 2 Os guarantee uk 2 Ou.
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In the following theorem, we show that for appro-
priate initial conditions xð0Þ, ~WWð0Þ, and suitably chosen
design parameters, adaptive controller (43) and adaptive
law (44) guarantees xðkÞ 2 O; uk 2 Ou 8k � 0.

Theorem 3: Consider the closed-loop system consisting
of system ð3Þ, observer ð35Þ with its PE requirement
satisfied, controller ð43Þ and adaptation law ð44Þ. There
exist compact sets O0  O, Ow0

 Ow and positive con-
stants �1; �2; k

	
v ; l

	; l	o ; 
	; �	 and 	o satisfying

�1 < 1 �2 < 1

	 ¼ 1 � �1 � 3k	v
4 þ 2g1l

	 	o ¼
1 � �2 � k	v � 2g0

	l	 � 	

4 þ l	o

k	v ¼
1 � �1

3

�	 ¼ 1

	 þ g1
	l	 þ g0

	l	

9>>>>>>>>>=
>>>>>>>>>;

ð48Þ
such that if

(i) Assumptions 1–3 are satisfied, the initial condition
xð0Þ 2 O0, ~WWð0Þ 2 Ow0

, and

(ii) the design parameters are suitably chosen such
that kv < k	v , l > l	, lo > l	o , � < �	,  < 	, and
o < 	o , with  being the largest eigenvalue of
diagonal gain matrix G, and o being the largest
eigenvalue of Go,

then, the closed-loop system is SGUUB. The tracking
error can be made arbitrarily small by increasing the
approximation accuracy of the neural networks.

Proof: Proof can be found in Appendix A.3. &

Remark 2: From the parameter conditions in equa-
tions (21), (34) and (48), it is clear that the adaptation
gains 	 and �	1 decreases with an increase in the num-
ber of HONN nodes l	 and l	1 respectively, therefore
the learning rate must slow down for guaranteed per-
formance. This theoretically explains the phenomenon
of large NN requiring very slow learning rates which
has often been encountered in NN control literature
but not adequately explained.

6. Simulation study

To show the effectiveness of the proposed control
schemes, simulation studies are presented in this section.
Consider a non-linear discrete-time SISO plant described
by

x1ðkþ 1Þ ¼ x2ðkÞ
x2ðkþ 1Þ ¼ x3ðkÞ
x3ðkþ 1Þ ¼ f ðxðkÞ; uk�1Þ þ gðxðkÞÞuk þ dkþ��1

yk ¼ x2ðkÞ

where

f ðxðkÞ; uk�1Þ ¼
x1ðkÞx2ðkÞðx1ðkÞ þ 2:5Þ þ uk�1

1 þ x2
1ðkÞ þ x2

2ðkÞ þ x2
3ðkÞ

gðxðkÞÞ ¼ 2:5

1 þ x2
1ðkÞ þ x2

2ðkÞ þ x2
3ðkÞ

dk ¼ 0:1 cosð0:05kÞ cosðx1ðkÞÞ

It can be checked that Assumptions 1 and 2 are satisfied.
The tracking objective is to make the output yk follow a
desired reference signal

ydðkÞ ¼
1

2
sin

k�

20

� �
þ 1

2
sin

k�

10

� �

For illustration, the robust model based control scheme
presented in Adetona et al. (2000) is first studied. Then
state feedback, output feedback and observer-based NN
controls are investigated respectively under the assump-
tion that there is no a priori knowledge of the system
non-linearities.

Robust model based control: The input–output model
of the plant can be expressed as

yðkþ �Þ ¼ fcðyðkþ 1Þ; yðkÞ; yðk� 1Þ; uðkÞ; uðk� 1ÞÞ

where � ¼ 2, and fcðkÞ ¼: fcðyðkþ 1Þ, yðkÞ, yðk� 1Þ,
uðkÞ, uðk� 1ÞÞ. According to (Adetona et al. 2000),
the robust model based controller is given as

uðkÞ ¼
ûuðkÞ; if jûuðkÞ � uðk� 1Þj � �ðkÞ
uðk� 1Þ þ �ðkÞsgn½ûuðkÞ � uðk� 1Þ�; if jûuðkÞ � uðk� 1Þj > �ðkÞ

�

ð49Þ
where

ûuðkÞ ¼
ydðkþ �Þ � yðkþ � � 1Þ þ @fcðk� 1Þ

@uðk� 1Þ � uðk� 1Þ

@fcðk� 1Þ
@uðk� 1Þ

@fcðk� 1Þ
@uðk� 1Þ ¼ 2:5

1 þ x2
1ðk� 1Þ þ x2

2ðk� 1Þ þ x2
3ðk� 1Þ

9>>>>>>>>=
>>>>>>>>;

ð50Þ
It is clear that in the robust model based control, the
model of the system plays an important role. This is
exactly the problem that we are trying to solve using
NN as it is very hard or impossible to obtain an accurate
model in practice. The simulation parameter is chosen as
follows: �ðkÞ ¼ 0:1.

State feedback NN control: For state feedback con-
trol described by (16) and (17), the following para-
meters are chosen: the number of neurons l ¼ 30,
ŴWð0Þ ¼ 0, G ¼ 0:04I , kv ¼ 0:1 and � ¼ 0:005.

Direct NN output feedback control: For the direct NN
output feedback control described by (32) and (33),
the parameters are chosen as follows: the number of

Adaptive NN control for non-linear systems 343



neurons l1 ¼ 30, ŴW1ð0Þ ¼ 0, G1 ¼ 0:05I and �1 ¼
0:004.

NN observer-based NN control: For the observer-
based control described by (43) and (44), the para-
meters are chosen as: the number of neurons l ¼ 30,
ŴWð0Þ ¼ 0, G ¼ 0:04I , kv ¼ 0:1, while for the neural
network observer described by (35), we choose the
number of neurons lo ¼ 23 and Go ¼ 0:1I .

Figure 1 shows the tracking performances of the four
controllers. From figure 1, we find that though all the
controllers are effective, the performance of direct NN
output feedback control is better than that of the obser-
ver-based NN control at the beginning. This is because
that, at the beginning of control process, a large estima-
tion error exists in observer estimation, which leads to
the relatively larger tracking error at the beginning.
Figure 2 shows the boundedness of the control signals
of the four control schemes. In figure 3, we can see that
the estimation error ~xx3ðkÞ converges to a small neigh-
bourhood of 0. Other estimation errors are not plotted
because of ~xx3ðkÞ ¼ ~xx2ðkþ 1Þ ¼ ~xx1ðkþ 2Þ by definition.
Figure 4 substantiates the boundedness of the HONN
weights of the three NN controllers and the NN
observer.

Remark 3: According to the simulation results under

the current setting, it can be seen that the perfor-

mance of the robust model based controller is better

than that of proposed NN controllers though they all

can control the system satisfactorily. This is under-

standable as the robust model based control required

partial knowledge of the system, the proposed NN

controllers know nothing about the systems and the

initial NN weights are assumed to be zero. In fact, it

has been proven that model based control is superior

to non-model based control. However, if the model is

not known, then the proposed controller is a good

choice for practical engineers to try. However, it

should be noted that the performance of the pro-

posed output feedback adaptive NN controller can be

improved by increasing the neural number used in

HONN as clearly indicated in figure 5 using neural

networks of different sizes with l1 ¼ 6; 10; 15 and 30.

It is clear that the tracking error becomes smaller as

the size of the neural network becomes larger. Of

course, the improvement in tracking performance will

be saturated when the size of the neural network be-

comes even larger. The current transient perform-

ance would be further improved if the weights of the
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neural networks are set to the values of last simula-

tion run—a learning process in gaining knowledge

about the system.

7. Conclusion

In this paper, adaptive neural network control has

been investigated for a class of SISO discrete-time

unknown non-linear systems with general relative

degree in the presence of bounded disturbances. After

the systems had been transformed into both causal

state-space and input–output descriptions, state and

output feedback adaptive NN controls were then pre-

sented based on Lyapunov stability analysis. Finally,

adaptive NN observer design and observer-based adap-

tive control were investigated under the assumption of

PE condition. All the control schemes avoid the so-

called controller singularity problem in adaptive con-

trol. By suitably choosing the design parameters, the

closed-loop systems are proven to be SGUUB.

Simulation studies showed the effectiveness of the

newly proposed schemes.

Appendix

A.1. Proof of Theorem 1

Under the new controller (16), the tracking error

equation becomes (see equation (20))

enðkþ 1Þ ¼ gðkÞ ~WWTðkÞSðzðkÞÞ � 
z þ
kv
g1

enðkÞ
� 

þ dkþ��1

or equivalently

~WWTðkÞSðzðkÞÞ ¼ enðkþ 1Þ
gðkÞ � dkþ��1

gðkÞ þ 
z �
kv
g1

enðkÞ

Suppose that xðkÞ 2 O, uðk� jÞ 2 Ou, j ¼ 1; 2; . . . ;
n� � 8k � 0, then NN approximation (11),

Assumption 1–3 are valid.

Choose the following Lyapunov function candi-

date

VðkÞ ¼ �1

g1

Xn
i¼1

e2i ðkÞ þ
2kv
g1

e2nðkÞ þ ~WWTðkÞG�1 ~WWðkÞ

ð51Þ

where �1 is a small positive constant which is less than 1.

The first difference of (51) along (4), (16), (17) and (20) is

given

�VðkÞ ¼ �1 þ 2kv
g1

e2nðkþ 1Þ � �1

g1

e21ðkÞ �
2kv
g1

e2nðkÞ

þ ~WWTðkþ 1ÞG�1 ~WWðkþ 1Þ � ~WWTðkÞG�1 ~WWðkÞ

¼ �1 þ 2kv
g1

e2nðkþ 1Þ � �1

g1

e21ðkÞ �
2kv
g1

e2nðkÞ

� 2 ~WWTðkÞSðzðkÞÞenðkþ 1Þ � 2� ~WWTðkÞŴWðkÞ

þ STðzðkÞÞGSðzðkÞÞe2nðkþ 1Þ

þ 2�ŴWTðkÞGSðzðkÞÞenðkþ 1Þ

þ �2ŴWTðkÞGŴWðkÞ

¼ �1 þ 2kv
g1

e2nðkþ 1Þ � �1

g1

e21ðkÞ �
2kv
g1

e2nðkÞ

� 2

�
enðkþ 1Þ
gðkÞ � dkþ��1

gðkÞ þ 
z �
kv
g1

enðkÞ


� enðkþ 1Þ � 2� ~WWTðkÞŴWðkÞ

þ STðzðkÞÞGSðzðkÞÞe2nðkþ 1Þ

þ �2ŴWTðkÞGŴWðkÞ

þ 2�ŴWTðkÞGSðzðkÞÞenðkþ 1Þ

Using the following facts (the explanation of these facts
can be found or derived from Appendix A.4)

STðzðkÞÞSðzðkÞÞ < l

STðzðkÞÞGSðzðkÞÞ � l

2enðkÞenðkþ 1Þ � e2nðkÞ þ e2nðkþ 1Þ

2enðkÞ~xxnðkþ 1Þ � e2nðkÞ þ ~xx2
nðkþ 1Þ

2�ŴWTðkÞGSðzðkÞÞenðkþ 1Þ � e2nðkþ 1Þ
g1

þ g1�
2lkŴWk2

2

�

z �

dkþ��1

gðkÞ

�
enðkþ 1Þ

� e2nðkþ 1Þ
g1

þ g1



�

z �

dkþ��1

gðkÞ

�2

2 ~WWTðkÞŴWðkÞ ¼ k ~WWðkÞk2 þ kŴWðkÞk2 � kW	k2

we obtain

�V � � �1

g1

e2nðkþ 1Þ � �1

g1

e21ðkÞ �
kv
g1

e2nðkÞ � �k ~WWðkÞk2

� �ð1 � � � g1�lÞkŴWðkÞk2 þ �1 ð52Þ

where

�1 ¼ 2 � �1 � 3kv � 2 � lg1

�1 ¼
g1



0 þ

d0

g0

� �2

þ �kW	k2
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If we choose the design parameters as

kv <
2 � �1

3
;  <

2 � �1 � 3kv
2 þ g1l

and � <
1

 þ g1l

ð53Þ
then �V � 0 once the tracking error e1ðkÞ is larger than
�1, where

�1 ¼

ffiffiffiffiffiffiffiffiffi
g1�1

�1

s

This implies the boundedness of VðkÞ for all k � 0,
which leads to the boundedness of eðkÞ, because

VðkÞ ¼
Xk
j¼0

�Vð jÞ þ Vð0Þ < 1

Furthermore, the tracking error e1ðkÞ will asymptoti-
cally converge to the compact sets denoted by �1.

Define a compact

Oe :¼ feðkÞ j jeiðkÞj � �1; i ¼ 1; 2; . . . ; ng
All tracking errors eðkÞ will asymptotically converge to
the compact set Oe, since

e1ðkþ n� 1Þ ¼ e2ðkþ n� 2Þ ¼ � � � ¼ enðkÞ
Due to the negativity of �V , we can conclude
that xðkþ 1Þ 2 O if xðkÞ 2 O, uðk� jÞ 2 Ou; j ¼ 1;
2; . . . ; n� � and Oe is small enough.

Now it still remains to show that the weight estimate
ŴWðkÞ is bounded, and uk 2 Ou.

The dynamics of the NN weight updating (17) can be
written as

~WWðkþ 1Þ ¼ ~WWðkÞ � G½SðzðkÞÞenðkþ 1Þ

þ �ð ~WWðkÞ þW	Þ�

¼ ~WWðkÞ � G
�
SðzðkÞÞgðkÞ½ ~WWTðkÞSðzðkÞÞ � 
z�

þ SðzðkÞÞ
�
dkþ��1 þ

gðkÞkv
g1

enðkÞ


þ �ð ~WWðkÞ þW	Þ
�

¼ AðkÞ ~WWðkÞ � �GW	 � gðkÞGSðzðkÞÞ

�
�
dkþ��1

gðkÞ � 
z þ
kv
g1

enðkÞ


where

AðkÞ ¼ I � �G� gðkÞGSðzðkÞÞSTðzðkÞÞ
which satisfies kAðkÞk < 1 (see Appendix A.5 for proof).
By assumption, we know the boundedness of 
z, dkþ��1,
gðkÞ and W	. We have already proved that enðkÞ asymp-

totically converge to the small compact Oe. Applying
Lemma 1, we know that ~WWðkÞ will asymptotically con-
verge to a small compact set denoted by Owe, hence the
boundedness of ŴWðkÞ is assured without the require-
ment for PE condition.

Control input (16) can be rewritten as

uk ¼ ŴWTðkÞSðzðkÞÞ ¼ ð ~WWTðkÞ þW	TÞSðzðkÞÞ

¼ u	k þ ~WWTðkÞSðzðkÞÞ

Since u	k 2 Of  Ou, there must exist a nonzero compact
set Ow  Rl such that ~WWðkÞ 2 Ow guarantees uk 2 Ou.

Now we can conclude that uk 2 Ou if xðkÞ 2 O and
uðk� jÞ 2 Ou; j ¼ 1; 2; . . . ; n� � , Owe is small enough.

Finally, if we initialize state xð0Þ 2 O0, ~WWð0Þ 2 Ow0
,

and we choose suitable parameters l, kv,  and � accord-
ing to (53) to make Oe, Ose and Owe small enough, i.e.
Od \ Oe  O and Owe  Ow, there exists a constant k	

such that all tracking errors asymptotically converge
to Oe, and NN weight error asymptotically converges
to Owe for all k > k	, and all other signals in system
are bounded. This implies that the closed-loop system
is SGUUB. Then xðkÞ 2 O; ŴWðkÞ 2 L1 and uk 2 Ou will
hold for all k > 0. &

A.2. Proof of Theorem 2

Substituting controller (32) into (28), the error equa-
tion (28) can be re-written as

eyðkþ �Þ ¼ �ydðkþ �Þ þ f� ðzðkÞÞ þ�1ðkÞ

þ ½g� ðzðkÞÞ þ�2ðkÞ�ŴWT
1 ðkÞSð�zzðkÞÞ þ dkþ��1

ð54Þ

Adding and subtracting ½g�ðzðkÞÞ þ�2ðkÞ��uu	ð�zzðkÞÞ on
the right side of (54) and noting (31), we have

eyðkþ �Þ ¼ �ydðkþ �Þ þ f� ðzðkÞÞ þ�1ðkÞ

þ ½g� ðzðkÞÞ þ�2ðkÞ��uu	ð�zzðkÞÞ

þ ½g� ðzðkÞÞ þ�2ðkÞ�½ŴWT
1 ðkÞSð�zzðkÞÞ

�W	T
Sð�zzðkÞÞ � 
z� þ dkþ��1 ð55Þ

Substituting (29) into (55) leads to

eyðkþ �Þ ¼ ½g�ðzðkÞÞ þ�2ðkÞ� ~WWT
1 ðkÞSð�zzðkÞÞ þ d1ðkÞ

ð56Þ

where

~WW1ðkÞ ¼ ŴW1ðkÞ �W	
1

d1ðkÞ ¼ �1ðkÞ þ
�2ðkÞ
g� ð�zzðkÞÞ

ðydðkþ �Þ � f� ð�zzðkÞÞÞ

þ dkþ��1 � ½g� ðzðkÞÞ þ�2ðkÞ�
z
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Since �1ðkÞ, �2ðkÞ and dkþ��1 are generate by external
disturbance, we can consider d1ðkÞ as an external dis-
turbance. Similarly, it is reasonable to consider that
d1ðkÞ is bounded by a small positive constant d10, i.e.
jd1ðkÞj < d10.

Since all the assumptions are only valid in compact
sets Oy and Ou, we must prove that the system output
and input will remain in these compact sets all the time.
At time instant k, suppose that all past inputs are in Ou,
current output and all past outputs are in Oy, the
SDFOs, ykþ1; . . . ; ykþ��1, are all in Oy, all past NN
weight errors are in Ow1

, we will prove that all these
conditions still hold after time instant k and the tracking
error converges to a small neighborhood of zero.

Choose the following Lyapunov function candidate

VðkÞ ¼ 1

g1 þ�20

X��1

j¼0

e2yðkþ jÞ

þ
X��1

j¼0

~WWT
1 ðkþ jÞG�1

1
~WW1ðkþ jÞ ð57Þ

It should be noted that the Lyapunov function candi-
date (57) contains no future system information. From
(33), we have

~WW1ðkþ �Þ ¼ ~WW1ðkÞ � G1½Sð�zzðkÞÞeyðkþ �Þ þ �1ŴW1ðkÞ�

Because eyðkþ �Þ is predetermined by the input and
output sequences prior to time instant k, we can con-
sider ~WW1ðkþ �Þ contains no future system information.
In the same way, all W1ðkþ jÞ; j ¼ 1; 2; . . . ; � � 1 can be
proved that they contain no future system information.
Therefore, the choice of Lyapunov function candidate is
causal.

The first difference of (57) along (56) and (33) is given

�V ¼ 1

g1 þ�20

e2yðkþ �Þ � 1

g1 þ�20

e2yðkÞ

� 2 ~WWT
1 ðkÞSð�zzðkÞÞeyðkþ �Þ � 2� ~WWT

1 ðkÞŴW1ðkÞ

þ STð�zzðkÞÞGT
1Sð�zzðkÞÞe2yðkþ �Þ

þ 2STð�zzðkÞÞGT
1 ŴW1ðkÞ�1eyðkþ �Þ

þ �2
1ŴW

T
1 ðkÞGT

1 ŴW1ðkÞ

Noting equation (56), we obtain

�V ¼ 1

g1 þ�20

e2yðkþ �Þ � 1

g1 þ�20

e2yðkÞ

� 2
e2yðkþ �Þ
g� þ�2ðkÞ

þ 2
d1ðkÞeyðkþ �Þ
g� þ�2ðkÞ

� 2� ~WWT
1 ðkÞŴW1ðkÞ þ STð�zzðkÞÞGT

1Sð�zzðkÞÞe2yðkþ �Þ

þ 2STð�zzðkÞÞGT
1 ŴW1ðkÞ�1eyðkþ �Þ

þ �2
1ŴW

T
1 ðkÞGT

1 ŴW1ðkÞ

Using the following facts (detailed explanations are in
Appendix A.4)

�2
e2yðkþ �Þ
g� þ�2ðkÞ

� �2
e2yðkþ �Þ
g1 þ�20

2
d1ðkÞeyðkþ �Þ
g� þ�2ðkÞ

� 2
d10jeyðkþ �Þj

g0

�
�1l1e

2
yðkþ �Þ

g1 þ�20

þ ðg1 þ�20Þd2
10

�1l1g
2
0

� 2�1
~WWT

1 ðkÞŴW1ðkÞ
¼ ��1ðk ~WW1ðkÞk2 þ kŴW1ðkÞk2 � kW	

1k2Þ

STð�zzðkÞÞSð�zzðkÞÞ < l1

STð�zzðkÞÞG1Sð�zzðkÞÞ � �11l1

2STð�zzðkÞÞGT
1 ŴW1ðkÞ�1eyðkþ �Þ

� �11e
2
nðkþ �Þ

g1 þ�20

þ ðg1 þ�20Þ�2
1 �11l1kŴW1ðkÞk2

�2
1ŴW

T
1 ðkÞGT

1 ŴW1ðkÞ � �2
1�1kŴW1ðkÞk2

we obtain

�V � � �1

g1 þ�20

e2yðkþ �Þ � 1

g1 þ�20

e2yðkÞ þ �1

� �1 1 � �1�1 � ðg1 þ�20Þ�1�1l1½ �kŴW1ðkÞk2

where

�1 ¼ 1 � �1l1 � ðg1 þ�20Þ�1l1 � �1

and

�1 ¼
ðg1 þ�20Þd2

10

�1l1g
2
0

þ �1kW	
1k2

If we choose the design parameters as follows

�1 <
1

1 þ l1 þ ðg1 þ�20Þl1

�1 <
1

ð1 þ g1l1 þ�20l1Þ�1

9>>>>>=
>>>>>;

ð58Þand

then �V � 0 once the tracking error eyðkÞ is larger thanffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðg1 þ�20Þ�1

p
. This implies the boundedness of VðkÞ

for all k � 0, which leads to the boundedness of eyðkÞ.
Furthermore, the tracking error eyðkÞ will asymp-

totically converge to the compact set denoted by
� �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðg1 þ�20Þ�1

p
.

Due to negativeness of �V, we can conclude that
ykþ1 2 Oy if all past output yk�j 2 Oy; j ¼ 0; . . . ; n� 1,
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and input uðk� jÞ 2 Ou; j ¼ 1; 2; . . . ; � þm� 1, and
compact set � small enough. The boundedness of
W1ðkÞ can be proved by following the same procedure
in Appendix A.1.

We have proved that ykþ1 2 Oy, we can use the same
techniques as in Appendix A.1 to show that the NN
weight error asymptotically converges to small compact
set Ow1e, and the control signal uk 2 Ou.

Finally, if we initialize state y0 2 Oy0, ~WW1ð0Þ 2 Ow10,
and we choose suitable parameters �1, �1 according to
(58) to make � small enough, there exists a constant k	

such that all tracking errors asymptotically converge to
�, and NN weight error asymptotically converges to Ow1e

for all k > k	. This implies that the closed-loop system is
SGUUB. Then yk 2 Oy; ŴWðkÞ 2 L1 and uðkÞ 2 Ou will
hold for all k > 0. &

A.3. Proof of Theorem 3

According to the definition of new variables (42), we
note that

êenðkÞ ¼ enðkÞ þ ~xxnðkÞ

Under the new controller (43), the tracking error equa-
tion becomes (see equation (47))

enðkþ 1Þ ¼ gðkÞ
�
~WWTðkÞSðẑzðkÞÞ þ 2W	TðkÞStðkÞ

� 
z þ
kv
g1

enðkÞ

þ dkþ��1

or equivalently

~WWTðkÞSðẑzðkÞÞ ¼ enðkþ 1Þ
gðkÞ � dkþ��1

gðkÞ � 2W	TðkÞStðkÞ

þ 
z �
kv
g1

enðkÞ

Suppose that xðkÞ 2 O, uðk� jÞ 2 Ou, j ¼ 1; 2; . . . ; n� �
8k � 0, then NN approximation (19), Assumptions 1–3
are valid.

Choose the following Lyapunov function candidate

VðkÞ ¼ �1

g1

Xn
i¼1

e2i ðkÞ þ
2kv
g1

e2nðkÞ þ ~WWTðkÞG�1 ~WWðkÞ

þ �2

g0

Xn
i¼1

~xx2
i ðkÞ þ

1

g0

X��1

j¼1

~WWT
o ðkþ jÞG�1

o
~WWoðkþ jÞ

ð59Þ

where �1 and �2 are two small positive constants which
are less than 1. The first difference of (59) along (4), (43),
(44), (47) and (38) is given

�VðkÞ ¼ �1 þ 2kv
g1

e2nðkþ 1Þ � �1

g1

e21ðkÞ

� 2kv
g1

e2nðkÞ þ ~WWTðkþ 1ÞG�1 ~WWðkþ 1Þ

� ~WWTðkÞG�1 ~WWðkÞ þ �2

g0

~xx2
nðkþ 1Þ � �2

g0

~xx2
1ðkÞ

þ 1

g0

~WWT
o ðkþ �ÞG�1

o
~WWoðkþ �Þ

� 1

g0

~WWT
o ðkþ 1ÞG�1

o
~WWoðkþ 1Þ

¼ �1 þ 2kv
g1

e2nðkþ 1Þ � �1

g1

e21ðkÞ �
2kv
g1

e2nðkÞ

� 2 ~WWTðkÞSðẑzðkÞÞêenðkþ 1Þ � 2� ~WWTðkÞŴWðkÞ

þ STðẑzðkÞÞGSðẑzðkÞÞêe2nðkþ 1Þ

þ 2�ŴWTðkÞGSðẑzðkÞÞêenðkþ 1Þ

þ �2ŴWTðkÞGŴWðkÞ þ �2

g0

~xx2
nðkþ 1Þ � �2

g0

~xx2
1ðkÞ

� 2

g0

~WWT
o ðkþ 1ÞSðzðkþ 1ÞÞ~xxnðkþ 1Þ

þ 1

g0

STðzðkþ 1ÞÞGoSðzðkþ 1ÞÞ~xx2
nðkþ 1Þ

¼ �1 þ 2kv
g1

e2nðkþ 1Þ � �1

g1

e21ðkÞ �
2kv
g1

e2nðkÞ

� 2

�
enðkþ 1Þ
gðkÞ � dkþ��1

gðkÞ þ 
z �
kv
g1

enðkÞ


� ½enðkþ 1Þ þ ~xxnðkþ 1Þ�

þ 4W	TStðkÞ½enðkþ 1Þ þ ~xxnðkþ 1Þ�

� 2� ~WWTðkÞŴWðkÞ

þ STðẑzðkÞÞGSðẑzðkÞÞ½enðkþ 1Þ þ ~xxnðkþ 1Þ�2

þ �2ŴWTðkÞGŴWðkÞ

þ 2�ŴWTðkÞGSðẑzðkÞÞ½enðkþ 1Þ þ ~xxnðkþ 1Þ�

þ �2

g0

~xx2
nðkþ 1Þ � �2

g0

~xx2
1ðkÞ �

2

g0

~xx2
nðkþ 1Þ

� 2

g0

½
zðkþ1Þ þ �ddðkþ 1Þ�~xxnðkþ 1Þ

þ 1

g0

STðzðkþ 1ÞÞGoSðzðkþ 1ÞÞ~xx2
nðkþ 1Þ

Using the following facts (See Appendix A.4 for details)

STðẑzðkÞÞSðẑzðkÞÞ < l

STðzðkÞÞSðzðkÞÞ < lo

STðẑzðkÞÞGSðẑzðkÞÞ � l
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STðzðkÞÞGoSðzðkÞÞ � olo

STðzðkþ 1ÞÞGoSðzðkþ 1ÞÞ � olo

j�max½SðẑzðkÞÞSTðẑzðkÞÞ�j < l

j�max½StðkÞST
t ðkÞ�j < l

2enðkÞenðkþ 1Þ � e2nðkÞ þ e2nðkþ 1Þ

2enðkÞ~xxnðkþ 1Þ � e2nðkÞ þ ~xx2
nðkþ 1Þ

½enðkþ 1Þ þ ~xxnðkþ 1Þ�2 � 2½e2nðkþ 1Þ þ ~xx2
nðkþ 1Þ�

2�ŴWTðkÞGSðẑzðkÞÞenðkþ 1Þ � e2nðkþ 1Þ
g1

þ g1�
2lkŴWk2

2�ŴWTðkÞGSðẑzðkÞÞ~xxnðkþ 1Þ � ~xx2
nðkþ 1Þ
g0

þ g0�
2lkŴWk2

2

�

z �

dkþ��1

gðkÞ

�
enðkþ 1Þ

� e2nðkþ 1Þ
g1

þ g1



�

z �

dkþ��1

gðkÞ

�2

2

�

z �

dkþ��1

gðkÞ

�
~xxnðkþ 1Þ

� o~xx
2
nðkþ 1Þ
g0

þ g0

o

�

z �

dkþ��1

gðkÞ

�2

2½
zðkþ1Þ þ �ddðkþ 1Þ�~xxnðkþ1Þ

� o~xx
2
nðkþ 1Þ þ 1

o
½
zðkþ1Þ þ �ddðkþ1Þ�2

2W	StðkÞenðkþ 1Þ � e2nðkþ 1Þ
g1

þ g1


lkW	k2

2W	StðkÞ~xxnðkþ 1Þ � o~xx
2
nðkþ 1Þ
g0

þ g0

o
lkW	k2

2 ~WWTðkÞŴWðkÞ ¼ k ~WWðkÞk2 þ kŴWðkÞk2 � kW	k2

we obtain

�V � � �1

g1

e2nðkþ 1Þ � �1

g1

e21ðkÞ �
�2

g0

~xx2
nðkþ 1Þ

� �2

g0

x2
1ðkÞ � �k ~WWðkÞk2 � �ð1 � � � g1�l

� g0�lÞkŴWðkÞk2 þ �1 þ �2 ð60Þ
where

�1 ¼ 1 � �1 � 3kv � 4 � 2lg1

�2 ¼ 1 � 2lg0 � kv � �2 �  � 40 � 0l0

�1 ¼
1

g00

ð
o0 þ �dd0Þ2 þ
g1


þ g0

0

� �

0 þ

�dd0

g0

� �2

�2 ¼
2g1l


þ 2g0l

0

þ �

� �
kW	k2

If we choose the design parameters as

kv <
1 � �1

3
;  <

1 � �1 � 3kv
4 þ 2g1l

o <
1 � �2 � kv � 2g0l � 

4 þ lo
and

� <
1

 þ g1l þ g0l

9>>>>>>>>>>>=
>>>>>>>>>>>;

ð61Þ

then �V � 0 once the tracking error e1ðkÞ is larger
than �1, or the estimation error ~xx1 is larger than �2,
where

�1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g1ð�1 þ �2Þ

�1

s
and �2 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g0ð�1 þ �2Þ

�2

s

This implies the boundedness of VðkÞ for all k � 0,
which leads to the boundedness of eðkÞ and ~xxðkÞ,
because

VðkÞ ¼
Xk
j¼0

�VðjÞ þ Vð0Þ < 1

Furthermore, the tracking error e1ðkÞ and observer esti-
mation error ~xx1ðkÞ will asymptotically converge to the
compact sets denoted by �1 and �2 respectively.

Define two compact sets

Oe :¼ feðkÞj jeiðkÞj � �1; i ¼ 1; 2; . . . ; ng

O~xx :¼ f~xxðkÞj j~xxiðkÞj � �2; i ¼ 1; 2; . . . ; ng

All tracking errors eðkÞ will asymptotically converge
to the compact set Oe, and all states estimation errors
~xxðkÞ will asymptotically converge to the compact set O~xx

since

e1ðkþ n� 1Þ ¼ e2ðkþ n� 2Þ ¼ � � � ¼ enðkÞ

~xx1ðkþ n� 1Þ ¼ ~xx2ðkþ n� 2Þ ¼ � � � ¼ ~xxnðkÞ

Due to the negativity of �V , we can conclude
that xðkþ 1Þ 2 O if xðkÞ 2 O; uðk� jÞ 2 Ou; j ¼
1; 2; . . . ; n� � and Oe is small enough.

The boundedness of eðkÞ and ~xxðkÞ obviously leads to
the boundedness of êeðkÞ, and x̂xðkÞ, but it still remains to
show that the weight estimates ŴWðkÞ and ŴWoðkÞ are
bounded, and uk 2 Ou.

The dynamics of the NN weight updating (44) can be
written as
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~WWðkþ 1Þ
¼ ~WWðkÞ � G½SðẑzðkÞÞêenðkþ 1Þ þ �ð ~WWðkÞ þW	Þ�

¼ ~WWðkÞ � G
�
SðẑzðkÞÞgðkÞ

�
�
~WWTðkÞSðẑzðkÞÞ þ 2W	TStðkÞ � 
z


þ SðẑzðkÞÞ

�
�
dkþ��1 þ ~xxnðkþ 1Þ þ gðkÞkv

g1

enðkÞ


þ �ð ~WWðkÞ þW	Þ
�

¼ AðkÞ ~WWðkÞ � �GW	 � gðkÞGSðẑzðkÞÞ

�
�
dkþ��1

gðkÞ � 
z þ 2W	TStðkÞ

þ ~xxnðkþ 1Þ
gðkÞ þ kv

g1

enðkÞ


ð62Þ

where

AðkÞ ¼ I � �G� gðkÞGSðẑzðkÞÞSTðẑzðkÞÞ

which satisfies kAðkÞk < 1 (see Appendix A.5 for
proof ). By assumption, we know the boundedness of

z, dkþ��1, gðkÞ, W	 and StðkÞ. We have already proved
that ~xxnðkþ 1Þ and enðkÞ asymptotically converge to
small compacts Oe and O~xx respectively. Applying
Lemma 1, we know that ~WWðkÞ will asymptotically con-
verge to a small compact set denoted by Owe, hence the
boundedness of ŴWðkÞ is assured without the require-
ment for PE condition.

The boundedness of ŴWo has been proven in (41).
Control input (43) can be rewritten as

uk¼ ŴWTðkÞSðẑzðkÞÞ ¼ ð ~WWTðkÞ þW	TÞ½SðzðkÞÞ þ 2StðkÞ�

¼ u	k þ ~WWTðkÞSðzðkÞÞ þ 2 ~WWTðkÞStðkÞ þ 2W	T
StðkÞ

Since u	k 2 Of  Ou, there must exist two nonzero com-
pact sets Ow  Rl and Os  Rl such that ~WWðkÞ 2 Ow and
StðkÞ 2 Os guarantee uk 2 Ou. Because ~xxðkÞ converge to
the small compact set O~xx, StðkÞ must converge to a small
compact set Ose.

Now we can conclude that uk 2 Ou if xðkÞ 2 O,
uðk� jÞ 2 Ou, j ¼ 1; 2; . . . ; n� � , Owe and O~xx are small
enough.

Finally, if we initialize state xð0Þ 2 O0, ~WWð0Þ 2 Ow0
,

and we choose suitable parameters l, lo, kv, , o and �
according to (61) to make Oe, Ose and Owe small enough,
i.e. Od \ Oe  O, Owe  Ow and Ose  Os, there exists a
constant k	 such that all tracking errors asymptotically
converge to Oe, and NN weight error asymptotically
converges to Owe for all k > k	, and all other signals in
system are bounded. This implies that the closed-
loop system is SGUUB. Then xðkÞ 2 O; ŴWðkÞ 2 L1,
ŴWoðkÞ 2 L1 and uk 2 Ou will hold for all k > 0. &

A.4. Explanation of facts used in the proof of system
stability

. STðẑzðkÞÞSðẑzðkÞÞ < l
Because the absolute value of each element in
SðẑzðkÞÞ is less than 1, thus the inner product of
SðẑzðkÞÞ must be less than its dimension.

. STðẑzðkÞÞGSðẑzðkÞÞ < l
Because G is a positive and symmetric matrix, it
can be decomposed into ULUT where L is a diag-
onal matrix with the eigenvalues of G as its diag-
onal elements, and U is a unitary orthogonal
matrix. Accordingly, we have

STðẑzðkÞÞGSðẑzðkÞÞ ¼ RTðkÞLRðkÞ

¼
X

iriðkÞ � 
X

riðkÞ

¼ RTðkÞRðkÞ

¼ STðẑzðkÞÞUUTSðẑzðkÞÞ

¼ STðẑzðkÞÞSðẑzðkÞÞ < l

where

RðkÞ ¼ UTSðẑzðkÞÞ

. j�max½SðẑzðkÞÞSTðẑzðkÞÞ�j < l

It is clear that the inequality is true based on
Gerschgorin Circle Theorem: Let A 2 LðCnÞ and
define the set of complex numbers

S ¼
[n
i¼1

z
���jaii � zj �

Xj¼n
j¼1;j 6¼i

jaij j
( )

Then, every eigenvalue of A lies in S (Paretto and
Niez 1986), i.e. the eigenvalue of matrix A is
located within a circle with radius of

Pj¼n
j¼1;j 6¼i jaijj

and with its center at aii.

. 2enðkÞenðkþ 1Þ � e2nðkÞ þ e2nðkþ 1Þ

. 2�ŴWTðkÞGSðẑzðkÞÞenðkþ 1Þ � e2nðkþ 1Þ
g1

þ g1�
2lkŴWk2

Using the facts that 2ab � a2 þ b2, we obtain the follow-
ing inequality

. 2�ŴWTðkÞGSðẑzðkÞÞenðkþ 1Þ � e2nðkþ 1Þ
g1

þ g1


�2ŴWTðkÞGSðẑzðkÞÞSTðẑzðkÞÞGTŴWðkÞ

Because SðẑzðkÞÞSTðẑzðkÞÞ ¼ ½SðẑzðkÞÞSTðẑzðkÞÞ�T,
SðẑzðkÞÞSTðẑzðkÞÞ can be decomposed into
V diag �½SðẑzðkÞÞSTðẑzðkÞÞ�VT with V a unitary
orthogonal matrix (Golub and Vanloan 1996).
Using the fact that j�max½SðẑzðkÞÞSTðẑzðkÞÞ�j < l,
we obtain
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ŴWðkÞGSðẑzðkÞÞSTðẑzðkÞÞGTŴWðkÞ < lŴWðkÞGVVTGTŴWðkÞ

¼ lŴWðkÞGGTŴWðkÞ

¼ lŴWðkÞUL2UTŴWðkÞ

� 2lkŴWðkÞk

Thus, we have

2�ŴWTðkÞGSðẑzðkÞÞenðkþ 1Þ

� e2nðkþ 1Þ
g1

þ g1�
2lkŴWk2

. 2 ~WWTðkÞŴWðkÞ ¼ k ~WWðkÞk2 þ kŴWðkÞk2 � kW	k2

From the definition of ~WWðkÞ, we obtain W	 ¼
~WWðkÞ � ŴWðkÞ. Taking the norms, we obtain

kW	k2 ¼ ½WðkÞ � ŴWðkÞ�T½ ~WWðkÞ � ŴWðkÞ�

¼ k ~WWðkÞk2 � 2 ~WWTðkÞŴWðkÞ þ kŴWðkÞk2

Therefore, 2 ~WWTðkÞŴWðkÞ ¼ k ~WWðkÞk2þ kŴWðkÞk2�
kW	k2.

A.5. Proof of kAðkÞk < 1

For G ¼ diag½1; 2; . . . ; l �, SðzðkÞÞ ¼ ½s1; s2; . . . ; sl�T
and

AðkÞ ¼ I � �G� gðkÞGSðzðkÞÞSTðzðkÞÞ

we have

AðkÞ ¼ I � �G� gðkÞGSðzðkÞÞSTðzðkÞÞ

¼

1 � �1 � gðkÞ1s
2
1 �gðkÞ1s1s2 . . . �gðkÞ1s1sl

�gðkÞ2s2s1 1 � �2 � gðkÞ2s
2
2 . . . �gðkÞ2s2sl

..

. ..
. . .

. ..
.

�gðkÞl sl s1 �gðkÞl sls2 . . . 1 � �l � gðkÞl s2l

2
6666664

3
7777775

in which the iith diagonal elements are 1 � �i�
gðkÞis2i , and the ijth (i 6¼ j) off-diagonal elements are
�gðkÞisisj. Let �i denote the ith (1 � i � l) eigenvalue
of AðkÞ. According to the Gerschgorin circle theorem
(Paretto and Niez 1986), we obtain

�i 2
[l
i¼1

�
��� j�� aiij �

Xj¼l
j¼1;j 6¼i

jaij j
( )

with aij denotes the ijth element of AðkÞ. As a conse-
quence, we have

aqq �
X
j 6¼q

jaqj j � �i � aqq þ
X
j 6¼q

jaqj j; 1 � i; j; q � l

that is

1 � �q � gðkÞqs2q �
X
j 6¼q

jgðkÞqsqsj j

� �i � 1 � �q � gðkÞqs2q þ
X
j 6¼q

jgðkÞqsqsj j

Because each element of SðzðkÞÞ satisfies si < 1 (if zðkÞ is
operating around 0, we have si � 1), the high order
terms sisj (i; j ¼ 1; . . . ; l) must be even smaller. By
neglecting the high order terms, we obtain �p ’
1 � �q. Noticing parameter conditions (53), we can
obtain 0 < �i < 1, and 0 < �p < 1 which sequentially
leads to kAðkÞk < 1 and kFðk1; k0Þk < 1.

It should be noted that the adaptive gain matrix
G > 0 is diagonal in this paper. For a general positive
symmetric G, it can be diagonalized by unitary orthogo-
nal matrix U as

AðkÞ ¼ UT½I � �L� gðkÞLUSSTUT�U
Define B ¼ I � �L� gðkÞLUSSTUT. If US has the
same properties as SðzðkÞÞ, then following the same
the procedure, we can conclude kAðkÞk < 1. But this is
not true in general. It only holds when vector SðzðkÞÞ is
within a pseudo unit sphere, i.e. STS � 1. This assump-
tion is too strong to be plausible, and further research is
needed.
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