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Part I
Ordinary Differential Equations (ODEs)

1 Preliminaries: Picard’s Theorem

Ordinary differential equations frequently occur as mathematical models in many branches of science,
engineering, and economics. Unfortunately it is seldom that these equations have solutions that can be
expressed in closed form, so it is common to seek approximate solutions by means of numerical methods;
nowadays this can usually be achieved very inexpensively to high accuracy and with a reliable bound on
the error between the analytical solution and its numerical approximation. We shall be concerned with
the construction and the analysis of numerical methods for first-order differential equations of the form

y' () = f(z,y(x)) (1)

for the real-valued function y of the variable x € R, where ¢ := %. In order to select a particular integral
(i.e., a particular solution) from the infinite family of solution curves that constitute the general solution
to , the differential equation will be considered in tandem with an initial condition (we sometimes
simply write i.c.): given two real numbers xg, yo € R, we seek a solution to for x > xg such that

y(x0) = Yo (2)

The differential equation together with the initial condition is called an initial-value problem
(IVP). The motivation for this terminology is that in applications the variable x usually plays the role
of time, and the initial value, 1, of the process whose evolution is modelled by the differential equation
over an interval of time x € [z, Xj/] is then known at the initial time = = xo.

In general, even if f(-,-) is a continuous function, there is no guarantee that the initial-value problem
f possesses a unique SolutionE] Fortunately, under a further mild condition on f, the existence and
uniqueness of a solution to f can be ensured:

Theorem 1 (Picard’s Theorenﬂ) Suppose that f(-,-) is a continuous function of its arguments in a
region U C R? which contains the rectangle

R:= [anXM] X [yo - YM7y0 + YM]a
where X > xg and Yy > 0 are constants. Suppose also, that there exists a constant L > 0 such that
|f(z,2) — f(z,2)] < L|z — % V(z,2),(z,2) € R. (3)

Finally, suppose that

M(Xna —x0) <Ypr, where M := max |f(x,z)|.
(z,2)ER

Then, there exists a unique continuously differentiable function y : [xo, Xpr] — R satisfying 7(@.

Remark 1 In the situation of Theorem[1], we have that the graph of the unique solution y lies in R, i.e.,
(z,y(x)) € R for any = € [xo, Xp].

Indeed, if this were not true, then by continuity of y there exists x,. € (xo, Xpr) such that |y(x.)—yo| =
Yar and |y(z) — yo| < Yar for all x € [xo,xs). But this implies

) - wl < | (@) de = / (@) dz < Mz, — w0) < M(Xar — 20) < Yar,

o 0

which contradicts |y(xz«) — yo| = Yar.

"Example: 3/ (z) = (y(m))% for z > 0, and i.c. y(0) = 0; this has more than one solution: yi(z) := 0 and yz(z) := 52°.
*Emile Picard (1856-1941)



The condition is called a Lipschitz conditionlﬂ7 and L is called a Lipschitz constant for f.
We shall not dwell on the proof of Picard’s Theorem; for details, see any good textbook on the theory of
ODEs (see, e.g., P. J. Collins, Differential and Integral Equations, Oxford University Press, 2006). The
essence of the proof is to consider the sequence of functions (yn)nen,, defined recursively through what
is known as the Picard Iteration:

yo(z) = yo,

Yn(T) == yo + /x Flt,yn1(t))dt, neN={1,2,...} (4)

and show, using the conditions of the theorem, that (yn)nen,, s a sequence of continuous functions,
converges uniformly on the interval [z, Xas] to a continuous function y : [xo, Xp] — R (that is,
SUPge[zo, X2 |Un(2) — y(2)| —> 0 as n — 00), and that y satisfies

y(z) = yo + /x f(t,y(t))dt.

This then implies that y is continuously differentiable on [xg, X/] and it satisfies the differential equation
and the initial condition . The uniqueness of the solution follows from the Lipschitz condition.
Picard’s Theorem has a natural extension to IVPs for systems of m differential equations of the form

y'(z) =f(z,y(@)),  y(@0)=yo, (5)
where yog € R™, f : [z9, X)s] x R™ — R™, and we seek a solution y : [xg, X3s] — R™. Introducing the

Euclidean norm || - || : R™ — [0,00) on R™ by

m

Z lui|2, for u= (u,...,um)’ € R™,
i=1

[ul :=

we can state the following result.

Theorem 2 (Picard’s Theorem (version for systems)) Suppose that f(-,-) is a continuous function
of its arguments in a region U C RY™ which contains the set

R={(z,2) e RxR"™ : x € [x0, Xn], [z—yol <Yum},
where Xpr > xg and Yy > 0 are constants. Suppose also that there exists a constant L > 0 such that
[6(z,2) — £(@, )| < Lz~ 7] ¥(z,2), (2,7) € R. (6)
Finally, suppose that

M(Xn —x0) < Yar, where M := max |f(z,z)|.
(z,2z)€R

Then, there exists a unique continuously differentiable function'y : [xo, Xpr] — R™ which satisfies (@

A sufficient condition for (6]) is that f is continuous on R, differentiable at each point (z,z) in int(R),
the interior of R, and there exists an L > 0 such that

|02f(z,2)| < L for all (z,z) € int(R), (7)

where 0,f := % denotes the m x m Jacobi matrix of the function R™ > z — f(z,z) € R™, and
| - |l : R™*™ — [0,00) is the matrix norm induced by the Euclidean vector norm on R™ (i.e., for

3Rudolf Lipschitz (1832-1903)



A € R™™ have [|A]| := supyxerm\ (0} % — note the norms on the right-hand side are the Euclidean

vector norm on R™). Indeed, when holds, the Mean-Value Theorem implies that @ is also wvalid.
The converse of this statement is not true: the function

|21
f:RY™ S R™ f(x,2) = f(x,21,. .., 2m) ==

| 2m]

with zg = 0 and yo = 0, satisfies @ but violates because z — f(x,z) is not differentiable at z = 0.
As the counter-example in the footnote 1 on page 2 indicates, the expression |z—Z| in (3)) and ||z—Z]| in

(6) cannot be replaced by expressions of the form |z — 2|* and ||z —Z||*, respectively, where 0 < o < 1, for

otherwise the uniqueness of the solution to the corresponding initial-value problem cannot be guaranteed.
We conclude this section by introducing the notion of stability.

Definition 1 We define the following notions of stability:

(i) A solution y = v(x) is said to be stable on the interval [xo, Xpr] if for every e > 0 there exists a
d > 0 such that for all z € R™ satisfying ||v(zo) — z|| < 0, a solution w to

w(z) =f(z, w(x)),  w(w)=z (8)
is defined for all x € [xo, Xpr] and satisfies ||[v(x) — w(x)|| < e for all x in [xo, Xn].

(i) A solution 'y = v(zx) which is stable on [xg,00) (i.e. stable on [xo, Xnr] for each Xpr and with 6
independent of Xyr) is said to be stable in the sense of Lyapunov.

(i5i) If in addition to (ii) there holds
lim [[v(z) - w(z)]| =0,

T—r00
then the solution y = v(x) is called asymptotically stable.

Using this definition, we can state the following theorem.

Theorem 3 Under the hypotheses of Picard’s Theorem, the (unique) solution 'y = v(z) to the initial-
value problem (@ is stable on the interval [z, Xpr], (where we assume that —oco < xo < Xy < 00).

PROOF: For z € R™, let w be the solution to (8). First, note that integrating the DEs for v and w over
the interval [xg, z] yields

v(z) = v(xzg) + /x f(t,v(t))dt, w(z) =2+ /w f(t,w(t))dt V€ [zo, X

o 0

Using triangle inequality and the fact that || f; g(t)dt]] < fab llg(t)]| dt for any g : [a,b] — R™, we have

[v(z) —w()| < IIV(wo)—ZII+/x||f(t7V(t))—f(t,W(t))ldt

< lv(zo) — 2| +L/ [v(#) = w(t)] dt (9)
o
for any x € [zg, Xp]. Setting A(xz) := [|v(z) — w(z)|| and a := ||v(z0) — z||, we can rewrite (9] as
A(z) <a+ L/ A(t)dt YV € [zg, Xl (10)
o



Multiplying by e 1, we find that
4 el /x A(t)dt + Ge-Lz| < Vo € [z, X (11)
dz - L = 05, AM|»
and hence,
—Lz ‘ P —Lzx o a L a _Lx
e A(t)dt + —e 5% < e M0 A(t)dt + —e 770 = —e™ %0 YV € [z, X,
20 L 0 L L
i.e., (multiply by Lel®)
L/ A(t)dt < a (eW—W — 1) . (12)
0

Substituting into gives

Az) < aell=20)  vr e [z, X (13)

The implication “ = ” is usually referred to as Gronwall Lemma. Returning to our original
notation, we deduce from that

Iv(z) = w(z)|| < [lv(zo) — zlle"*™) < XM= v (20) — 2| Va € [wo, Xu]. (14)

Thus, given € > 0 as in Definition |1} we choose § = £ e L(X2=70) o deduce stability. <

To conclude this section, we observe that if either xyp = —oo or Xy = +00, the statement of Theorem
is false. For example, the trivial solution y = 0 to the differential equation ¢y’ = y is unstable on [xg, 00)
for any zg > —oo. Let us consider the IVP

with A € R, which has the unique solution y(x) = e**. Noting that for ¢ € R, the IVP w’ = Aw, w(0) = ¢
has the unique solution w(x) = ce*® and hence, |y(z) — w(z)| = |1 — c[e*®. We see that y is unstable on

[0,00) when A\ > 0; stable in the sense of Lyapunov when A < 0; and asymptotically stable for A < 0.

Remark 2 The stability concepts can be extended to the complex case, i.e., when f is a complex-valued
function and yo € C, in which case the solution y to y'(x) = f(z,y(x)), y(xo) = yo is a function from one
real variable into C (analogously for systems). For A € C, the solution to the IVP , which is given
by y(z) = M = eBeNzimNz s ynstable for Re X > 0; stable in the sense of Lyapunov for Re X < 0
and asymptotically stable for Re A < 0.

In the next section we shall consider numerical methods for the approximate solution of the IVP
f. Since everything we shall say has a straightforward extension to the case of the system , for
the sake of notational simplicity we shall restrict ourselves to considering a single ODE (i.e., m = 1). We
shall suppose throughout that the function f satisfies the conditions of Picard’s Theorem on the rectangle
R and that the IVP has a unique solution defined on [zg, Xas], —00 < 29 < X < co. We begin by
discussing one-step methods; this will be followed in subsequent sections by multi-step methods.



2 One-step methods

2.1 Euler’s method and its relatives: the 0-method

The simplest example of a one-step method for the numerical solution of the IVP f is Euler’s
methodﬁ Suppose that the IVP — is to be solved on the interval [zg, Xjs]. For N € N, we divide
this interval by the N 4+ 1 mesh-points

Xy — o

rg, T1=x0+h, x2=20+2h, --- , zxTn=x0+Nh= XN, where h := N

The number h > 0 is called the step size. Now let us suppose that, for each n € {0,1,..., N}, we seek
a numerical approximation y, to y(x,), the value of the solution at the mesh point z,. As y(z¢) = yo is
known, let us suppose that we have already calculated y,,, up to some n, 0 < n < N — 1; we define

Yn+1 :yn"i_hf(xnayn)a n e {0711"'7N_1}7 y(]:y(xo)

Thus, taking in succession n = 0,1,..., N —1, one step at a time, the approximate values y,, at the mesh
points x,, can be easily obtained. This numerical method is known as Euler’s method.

A simple derivation of Euler’s method proceeds by first integrating the differential equation be-
tween two consecutive mesh points x, and x,+1 to deduce that

Tn+1

y($n+1) = y(ajn) +/ f(:c,y(az))da:, ne {07 L...,N— 1}7 (16)

Tn

and then applying the numerical integration rule
Tn+1
[ ot@) o s - gl = hyen),
Tn

called the rectangle rule, with g(z) = f(x,y(z)), to get

y(xn-i-l) ~ y(xn) + hf(xn,y(mn)), n e {07 L... N — 1}7 y(xO) = Yo-

This then motivates the definition of Euler’s method.

The idea can be generalised by replacing the rectangle rule in the above derivation with a one-
parameter family of integration rules of the form

Tn+1
[ ota) o~ nl@ - 0)g(w) + gtz (1)
with 6 € [0, 1] a parameter. By applying this in with g(z) = f(x,y(x)) we find that
y(mn—kl) ~ y(xn) +h [(1 - O)f(xn,y(xn)) + 9f(xn+17y(afn+1))] ; nE {07 L...,N— 1}7 y(a:o) = Yo-
This motivates the following family of methods, called the f-method: with yy supplied by , define

Yn+1 :yn+h’[(1_e)f(xnvyn)+9f(1:n+1ayn+1)]v n e {0717"')N_ 1}5 Yo :?/(330), (18)

parametrised by 6 € [0, 1]. For § = 0 we recover Euler’s method. For § = 1, we obtain the method

Yn+1 :yn+hf(xn+1,yn+1), ne {0717"'aN_ 1}? Yo :y(xO)v (19)

“Leonard Euler (1707-1783)




called the implicit Euler method since, unlike Euler’s method considered above, requires the
solution of an implicit equation in order to determine y,, 11, given y,. In order to emphasise this difference,
Euler’s method is sometimes termed the explicit Euler method. The scheme which results for the value
of 8 = 1/2 is also of interest: y is supplied by and subsequent values y,41 are computed from

f(xna yn) + f(xn-i-la yn-l—l)
2 )

yn+1:yn+h ne{ovla"'aN_l}v y(]:y(x(])a

this is called the trapezium rule method.

Remark 3 The trapezium rule method involves the arithmetic average of f(xn,yn) and f(Tni1, Ynt1)-
Another possibility would have been to evaluate f at the arithmetic averages of x, and x,+1 and y, and
Ynt1 respectively. The resulting implicit one-step method:

Ty + Tntl Yn + Yn+l
2 ’ 2

yn+1:yn+hf< >7 ne{ovlv"'>N_1}7 y():y(x(])a

1s called the implicit midpoint rule.

The #-method is an explicit method for 8 = 0 and is an implicit method for 0 < 6 < 1, because
in the latter case (16) requires the solution of an implicit equation for y,4+1. Further, for each value of
the parameter 6 € [0,1], (16) is a one-step method in the sense that to compute y,+1 we only use one
previous value y,. Methods which require more than one previously computed value are referred to as
multi-step methods, and will be discussed later on in the notes.

In order to assess the accuracy of the #-method for various values of the parameter 6 in [0, 1], we
perform a numerical experiment on a simple model problem.

Example 1 Given the initial-value problem

(@) =z —[y@)]* for ze(0,04), y(0)=0,

we compute an approximate solution using the 0-method, for 0 = 0, 8 = 1/2 and 6 = 1, using the step
size h = 0.1. The results are shown in Table[]. In the case of the two implicit methods, corresponding to
0 =1/2 and 6 = 1, the nonlinear equations have been solved by a fized-point iteration.

k| xp | ypfor 0 =0 | yp for 6 =1/2 | yx for § =1
0] 0 0 0 0
110.1 0 0.00500 0.00999
210.2 0.01000 0.01998 0.02990
3103 0.02999 0.04486 0.05955
4104 0.05990 0.07944 0.09857

Table 1: The values of the numerical solution at the mesh points

For comparison, we also compute the value of the true solution y(xz) at the mesh points x, = 10
n € {0,1,2,3,4}. Since the solution is not available in closed form, we use a Picard iteration to calculate
an accurate approzimation to the true solution on [0,0.4] and call this “exact solution”. Thus, we consider

Yo(x) =0, yr(z) = /Ox (t = [yk—1(1)]?) dt, keN.

Hence,

1 1 1 1 1 1
vo(z) =0  yi(z) = ;27 yo(z) = —2® — —a°, ys(x) = 5962 - %l’f’ T ﬁxg B 44009511



By induction, one shows that

Lo 15 1 I 1 14
= + +0
y(@) 230 2036 16096 440096 (x ) ’
Tabulating ys(x) on the interval [0,0.4] with step size h = 0.1, we get the values of the “exact solution”

at the mesh points shown in Table[3

k| x| yla)
0] 0 0

1| 0.1 0.00500
2 10.2 | 0.01998
3 1 0.3 | 0.04488
4104 | 0.07949

Table 2: Values of the “exact solution” at the mesh points

The “exact solution” is in good agreement with the results obtained with § = 1/2: the error is < 5-107°.
For 0 =0 and 0 = 1 the discrepancy between yi and y(zy) is larger: it is < 2-1072.

So, why is the gap between the analytical solution and its numerical approximation in this example
so much larger for § # 1/2 than for § = 1/27 The answer is the subject of the next section.

2.2 Error analysis of the #-method

First we have to explain what we mean by error. The exact solution of the IVP f is a function
of a continuously varying argument z € [zg, Xas], while the numerical solution y,, is only defined at
the mesh points z,, n € {0,1,..., N}, so it is a function of a “discrete” argument. We can compare
these two functions either by extending in some fashion the approximate solution from the mesh points
to the whole of the interval [z, Xj/] (say by interpolating between the values yy,), or by restricting the
function y to the mesh points and comparing y(x,) with y, for n € {0,1,...,N}. Since the first of
these approaches is somewhat arbitrary because it does not correspond to any procedure performed in a
practical computation, we adopt the second approach, and we define the global error e, by

en :=y(xn) —yn for ne{0,1,...,N}

We wish to investigate the decay of the global error for the #-method with respect to the reduction of
the mesh size h. We shall show in detail how this is done in the case of Euler’s method (# = 0) and then
quote the corresponding result in the general case (0 < 6 < 1).

So let us consider the explicit Euler method:

Yn+1 :yn"_hf(xnayn)a n e {Ovla"'aN_]-}v y(]:y(xO)

The quantity

(wn+1)h— y(@n) f(@n,y(xn)), ne{0,1,...,N -1}, (20)

obtained by inserting the true solution y into the numerical method and dividing by the mesh size is
referred to as the consistency error (or truncation error) of the explicit Euler method and will play
a key role in the analysis. Indeed, it measures the extent to which the true solution fails to satisfy the
difference equation for the explicit Fuler method.

T, =Y




By noting that f(x,,y(z,)) = ¢/ (x,) and applying Taylor’s Theorem, it follows from that there
exists a &, € (zp, Tns1) such that

y(@ni1) = y(@a) — hy/ ()| 32" _ B

2

Th| = = <
Tl . . <

My, where Ms:= max [¢"(z)], (21)
€[z, X ]

where we have assumed that f is a sufficiently smooth function of two variables so as to ensure that

y'(x) = %[f(l" y(z))] exists and is bounded on the interval [zg, Xj/]. Since from the definition of Euler’s

method

0= w - f(xn’yn)a

By subtracting this from , we deduce that
ent1 = €n + h[f(@n, y(2n)) = f(@n, yn)] + W T
Thus, assuming that |y, — yo| < Yas, from the Lipschitz condition we get
lental < lenl & AL (2, y(@n)) — F@nyn)] + BITal < (L+BL)len] + BITal,  ne{0,1,...,N =1},
Now, let T := max,c(o,1,..n—1} |Tn|; then,
lent1] < (1+hL)|ey| + 0T Vne{0,1,...,N —1}.
This gives

len| < (14 hL)|en—1| + AT
< (1+hL) (1 + hL)|en_s| + hT) + AT

T
< (1+ hL)"|eo| + 7 (14 AL)" —1],
which can be made rigorous using induction. Noting that 1 4+ x < e* Vax € R, and nh = x,, — x¢, we have

T T
eal < e"™Ele] + 7 [e"E = 1] = eHenmm)jeg| 4 — [eHen =) —1]  ¥ne{0,1,..., N},

This estimate, together with the bound T' < %Mg, which follows from 1} yields

M-
lep| < eF@n=z0)|gq| 4 h2—£ [emn—fffo) -~ 1} Vn € {0,1,...,N}. (23)

To conclude, we note that by an analogous argument it is possible to prove that, in the general case
of the §-method (and assuming that & is sufficiently small, i.e. that h € (0, hg] where 1 — 0Lhg > 0)

Tp — To 1 Moy 1430 M; Tp — To
< - - — i — | —
len] < exp <L1—0Lh> |eo|+h<'2 9' 7 +h I ) [exp <L1—9Lh> 1} . (24)

for n € {0,1,...,N}, where M3 := max,c[, x,,]|¥" (z)|. In the absence of rounding errors in the
imposition of the i.c. we can suppose that eg = y(z9) — yo = 0. Then, we see from that
ma en| = O(h? hen 6 =1, max |e,| = O(h) when 6 €[0,1]\{}.
nE{O,l,.).(.,N}‘ nl () w 2 ne{O,l,.A.,N}‘ nl (h) 0, 1\{3}
This explains why in Tables[I|and [2| the values ¥, of the numerical solution computed with the trapezium-

rule method (6 = 1/2) were considerably closer to the true solution y(z,) at the mesh points than those
which were obtained with the explicit/implicit Euler methods (f = 0/6 = 1).



In particular, we see from this analysis, that each time the mesh size h is halved, the consistency error
and the global error are reduced by a factor of 2 when 6 # 1/2, and by a factor of 4 when § = 1/2.

While the trapezium rule method leads to more accurate approximations than the explicit Euler
method, it is less convenient from the computational point of view because it requires the solution of
implicit equations at each mesh point z,11 to compute y,+1. An attractive compromise is to use explicit
Euler to compute an initial crude approximation to y(z,+1) and then use this value within the trapezium
rule to obtain a more accurate approximation for y(x,1): the resulting numerical method is

f(xnyyn) + f(xn—i—la Yn + hf(In, yn))
2 )

yn+1:yn+h ne{()?l?"'aN_l}v yO:y(xO)v

and is frequently referred to as the improved Euler method. Clearly, it is an explicit one-step scheme,
albeit of a more complicated form than the explicit Euler method. In the next section, we shall take this
idea further and consider a very general class of one-step methods.

2.3 General one-step methods

Definition 2 A one-step method is a function ¥ that takes the triplet (£,m;h) € R x R x (0,00) and
a function f(-,-), and computes an approzimation V(&,n;h, f) € R of y(& + h), which is the solution at
x =&+ h of the IVP

(@) = flz,y(@), &) =n (25)
Here, we tacitly assume that has a unique solution, and therefore y(§ + h) exists. Additionally, the
step size h may need to be assumed to be sufficiently small for ¥ to be well-defined.

To give two simple examples, let us consider the implicit Euler method and the explicit Euler method:

e In the case of the implicit Euler method the function ¥ is defined implicitly, by

W nh, f)=n+hf(E+hY(Enh, f)).

Assuming that f satisfies a global Lipschitz condition with Lipschitz constant L (see Example [2| for
the definition), one can use the Contraction Mapping Theorem to show that, given a pair (&,7) € R,
and h € (0,1/L), there exists a unique W(&,n; h, f) € R satisfying this implicit relationship, and
therefore for such a “sufficiently small” A the function ¥ associated with the implicit Euler method
is well-defined.

e In the case of the explicit Euler method the function W is defined explicitly, by
(& nih, [) =n+hf(&mn).

In the case of general explicit one-step methods, to be investigated in the next section, we have

V(& m;h, f) =n+ h®(&n;h, f),

where ®(&,n;h, f) can be explicitly computed (without solving implicit equations) in terms of &, 7, h,
and f. In what follows, for the sake of notational simplicity, we shall not indicate the dependence of
®(&,m; h, f) on f, and will write ®(&, n; h) instead. For example, in the case of the explicit Euler method

O(&,m;h) = f(&,n), for all h.
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2.4 General explicit one-step methods

A general explicit one-step method may be written in the form:

Yn+41 :yn+hq)(xnayn>h)a n e {0717"'7N_ 1}7 Yo :y($0)7 (26)

where ®(-,-;-) is a continuous function of its variables. For example, in the case of the explicit Euler
method, ®(zy, yn; h) = f(Zn,yn), while for the improved Euler method

‘?(wn,yn; h) _ f(ﬂl'myn) + f($n +2h7 Yn + hf(l‘m yn)) ‘

In order to assess the accuracy of the numerical method , we define the global error, e,, by
en = Y(Tn) — Yn, ne{0,1,...,N}.

We define the consistency error, 7, of the method by

Y(Tnt1) — y(on)
h

Remark 4 For an implicit one-step method of the form yn41 = Yn +h®(n, Yn, Ynt1; h), the consistency
error is analogously defined by T, = W — ®(zp,y(zn), y(zpg1); h) formn e {0,1,...,N —1}.

T, = — ®(zp, y(zn); h), ne{0,1,...,N —1}. (27)

The next theorem provides a bound on the global error in terms of the consistency error.

Theorem 4 Consider the general one-step method (@) where, in addition to being a continuous function
of its arguments, ® is assumed to satisfy a Lipschitz condition with respect to its second argument; namely,
there exist constants Lg, hg > 0 such that, for h € [0, hg] and for the same region R as in Picard’s Theorem,

|®(x,2;h) — ®(x,2;h)| < Loz — Z|, V(z,2),(z,2) € R. (28)
Then, assuming that |y, — yo| < Yar forn € {0,1,..., N}, it follows that

6L<I> (ﬂﬂn—mo) _ 1

lep| < ele@n=20)|¢q| 4
Le

T, nef{0,1,...,N}, (29)

where T' := max,eo,1,.. . N—1} |Tnl-

77777

PRroor: First, note that by and we have that
Yn+1 = Yn + h@(@pn, ynih),  y(Tnt1) = y(@n) + h®(2n, y(zn); h) + hT,
for any n € {0,1,..., N — 1}. Subtracting the first equality from the second, we find that
ent1 = en + h[®(Tn, y(Tn); h) — @(Tn, yn; h)] + KT,
for any n € {0,1,..., N — 1}. Since (zn,y(xy)), (Tn,yn) € R, the Lipschitz condition implies that
lent1] < len| + hLolen| + A|Ty| < (1 4+ hLg)|en) +hT,  ne€{0,1,...,N —1}.
Hence, analogously to , we find that

(1+hLe)™ — 1T,
Lo
Noting that 1 + z < e* Vx € R, and nh = z,, — 29, we have

len] < (14 hLg)"|eo| + ne{0,1,...,N}.

enth> -1 eLtb(xn*IO) —1

T < ela(zn—w0)
o <e leo| + o
which concludes the proof. ¢

Let us note that the error bound for Euler’s explicit method is a special case of . We highlight

the practical relevance of the error bound by focusing on a particular example.

len| < €™ leq| + T, ne{01,... N},

11



Example 2 Consider the IVP

y'(z) = arctan(y(z)) for z€(0,1),  y(0)=1,
and suppose that this is solved by the explicit Euler method.

o First, let us show that this IVP has a unique (continuously differentiable) solution y : [0,1] — R.
We define R := [z, Xar] X [yo — Yar, yo + Yar] with xp :=0, Xpr:=1, yo := 1, and Yay > 0 chosen
later. The function f :R? — R, f(z,z) := arctan(z) is continuous in R? and satisfies

|f(z,2) — f(z,2)| < L|z — Z| Y(x,2),(z,2) € [x9, Xp] X R

with L := 1 (we say that f(-,-) satisfies a global Lipschitz condition in its second argument).
This follows from |0, f(z,z)| = H% < 1Vz € R and the Mean-Value Theorem. Noting M :=
max, . er|f (7, 2)| < 5, we choose Ya := § so that M(Xy — x0) < 5(1 —0) = Y and deduce
from Picard’s theorem that there is a unique solution y : [0,1] — R.

o We apply (29) to quantify the size of the global error (note that here, ®(z,z;h) := f(x,z)). We take
Lo := 1. Let us note that as ®(-,-;-) satisfies a global Lipschitz condition in its second argument,
we see from the proof of Theorem that the assumption |y, — yo| < Yar is not needed in this case.

By (@) and , and assuming eg = 0, we have that

Tn __ 1
len| < & (max |y”($)|> h, ne{0,1,...,N}.
2 xre

To find a bound for max,e(o1)|y" ()|, we differentiate the DE to find

1) = L aretan(y(e)) = — L&) _ arctan(y(z))
V(@) = g aretan(w(@)) = 70 03 = Ty )P

We see that |y"(z)| < |arctan(x)| < § for any x € [0,1] and hence, maxg¢jo 11|y ()| < 5. We find

(e —1) m(e—1)

T
|en| < 1

h <

h, ne€{0,1,...,N}

(note x, < Xpr = 1). Thus, given a tolerance TOL > 0 specified beforehand, we can ensure that the
error between the (unknown) true solution and its numerical approzimation does not exceed TOL by

choosing a step size h > 0 such that
4

h < o 1)TUL.
For such h we shall have |y(zy,) —yn| = |en| < TOL for eachn € {0,1,..., N}, as required. Thus, at
least in principle, we can calculate the numerical solution to arbitrarily high accuracy by choosing
a sufficiently small step size. In practice, because digital computers use finite-precision arithmetic,
there will always be small (but not infinitely small) pollution effects because of rounding errors; how-
ever, these can also be bounded by performing an analysis similar to the one above where f(xyn,yn)
is replaced by its finite-precision representation.

Returning to the general one-step method , we consider the choice of the function ®. Theorem
suggests that if the consistency error ‘approaches zero’ as h — 0 then the global error ‘converges to zero’
also (as long as |eg| — 0 when h — 0). This observation motivates the following definition.

Definition 3 The numerical method (@) s consistent with the ODE if the consistency error defined
by is such that for any € > 0 there exists he > 0 for which |T,| < € for all h € (0, he) and any pair
of points (Tn,y(n)), (Tn+1,Y(Tnt1)) on the graph of y.

12



For the general one-step method we have assumed that the function ®(-,-;-) is continuous; also
y' is a continuous function on [zg, Xs]. Therefore, from ,

lim T, =y (z) — ®(x,y(x);0) V€ v, Xpml
h—0,n— o
ZTn — T € [To, XMm]

As y/(x) = f(x,y(z)), this implies that the one-step method is consistent if, and only if, (we often
simply write iff)

®(z,y;0) = f(2,y), (30)
ie., ®(z,y(x);0) = f(z,y(z)) Yo € [z9, Xpr]. Now we are ready to state a convergence theorem for the
general one-step method .

Theorem 5 Suppose that the solution of the IVP —(@ lies in R as does its approrimation generated
from (@) when h < hg. Suppose also that the function ®(-,-;-) is uniformly continuous on R x [0, hg]
and satisfies the consistency condition (@) and the Lipschitz condition

|®(x, z;h) — ®(x,Z;h)| < Lo|z — Z| Y(x,z,h),(x,Z,h) € Rx [0, hg. (31)

Then, if successive approrimation sequences (yn), generated for x, = xo + nh, n € {1,...,N}, are
obtained from (@) with successively smaller values of h, each less than hg, we have convergence of the
numerical solution to the solution of the IVP in the sense that

ly(x) — yn| — 0 as h — 0, n — oo, &, = x € [z, Xpr].

Xy —xo
N

PRrROOF: Suppose that h = where N € N. We shall assume that N is sufficiently large so that
h < hg. Since y(zp) = yo and therefore ey = 0, Theorem 4| implies that

elo(Xn—z0) _q

|y(1:n)_yn| < |Tm‘v ne {1a"'7N}' (32)

max
Ly me{0,1,...,N—1}
From the consistency condition (30) we have

Y(Tn+1) — y(Tn)

T, =
h

- f(xm y(xn)) + [@(xna y(mn)v 0) - (I)(xm y(a:n), h)]

According to the Mean-Value Theorem the expression in the first bracket is equal to y'(§) — v/(xy,) for
some § € [Tpn,Tnt1]. Since y'(z) = f(x,y(z)) = ®(x,y(x);0) and P®(-,-;-) is uniformly continuous on
R x [0, hol, it follows that y' is uniformly continuous on [z, X)s]. Thus, for each £ > 0 there exists an
hi(e) > 0 such that

1Y/ (&) — 3/ (z)| < for h € (0,h1(e)), n € {0,1,...,N — 1}.

DN ™

Also, by the uniform continuity of ® with respect to its third argument, there exists an ha(¢) > 0 such
that

|(I>($n7y(xn); 0) - (I)(xn’y(xn)Q h)’ <

Thus, defining h. := min(hi(e), ha(e)) > 0, we have

for h € (0, ha2(g)), n € {0,1,...,N —1}.

IR

T, <e for h € (0,he), n € {0,1,...,N — 1}
Inserting this into we deduce that |y(x,) — yn| — 0 as h — 0 and n — oo. Since

|y($) - yn| < |y(:z:) - y(l'n)’ + |y($n) - yn‘a
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and the first term on the right also converges to zero as n — oo and x,, — x, by the uniform continuity
of y on the interval [xo, X /] the proof is complete. ¢

We saw earlier that for Euler’s method the absolute value of the consistency error T, is bounded
above by a constant multiple of the step size h, that is

|T.| < Kh Vh e (0, ho,

where K is a positive constant, independent of h. However there are other one-step methods (a class
of which, called Runge-Kutta methods, will be considered below) for which we can do better. More
generally, in order to quantify the asymptotic rate of decay of the consistency error as the step size h
converges to zero, we introduce the following definition.

Definition 4 The numerical method (@ is said to have order of accuracy p (or order of consistency
p), if p € N is the largest natural number such that, for any sufficiently smooth solution curve (x,y(zx))
in R of the IVP 7(@) we have

Tn] = O(RP),

i.e., there exist constants hy, K > 0 such that |T,,| < Kh? for all h € (0, hg], for any pair of points
(Tn, y(xn)), (Tnt1,y(Tnt1)) on the solution curve.

Having introduced the general class of explicit one-step methods and the associated concepts of
consistency and order of accuracy (or order of consistency), we now focus on a specific family: explicit
Runge-Kutta methods.

2.5 Explicit Runge—Kutta methods

In the sense of Definition [d the explicit Euler method is only first-order accurate; nevertheless, it is
simple and cheap to implement because to obtain y,1 from y, we only require a single evaluation of
the function f at (xy,y,). Runge-Kutta (RK) methods aim to achieve higher accuracy by sacrificing the
efficiency of Euler’s method through re-evaluating f(-,-) at points intermediate between (x,,y(z,)) and
(n+1,Y(znt1)). The general form of the R-stage explicit RK family is as follows:

Yntl = Yn + h®(xn,yn;h), O(x,z;h) ZC’” (2,23 h),
r—1
ki(z,z;h) = f(z,2), kr(xz,z;h) = f (w—}—har,z—l—thrsk:s(m,z;h)) , re{2,...,R}.
s=1

Remark 5 The most general version of a R-stage RK method is as follows:

R R
Yntl = Yn + hZch‘r, where k. = f (mn + hay, yn + thrskzs> for re{l,...,R}.

r=1 s=1

If the method is not a R-stage explicit RK method, then it is called a R-stage implicit RK method.
The information about the coefficients of a RK method is usually displayed in the so-called Butcher
a| B
tableau , where a = (a1,...,ag)T € RE, B = (bij)i<ij<r € REXE ¢ = (cf,...,cp)T € RE.
c
In the case of an explicit RK method, the matriz B is strictly lower-triangular, i.e., the diagonal and
superdiagonal entries of B are all equal to zero.
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For the sake of simplicity we now focus on explicit RK methods.

One-stage explicit RK methods. Suppose that R =1, i.e.,

Ynt1 = Yn + h®(Tn, Yn; h) = yn + cihf(xn,yn), where &@(x,z;h) =c1f(x,2).

By the condition , a method from this family will be consistent iff ¢y = 1. The resulting one-stage
explicit RK method is simply the explicit Euler method:

Yn+l = Yn + hf(xm yn) (33)

In the language of RK methods, yn+1 = yn + h®(zp, yn; h) with &(x, z;h) = Zizl crkr(x,2;h), ¢ =1
and ki (z, z;h) = f(x, 2).

Remark 6 The implicit Euler method yn+1 = Yn + hf(Tni1, Yn+1) i an example of a one-stage implicit
RK method: it can be written as Yn+1 = Yn+hP(Tpn, yn; h), where ®(x, z;h) = k1 (x, z; h) and ki(x,z;h) =
f(xz+ h,z+ hky) (note that, unsurprisingly, k1 is now defined through an implicit relationship). For the
sake of simplicity we shall continue to concentrate here on explicit RK methods only.

Two-stage explicit RK methods. Next, consider the case of R = 2, corresponding to the following
family of methods:

Yn+1 = Yn + h(c1k1 + c2ka), (34)
where

kl = f(xna yn)a (35)

ke = f(zn+ a2h,yn + barhky), (36)

and where the parameters ci, co, as and by are to be determinedﬁ Clearly f can be rewritten
in the form and therefore it is a family of one step methods. By the condition , a method from
this family will be consistent iff ®(z,y;0) = c1f(x,y) + caf (x + 0,y +0) = f(x,y), i.e., iff

c1+co=1.

Further conditions on the parameters are obtained by attempting to maximise the order of accuracy of the

method. Let us expand the consistency error of f in powers of h. Let us write f, := g—i, f = %
for the first-order partial derivatives of f = f(z,2), and fz, = of Suz = %,fzz = % for the

ox2)
second-order partial derivatives of f = f(z,z). We have

Y(Tnt1) — y(an) —af

T, =
h

(wna y(xn)) - 02k2(xn7 y(xn)S h)

with (using Taylor’s Theorem)
ko (@n, y(@n); h) := f(2n + azh, y(zn) + b1 hf (20, y(2n)))

1 1
= |f+ azhfs + banhf fo+ 5030 fro + asbn B2 foz + SU3 02 f2 foz | (2, y(an)) + O(R?).

Noting that for the first term in 7;,, we have the expansion

Y(Tnt1) — y(@n)
h

5We note in passing that the explicit Euler method is a member of this family of methods, corresponding to ¢; = 1 and
c2 = 0. However we are now seeking methods that are at least second-order accurate.

1 1
= 3/(3371) + ihy”(wn) + gthm(xn) + 0(h3)7
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and noting that y'(xy,) = f(zn,y(xn)) = (c1 + c2) f(zn, y(zy)), we deduce that
1 1
T, = §hy//(xn) + 6h2ym(l‘n) - C2h[a2foc + b21ffz](xn7 y(xn))
1 1
- CQhQ iagf:m + a2b21ff;tz + §b§1f2fzz (xm y(xn» + O(hg)

Note that for ¢/, 4", y" we have from the DE that
y'(x) = flz,y(@),  y"(2) = folz,y(@)) + ¥/ (@) fo(a, y(2) = [fo + [ L] (2, y(2)) = Fi(z, y(2),
and
" (@) = [faw + fofe + [ Lol (@,9(2) + 4 (@) fon + [2 4 [ L22) (2, y(2)

= [fofs + F2+ fox + 2f for + 212 (2, y(2))
= [foF1 + B)(z, y(x)),

where the functions F, F5 are defined as
Fy=f.+ff-, Fy 3:fx:c+2ffxz+f2fzz'
We find that

1
T,=nh [2F1 —azcafz — barcaf fo| (n, y(2n))

1 1 1 1
+ h2 |:6sz1 + 6F2 - 5“%02f:px - CL2b21c2ffxz - §b%102f2fzz (mmy($n)) + O(hs)

It follows that T}, = O(h?) for any f provided that
1
aer=bnez=5, atec=1

or equivalently,

1 1
61:1—7

b21 = ag C) = — .
’ 2as9’ 2a9

This still leaves one free parameter, as, but no choice of the parameters will make the method generally
third-order accurate.
There are two well-known examples of second-order explicit RK methods of the form f:

a) The modified Euler method: In this case we take ag := %, boy := %, c1:=0, cg := 1 to obtain

h h
Yn+1l = Yn + h f <$n + §a Yn + §f(xna yn)) .

The consistency error is

1 1
T, = h2 |:6sz1 + 24F2:| (xn’y(gcn)) + O(hg)
b) The improved Euler method: In this case we take as := 1, boy :=1, ¢1 := %, Co = % to obtain

e = Y+ 3 L) + £+ g+ B )]

The consistency error is

Tn = h2 [flszFl - 112F2:| (xn’y(xn)) + O(hg)
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Exercise 1 Let a € R\{0} and let z,, = a+nh, n € {0,1,..., N}, be a uniform mesh on the interval
[a,b] of step size h = b_T“. Consider the explicit one-step method for the numerical solution of the IVP

y'(z) = f(z,y(x)) for x € (a,b), y(a) = yo, which determines approzimations y, to the values y(z,) via

h h
it =+ L= @) () haf (04 G o ) ) € 0L N 1),

(i) Denoting the first-order partial derivatives of f = f(x,z) by fu, f», show that this method is consis-
tent and that its consistency error, Ty, (h, ), can be expressed as

Tuthva) = o [ (50 1) ") +1/ @ o) + 00

(i1) This method is applied to the IVP y'(z) = —[y(x)]P, y(0) = 1, where p € N. Show that 1) if p =1
then there does not exist a choice a # 0 for which T,,(h,a) = O(h3), and 2) if p > 2 then there
exists ag # 0 such that T,,(h, ) = O(h3).

SOLUTION: (i) The method is of the form y, 11 = yn + h®(xn, yn; h), where the function P is given by
O(z,z;h) = (1 —a)f(z,2) + af a:—&—i z—i—if(x z)
b) ) - ) 2a7 2a ) .
Since ®(z,y;0) = f(z,y), the method is consistent. By definition, the consistency error is

T(h,0) = L) gy

Note that y'(z) = f(z,y(2)), y"(2) = fa(z,y(2z)) + f:(z,y(2))y' (2), and y"(z) = f2(z,y(2))y" (%) + [foe +2f for +
f2f..)(x,y(x)). Using Taylor expansion, we find

T, (h, @)

2
=/ )+ 0 ) 4 ) = (1= (o) = 0 (0 o) + 50/ ) ) + OO

2
=/ (0) + oy ) + ) — (1= )y () — f (@, 900)) — o oy () — o )y )
2 2 2
=5 (55) eeomnton) — (52 ) Feslonulen o) = 5 (55 ) Foslom vty @)l + O0)

=y (za) = (1 — )y (zn) — ay'(zn) + gy//(xn) - g [fo(@n, y(xn)) + fo(@n, y(20))y (2n)]
F ) = o faa s y(en) + 2o ) () + fos s ylzn )l ()]?] + O(R)
= By ) — " ) — o ) e )]+ OGR)
h2

~ x| (30 1) @)+ @ onaton))| + 009,

(i) IVP ¢/(z) = —[y(2)]?, y(0) = 1, where p € N. Here, f : R> — R, f(z,2) := —2P, and we have f,(x,z) = —pzP~L.
1)Ifp =1, then f.(z, z) = —1 and we have that y'(x) = —y(z), ¥ (x) = —y/'(z) = y(x), and ¢y (z) = ¢/ (z) = —y(x),
so that

T(hya) = ;La [_ (304 - 1) y(zm) — y(mn)} + o) = —%y(mn) +OM®) = —%e‘m" + o),

Here, we have used that the true solution to the IVP y/(x) = —y(x), y(0) = 1 is given by y(z) = e~*. Since
e~ # 0, we see that there is no a # 0 for which T,,(h, a) = O(h?).
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2) Now consider p > 2. Then, y/(x) = (@), 3"(x) = ~ply@)Py' (@) = ply@]P, and 9" (z) = p(2p -
D[y(x)])??~2y'(z) = —p(2p — 1)[y(x)]*’~2, and therefore

(ha) = [(3a—1) p2p— 1) +22)| e + 008,

Choosing «a such that (%a —1)p(2p — 1) + p? = 0, namely a = % =: ay, gives Ty, (h,ag) = O(h?). o

Three-stage explicit RK methods. Let us now suppose that R = 3 to illustrate the general idea.
Thus, we consider the family of methods:

Yn+1 = Yn + h[c1k1 + c2ka + c3ks],
where

kl = f(xna yn)v
ka = f(xn + hag,yn + hbaik:),
k3 = f(l’n + hag, Yn + hbgllﬂ + hb32k2).

The method is consistent iff ®(z,y;0) = c1f(x,y) + c2f(x + 0,y +0) + c3f(z + 0,y + 0+ 0) = f(z,v),
ie., iff

c1+co+c3=1.

Our goal is to expand the consistency error T, in powers of h.

Simplification: For simplicity, we assume that f = f(z, z) is independent of z, i.e.,
flz,2) = f(2)

for some function f of one real variable. In this case, the ODE has the form y/(z) = f(y(z)) and is called
autonomous. In this, case the method reads

Yn+1 = Yn + h [01/%1 + coky + c3ks|

where
];‘1 = f:(yn)a
ky = f(yn + hbaiky),
ks = f(yn + hbsiki + hbsaks).

Now, let us expand the consistency error in powers of h. We have

7, = Y I ) — eaholy(ea): ) — esbs(y(n): )

with (using Taylor’s Theorem)

ko (y(xa); h) == f(y(zn) + hbar f(y(2n)))

2
= o) + 0 o 7] (wtea)) 412 | 2 2| o)) + 00
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and
ka(y(wn); h) := F(y(@n) + hbsi f(y(wn)) + hbsaks(y(zn); b))
F(@a)) + 1 [bar F '+ boa(F + Wb F T + O '] (y(wa)

+h2 ;(b3lf~+b32(f+0(h)))2f~”:| (y(an)) —|—O(h3)

= f(y(zn)) +h

—

(b31 + b32)ff/} (y(zn))

(b31 + b32)?

+ h? |borbsa f % + 2

P27 e + 00,
We find that
Q(zn, y(wn); h) = le(?/@n)) + 02%2(y($n); h) + 63%3(9(3371)5 h)

=(c1 tca+c3)f(y(wn)) +h [(b2102 + (bs1 + b32)c3)f:f/} (y(wn))

s (b e P7) () + 00)

+ h? {b21b3203ff/2 +

and we also have that

n — n 1 !
y(z +1)h Y@n) _ i) + S (@n) + Sh%Y" (z0) + O(R?)

- 1 15 1=
= ) + 1 |57 | () 4 42 | GF7 4+ 77 () + O,
Noting that 7, = w — ®(xp,y(zn); h), we conclude that we can achieve third-order accuracy,
i.e., T, = O(h?), if there holds
c1+co+c3 =1,

baica + (b1 + ba2)cs =

b3,co + (b1 + b32)*c3 =

ba1b3acs =

Solving this system of four equations for the six unknowns: c¢i,co,c3,bo1,b31,b32, we obtain a two-
parameter family of third-order accurate 3-stage explicit RK methods. We shall only highlight two
notable examples from this family:

(i) Heun’s method corresponds to

1 3

1 2
= c2=0, c3=-, 521257 b31 =0, b32=§,

yielding

ki = f(yn)v
ke = f <yn + ;hl?n) )
ks = f <yn + gh%2> :



(ii) Standard third-order explicit RK method. This is arrived at by selecting
1
cg=—, ba= ok bg1 = —1, b2 =2,

yielding

Ynt1 = Ynt+h (élél + giﬁ + (13];3> ;
ki = fyn),

ke = f (yn + ;hl;l) ;

ks = f (yn ~ ke + 2h12:2) .

Four-stage explicit RK methods. For R = 4, an analogous argument leads to a two-parameter family
of four-stage RK methods of order four. A particularly popular example from this family is:

1
Untl = Yn + gh (k1 + 2k2 + 2k3 + k4,
where

kl = f(xn7yn)7
1 1
ke = f <:cn + —h,yn + hk:1> ,

2 2
ks = @0+ Shyyn+ —hk
3 = Tn 2 y Yn 9 2],

ky = f(SUn +h,yn + hk‘3)'

Here ko and k3 represent approximations to the derivative y/(-) at points on the solution curve, intermedi-
ate between (z,,,y(x,)) and (p4+1, Y(Tnt1)), and @(xy,, yn; h) is a weighted average of the k;, i = 1,...,4,
the weights corresponding to those of the Simpson rule method (to which the fourth-order explicit RK
method reduces when f, =0, i.e., when f(x,z) = f(x) for some function f)

In this section, we have constructed R-stage explicit RK methods of order of accuracy O(hR), R =
1,2,3,4. It is natural to ask whether there exists an R stage method of order R for R > 5. The answer to
this question is negative: in a series of papers John Butcher showed that for R = 5,6,7, 8,9, the highest
order that can be attained by an R-stage RK method is, respectively, 4, 5,6, 6,7, and that for R > 10 the
highest order is < R — 2.

2.6 Absolute stability of explicit Runge-Kutta methods

We consider the model problem
y'(x) = My(x), ¥(0) = yo, (37)
with A € (—00,0) and yo # 0. Trivially, the true solution to this IVP

y(z) = yoe*

converges to 0 at an exponential rate as x — oo. The question that we wish to investigate here is under
what conditions on the step size h does a RK method reproduce this behaviour. The understanding of this
matter will provide useful information about the adequate selection of h in the numerical approximation
of an IVP by an explicit RK method over an interval [z, X3s] with X; > 2. For the sake of simplicity,
we shall restrict our attention to the case of R-stage methods of order of accuracy R, with 1 < R < 4.
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Let us begin with R = 1. The only consistent explicit one-stage RK method is the explicit Euler
method. Applying (33) to yields (note that here f: R? = R, f(z,2) := \z)

Yn+1 = Yn + hf(xnuyn) = Yn + Ay, = (1 + B)yna n € No,
where h := Ah. Thus, for any n € Ny we have
Yn = (1 + ﬁ)nyo

Consequently, the sequence (yn)nen, Will converge to 0 iff |1 + h| < 1, yielding h € (—2,0); for such h
the explicit Euler method is said to be absolutely stable and the interval (—2,0) is referred to as the
interval of absolute stability of the method.

Now consider R = 2 corresponding to two-stage second-order explicit RK methods:

Yn+1 = Yn + h(c1k1 + c2k2),

where
ki = f(2n,Yn), ko = f(xn + agh, yn + ba1hk)

with the order conditions 1
c1+c=1, ascy = barcy = 3

for second-order accuracy. Applying this to (37]) yields,
I
Yn+1 = Yn + h(cl)\yn + 02)\(yn + b21h)‘yn)) = <1 + h + 2h2> Yn, nc N07
and therefore, for any n € Ny we have
_1.\"
Yn = (1 +h+ 2h2> Yo-
Hence the method is absolutely stable iff

_ 1=
‘1+h+2h2 <1,

namely when h € (—2,0).
In the case of R = 3 an analogous argument shows that

_1- 1-
Ynt1 = (1+h+ h>+ -0 ) yn.
2 6
Demanding that

- 1= 1-
1+h+=-h>+ =03 <1
+h+5h'+ 2

then yields the interval of absolute stability: h € (—a, 0) with a ~ 2.51.
When R = 4, we have that

1., 1- 1-
=(14+h+=hR*>+=m3+ —n*
Yn+1 < + + 2 + 6 + 2 Yn

and the associated interval of absolute stability is h € (—a,0) with a ~ 2.78.
For R > 5 on applying the explicit RK method to the model problem still results in a recursion
of the form

Yn+1 = AR(D)Yn, n € Ny,

however, unlike the case when R = 1,2,3,4, in addition to A the expression Ar(h) also depends on
the coefficients of the explicit RK method; by a convenient choice of the free parameters the associated
interval of absolute stability may be maximised.
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3 Linear multi-step methods

While explicit RK methods present an improvement over, e.g., the explicit Euler method in terms of
accuracy, this is achieved by investing additional computational effort; in fact, RK methods require
more evaluations of f(-,-) than would seem necessary. For example, the fourth-order method involves
four function evaluations per step. For comparison, by considering three consecutive points z,_1, &, =
Tp-1+ h, Tny1 = Tp_1 + 2h, integrating the DE between z,,_1 and z,41, and applying Simpson’s rule to
approximate the resulting integral (that is, f;g(x)dx R~ b_T“(g(a) + 4g(“T+b) +g(b))), yields

Tn+1

Y(Ens1) = ¥(zn) + / f(a y(@)) da

Tn—1

~ y(xn—l) + éh [f(l'n—la y(xn—l)) + 4f(xna y(xn)) + f(xn-i-lvy(xn-‘rl))] )

which leads to the Simpson rule method

Yntl = Yn—1 + %h [f(@n—1,Yn—1) +4f(@n, yn) + f(@ns1, Yns1)] - (38)

In contrast with the one-step methods considered in the previous section where only a single value y,
was required to compute the next approximation y,11, here we need two preceding values, y, and y,_1
to be able to calculate y,+1, and therefore is not a one-step method.

In this section we consider a class of methods of the type for the numerical solution of the IVP
(1)-(), called linear multi-step methods (LMMs).

Given a sequence of equally spaced mesh points (x,) with step size h, we consider the general linear
k-step method

k k
> ynt =0 Bif (@i Ynss), (39)
j=0 §=0
where aq, a1, - .., o, 80, 51, - - -, Bk € R. In order to avoid degenerate cases, we shall assume that ay # 0

and that o2 + B2 # 0, i.e., ap and By are not both equal to zero. If B = 0 then y, . is obtained
explicitly from previous values of y; and f(z;,y;), and the k-step method is then said to be explicit.
On the other hand, if §; # 0 then y,yx appears not only on the left-hand side but also on the right,
within f(z,4k, Yntk); because of this implicit dependence on y,, 1 the method is then called implicit.
The numerical method is called linear because it involves only linear combinations of the {y,} and
the {f(2zn,yn)}; for the sake of notational simplicity, henceforth we shall write

fn = f(xnyyn)
Let us give some examples of LMMs.
Example 3 We have already seen an example of a linear 2-step method in @ Further examples:

a) The explicit Euler method yn11 = yn+ hfn is an explicit linear one-step method. The implicit FEuler
method Yni1 = Yn + hfnt1 is an implicit linear one-step method.

b) The trapezium rule method yp41 = yn + %(fm-l + fn) is an implicit linear one-step method.

¢) The four-step Adamsﬁ—Bashforth method

h
Yntd = Ynt3 + 21 (55 fnt3 — B9 fnt2 + 37 fnt1 — 9fn)

5J. C. Adams (1819-1892)
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is an explicit linear four-step method; the four-step Adams—Moulton method

h
Yn+4 = Yn+3 + % (251fn+4 + 646fn+3 - 264fn+2 + 106fn+1 - 19fn)

is an implicit linear four-step method.

The construction of general classes of LMMs, such as the (explicit) Adams—Bashforth family and the
(implicit) Adams—Moulton family will be discussed in the next section.

3.1 Construction of linear multi-step methods

Let us suppose that (un)nen, i a sequence of real numbers. We introduce the shift operator E, the
forward difference operator A and the backward difference operator A_ by

FE (un)neNO = (uo,ul,uQ, .. ) —> (un+1)n€N0 = (ul,uQ, .. .),
A+ : (un)neNO = (uo,ul,uQ, .. ) —> (un+1 — un)neNO = (u1 —Ug, U2 — Ug,... ),
At (Un)nen, = (uo, ut,ug, ... ) = (Un — Un—1)neny = (U0, U1 — Ug, Uz — U1, ... ).

(Note we used the notation u_; := 0.) Further, we define
E7V (un)neny = (w0, ut,u2, ... ) = (tn—1)nen, = (0,ug, u1, ... )

and note that £ o E~! = I, where I denotes the identity map I : (un)nen, = (Un)nen,- Observe that
Ay =E—-T=FEA_, A_=IT—-E" Eo(I-A.)=1

Writing u := (un)nen,, it follows that for any & € N we have

k

k
(A, = [(B - Dkl = 3 (-1 ( : ) wnsigs [AFul, = [(1 = B, = S (<1 ( ; ) .

J=0 J=0

(1\Lotation: kA’i = %Jr oAjo- o Ay (k tirr;es), A¥u is a sequence with entries [A¥u],, n € Ny, ie.,
Afu = ([Afu]o, [ASuly,...). Similarly for A¥u.)

Now suppose that v : R — R is a function whose derivative exists and is integrable on [xq, x,] for each
n € No. We then define u,, := u(z,) where z,, = o + nh for n € Ny. With a slight abuse of notation, we
call the resulting sequence (ug,u1,usg,...) again u as it will be clear from the context when we mean the
function and when we mean the sequence.

Letting D := % be the differentiation-operator, by applying a Taylor series expansion we find that

. 1, o — (sh)* shD
[Eful, = u(xy + sh) = uy, + sh[Dul, + a(sh) [D*u)p, + -+ = Z o [D%ul, = [ u],.
k=0

Thus, formally, hD = In(F) = —In(I — A_), and therefore, again by Taylor series expansion,
/ 1 2 1 3
hu' () = A,+§A_+§A_+-'- ul| .
Now letting u(z) = y(z) where y is the solution of the IVP (1))-(2) and noting v/(z) = ¢/(z) = f(z, y(x)),

we find that 1 1
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By successive truncations of the infinite series on the right, we find that
y(xn) - y(xn—l) ~ hf(xmy(xn))? (TL > 1)
3 1
52/(1'71) —2y(@n-1) + Sy(@n—2) =~ hf(zn,y(zn)), (n>2)

2
) = 3y(en ) + Sy(en )~ 3ulens) & AfGEny(E),  (123)

and so on. These approximate equalities give rise to a class of implicit LMMs called backward differ-
entiation formulae (BDF'), the simplest of which is the implicit Euler method.
Similarly, using E~' =T — A_ and hD = —In(I — A_), we find

E~YhD)=—(I-A_)ln(I -A_),
and therefore ) )
h'(zp) = [ A — A2 — A% 4o ) .
2 6 n+1

Letting, again, u(z) = y(z) where y is the solution of the IVP (I))-(2) and noting «/(z) = y/(z) =
f(x,y(x)), successive truncations of the infinite series on the right result in

Y(@nt1) —y(@n) = hf(Tn,y(zn)),

Y1) = 5ul@n1) = hfGny(an), (02 1)
S0 i)+ 3y(En) — ylan 1) +gy(En) & by, (122

and so on. The first of these yields the explicit Euler method, the second the so-called explicit midpoint
rule, and so on.

Further methods can be created using a similar methodology. Without going into detail, one can
show that

_ ~ _1 EECIINE I NI X R
Y(xnt1) —y(zn) = h [(I 2A, 12A_ 24A_ 720A_ > Y . (40)
and 1 ) 3 251
B ~ = 2 | A3 4 )
Y(Tnt1) — y(zp) h[([+2A_+12A+8A+720A+ >y}n (41)

Using ¢/(z) = f(z,y(x)), successive truncations of yield the family of Adams—Moulton methods,
while similar successive truncations of gives rise to the family of Adams—Bashforth methods.

Next, we turn our attention to the analysis of LMMs and introduce the concepts of stability, consis-
tency and convergence.

3.2 Zero-stability

As is clear from we need k starting values, yo, ..., yr_1, before we can apply a linear k-step method
to the IVP f: of these, yq is given by the i.c. , but the others, y1,...,yr_1, have to be computed
by other means: say, by using a suitable RK method. The starting values will contain numerical errors
and it is important to know how these will affect further approximations y,,, n > k, which are calculated
by means of . Thus, we wish to consider the ‘stability’ of the numerical method with respect to ‘small
perturbations’ in the starting conditions.

Definition 5 A linear k-step method for the ODE v/ (z) = f(x,y(x)) is called zero-stable if there exists
a constant K > 0 such that, for any two sequences (y,) and (§,), which have been generated by the same
formulae but with different initial data yo, y1,...,Yx—1 and Yo, Y1, - --,Ye_1, respectively, we have

— o) <K ma - 42
Yo =Gl < K max v = 3 (42)

24



forn € {0,1,...,N}, and as h tends to 0.

We shall prove later (cf. the first line of the proof of Theorem @ that whether or not a method is
zero-stable can be determined by merely considering its behaviour when applied to the trivial differential
equation y'(z) = 0, corresponding to with f = 0; it is for this reason that the kind of stability
expressed in Definition [o| is called zero stability. While Definition [5| is expressive in the sense that it
conforms with the intuitive notion of stability whereby “small perturbations at input give rise to small
perturbations at output”, it would be a very tedious exercise to verify the zero-stability of a LMM using
Definition [5| only; thus we shall next formulate an algebraic equivalent of zero-stability, known as the root
condition, which will simplify this task. Before doing so we introduce some notation.

Given the linear k-step method we consider its first characteristic polynomial

k
p:C—C, p(z) ::Zajzj,
j=0
and its second characteristic polynomial
k .
c:C—C, o(z) ::Zﬁjz],
§j=0

where, as before, ay # 0 and a3 + 83 # 0. For r € (0,00) and a € C, we introduce the notation
D.(a):={z€C:|z—a|<r}, Dya):={2€C:|z—a|<r}, 0Dy(a):={2€C:|z—a|=r).
Now we are ready to state the main result of this section.

Theorem 6 A LMM is zero-stable for any ODE of the form where f satisfies the Lipschitz condition
@, iff all zeros of its first characteristic polynomial lie inside the closed unit disc D1(0), with any which
lie on the unit circle 9D1(0) being simple.

The algebraic stability condition contained in this theorem, namely that the roots of the first charac-
teristic polynomial lie in the closed unit disc and those on the unit circle are simple, is often called the
root condition.

PROOF: (Sketch) Necessity. Apply the linear k-step method to the ODE ¢/(x) =0 (i.e., f = 0):

QYntk + Ok 1Ynth—1 + -+ + Q1Ynt1 + aoyn = 0. (43)

Denoting the distinct zeros of the first characteristic polynomial p by z1,..., 25 € C, the general solution
of this k-th order linear difference equation has the form

S
Yn = Zps(n)z?a (44)
s=1

where pg(-) is a polynomial of degree one less than the multiplicity of the zero. Clearly, if |z5| > 1 then
there are starting values for which the corresponding solutions grow like |z5|™ and if |z5] = 1 and its
multiplicity is m, > 1 then there are solutions growing like n™~!. In either case there are solutions that
grow unbounded as n — oo, i.e. as h — 0 with nh fixed. Considering starting data yo, y1, ..., yx—1 which
give rise to such an unbounded solution (y,), and starting data gp = 91 = - -+ = gyx—1 = 0 for which the
corresponding solution of is (gn) with ¢, = 0 for all n, we see that cannot hold. To summarise,
if the root condition is violated then the method is not zero-stable.

Sufficiency. The proof that the root condition is sufficient for zero-stability is long and technical, and
will be omitted here. For details, see, for example, P. Henrici, Discrete Variable Methods in Ordinary
Differential Equations, Wiley, New York, 1962. ¢
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Example 4 We shall consider the methods from Example[3,

a) Explicit Euler method: yp+1 — yn = hfn. Here, oy = 1, a9 = =1, 1 = 0, By = 1. Hence,
p(z) = z — 1 which has a simple root at z = 1. Hence, the explicit Euler method is zero-stable.

Implicit Euler method: yn+1 — yn = hfny1. Here, oy = 1, ag = —1, 1 = 1, fg = 0. Hence,
p(z) = z — 1 which has a simple root at z = 1. Hence, the implicit Euler method is zero-stable.
Trapezium rule method: Ypi+1 — Yn = h(%fn_H + %fn) Here, a1 =1, a0 = -1, 1 =6y = % Hence,

p(z) = z — 1 which has a simple root at z = 1. Hence, the trapezium rule method is zero-stable.

b) 4-step Adams—Bashforth method: ypi4 — Ynts = h (%fmrg - %fn+2 + %fn+1 — %fn). Here, ay =
Lag=-1, aa=a1 =ay=0, 81 =0, B3 =252, Bo =—33, B =3I, By =—gy. Hence,
p(z) = 24 — 23 = 23(2 — 1) which has the root z; = 0 with multiplicity 3, and the oot zo = 1 with

multiplicity 1. Hence, the four-step Adams—Bashforth method is zero-stable.

4-step Adams—Moulton method: yp+4—Yn+s = h (%{”RM + %gﬁfmrg — %gf” + %0]06”4'_1 - 71790']0{7‘9)'
H€T’€, Oé4:]_, OZSZ*]-a 0522041:&0:0:54:%7 B3:m;/82:7m7 1= 790> Bozim
Hence, p(z) = 2* — 23 = 23(2 — 1) which has the oot z1 = 0 with multiplicity 3, and the root zo = 1
with multiplicity 1. Hence, the four-step Adams—Moulton method is zero-stable.

¢) Consider the three-step (sixth order accurate) LMM

1ynts + 2Tynyo — 2Typy1 — 1y, = h (an—i-S + 27 frqo + 27 fpg1 + 3fn) .

Here, az = 11, a9 = 27, oy = =27, a9 = —11, B3 = Bo = 27, 1 = 27, o = 3. Hence,
p(z) = 1123 + 2722 — 272 — 11 has the three simple roots z1 = 1, 2o = —%, Z3 = —%.

Since |z3] = % > 1, the method is not zero-stable.

3.3 Consistency

In this section we consider the accuracy of the linear k-step method . For this purpose, as in the case
of one-step methods, we introduce the notion of consistency error. Thus, suppose that y is a solution of
the ODE (|1)). Then the consistency error of is defined as

Sholiy(@nss) = By (@nr))] _ S0 gy(@nss) — By (@ns))] (45)
hy o B ho(1) ‘

Of course, the definition requires implicitly that (1) # 0 (Rk: for any convergent LMM there holds
(1) = p'(1) # 0; see proof of Theorem . Again, as in the case of one-step methods, the consistency
error can be thought of as the residual that is obtained by inserting the solution of the ODE into the
formula and scaling this residual appropriately.

T, =

Definition 6 The numerical scheme @ is said to be consistent with the ODE if the consistency
error defined by ({43) is such that for any & > 0 there exists an he > 0 for which |T,,| < € for all h € (0, h.)
and for any (k+1) points (zn,y(2n)), - - -+ (Tntks Y(Tntk)) on any solution curve in R of the IVP (1)-(9).

Now let us suppose that the solution to the ODE is sufficiently smooth, and let us expand y(zn+;)
and y'(xp4;) into a Taylor series about the point x, and substitute these expansions into the numerator
in to obtain
. COy(xn) + Clhy/(xn) —+ CQhQ?JH(xn) +--
B ho(1) ’

T, (46)
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where o(1) # 0, and the constants Cy, C1,Cy, --- € R are given by

k ko ko g1
_ N/ J
C()—ZOCJ', Cq—ZaOC]—ZWBJ fOI’qu.
Jj=0 j=0 j=0
These constants can also be computed from the following relations:
CO p(l)a
C1 = p(1)-a(1),
2C, = p'(1)=20'(1) + p"(1),
6Cs = p/(1)=30'(1) +3p"(1) — 30" (1) + p" (1),
24Cy = p(1) =40’ (1) + 70" (1) — 126"(1) + 69" (1) — 40" (1) + " (1),
120C; = p/'(1) —50'(1) + 150" (1) — 350" (1) + 250" (1) — 306” (1) + 10" (1) — 5™ (1) + p"" (1),
q—1
C = Y (Sa)pP(1) 45— 1,7)0P (1)) +pD(1), g€ Nz,
j=1

Here, S(q,j) :== %Zfzo(—l)l(i)(] — 4)? denote the Stirling numbers of the second kind. For consistency
we need that T, — 0 as h — 0 and this requires that Cyp = Cy =0, i.e.,

p(1)=0 and p'(1)=0(1) #0.

Let us observe that, according to this condition, if a linear multi-step method is consistent then it has a
simple root on the unit circle at z = 1; thus the root condition is not violated by this zero.

Definition 7 The numerical method @ is said to have order of accuracy p (or order of consis-
tency p) if p € N is the largest natural number such that for any sufficiently smooth solution curve in R

of the IVP 7(@ we have
Tn| = O(RP),

i.e., there exist constants ho, K > 0 such that |T,,| < KhP for all h € (0,hg), for any (k + 1) points
(Tn,y(zn)), -y (Tnak, y(Tnak)) on the solution curve.

We deduce from that the method is of order of accuracy p iff
C()chz---z p:() and Cp+17é0.

In this case,

_ CP+1 p, (p+1) p+1y.
T, = 70(1)h Y (xn) + O(RPT);

the number Cp1 # 0 is then called the error constant of the method.

Exercise 2 Construct an implicit linear two-step method of mazimum order of accuracy, containing one
free parameter. Determine the order of accuracy and the error constant of the method.

SoLUTION: Taking ag = a as parameter, the method has the form

Ynt2 + Q1Ynt1 + ayn = M(Bafrre + Bifny1 + Bofn)s
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with Ba # 0 and a® + 32 # 0. Here, az = 1, ap = a. We have p(2) = 22 + @12 + a and 0(2) = S22 + B12 + fo.
Assume o(1) = By + B1 + B2 # 0. We see that p(1) =1+ a+ ag, p'(1) =2+ ay, p’(1) =2, o(1) = Bo + B1 + P,
o' (1) = By + 2B, 0" (1) = 283, and p¥ (1) = ¢ (1) = 0 for i > 3. We have to determine four unknowns: ay, s,
51, Bo, so we require four equations; these will be arrived at by demanding that

Co = p(l)=1+a+a; =0,
Ci = pP(1)—o(l)=2+4a1—Bo—f1—P2=0,
2C; = p/(1)=20'(1)+p"(1) =4+ a1 — 261 — 462 = 0,
6C3 = p'(1) =30’ (1) +3p"(1) = 30" (1) + p"' (1) =8+ a1 — 381 — 123, = 0.

This gives a; = —1 —a, By = —15(1 4+ 5a), 81 = 2(1 — a), B2 = (5 + a), and the resulting method is

h
13 (6

Note that o(1) = 5+ 81 + P2 =1 —a # 0 iff a # 1. We have that

Yn+2 — (L + a)yns1 + ay, = +a) for2 +8(1 —a)fny1 — (1 +5a) fr) . (47)

24Cy = p'(1) =40’ (1) + 7p" (1) — 126" (1) + 6p"" (1) — 40" (1) + p""(1) = 16 + a; — 431 — 3232 = —(1 + a),
and that
120C5 = p'(1) — 50’ (1) + 15p" (1) — 350" (1) + 25p"" (1) — 300" (1) + 10p™"(1) — 5" (1) + p"""' (1)
=32+ 01 — 561 — 80052 = —é(l? + 13a).
If a ¢ {—1,1}, then Cy # 0, and the method (47) is third order accurate. If, on the other hand, a = —1, then
Cy=0 and Cs # 0 and the method becomeb the Simpson rule method Ynt2 — Yn = (fn+2 + 4fn+1 + fn)

fourth-order accurate two-step method The error constant is Cy = —55(1+a) if a # —1, and Cs = —g5 ifa=—1
o

Exercise 3 Determine all values of the parameter b € R\{0}, for which the LMM

Yn+3 + (20 = 3)(Yn+2 — Ynt1) — Yn = h0(fry2 + frs1)

is zero-stable. Show that there exists a value of b for which the order of accuracy is 4. Is the method
convergent for this value of b? Show that if the method is zero-stable then its order of accuracy is 2.

SOLUTION: According to the root condition, this LMM is zero-stable iff all roots of its first characteristic polynomial
p(z) = 2%+ (2b—3)(2* —2) — 1

lie in the closed unit disc D;(0), and those on the unit circle 9D;(0) are simple. Clearly, z; = 1 is a root of p and
we note that

p2) = (: = Dpr(2),  pu(e) = 2 =21 —b)z + 1.

Thus the method is zero-stable if, and only if, all roots of the polynomial p; belong to the closed unit disc, and
those on the unit circle are simple and differ from z; = 1.

Suppose that the method is zero-stable. Then, it follows that b # 0 and b # 2, since these values of b correspond
to double roots of p; on the unit circle, respectively, z =1 and z = —1. Since the product of the two roots of p; is
equal to 1 and neither of them is equal to 1, it follows that they are strictly complex; hence the discriminant of
the quadratic polynomial p; is negative. Namely, 4(1 — b)2 — 4 < 0, i.e., b € (0,2).

Conversely, suppose that b € (0,2). Then the roots of p are

z1 =1, Zgz(l—b)-‘ri 1—(1—1))2, Zgz(l—b)—i 1—(1—b)2.

Since |zo| = 23] = 1, 22 # 1, 23 # 1, and 23 # z3, all roots of p lie on the unit circle and they are simple. Hence
the method is zero-stable. To summarise, the method is zero-stable iff b € (0, 2).
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Let us analyse the order of accuracy: Note that o(z) = b(2% + 2). We see that p(1) = 0, p'(1) = 2b, p”(1) = 4b,
p"(1) = 6, and p (1) = 0 for i > 4, and we see that o(1) = 2b # 0, o’(1) = 3b, 0"’ (1) = 2b, and ¢?(1) = 0 for
1

i > 3. We compute Cyp =0, Cy =0, Cy =0, C3 = GT*I’, Cy= 3’627*4% = GT*Z’, and C5 = 50?0231;. We find that

_ Co Ci o, Cay Cs 5 3 Cs 13 (4 Cs .4 (5 5
_6-by2 (9 60,3 @ 150 —23b, 4 (s5) 5
= 75 Ry (zy,) + % Py (x,) + YT h*y© () + O(R°).

If b =6, then T,, = Floh‘ly(f’) (z,,) + O(h®) and so the method is 4th order accurate. As b = 6 does not belong

to the interval (0,2), we deduce that the method is not zero-stable for b = 6. Finally, since zero-stability requires
b € (0,2), in which case 61—55 # 0, it follows that if the method is zero-stable then its order of accuracy is 2. ¢

3.4 Convergence

The concepts of zero-stability and consistency are of great theoretical importance. However, what matters
most from the practical point of view is that the numerically computed approximations y, at the mesh-
points x,, n € {0,1,..., N}, are close to those of the true solution y(x,) at these point, and that the
global error e, = y(z,) — y, between the numerical approximation y, and the exact solution-value
y(xy,) decays when the step size h is reduced. We introduce the following definition.

Definition 8 The LMM @ 1s said to be convergent if, for all IVPs f(@ subject to the hypotheses
of Theorem[1], we have that
lim —y,, = y(z) (48)
nh=x—xg
holds for all x € [wo, Xp| and for all solutions {y,}N_, of the difference equation (@) with consis-
tent starting conditions, i.e. with starting conditions ys = ns(h), s € {0,1,...,k — 1}, for which
limp o ns(h) = yo, s € {0,1,...,k —1}.

We emphasise here that Definition |8 requires that holds not only for those sequences {yn}f:f:[) which
have been generated from using ezact starting values ys = y(zs), s =0,1,...,k — 1, but also for all
sequences {yn},]yzo whose starting values ns(h) tend to the correct value, yg, as h — 0. This assumption is
made as in practice, exact starting values are usually not available and have to be computed numerically.

In the remainder of this section we shall investigate the interplay between zero-stability, consistency
and convergence; the section culminates in Dahlquist’s Equivalence Theorem which, under some technical
assumptions, states that for a consistent LMM zero-stability is necessary and sufficient for convergence.

3.4.1 Necessary conditions for convergence

In this section we show that both zero-stability and consistency are necessary for convergence.
Theorem 7 A necessary condition for the convergence of the LMM (@) 1s that it is zero-stable.

PROOF: Let us suppose that the LMM is convergent; we need to show that it is then zero-stable.
We consider the IVP ¢/(z) = 0, y(0) = 0, on the interval [0, Xy], X3 > 0, whose solution is y = 0.
Applying to this problem yields the difference equation

k
Z jYn+j = 0. (49)
j=0

Since the method is assumed to be convergent, for any x € [0, X /], we have that

lim y, =0, (50)
nhhzoac
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for all solutions of satisfying ys = ns(h), s € {0,1,...,k — 1}, where

lim ns(h) =0, se{0,1,...,k—1}. (51)
h—0

Let z = re® with r > 0, ¢ € [0,27) be a root of the first characteristic polynomial p. Then, the numbers
Yn = hr" cos(ng)

define a solution to 1) satlsfymg Indeed, using that Z 0 i1’ cos(jo) = Re[p(re’?)] = 0 and

Z?:o a7 sin(j¢) = Im[p(re'?)] = 0, we ﬁnd

k

k k k
Z QjYntj = Z ajhr™ cos((n + 7)¢) = hr™ | cos(ng) Z a1 cos(jp) — sin(ne) Z a;r sin(jo) | = 0.
=0

j=0 §=0 5=0
We observe that if ¢ € {0, 7}, then

Yp = Ynt1Un—1 — p2p2n cos®(ng) — cos((n + 1)¢) cos((n — 1)) — p2p2n
sin?(¢) sin®(¢) ’
Since the left-hand side of this identity converges to 0 as h — 0, n — oo, nh = x, we must have

2
lim ()" =0

n—o0 \ N

for any = € [0, Xps]. This implies that r € [0, 1] (recall » > 0). In other words, we have proved that any
root of the first characteristic polynomial of lies in the closed unit disc D1 (0).

Next we prove that any root of the first characteristic polynomial of that lies on the unit circle
0D1(0) must be simple. Assume, instead, that z = re'®, is a multiple root of p(z), with |2| = r = 1
and ¢ € [0,27). We shall prove below that this contradicts our assumption that the method is
convergent. Similarly to before, we see that

Yn = Vhnr" cos(ng) = Vhn cos(ng) (52)

defines a solution to , where we have used r = 1 in the second equality. This satisfies as for any
s€{0,1,...,k— 1} we have

ns(h)| = lys| < Vhs <Vh(k—1) >0 as h—0.
If ¢ € {0, 7}, it follows from with nh = z that
lyn| = Vav/n, (53)

and we deduce from that limy, o0 nh=z |Yn| = 00 whenever x # 0, which contradicts . If, on the
other hand, ¢ ¢ {0, 7}, then

2
Zn T An+12n—1

sin?(6)

where z, = Ty" = Lyn Since, by , zn converges to 0 as h — 0, n — oo, nh = x, it follows that

=1, (54)

the left-hand side of (54) converges to 0 as h — 0, n — oo, nh = x, which is a contradiction (as the
right-hand side converges to 1).

To summarise, we have proved that all roots of the first characteristic polynomial p of the LMM
lie in the closed unit disc D1(0), and those which belong to the unit circle dD;(0) are simple. In view of
Theorem [6] the LMM is zero-stable. ¢
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Theorem 8 A necessary condition for the convergence of the LMM @ 1s that it is consistent.

PROOF: Let us suppose that the LMM is convergent; we need to show that it is then consistent.
Let us first show that Cy = 0. We consider the IVP y/(z) = 0, y(0) = 1, on the interval [0, X/],
X > 0, whose solution is y = 1. Applying to this problem yields the difference equation

k
Z AjYn+j = 0. (55)
=0

We supply “exact” starting values for the numerical method; namely, y; =1, s € {0,1,...,k—1}. Given
that by hypothesis the method is convergent, we deduce that

lim y, = 1. (56)
nha

Since in the present case y, is independent of the choice of h, (56) is equivalent to saying that

lim y, = 1. (57)

n—oo

Passing to the limit n — oo in , we deduce that

k
Co=p(1)=> a;=0. (58)

=0

In order to show that C; = 0, we now consider the IVP 3/(z) = 1, y(0) = 0, on the interval [0, X/],
X > 0, whose solution is y(x) = z. The difference equation (39) now becomes

k k
Zajyn—f—j = hZ@‘, (59)
i=0 =0

where Xy — 29 = Xy — 0= Nh and n € {0,1,...,N — k}. For a convergent method every solution of

satisfying

lim ns(h) =0,  s€{0,1,...k—1}, (60)
h—0

where y; = ns(h), s € {0,1,...k — 1}, must also satisfy
lim y, = z. (61)

h—0
nh=x

Since according to Theorem [7] zero-stability is necessary for convergence, we may take it for granted
that the first characteristic polynomial p of the method does not have a multiple root on the unit circle
0D1(0); therefore

k
P(1) =) joj #0.
j=1
Let the sequence {y,,}_, be defined by y, = Knh, where

k .
K — a(1) _ Zj:o Bi . (62)

p,(l) Z?zljaj’
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this sequence clearly satisfies and is a solution of (59) as

k

k k
Zajyn+j = hKZaj(n +J) = KnhCy+ Khp'(1) = ho(1) = hZBj.
=0 =0 =0

Furthermore, implies that

x=y(x) = }LlLI(l) Yn = }LlLI(l) Knh =Kz
nh=x nh=x

for any = € [0, X)/], and therefore K = 1. Hence, from , we obtain that
Cr=p'(1) = (1) =0;

equivalently, p'(1) = o(1). ©

3.4.2 Sufficient conditions for convergence

Theorem 9 (Dahlquist) For a LMM that is consistent with the ODE where f is assumed to satisfy
a Lipschitz condition, and starting with consistent initial data, zero-stability is necessary and sufficient
for convergence. Moreover if the solution y has continuous derivatives of order (p + 1) and consistency
error O(hP), then the global error e, = y(xy) — yn 1s also O(hP), i.e. the method is p-th order convergent.

According to Dahlquist’s theorem, if a LMM is not zero-stable its global error cannot be made
arbitrarily small by taking the mesh size h sufficiently small for any sufficiently accurate initial data.
In fact, if the root condition is violated then there exists a solution to the LMM which will grow by an
arbitrarily large factor in a fixed interval of x, however accurate the starting conditions are. This highlights
the importance of the concept of zero-stability and indicates its relevance in practical computations.

3.5 Maximum order of accuracy of a zero-stable linear multi-step method

Let us suppose that we have already chosen the coefficients «;, j € {0,1,...,k}, of the k-step method
(39). The question we shall be concerned with in this section is how to choose the coefficients f;,
j€{0,1,...,k}, so that the order of accuracy of the resulting method is as high as possible.

In view of Theorem [ we shall only be interested in consistent methods, so it is natural to assume
that the first and second characteristic polynomials p and o associated with satisfy p(1) = 0,
p'(1) —o(1) =0, with (1) # 0.

By inspection, the linear k-step method has 2k + 2 coefficients: «;, 85, j € {0,1,...,k}, of
which a4, is taken to be 1 by normalisation. This leaves us with 2k + 1 free parameters if the method is
implicit and 2k free parameters if the method is explicit (because in the latter case S is fixed to have
value 0). According to , if the method is required to have order p, the p + 1 linear relationships
Co=0,C1 =0,...,C, = 0 involving «;, 85, j € {0,1,...,k}, must be satisfied. Thus, in the case of
the implicit method, we can impose p + 1 = 2k + 1 linear constraints Cp = 0, C; =0, ..., Co, = 0
to determine the unknown constants, yielding a method of order p = 2k. Similarly, in the case of an
explicit method, the highest order we can expect is p = 2k — 1. Unfortunately, there is no guarantee that
such methods will be zero-stable. Indeed, in a paper published in 1956 Dahlquist proved that there is
no consistent, zero-stable k-step method whose order exceeds k + 2. Therefore the maximum orders 2k
and 2k — 1 cannot be attained without violating the condition of zero-stability when k > 3. We formalise
these facts in the next theorem.

Theorem 10 There is no zero-stable linear k-step method whose order exceeds k+ 1 if k is odd or k + 2
if k is even.
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Definition 9 A zero-stable linear k-step method of order k 4 2 is said to be an optimal method.

Let us note that it can be shown that all roots of the first characteristic polynomial p associated with
an optimal LMM have modulus 1.

Example 5 As k+ 2 = 2k iff k = 2 and the Simpson rule method is the only zero-stable linear 2-step
method of maximum order (see Exercise @), we deduce that the Simpson rule method is the only zero-stable
LMM which is both of mazimum order (2k = 4) and optimal (k42 = 4).

Optimal methods have certain disadvantages in terms of their stability properties; we shall return to
this question later on in the notes. Linear k-step methods for which the first characteristic polynomial
has the form p(z) = z¥ — 2~! are called Adams methods. Explicit Adams methods are referred to as
Adams—Bashforth methods, while implicit Adams methods are termed Adams—Moulton methods.
Linear k-step methods for which p(z) = 2¥ — 272 are called Nystrém methods if explicit and Milne—

Simpson methods if implicit. All these methods are zero-stable.

3.6 Absolute stability of linear multi-step methods

Up to now we have been concerned with the stability and accuracy properties of LMMs in the asymptotic
limit of h — 0, n — oo, nh fixed. However, it is of practical significance to investigate the performance of
methods in the case of h > 0 fixed and n — oo. Specifically, we would like to ensure that when applied
to an IVP whose solution decays to zero as x — oo, the LMM exhibits a similar behaviour, for A > 0
fixed and z, = x¢ + nh — oo. The canonical model problem with exponentially decaying solution is

() =Xy(z), x>0,  y(0)=yo, (63)

where A\ < 0 and yg # 0. Indeed, the true solution is y(x) = yo e** and therefore, lim, o y(x) = 0. Let
us recall from Section 1 that the solution is asymptotically stable.

Now consider the linear k-step method and apply it to the model problem . Noting that
f:R2 =R, f(z,2) = Az, this yields the linear difference equation

M»

k
= Z (Yn+j — hBj f(Tntj, Yntj))
7=0 ]:O

h‘)\ﬁj Yn+j-

Since the general solution ¥, to this homogeneous difference equation can be expressed as a linear com-
bination of powers of roots of the associated characteristic polynomial

m(z;h) = p(z) — ho(z), z € C, (h := A\h) (64)

it follows that y, will converge to zero for A > 0 fixed and n — oo iff all roots of 7(z; h) have modulus
less than 1. The kth degree polynomial 7(z; h) defined by is called the stability polynomial of the
linear k-step method with first and second characteristic polynomials p and o, respectively.

Definition 10 The LMM @ is called absolutely stable for a given h iff for that h all the roots
rs = 15(h) of the stability polynomial z v w(z;h) defined by (64)) satisfy |rs] < 1, s € {1,...,k}.
Otherwise, the method is called absolutely unstable. An interval (o, 3) C R is called the znterval
of absolute stability if it is the largest open interval with the property that the method is absolutely
stable for all h € (o, B). If the method is absolutely unstable for all h, it is said to have no interval of
absolute stability.

Since for A > 0 the solution of exhibits exponential growth, it is reasonable to expect that a
consistent and zero-stable (and, therefore, convergent) LMM will have a similar behaviour for h > 0
sufficiently small, and will be therefore absolutely unstable for small A = Ak > 0. According to the next
theorem, this is indeed the case.
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Theorem 11 FEvery consistent and zero-stable LMM is absolutely unstable for small positive h.

PROOF: As the method is consistent, there exists p € N such that Cp = C; =--- = C, =0 and Cp41 # 0.
From the problem sheets, we know that then
e —
=> hiC, Z Cyh? = O(RPHH). (65)
q=0 q=p+1

On the other hand, noting that the polynomial 7(z;h) can be written in the factorised form

m(z;h) = (o — hBk)

(z—1s)

@
Il >
—

where 75 = 74(h), s € {1,...,k}, signify the roots of z — 7(z; h), we deduce that

(" h) = (o — he) [ (e" = re(R (66)

z?r

s=1

Ash =0, a — hBx — ap # 0 and r4(h) — (s, s € {1,...,k}, where (s, s € {1,...,k}, are the roots of
p. Since, by assumption, the method is consistent, 1 is a root of p; furthermore, by zero-stability 1 is a
simple root of p. Let us suppose, for the sake of definiteness that it is ¢; that is equal to 1. Then, (s # 1
for s # 1 and therefore

hm(eh—Ts( ) =1—(#0, s# 1.

h—0

We deduce from that the only factor of 7(e”; h) that converges to 0 as h — 0is e” —ri(R) (the other
factors converge to nonzero constants). Now, by 1 , (e h) = O(hPH1), so it follows that

e —ri(h) = O(RP*Y).

Thus we have shown that ri(h) = e + O(hP*!). This implies that (k) > 1+ $h for small positive h.
That completes the proof. <

According to the definition adopted in the previous section, an optimal k-step method is a zero-stable
linear k-step method of order k + 2. Recall that all roots of the first characteristic polynomial of an
optimal k-step method lie on the unit circle. It can be shown that an optimal LMM has no interval of
absolute stability.
3.6.1 General methods for locating the interval of absolute stability
In this section we shall describe two methods for identifying the endpoints of the interval of absolute
stability. The first of these is based on the Schur criterion, the second on the Routh-Hurwitz criterion.

The Schur criterion

Consider the polynomial
¢:C—C, ¢()=cpz"+ep128 -+ ez + oo,

with cg,c1,...,¢cr € C and ¢ # 0, ¢g # 0. The polynomial ¢ is said to be a Schur polynomial if each
of its roots rg, satisfies |rs| < 1, i.e., rs € D1(0) for all s € {1,...,k}.
Let us consider the polynomial

$:C—C, ¢z)=0c+ea"+ a2+,

34



where ¢; denotes the complex conjugate of ¢; for j € {1,...,k}. Further, let us define

~

$1:C—>C, ¢1(z) = ¢(0)¢(2) — ¢(0)¢(2)

z

The following key result is stated without proof.

Theorem 12 (Schur’s Criterion) The polynomial ¢ is a Schur polynomial iff |$(0)| > |¢(0)| and ¢
is a Schur polynomial.

Exercise 4 Use Schur’s criterion to determine the interval of absolute stability of the LMM

h
Yn4+2 — Yn = 9 (fn—l—l + 3fn) .

SOLUTION: The first and second characteristic polynomials of the method are
9 1
plz) =2" =1, o(z) = 5(++3).

Therefore the stability polynomial is

1- 3-
m(z;h) = p(2) — ho(z) = 2% — ihz - (1 + 2h> .
Suppose 1 + %B £0,ie., h# —% so that we can apply the Schur criterion. We have
_ _ 1_
#(z;h) = — (1 + ;h) 22— Fhe+ 1
Clearly, |#(0;h)| =1 > |1+ 3h| = |r(0; h)| iff h € (—%,0). For such h, the polynomial
- #(0; h)m(z; h) — 7(0; h) 7 (2; h)

1- 3
m(z;h) = . = 2h<2 + 2h> (3z+1)

has the unique root r, = —% and is, therefore, a Schur polynomial. We deduce from Schur’s criterion that

z+ m(z;h), h # —%, is a Schur polynomial iff € (—3%,0). Finally, for h = —2, we see that 7(z;—2) = z(z + 3)

is Schur polynomial. We conclude that the interval of absolute stability of the method is (f%, 0). o

The Routh—Hurwitz criterion

Consider the mapping

-1
m:D1(0) = C, m(z):= zﬁ’

where C™ := {z € C: Re(z) < 0}. Note that m is a bijection and its inverse is given by

14z
1=z

1+2z - 142 - 142
(1) = (1) -7 (155):

By multiplying this with (1 — 2)*, we obtain a polynomial of the form

m™1:C™ = Di(0), m7l(2):

Consider

1 _
(1—2)k [w<1+z;h>] =apz” + a1 2" 4 f o (67)

The roots of the stability polynomial z — 7(z; h) lie inside D1 (0) iff the roots of the polynomial lie
in C™ and ag # 0.
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Theorem 13 (Routh—Hurwitz Criterion) The roots of a polynomial P : C — C, P(z) := agz* +

a1zt -+ ap with ag, . .. ,a € R and ag > 0 lie in C™ iff all leading principal minors of the matriz
a1 a3 a5 - age—1 |
ag az G4 - Q22
0 a as -+ Qop_
H— 1 3 %3 | o pkxk
0 a az -+ agk—y
. 0 0 0 - ap |

are positive, where we set aj := 0 if j > k. In particular, for k € {2,3,4}, the necessary and sufficient
conditions for ensuring that all roots of P lie in C™ are as follows:

a) fork=2:a; >0, a2 >0;
b) fork=3: a1 >0, a3 >0, az >0, ajaz — azap > 0;
c) fork=4:a; >0, a3 >0, a3 >0, ag >0, ajasas —aoag — asa? > 0.

Exercise 5 Use the Routh—Hurwitz criterion to determine the interval of absolute stability of the LMM
from the previous exercise.

SoLUTION: We have the stability polynomial
_ 1- 3.
. — .2 _ _ -
w(z;h) =2 2hz (1+2h).

We compute

P(z):=(1-2)? [71' (1 * z;h>} = —h2® 4+ (44 3h)z — 2h =: apz* + a1z + as.
The roots of the stability polynomial z + 7(z; k) lie inside D;(0) iff the roots of P lie in C~ and ag # 0. So, we
are unstable for h = 0. For h # 0, we use the Routh-Hurwitz criterion:

Case h < 0: Then, applying Theorem a) to P, we find that all roots of P lie in C~ iff 4 + 3h > 0 and
—2h > 0, ie., iff h € (—%,0).
Case h > 0: Then, applying Theorem [13|a) to —P(z) = hz? — (4 + 3h)z + 2h, we find that all roots of P lie in C~
iff all roots of —P lie in C~ iff —(4 + 3h) > 0 and 2h > 0, which is impossible.
Altogether, the interval of absolute stability is (f%, 0). o

We conclude this section by listing the intervals of absolute stability («, 0) of k-step Adams-Bashforth
and Adams—Moulton methods, for £ = 1,2,3,4. We shall also supply the orders p* and p and error
constants Cp+11 and Cpy1, respectively, of these methods. The verification is left as exercise.

k-step Adams—Bashforth (explicit) methods:

(1) k:]-ap*zlv Cp*-‘rl: 7a:_27

N[ =

Ynt1 — Yn = hfu;

(2) k=2,p*=2, Cp*+1:%aa:_17

h
Ynt2 = Yntl = 5(3fn+1 — fn);

6

(3) k:37p*:37cp*+1: 7a:_ﬁ7

oolw

h
Yn+3 — Ynt+2 = E(zgfn-i-? - 16fn+1 + 5fn)7
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(4') k:47 p* :47 Cp*+1 = %’ o = _%7

h
Yn+4 — Yn+3 = ﬂ(55fn+3 - 59fn+2 + 37fn+1 - 9fn>

k-step Adams—Moulton (implicit) methods:

(1) k:17p227 Cp+1:—%,a:—oo,
h
Yn+1 — Yn = §(fn+1 + fn),
(2) k=2,p=3,Cpp1=—5, a = —6,
h
Yn+2 — Yn+1 = E(5fn+2 + 8fn+1 - fn)v
(3) k:3ap:47 Cp+1:_%aa:_37
h

Yn+3 — Yn+2 = ﬂ(gfn—&-iﬂ +19fnt2 = 5fnt1 + fn);

(4) k:4ap:57 Cp-f-l:_%aa:_%gv

h
Yn+4 — Ynt3 = ﬁ(251fn+4 + 646 f,13 — 264 fr 12 + 106 fry1 — 19f5).

We notice that the k-step Adams—Moulton (implicit) method has a larger interval of absolute stability
and smaller error constant than the k-step Adams—Bashforth (explicit) method.
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4 Stiff problems

Let us consider an IVP for a system of m ODEs of the form

y’(x) = f(:):,y(x)), y(iL‘()) =Yo, (68)

where y(z) = (y1(z),...,¥m(2))T. A linear k-step method for the numerical solution of has the
form

k k
Y aiynr =hY_ Bifuss, (69)
=0 =0

where f,, 1 ; := f(2p1,¥n+;). Let us suppose, for simplicity, that f(z,y) = Ay + b where A € C"™*™ and
b € C™; then becomes

k
> (I — hBjA)yn+j = ho(1)b, (70)

Jj=0

where o(1) = Z?:o Bj # 0 and I, is the m x m identity matrix. Let us suppose that the eigenvalues

A, ..., Am € C of A are distinct. Then, there exists an invertible matrix H € C™*™ such that
M O - 0
) 0 N -+ 0
H *AH=| . . .| = diag(Ag, .. Am) = AL (71)
0 0 - An

Let us define z,,; := H ty,; for j € {0,1,...,k}, and ¢ := ho(1)H 'b. Then, (70) can be rewritten
as

k k
> (@l = hBiN)zni = D (o H ™t — hBAH ™ )yny = 12 (ajlm = hBjA)Ynij = ¢, (72)
7=0 Jj=0
or, in component-wise form,
k
Z — hB;\; znﬂ i = Ci,
7=0
where z,1;; and ¢;, i € {1,...,m}, are the components of z,,; and c respectively. Each of these m

equations is completely decoupled from the other m — 1 equations. Thus we are now in the framework
of Section 3 where we considered LMMs for a single ODE. However, there is a new feature here: as the
numbers \;, i € {1,...,m}, are eigenvalues of the matrix A, they need not be real. As a consequence
the parameter h = h\, where \ is any of the m eigenvalues, can be complex. This leads to the following
modification of our earlier definition of absolute stability (cf. Section and Definition .

Definition 11 A linear k-step method is said to be absolutely stable in an open set R4 C C if, for all
h € Ra, all roots rs, s € {1,...,k}, of the stability polynomial z — w(z; h) associated with the method,
and defined by , satisfy |rs| < 1. The largest such set R 4 is called the region of absolute stability
of the method.

Clearly, the interval of absolute stability of a LMM is a subset of its region of absolute stability.

Exercise 6 a) Find the region of absolute stability of the explicit Euler method.
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b) For A € C™ with |\| > 1, consider the second-order differential equation
@)+ (- Ny @)~ M@ =0, y0)=1, ¥ (©0)=-A-2

1) Setting y(z) == (y(x),y'(x))T, rewrite this problem as a first-order system

y'(z) =Ay(z),  y(0)=yo
for some A € C**? and yo € C2.

2) Solve this problem and show that y(x) — (0,0)T as x — oo. Find the solution y to the original
problem.

3) Now, the explicit Euler method is applied to this first-order system, i.e., ynt+1 = ¥n + hAy,, for
n € No. What choice of the step size h € (0,1) will guarantee absolute stability in the sense that
yn—0asn — oco?

SOLUTION: a) For the explicit Euler method we have p(z) = z — 1 and o(z) = 1, so that

w(z;h) = p(z) — ho(z) =z — (1 + h).
This has the root 7 := 1+ h. Hence the region of absolute stability is
Ra={h€C: |l+h|<1}=D(-1),

which is an the open disc with radius 1 centred at —1.
b) 1) Writing y = (y,y)T, the IVP for the given second-order differential equation can be recast as

y'(z) = Ay(z),  y(0)=yo,

0 1 1
A_()\ Al) and yo—()\2>.

2) The eigenvalues of A are A\; := —1, Ay := ), and the vectors v; := (1, —1)T, vo := (1,\)T are corresponding
eigenvectors. The general solution to the system is

where

— Az
T cie T4+ co€e
Y (x) = 016)\1 vi + CZeAszZ - (

—c1e7% 4 Aege®

From the initial condition, we see that y(0) = (¢1 + c2, —c1 + Ae2)T = (1, =\ — 2)T, which yields ¢; = 2, ¢; = —1.

Hence, the solution is given by
2e~T _ e)\z
y(x) = (_QBI _ /\eAm)

and we see from the assumptions on A that y(z) — (0,0)" as z — oo. Note that we have found the solution (and
its derivative) to the original problem:

y(z) = 277 — 7, Y (z) = =277 — \e??.
3) Explicit Euler for this system has the form
Ynt+1 = (12 + hA)Yru n € Ny

with yo = (1, =\ — 2)T. Consider the matrix M := I, + hA whose eigenvalues are m; := 1 — h, mg := 1+ \h, and
corresponding eigenvectors are vq := (1, —1)T, vo := (1, A\)T. We find that M is diagonalisable:

1 1
M = SDS™1, Si=[ V2 VIV, D::(lh 0 )
—L A 0 14\
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Figure 1: The functions y(z) = 2e* — e** (blue) and y/(x) = —2e™% — X\e* (red) for A = —45.

Hence, S~'y, .1 = S~'My, = DS~ 'y, for n € Ny, and therefore S~'y, = D"S~lyo. Now, lim, , y, = 0 iff
lim, 00 S™y, = 0, iff (D™),en converges to the zero matrix, iff [1 — k| < 1 and |1 + hA| < 1. Since we only
consider h € (0, 1), the first of these two requirements is satisfied and we deduce that the requirement for absolute
stability is that |1 + Ah| < 1, i.e., Ah € D1(—1).

The graphs of the functions y and y’ are depicted in Figure [I| for A = —45. Note that, if z € [0, 00) is thought
of as time, y' exhibits a fast transition near x = 0 while y is slowly varying for x > 0 and ¥’ is slowly varying for
T > 4—15. Despite the fact that over the interval (4—15, o0) both y and 3’ are ‘slowly varying’, we are forced to use a
small step size of h < 4—25 to ensure absolute stability. <

In the example the y' component of the solution y = (y,y’) exhibited two vastly different time scales;
in addition, the fast transition (which occurs between z = 0 and = ~ _%\ for A € Rp) has negligible effect
on the solution so its accurate resolution does not appear to be important for obtaining an overall accurate

solution. Nevertheless, in order to ensure the stability of the numerical method under consideration, the

mesh size h is forced to be exceedingly small, h < —2R|§‘(2)‘ ) , smaller than an accurate approximation of the

solution for z > 1/|A| would necessitate. Systems of ODEs which exhibit this behaviour are generally
referred to as stiff systems. We refrain from formulating a rigorous definition of stiffness. Indeed,
stiffness of an ODE is a concept that lacks a rigorous deﬁnitionm A historic and pragmatic ‘definition’ by
Curtis and Hirschfeldelﬂ (adapted to our setting) reads: stiff equations are equations where the implicit
Fuler method works significantly better than the explicit Euler method. The idea behind this definition
is that for a ‘stiff system’ stability of the explicit Euler method requires the choice of a very small step
size, much smaller than the one required by accuracy.

4.1 Stability of numerical methods for stiff systems

In order to motivate the various definitions of stability which occur in this section, we begin with a simple
example. Consider the implicit Euler method for the IVP

y'(z) = My(x),  y(0) = o,

where A € C. The stability polynomial of the method is 7(z; h) = p(z) —ho(z) where h = Ah, p(z) = z—1
and o(z) = z. Since the only root of the stability polynomial is z = ﬁ, we deduce that the method has
the region of absolute stability

Ra={heC:|l—h|>1}=C\Di(1).
In particular R4 includes C~. The next definition is due to Dahlquist (1963).

"See G. Séderlind, L. Jay, and M. Calvo, Stiffness 1952-2012: Sizty years in search of a definition. BIT Numerical
Mathematics, June 2015 55(2), 531-558.
8 Integration of stiff equations. Proceedings of the National Academy of Sciences, March 1, 1952 38 (3) 235-243.
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Definition 12 A LMM is called A-stable if its region of absolute stability R 4 is such that C~ C R 4.

For example, according to the discussion preceding Definition the implicit Euler method is A-
stable. As the next theorem by Dahlquist (1963) shows, Definition [12|is unfortunately far too restrictive.

Theorem 14
(i) No explicit LMM is A-stable.

(i) The order of accuracy of an A-stable implicit LMM cannot exceed 2.
(iii) The second-order accurate A-stable LMM with smallest error constant is the trapezium rule method.
This motivates us to consider the following, less restrictive notion of stability, due to Widlund (1967).

Definition 13 A LMM is called A(c)-stable, o € (0, 5), if its region of absolute stability R4 is such
that W, € Ra, where W, denotes the infinite open wedge

Wy=1{heC: arg(h) € (r —a,7m+a)}.

A LMM is called A(0)-stable if it is A(a)-stable for some o € (0,5). A LMM is called Ag-stable if R4
includes the negative real axis in the complex plane.

Let us note in connection with this definition that if A € C~ for a given A then h = Ah either lies
inside the wedge W, or outside W, for all positive h. Consequently, if all eigenvalues A of the matrix
A (cf. the sentence starting two lines above equation ) happen to lie in some wedge W, then an
A(a)-stable method can be used for the numerical solution of the IVP (68]) without any restrictions on
the step size h. In particular, if all eigenvalues of A are real and negative, then an A(0)-stable method
can be used. The next theorem can be regarded the analogue of Theorem [14] for the case of A(«) and
A(0)-stability.

Theorem 15
(i) No explicit LMM is A(0)-stable.

(i) The only A(0)-stable linear k-step method whose order exceeds k is the trapezium rule method.

(iii) For each o € [0,F) there exist A(c)-stable linear k-step methods of order p for which k = p = 3
and k =p = 4.

A different way of loosening the concept of A-stability was proposed by Gear (1969). The motivation
behind it is the fact that for a typical stiff problem the eigenvalues of the matrix A which produce the
fast transients all lie to the left of a line {h € C : Re(h) = —a}, a > 0, in the complex plane, while those
that are responsible for the slow transients are clustered around zero.

Definition 14 A LMM is said to be stiffly stable if there exist a,c > 0 such that its region of absolute
stability R 4 is such that R4 O R1 U Ro where

Ri1i={heC : Re(h) € (—o0,—a)},
Ro ={h € C : Re(h) € [~a,0), Im(h) € [—c,c]}.

It is clear that stiff stability implies A(c)-stability with oo = arctan(%). More generally, we have the
following chain of implications:

A-stability = stiff-stability = A(«)-stability = A(0)-stability = Ap-stability.

In the next section we shall consider LMMs which are particularly well suited for the numerical
solution of stiff systems of ODEs.
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4.2 Backward differentiation methods for stiff systems

Consider a LMM with stability polynomial 7 (z; B)_: p(z) — Ba(_z). If the method is A(«a)-stable or stiffly

stable, the roots r(h) of 7(-; k) lie in D1(0) when h is real and h — —oo. Hence,

_oopr(R) Ty : ,
0= lim = =lm o) =0 (ﬁr_noor(h)) ’

in other words, the roots of 7(+; h) approach those of o. Thus it is natural to choose ¢ in such a way that
its roots lie within the unit disk. Indeed, a particularly simple choice would be to take o(z) = Bx2¥; the
resulting class of backward differentiation formulae (BDF) (see Section 3.1 for construction) has

the general form:
k

Z AjyYntj = hﬁkfnJrk,

§=0
where the coefficients a; and B, are given in Table |3| which also displays the value of a in the definition
of stiff-stability, the angle « from the definition of A(«)-stability, the order p of the method and the
corresponding error constant Cp4; for k € {1,...,6}. Backward differentiation methods with k > 7 of
the kind considered here are not zero-stable and are therefore irrelevant from the practical point of view.

kE|as | as ay ag fo% a1 ag | Bk | P | Cpt1 | Gmin | Qmaz
1 1 -1 [ 1 1| =5 1] 0 | 90°
2 1 | =3 | & | 2 ]2 -2] 0 | 90
3 1| =8 2 =& &3] =% | 01| 88
4 1 | =22 8 |8 22y A2 o7 | 73
3 Dol e o) || s | | 24 | 52
61| -] ) B -2 X %6 - 61| 1o

Table 3: Coeflicients, order, error constant and stability parameters for backward differentiation methods

4.3 Adaptivity for stiff problems

Ideally, we would like to compute an approximate solution of the following IVP for a system of first-order
ODE:s:

y'(z) =f(z,y(x)),  vy(zo) = yo, (73)
for all z € [xo, X /], and make sure that this approximation is accurate up to a certain (absolute/relative)
precision. In addition, we would like to achieve such a precision in the fastest/cheapest way possible.
How should this be done? We shall describe two attempts, the first attempt being conceptually simpler,
while the second attempt being the one preferred in practice for reasons which we shall explain.
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4.3.1 First attempt

A simple strategy could be to:

1. choose a one-step method of order p;

Xp—xo.

2. choose N € N and compute the approximate solution {yn}ﬁfzo using the step size h = “M=0;

3. choose a large natural number N € N with N > N and compute the approximate solution {yn}fzo
using the step size h = ZM_T0

This way, we obtain two approximations yy and y 5 of y(Xxs), which we may use to estimate the error.
To be more precise, we may use the (computable) difference ||y i — yn|| to estimate the (noncomputable)
error ||y(Xa) —yn|. If [[y5 — yn| is smaller than a target absolute tolerance TOL, then we finish the
computation. Otherwise, we

1. increase N so that N > N;

Xm—10.

2. compute the approximate solution {y,}2_, using h = 0

3. check whether ||y — y~|| < TOL.

If ||y v — yn|| < TOL, then we finish the computation. Otherwise, we select a new N such that N > N,

and compute {yn}szo using the step size h = This procedure is repeated until convergence

XMN—IO
~ N '

(alternating N and N). The following argument suggests that the (computable) difference ||y 5 — yn||
can be used to estimate the error ||y(Xa) — ynl|-

The idea to use ||y y — yn|| to estimate ||y(Xas) — yn|| is based on the following calculations. Let us

assume that N > N, and define o := % = % < 1. For h sufficiently small, we have

175 =yl <175 —yXan)ll + Iy (Xar) — ynll < C(WP + 1) = (1+ o?)Ch?
for some constant C' > 0, and thus,
Iy (Xar) =yl < ly(Xar) = F 5l + 155 — ynll < CHP + (14 a?)Ch? = of (CHP) + (1 + o) (ChP).

For a < 1, a” < 1+4a” (in relative terms). Therefore, the term ||y (Xys) —¥ 5|l has a minor contribution,
and ||y 5 — yn~|| may be used to estimate ||y(Xar) — yn|-

This first adaptive strategy could deliver an accurate solution, but it is likely to be computationally
inefficient, because whenever the target tolerance is not met we need to compute another solution from
scratch on a finer computational mesh over the entire interval [z, X3s] (i.e. a global mesh-refinement
needs to be performed — a new numerical approximation has to be computed on a globally refined mesh).

4.3.2 Second attempt

To improve efficiency, we can try to control the consistency error for each mesh point x,. Indeed, Theorem
states that the global error is bounded by the maximum of the consistency error up to a constant factor
(however, note the exponential term in the constant factor!). Therefore, the hope is that we may compute
a sufficiently accurate solution by choosing a suitable h or, better still, by adapting the step size locally,
that is, by selecting a suitable h,, for every z,, to control the local size of the consistency error.

To estimate the consistency error at * = x,,, in addition to the one step method

Yo+l =Yn + h‘I’(UCmyn; h) = \I’(xmym h)7 ne {07 1,...,N — 1}
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of order p being used, we consider an additional one-step method
Vi1 =Yn +h® (@0, ¥n; h) = O (x,, Yn: h), nef0,1,...,N—1}
of order p, with p > p, and we compute
ERR(an; h) = [|® (20, Yni h) — © (@0, yn: b (74)

The idea behind using to estimate the consistency error T, is that, if the error has been controlled
from z¢ up until x,, for some n > 1, then the difference between y(x,) and y, is “negligible”, and
therefore y,, can be assumed to be equal to y,, (both being “equal” to y(x,)). Hence,

Tn, y(2n); h)

xan(*Tn);h) ‘Il(xny}’( ) h) _\I’(xn7Y($n)§h)

Ty ¥ (@0 ); B) + U (20, yni h) = €(2n, yas h)

xn,}’mh) — W (2, Yns h)- (75)
Since the left-hand side of (75)) is of the order O(h - h?) = O(hP*!) and p > p, it follows that the term

~ ChP*! on the right-hand 31de is “negligible” compared to the “leading term” W (z,,, yn: h)—¥(Zn, Yn; h).
Hence, hT}, =~ ¥ (2, yn; h) — ¥ (2, Yn: h).

Summing up, the locally adaptive strategy proceeds as follows: at every step x,

I

=

8

3

_l’_

—_

~—
e *G“
~—~ o~

0
Q
>

™

=
_|_
&

1. select an initial local step size hy,;
2. compute ERR(xy; hy);
3. if ERR(zp; hy) < TOL, set ynt1 = W(Zp, Yn; hyn); otherwise, choose a smaller h,, and go to step 2.

To make this algorithm more efficient, it is common to increase the step h, every time this step has
been accepted, that is, to select S8h,, for a suitable g > 1.

Remark 7 Let TOL > 0 be a target absolute error tolerance and let ERR(zy;hy) < TOL. Then, the

“optimal” (8 is
1

TOL ptl
i== () (70

Indeed, if ERR(zy; hy) < TOL, we could have chosen a larger hy, and still satisfied the tolerance criterion.
Let B, be such that ERR(xy, Bphy) = TOL, so that Byhy is the ideal step size. Then, we deduce ,
because

ERR(Z,,; Bnhn) = C(Buhn)P™t = BETICRET! ~ BPTYERR (2 hin ).

To further improve the efficiency of this adaptive algorithm, it is convenient to use embedded RK
methods, which limit the number of function evaluations.

Definition 15 Two RK methods are embedded if they use the same stages. The Butcher tableau of two
embedded RK methods can be written as

al B
a| B a| B
€2
,  where T and T
c c
. 2 1
¢

are the Butcher tableaus of the two RK methods, respectively.
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Example 6 The Heun—FEuler method has the Butcher tableau

? ? g 0| 0 0 010 0
,  where 1 1 0 and 111 0
142 162 | 1/2 1/2 10

are the Butcher tableaus of Heun’s method yn11 = yn + %(f(mn, Yn)+ f(@n+hyyn +hf(xn,yn))) and the
explicit Euler method yp+1 = yn + hf(n,yn), respectively.

Example 7 MATLAB integrators for ODEs (such as the functions ode45, ode23, etc.) are based on
embedded RK methods[]

9See L. F. Shampine and M. W. Reichelt, The MATLAB ODE suite (1997).
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Part 11
Partial Differential Equations (PDEs)

Partial differential equations (PDEs) arise in mathematical models of numerous phenomena in science
and engineering, and they also frequently occur in problems that originate from economics and finance.
In most cases the equations concerned are so complicated that their solution by analytical means (e.g.
by Laplace or Fourier transform based techniques or in the form of an infinite series) is either impossible
or impracticable, and one has to resort to numerical techniques for their approximate solution.

This second part of the course is devoted to the construction and the mathematical analysis of the
conceptually simplest class of numerical techniques, finite difference (FD) methods, for the approximate
solution of elliptic and parabolic PDEs, by considering simple model problems. Preference is given to
theoretical results concerning the stability and the accuracy of numerical methods — properties that are
of key importance in practical computations.

5 Preliminaries: Function spaces

The accuracy of a numerical method for the approximate solution of PDEs depends on its capability to
represent the important qualitative features of the true solution. One such feature that has to be taken
into account in the construction and the analysis of numerical methods is the smoothness of the solution,
and this depends on the smoothness of the data.

Precise assumptions about the smoothness of the data and of the corresponding solution can be con-
veniently formulated by considering classes of functions with particular differentiability and integrability
properties, called function spaces. In this section, we present a brief overview of definitions and basic
results form the theory of function spaces which will be used throughout this second part of the course,
focusing on spaces of continuous functions, spaces of integrable functions, and Sobolev spaces.

5.1 Spaces of continuous functions

We describe some simple function spaces that consist of continuous and continuously differentiable func-
tions. For the sake of notational convenience, we introduce the concept of a multi-index.

An n-tuple a = (o, ..., o) € Ny is called a multi-index. The number |af := a3 + -+ ap, € Ny is
called the length of the multi-index a = (a1, ..., a,). We denote (0,...,0) € Nij by 0; clearly |0 = 0.
We define

po (O (0N o ,
3x1 81371 ax(l)q ax%n fL'l..'.ZCl ...... .’En..'.CCn
aq times an times
Example. Let u:R? — R, u(z) := u(z1, 72, 23) := 232323, Then, we have the following:
e For ov:=(1,2,3), we have D(x) = 08, 1) 10zszses W(T) = 1082322,

e For a := (0,1,0), we have Du(x) = Op,u(r) = 3z3x323.

e For a :=(2,0,0), we have D(z) = 92, u(x) = 6z 12373

T1T1
e We have ZaeNg, D%y = 8§1$1$1u+8§1mm2u+83111$3u+8§112z2u+821m3x3u+8§2$2z2u+8§1r2$3u+
|e|=3
8£2x21‘3u + aggmgxgu + 833:133:):3”'
o
Let © be an open set in R”, and let k € Ng. We denote by C*() the set of all continuous real-valued
functions u :  — R such that D%u is continuous on €2 for all « = (a, ..., a,) with |o| < k.
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Assuming that 2 is a bounded open set, C*(Q) will denote the set of all u in C*(Q) such that D
can be extended from 2 to a continuous function on €2, the closure of the set Q, for all @ = (aq,...,an)
with |a| < k. The linear space C*(Q) can then be equipped with the norm

lullorigy = sup |Du()],

||<kI€Q

where x := (21,...,2,). In particular, when k = 0, we shall write C(£2) instead of C°(€);

lullo@) = sup u(z)| = max u(z)] .

Similarly, if £ =1,

\uHcl(Q) Z sup|D u(x |—sup |u(z ]—I—Zsup’&%u |
la|<1 %€ j=1%€Q

We write C%°(2) := 72, C*(Q) and C>®(Q) == N2, CH(Q).

Example. Let n = 1, and consider the open interval Q := (0,1) C R. The function u : Q@ — R, u(x) := %

belongs to C*(2) for all k > 0. Since Q = [0, 1], it is clear that u is not continuous on Q; the same is true

of its derivatives. Therefore u does not belong to C*(Q) for any k > 0. o
The support of a function u € C(Q2), denoted supp(u), is defined as the closure in 2 of the set

{z € Q:u(x) #0}, ie.,

supp(u) := {z € Q : u(z) # 0}.
In other words, supp(u) is the smallest closed subset of © such that v = 0 in Q\supp(u).
Example. Let w : R™ — R be the function given by

S
w(z) == { e 1k if o] <1,

0 , otherwise;

here |z| := /2% + -+ + 22 for z € R™. Clearly, supp(w) = {x € R" : |z| < 1} is the closed unit ball. o
We denote by C¥(Q) the set of all u € C¥(2) such that supp(u) C © and supp(u) is bounded (or
equivalently, the set of all functions u € C*(Q) such that supp(u) C Q and supp(u) is compact). Let

X)) =) )

k>0
Example. The function w defined in the previous example belongs to C°(R™). o

5.2 Spaces of integrable functions

Next we define a class of spaces that consist of (Lebesgue) integrable functions. Let p be a real number,
p > 1; we denote by LP(Q2) the set of all (measurable) functions u : € — R defined on an open set Q C R"

such that
/ lu(z)|P dz < oo.
Q

Here, z := (x1,...,2y) and dz := dz;--- da,. Functions which are equal almost everywhere on 2 (i.e.,
equal, except on a set of measure zero) are identified with each other. LP(2) is equipped with the norm

ol = ( [ uto)? dx);’
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A particularly important case is p = 2; then,

Jull ooy = [ fu@)? d.
Q
The space L?(Q2) can be equipped with an inner product
(u,v) 20 = /Qu(x)v(x) dz.

Clearly, [|ullz2(q) = 1/ (u, u)L2(0)-

We note in passing that a subset of R” is said to be a set of measure zero if it can be contained in the
union of countably many open balls of arbitrarily small total volume. For example, the set of all rational
numbers is a set of measure zero in R.

Lemma 1 (Cauchy—Schwarz inequality) Let u,v € L?(Q). Then,
| (w,0) 20| < llull L2 1v]l L2(0)-
ProoF. Let A € R. Then,

0 < ||U + )\/UH%Q(Q) = (U + )\U, u+ )\'U)LZ(Q) = (u, U)LZ(Q) + (U, )\U)LQ(Q) + ()\U, U)LQ(Q) + ()\U, AU)LQ(Q)
= JlullZ2q) + 2w, v) 20y + A[|v]l72(0)-
The right-hand side is a quadratic polynomial in A\ with real coefficients which is nonnegative for all

A € R. Therefore its discriminant is nonpositive, i.e., |2(u, U)LQ(Q)}2 - 4HuH%Q(Q)HvH%Q(Q) < 0, and hence
the desired inequality holds. O

Corollary 1 (Triangle inequality) Let u,v € L?(2). Then, u+v € L*(Q) and
lu+vll2(0) < lullrz@) + vl L2(0)-
PrOOF. By taking A =1 in the proof of the Cauchy—-Schwarz inequality above, we deduce that
[l + UH%Q(Q) = ||U||%2(Q) +2(u, v)r2(0) + ||UH%2(Q)
< HUH%Z(Q) + 2||ull 2o [Vl 22(0) + HUH%Q(Q) = (lullr2@) + Ivllz2 )
where in the transition to the second line we applied the Cauchy—Schwarz inequality. (|

Remark The space L?(2) equipped with the inner product (-, -) r2(q) (and the associated norm ||u|| z2(q) =
(u,u)r2(q)) is an example of a Hilbert space. In general, a linear space X, equipped with an inner

product (-, -)x (and the associated norm ||u|| x := /(u,u)x) is called a Hilbert space if, whenever (., )men
is a Cauchy sequence in X, i.e., a sequence of elements of X such that lim, y—oo ||un — um|x = 0, then
there exists a u € X such that limy, o0 [|um — ul|x = 0 (i.e., (u;,) converges to u in the norm of X).

5.3 Sobolev spaces

In this section we introduce a class of function spaces that play an important role in modern differential
equation theory. These spaces, called Sobolev spaces (after the Russian mathematician S.L. Sobolev),
consist of functions u € L?(2) whose weak derivatives D% are also elements of L?($). To give a precise
definition of a Sobolev space, we shall first explain the meaning of weak derivative.
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Suppose that v € C*(Q); then we have the following integration-by-parts formula:

/ Du(x) v(z)dz = (1)l / u(z) D% (z) dz Va : |la| <k, YveCX((Q).
Q Q
We note here that all integrals on 9€) that arise in the course of partial integration, based on the divergence
theoremﬂ have vanished because v € CZ°(€2). However, in the theory of partial differential equations
one often has to consider functions u that do not possess the smoothness hypothesized above, yet they
have to be differentiated (in some sense). It is for this purpose that we introduce the idea of a weak
derivative.

Suppose that u is locally integrable on Q (i.e., u € L'(w) for each bounded open set w, with @ C Q).
Suppose also that there exists a function w,, locally integrable on €2, and such that

/wa(x)v(x) dz = (—1)“|/u(x) D% (z)dx Vve CZ(Q).
Q Q

Then we say that w, is the weak derivative of u (of order |a] = a; + - + ) and write w, = D%u.
Clearly, if u is a smooth function then its weak derivatives coincide with those in the classical (pointwise)
sense. To simplify the notation, we shall use the letter D to denote both a classical and a weak derivative.

Example Let € := R, and suppose that we wish to determine the first weak derivative of the function
u:Q — R u(z) := (1 — |z])4. Here, for a number y € R, we write y4 := max{y,0} to denote the
nonnegative part of y. Clearly u is not differentiable at the points 0 and £1. However, because w is
locally integrable on it may, nevertheless, possess a weak derivative. Indeed, for any v € C°(2), we
have that

/OO w(z)v'(z) do = /OO (1 — |2])4 v/ (z) dz

—0o0 —00

_ /0 (1+2)'(2)dz + /01(1 — o) (z) de

-1

0 1
= —/ v(z)dz + [(1 + 2)v(@)]*=°, +/ v(z)dz + [(1 — z)v(z))*Z;
0

-1

__ (/_iv(x)dx—/olv(ac)dx) :—/_Zw(x)v(x)dx,

where
0, x< -1,
_ 1, xe€(-1,0),
W)=Y 21 pe (),
0, x>1.

Thus, the piecewise constant function w is the first (weak) derivative of the continuous piecewise linear
function u, i.e., w = v’ = Du. o

Now we are ready to give a precise definition of a Sobolev space. Let k € Ny. We define (with D
denoting a weak derivative of order |a| )

H*(Q) := {u € L*(Q) : D € L*(Q) Ya: |a| < k}.

00bserve that

/(&Eiu)vdx: 8zi(uv)dxf/u811yvdx:/ uvyids(x)f/uazivdm,
Q Q Q Elo) Q

where v; is the i-th component of the unit outward normal vector v = (v1,...,V,) to the boundary 99 of Q. Here, the first
equality follows from the product rule for derivatives, while the second equality follows by applying the divergence theorem
to the n-component vector function (0,...,0,uv,0,...,0) whose i-th component is uv while all of the other components are
equal to zero, and noting that div(0,...,0,uv,0,...,0) = 0, (uwv) and (0,...,0,uv,0,...,0) - v = uv v;.
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The space H*(Q) is called a Sobolev space of order k; it is equipped with the (Sobolev) norm

lull ey = [ > [1DullZ2 g

| <k

and the inner product

(u, ) gy = Z (D%u, D) 2(q)-
| <k

With this inner product, H*() is a Hilbert space. Letting

|mem:=\/§jnDam@%m

|a|=F

we can write

lwll x ) =

The map u > [u| k() is called the Sobolev semi-norm (it is only a semi-norm rather than a norm because
if uf iy = 0 for u € H*(Q) and k > 1, then it does not necessarily follow that u = 0).
We will frequently use the spaces H'(Q) and H?(9):

HY(Q) = {ue L*(Q) : Oz;u € L*(Q) Vje{l,... ;n}},

il = | IullZaq +memw uligroy = o S 1902
j=1
Similarly,
H2(Q) = {u €LXQ): Oyuel(Q), P, uel’Q) Vijell,... ,n}} :
wmmw:mm@+2mwmm+2nww sy = | 3 12,0l

7] 1 ,] 1
Finally, we define a special Sobolev space,
H3(Q) :={u € H(Q) : u =0 on 0Q},

i.e., H}() is the set of all functions u in H!() such that u = 0 on 99, (strictly speaking, trace of u
being zero on) the boundary of the set 2. We shall use this space when considering a PDE that is coupled
with a homogeneous (Dirichlet) boundary condition: u = 0 on 9. We note here that HE(Q2) is also a
Hilbert space, with the same norm and inner product as H'(Q).

We conclude the section with the following important result.

Lemma 2 (Poincaré—Friedrichs inequality) Suppose that Q is a bounded open set in R™ (with a
sufficiently smooth boundary 02). Then, there exists a constant c, > 0, depending only on Q, such that
for any u € HE(Q) there holds

”uHL2 < C*ZH%UHB (77)
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ProOF. We shall prove this inequality for the special case of a rectangular domain 2 = (a,b) x (¢,d) in
R?. The proof for general Q is analogous. For u € H}(£2), we have

u(z1, x2) = u(a, x2) +/ 1 O u(§, z2) dE = / 1 Oz u(§, x2) dE.

Thus, by the Cauchy—Schwarz inequality,

\u(x1,$2)|2 dzi dzy = Cr Op u(&, o) A
J A
< /ab /Cd(wl —a) (/jl |0x1u(§,m2)]2 d£> dzo dr
< ([w-wan) ([ [ oauera acar)

1
= Q(b—a)z/ \azlu(ml,m)\z d.fL‘l dxg.
Q

2
dwg dJJl

Analogously, one shows that

1
/ \u(xl,x2)|2 dzidzs < i(d_ 0)2/ |6w2u(x1,x2)|2 dz dzs.
Q Q

By combining the two inequalities, we obtain
/ lu(zy, z)|? doy dey < c*/ (\8x1u(:c1,a:2)\2 + \8w2u(a:1,x2)|2> dzq dxe
Q Q

Withc*>0givenbyé:ﬁ—l—ﬁ. O

6 Introduction to the theory of finite difference (FD) schemes

6.1 Elliptic boundary-value problems

We will start by focusing on boundary-value problems (BVPs) for elliptic PDEs. Elliptic equations
are typified by the Laplace equatiorF_r]

Au =0,
and its nonhomogeneous counterpart, Poisson’s equation
—Au = f.
More generally, let © be a bounded open set in R™, and consider the (linear) second-order PDE
n n
— Z Oz, (aij0r,u) + Z biOy,u+cu=f in €, (78)
ij=1 i=1

where the coefficients a;;, b;, ¢ and f satisfy

ai; €CYHQ), b eC), ¢ fecC@)

'1Recall that in n space dimensions the Laplace operator A is defined by Au := div(Vu) = aimu 4+ 4+ 8§nznu.
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fori,j € {1,...,n}, and additionally

n

Y aij(@)6g; > AP Ve eQ, = (&,..., &) €R” (79)

,j=1

for some constant ¢ > 0 independent of x and &. The condition is usually referred to as uniform
ellipticity and is called an elliptic equation. In the case of Poisson’s equation, for example,
a;j = 6;5 for 4,5 € {1,...,n} (and also b; = 0 for ¢ € {1,...,n} and ¢ = 0), and the ellipticity condition
is therefore trivially satisfied, with ¢ = 1.

We note that equation can equivalently be written as

—div(AVu) +b-Vu+cu=f inQ,
where A(z) = (aij(z))1<ij<n and b(z) = (b1(2),...,bn(z))T (note we use the notation v - w = vtw
for the Euclidean inner product of two vectors v,w € R™). Recall that the divergence of a vector field
p(z) = (p1(x),...,pn(x))T is defined as div(p) := Y. | Oz,p;. Then, the uniform ellipticity condition

reads
(Ax)¢) - € > ¢¢)* Vo eQ, EeR™
The equation is supplemented with one of the following boundary conditions (b.c.):
e u = g on 0N (Dirichlet b.c.); (if g = 0, this b.c. is called homogeneous Dirichlet b.c.)

e J,u = g on 0f), where v denotes the unit outward normal vector to the boundary 02 of €2, and
where the derivative in the direction of v is defined by d,u := Vu - v (Neumann b.c.);

e Jyu+ ou= g on d9, where o(z) > 0 on 992 (Robin b.c.).

In many physical problems more than one type of boundary condition is imposed on 92 (e.g. 0f2 is the
union of two disjoint subsets 0€2; and 92y, with a Dirichlet boundary condition imposed on 9€; and
a Neumann boundary condition on 9d€9). The study of such mixed BVPs is beyond the scope of this
course.

6.1.1 Two solution concepts: classical and weak solutions

We begin by considering the homogeneous Dirichlet BVP

—div(AVu) +b-Vu+cu = f in ©, (80)
u=70 on 01, (81)

where A = A(z) = (a;j(z))1<ij<n, b =b(z) = (b1(z),...,by(2))T, ¢ = ¢(x) and f = f(x) are as in .

A function u € C?(Q) N C(Q) satisfying (80)—(81) pointwise is called a classical solution of this
problem. The theory of PDEs tells us that f has a unique classical solution, provided that
aij, bi, ¢, f and 9 are sufficiently smooth. However, in many applications one has to consider BVPs
where these smoothness requirements are violated, and for such problems the classical theory of PDEs is
inappropriate. Take, e.g., Poisson’s equation on the cube Q = (—1,1)" in R", subject to a homogeneous
Dirichlet b.c.:

—Au=f in Q, where  f(z) := sgn(3 — ||), (%)
u=20 on 0f2.

This problem does not have a classical solution u € C%(Q)NC(£), for otherwise Au would be a continuous
function on €, which is not possible because sgn( — |z|) is not a continuous function on Q.
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In order to overcome the limitations of the classical theory of PDEs and to be able to deal with PDEs
with “nonsmooth” data such as (x), we generalize the notion of solution by weakening the differentiability
requirements on u; this will lead us to the notion of weak solution. To begin, let us suppose that v is a
classical solution of —. Then, for any v € C}(Q),

—/div(AVu)vdx—i—/b-Vuvdx—i—/cuvdm:/fvda:.
Q Q Q Q

Integration by parts (divergence theorem) in the first integral and noting that v = 0 on 0f2, we obtain

/(AVu)-Vvdx—l—/b-Vuvdx—i—/cuvdx—/fvd:r Vo e CHQ). (82)
Q Q Q Q

In order for this equality to make sense we no longer need to assume that u € C?(€2): it is sufficient that
u € L%(Q) and 0,,u € L?(Q) for i € {1,...,n}. Thus, remembering that u has to satisfy a homogeneous
Dirichlet b.c. on 99, it is natural to seek u in the space H}(f2) instead, where, as in Section

Hy(Q) = {ue L*(Q): dpue L*(Q)Vie{l,...,n}, u=0o0n0dQ}.

Therefore, we consider the following problem: find u in H}(2) such that holds.

We note that C1(Q) C H}(), and observe that when u € HE(Q) and v € H}(), (instead of
v € CX(Q)), the expressions on the left-hand side and right-hand side of are both still meaningful.
This motivates the following definition.

Definition 16 Let a;; € C(Q) fori,j € {1,...,n}, b € C(Q) fori € {1,...,n}, c € C(Q), and let
feL*Q). Let A: Q — R A(z) = (a;j(x ))197]3”, and b : Q — R", b(x ) (bi(z),...,bo(x)T.
function u € H}(Q) satisfying

/(AVu)-VUd:U+/b-Vuvdw+/cuvdx:/fvd:L‘ Yo € HY Q) (83)
Q Q Q Q
is called a weak solution of f. (All partial derivatives should be understood as weak derivatives.)

6.1.2 Existence and uniqueness of weak solutions

One can show the following existence and uniqueness result for weak solutions:

{1,...,n}, b € CYQ) fori € {1,....n}, c € C(Q), f € L*Q). Let A : Q — R™" A(x)
(aij( ))197]91, and b : Q@ — R, b( ) (bi(z),...,bn(x))T. Assume that (@) holds, and assume
that ¢ — %div(b) >0 in Q. Then, the BVP f possesses a unique weak solution u € H} (). In
addition, there exists a constant cy > 0 such that

Theorem 16 (Existence and uniqueness of weak solutions) Suppose that a;; € C(Q) for i,j €

[ull (o) < HfHL2 (84)

Now we return to our earlier example (x), which has been shown to have no classical solution. However,
by applying Theoremwith aj=1fori=j,a;;=0fori#j,1<4,j<n(ie, A=1,), by =0 for
i=1,...,n (e, b= O) c=0, f(z) =sgn( —|z|), and Q = (—1,1)", we see that (79) holds with ¢ =1
and the mequahty ¢ — 3div(b) > 0 is tr1v1a11y satisfied. Thus () has a unique weak solution u € HE ().

The key tool in proving the existence and uniqueness of a weak solution is the Lax—Milgram theorem:

Theorem 17 (Lax—Milgram) Let V be a real Hilbert space with norm || - ||yv. Leta: V xV — R and
[:V — R be maps with the following properties:
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e [ is linear and a is bilinear, i.e., v — a(v,w) is linear for any fized w, and w — a(v,w) is linear
for any fized v,

e Jco > 0 such that a(v,v) > col|lv]|} Vv € V' (coercivity of a),
e Jc1 > 0 such that |a(v,w)| < ciljv]lv]|w|v Yv,w € V' (boundedness of a),
e Jcg > 0 such that [l(v)| < caflvlly Yv € V' (boundedness of 1).
Then, there exists a unique u € V' such that a(u,v) = l(v) Yo € V.
Example 8 Let Q:= (0,1) and let f € L*(Q). Let p: Q — R, p(x) := 2e*. Consider the problem
—(pu) = f inQ, u=0 on 0.

We demonstrate how the Laz—Milgram theorem can be used to show that this problem has a unique weak
solution u € H}(SY), i.e., that there exists a unique u € HY(Q) such that

1 1
/ pu’v’dx—/ fodx Yo € Hy(Q).
0 0

Step 1: Define a Hilbert space V' with norm || - ||v, a bilinear map a : V x V. — R, and a linear map
[:V = R such that w € V is a weak solution iff a(u,v) =Il(v) Vv € V.
We consider the Hilbert space V := Hy(Q) with norm || - v := || - |g1 (). We define a:V xV =R

andl:V — R by

1 1
a(v,w) ::/ pv w'dz, l(v) ::/ fodz
0 0

for v,w € V. Note that a is bilinear, | is linear, and v € V is a weak solution iff a(u,v) = l(v) Yv € V.

Step 2: Show coercivity of a, i.e., that Icg > 0 such that a(v,v) > co||v|?, Yo € V.
2

We set co := 1 > 0, where ¢, > 0 is the constant from the Poincaré—Friedrichs inequality (Lemma
[9). Using that p(z) = 2e” > 2 for all x € [0,1], we have

1 1 1 1
2 2
o) = [plvParz2 [Pdaez 2o ([Paes [pPde) = 2ol =l

for any v € V, where we have used the Poincaré—Friedrichs inequality fol\v|2 dx < ¢, fol\v'\z dx Vv e V.
Step 3: We show boundedness of a, i.e., that 3c; > 0 such that |a(v,w)| < c1||v||v||w|v Yv,w € V.

We set ¢1 := 2e > 0. Using that |p(x)| = 2e® < 2e for all x € [0,1], and using the Cauchy—Schwarz
inequality, we have that

1 1
a(vw)| < [ ol o] 10| de < 2 [ 0| o] do = 2600 [0/ Dz
0 0
< 2ell/ |2yl (@) < 2ol oyllwllmscay = er ol ol

for any v,w € V, where we have used in the final inequality that there holds ||[v'||r2(q) < ||| g1 (q) for any
v € HYQ) (and hence, in particular, for any v € V as V. .C H(Q)).
Step 4: We show boundedness of 1, i.e., that Iea > 0 such that |l(v)| < ealjv|ly Yo € V.

We set ca := || fll2() > 0. Using the Cauchy-Schwarz inequality, we have for any v € V' that

()] = |(f;0) 2| < If 2@l 2y < 112 vl g @) = ellvllv,

where we have used in the final inequality that there holds ||v|[12(q) < [[v|| g1 (q) for any v € HY(Q) (and
hence, in particular, for anyv €V as V. .C HY(Q)).
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Altogether, by the Lax—Milgram theorem there exists a unique w € V' such that a(u,v) = l(v) for all
v €V, i.e., there exists a unique weak solution u € V to the given problem. In addition, we find that

collullFp gy < alu,u) = 1(u) < eallull gy = £z llull ). e,

1 14+ ¢,
1wl 1) < ;0||f||L2(Q) =5 Iflzz@)-

Remark. Theorem [16|implies that the weak formulation of the elliptic BVP f is well-posed in
the sense of Hadamard; that is, for each f € L*(Q) there exists a unique (weak) solution u € H2(f2),
and “small” changes in f give rise to “small” changes in the corresponding solution u. The latter
property follows by noting that if u; and ug are weak solutions in H}(€2) of f corresponding to
right-hand sides f; and fo in L?(Q), respectively, then u; — us is the weak solution in H}(Q2) of f
corresponding to the right-hand side f; — f> € L?(Q). Thus, by virtue of ,

1
[ur — u2llg1 Q) < %Hfl — foll2 (@) (85)
and the required continuous dependence of the solution of the BVP on the right-hand side follows. <

6.1.3 Maximum principle

The maximum principle is a key property of elliptic equations. Under suitable sign-conditions imposed on
the source term (i.e., the right-hand side f) in the equation and the coefficients of the differential operator,
it (roughly speaking) ensures that the maximum value of the solution is attained at the boundary of the
domain rather than at an interior point.
We consider the BVP
—Au=f in Q, u=g on J,

where 2 C R" is a bounded open set, f € C(2) and g € C(992). Our goal is to show that if f(z) < 0 for
all z € Q, and if u € C%(Q) N C(Q) is a classical solution to the above BVP, then the maximum value of
u over () is attained on the boundary 0 of the domain, i.e.,

max, g u(r) = maxcpn u(z).

This is known as the maximum principle.

Proof for the case f <0

Suppose that f(x) < 0 for all z €  and that u € C%(Q) N C(Q) is a (classical) solution to the above
BVP, ie., —Au(z) = f(x) for all x € Q and u(z) = g(x) for all x € 9Q. We prove that the maximum
value of u is then attained on 0f). Suppose otherwise, that u attains its maximum value at some interior
point g € Q. Then,

8xlu(:1:0) = 0, 82

TiTq

u(zg) <0 Vie{l,...,n}.
Hence, —Au(zo) = —> 1", agmu(:vo) > 0, which contradicts the assumption that f(z) < 0 for all x € Q.

The maximum value of u must therefore be attained on 9, i.e., max g u(z) = maxqcon u(r).

Proof for the case f <0

Let us now prove the maximum principle under the weaker assumption f(z) < 0 for all x € Q. To this
end, we consider the auxiliary function v € C%(Q) N C() defined by

€ €
v(x) == u(x) + %(x% 4+ -+ x%) = u(x) + %\xﬂ
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where ¢ > 0. Then, —Av(z) = —Au(z) —¢ = f(xr) —e < 0 for all z € Q. Hence, by what we have
previously proved, v attains its maximum value on the boundary 92 of 2. Consequently,
E | 19 [ € 2} € 9
B ) = B V)~ g ] = ) s L) = ) g el

As v(z) = u(x) + 5 |z[* > u(z) for all z € Q, we find max,epn u(z) > max, qu(z) — 5 maxzepq |@|? for
all € > 0. Since the expression on the left-hand side of this inequality is independent of ¢, as is the first
term on the right-hand side, by passing to the limit € \, 0, we deduce that max,epo u(x) > max g u(z).
As 99 C Q, trivially max_ g u(z) > maxzepo u(x). Therefore, we have max, g u(z) = maxzepn u(z).

Remark 8 (Minimum principle when f > 0) Analogously, if —Au = f in Q, u = g on 0, and
f>01inQ, then —u is the solution of the PDE —A(—u) = —f < 0. Therefore —u attains its mazimum
value on the boundary 092 of the domain 2. Equivalently, w attains its minimum value on 0X, i.e.,

minu(z) = min u(x).
zeQ ( ) €I ( )

This is known as the minimum principle.

6.2 Methodology of FD schemes

Let €2 be a bounded open set in R™ and suppose that we wish to solve the BVP
Lu=f in Q,

(86)
Bu=g on I' := 99,

where £ : u — Lu is a linear partial differential operator, and B : v — Bu is a linear operator which
specifies the b.c.. For example,

Lu = —div(AVu) +b - Vu + cu,

and Bu := u (Dirichlet b.c.), or Bu := d,u (Neumann b.c.).

In general, it is impossible to determine the solution of the BVP in closed form. Thus, the goal
of this chapter is to describe a simple and general numerical technique for the approximate solution of
(86)), called the finite difference (FD) method. The construction of a FD scheme consists of two basic
steps: first, the computational domain is approximated by a finite set of points, called the FD mesh,
and second, the derivatives appearing in the PDE (and, possibly also in the b.c.) are approximated by
divided differences (difference quotients) on the FD mesh.

To describe the first of these two steps more precisely, suppose that we have “approximated” Q = QUI’
by a finite set of points

Qp = QpUTYy,

where Q, € Q and I';, € T'; Qy, is called a mesh, €, is the set of interior mesh-points and I'}, the set
of boundary mesh-points. The parameter h = (hy,..., h,) measures the “fineness” of the mesh (here
hi denotes the mesh-size in the coordinate direction z;): the smaller maxj<;<y, h; is, the finer the mesh.

Having constructed the mesh, we proceed by replacing the derivatives in £ by divided differences,
and we approximate the b.c. in a similar fashion. This yields the FD scheme

LhU(z) = fu(z), x € Qp,

BLU(z) = gn(z), xely, (87)

where f, and g; are suitable approximations of f and g, respectively. Now is a system of linear
algebraic equations involving the values of U at the mesh-points, and can be solved by, e.g., Gaussian
elimination, provided, of course, that it has a unique solution. The sequence {U(z) : x € Q} is an
approximation to {u(z) : z € Oy}, the values of the exact solution at the mesh-points.

There are two classes of problems associated with FD schemes:
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e the first, and more fundamental, is the problem of approximation, that is, whether approx-
imates the BVP (86)) in some sense, and whether its solution {U(z) : = € Q} approximates
{u(x) : © € Qp}, the values of the exact solution at the mesh-points.

e the second problem concerns the effective solution of the discrete problem (87)) using techniques
from numerical linear algebra.

In this course, our focus is on the first of these two problems. (See MA4230 for an introduction to
numerical linear algebra).

6.3 FD approximation of a two-point boundary-value problem

In order to give a simple illustration of the general framework of FD approximation, let us consider the
following two-point BVP for a second-order linear (ordinary) differential equation:

—u" +cu=f in(0,1),

u(0) =0, u(l) =0, (88)

where f,c € C([0,1]) are real-valued continuous functions on [0, 1], and ¢(x) > 0 for all x € [0, 1].

6.3.1 Construction of a FD scheme

The first step in the construction of a FD scheme for this BVP is to define the mesh. Let N € N with
N > 2, and let h := % be the mesh-size; the mesh-points are z; := ih for i € {0,1,..., N}. Formally,
Qp :={x1,...,xny-1} is the set of interior mesh-points, I'y, :== {zg,xn} the set of boundary mesh-points
and €, := Q;, UT, the set of all mesh-points. Suppose that u is sufficiently smooth (e.g., u € C*([0,1])).
Then, by Taylor series expansion,

u(zip1) = u(x; + h) = u(z;) + hu' (z;) + ;u"(xi) + }(L;u"’(mi) + O(hY),
w(zi_1) = u(x; — h) = u(x;) — ha' (2;) + h;u”(xi) - }?u”’(xi) + O(hY),
so that
Diu(z;) = “("““i“)h_ ) _ e+ O),  Dyula) = A _h“(”“—” = (i) + O(h),
and

w(ir1) — 2u(z;) + u(wi—q)

DDy u(x;) = Dy D u(z;) = 2

=" (x;) + O(h?).

The operators D} and D, are called the forward/backward first divided difference operator,

respectively, and D D, (= D, D) is called the (symmetric) second divided difference operator.

The difference operator DY, called the central first divided difference operator, is defined by
Diu(z;) + Dyu(z;)  w(witr) — u(zi—1)

Du(x;) == 5 = 5T (= o/ (z;) + O(h?)).

Thus, we replace the second derivative v” in the DE at a mesh point z; by the second divided difference
D D u(x;); hence,

—DF D u(x;) + c(x)u(x;) ~ f(x;), ie€{l,...,N—1},

u(xg) =0, u(zy) = 0. (89)
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Now indicates that the approximate solution U (not to be confused with the exact solution u) should
be sought as the solution of the system of difference equations:

Uit1 —2Us + Uiy

~D}ID Ui + c(z:)U; = — +c(x)U; = f(xy), i€{l,...,N—1},

h? (90)
Up=0, Uy=0.
This is, in fact, a system of N — 1 linear algebraic equations for the N — 1 unknowns Uy,...,Un_1. Using
matrix notation, the linear system can be written as follows:
-y ;
72 + c(x1) —h—lg O i i i
1 2 Uy f(x1)
— 23 72 + c(z2) 7z Us Fl2)
2 U Fan—)
1 1 N—-2 TN—-2
—77 75 T C@N- — 73
P h? (en-2) 5 h | Un-1 flzn-1) |
_ 0 2 2 Helan-1)
or, more compactly, AU = F, where A € RV-Dx(V-1) ig the symmetric tridiagonal matrix displayed
above, and U := (Uy,...,Ux_1)T e RNt and F := (f(z1),..., f(zn_1))T e RN L.

6.3.2 Existence and uniqueness of solutions to the FD scheme

We begin the analysis of the FD scheme by showing that it has a unique solution. It suffices to show
that the matrix A is invertible.

Remark 9 If c(z) > 0 Va € Q, then A is strictly diagonally dominant, i.e.,

Z 1}7

je{lv""Nfl}\{i}

\aii\> ]aij] V’iE{l,...,N—

and hence, A is invertible and the FD scheme (@) possesses a unique solution U.

In the more general case ¢ > 0 in Q, we will prove invertibility of A by developing a technique which
we shall, in subsequent sections, extend to the FD approximation of PDEs. The purpose of this section
is to introduce the key ideas through the FD approximation of the simple two-point BVP (88|).

For this purpose, we introduce, for two functions V' and W defined at the interior mesh-points
Z1,...,TN_1, the inner product

N-1
(V,W)n:= > _ hViW;,
i=1
which resembles the L?((0,1))-inner product (v, w)r2((0,1y) fo x) dx.

The argument that we shall develop is based on mlmlckmg, at the d1screte level, the following proce-
dure based on integration-by-parts, noting that the solution of the BVP satisfies the homogeneous
b.c. u(0) = u(1) =0 at the end-points of the interval [0, 1]:

1 1 1 1
—U”I' clrj)ulx))ulr)dr = Ul.’L'2J] c\x U$2$ ’LL/.’IJ2$
/0( (#) + c(@)u(z)) u(z)d /0|()!d+/0()\()\d2/0!()\d,

thanks to the assumption that ¢(z) > 0 for all € [0, 1]. Thus, if e.g. f is identically zero on [0, 1], then
so is —u” + cu, and thanks to the inequality the function u’ is then also identically equal to zero on

(91)
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[0,1]. Consequently, u is a constant function on [0, 1], but because u(0) = 0 and u(1) = 0, the constant
function u must be identically zero. In other words, the only solution to the homogeneous BVP (i.e.,
the BVP with f = 0) is the function v = 0. For the FD approximation of the BVP, if we could show
by an analogous argument that the homogeneous system of linear algebraic equations corresponding to
f(z;) =0,7€{1,...,N — 1}, has the trivial solution U; =0, ¢ € {0,..., N}, as its unique solution, then
the desired invertibility of the matrix A would directly follow.

Our key technical tool to this end is the following summation-by-parts identity, which is the discrete
counterpart of the integration-by-parts identity (—u",u)r2(1y) = (v';u')2((0,1)) = ||u’||%2((0,1)) satisfied
by the function u, obeying the homogeneous b.c. u(0) = u(1) = 0, used in above.

Lemma 3 Suppose that V is a function defined at the mesh-points x;, i € {0,1,...,N}, and Vo = Vy =
0; then,
al 2
(—=DID;V,V)y =Y h|D;Vi|". (92)
i=1

PROOF. Recalling the definitions of the inner product (-, ), and of D} D V;, we have that

N-1 NlV N— V
(—=DiD;V, V) ==Y h(DfD;V;)V; = Z “1 Z “ly,
=1

v Ny
Z Vzl-i-z
1

i= =1

ZVz Vzl

=1
where in the third equality, we shifted the index in the first summation and used Vy = Viy = 0. U
Now, let V' be as in the above lemma and note that as ¢(x) > 0 for all z € [0, 1], we have that
N
(AV,V)h = (=D D,V +cV, V) = (=Df DV, V) + (cV, V), = > _h |D; Vil (93)
i=1

Thus, if AV = 0 for some V = (V4,...,Vy_1)T € RV~ then D;V; = 0 for all i € {1,..., N}; because
Vo = Vy = 0, this implies that V; = 0 for all i € {0,1,..., N}. Hence AV =0 iff V = 0. It follows that
A is invertible, and thereby has a unique solution, U = A~'F. We record this result in the next
theorem.

Theorem 18 Suppose that ¢, f € C([0,1]), and c(x) > 0 for all x € [0,1]; then, the FD scheme (@/
possesses a unique solution U.

We note in passing that, by Theorem the BVP has a unique (weak) solution under the
hypotheses on ¢ and f asserted in Theorem

Remark 10 We used the symbol A to denote the matriz of the system of linear equations that arises
from the FD approzimation as well as the FD operator V w— —D}FID_V + cV. Similarly, we used the
symbol U to denote the vector (Uy,...,Un_1)" of unknowns representing the solution of the system of
linear algebraic equations AU = F as well as the mesh function defined on the FD mesh Qj, with the
understanding that Uy = Uy = 0. For notational simplicity we shall continue to use these conventions
throughout: i.e., we shall use the same notation for matrices and FD operators, and we shall use the
same notation for vectors and mesh functions defined over FD meshes. It will be clear from the context
which of the two interpretations of the same symbol is intended.
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6.3.3 Stability, consistency, and convergence

Next, we investigate the approximation properties of the FD scheme . A key ingredient in our analysis
is the fact that the scheme is stable (or discretely well-posed) in the sense that “small” perturbations
in the data result in “small” perturbations in the FD solution. Effectively, we prove a discrete version of
. Let us define the discrete L?-norm || - ||;, and the discrete Sobolev norm || - ||1 by

1Ul[n = VU, U)n =

N-—1
SRR, WUl =TI+ 12U,
=1

where [|[V]|, := /3N, 2 |Vi]? is the norm induced by the inner product (V, W]y, := SN | hV;Wi.
Using this notation, the inequality can be rewritten as

(AV, V) > | D V]];. (94)

In fact, by employing a discrete version of the Poincaré—Friedrichs inequality , stated in Lemma
below, we shall be able to prove that (AV, V), > co||V||2,,, where ¢ > 0 is a constant independent of h.

Lemma 4 (Discrete Poincaré—Friedrichs inequality) Let V be a function defined on the FD mesh
{z;:=ih : i €{0,...,N}}, where h := % and N € N>a, and such that Vo = Viy = 0; then, there exists
a constant ¢, > 0, independent of V' and h, such that, for all such V,

VI < edlDZ VI (95)

PRrOOF. Using the definition of D, V; and the Cauchy-Schwarz inequality, we have

2

Therefore, because Zf\glz = 1(N —1)N and Nh = 1, we have that

N-1 N-1 i N
2 _ 12 12 —1/.12 } . 2 —1/.12 1 —1/112
IVIE= 23 pViF< 3 o ;h\Dm{ < 5(N = 1)Nh ;hwzvj\ < 5 ID; VI

We find the claimed inequality holds with ¢, = % O

Using the inequality to bound the right-hand side of the inequality from below we obtain
1
(AV.V)h = VIR (96)

Adding the inequality to the inequality we arrive at the inequality

1 _
(AV,V)n 2 5 (VG + 1DZ VIR) = coll VI s (97)

Cx
where ¢q := ﬁ Now the stability of the FD scheme easily follows.

Theorem 19 The scheme (@) 1s stable in the sense that
1
[Ulln < —1£lln- (98)
Co
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PRrooF. From the inequality and the definition of the FD scheme we have that
cllUl%, < (AU U = (f,U)

and hence the inequality . g
Using this stability result it is easy to derive an estimate of the error between the exact solution w
and its FD approximation U. We define the global error e by

ei::u(xi)—Ui, iG{O,...,N}.

Obviously eg =0, ey =0, and
Ae; = Au(z;) — AU; = Au(w;) — f(2:) = =Dy Dyu(x;) + c(zi)u(w:) — fa;) = u”(x:) — D Dy u(x;)
fori e {1,..., N —1}. Thus,

Ae; =¢;, 1€{l,...,N—1}, eg=en =0 (99)
where ¢; := Au(z;) — f(x;) = v”"(x;) — DF D, u(x;) is the consistency error (or truncation error).
By applying the inequality to the FD scheme , we obtain

Ju =l = lella < el (100)

It remains to estimate ||¢||,. We showed in Section that, if u € C*([0,1]), then
pi = u"(2:) = Df Dy u(i) = O(h?),

i.e., there exists a constant C' > 0, independent of h, such that |¢;] < Ch? for h > 0 sufficiently small.
Consequently,

N-1
> hlpil® < Cn?. (101)

=1

By combining the inequalities (100]) and (101]) it follows that

lelln =

c
Ju—=Ullin < %h? (102)

In fact, a more careful treatment of the remainder term in the Taylor series expansion reveals that

w(ziy1) — 2u(z;) + u(xi—1) h2

i = () — D Dy () = o' ()~ i = g
for some &; € (w;—1,x;+1). Thus,
h? 1)
il < 35 max |u ()| = 2 oo,
and hence, we can take C' = %Hu(‘l)”(;([o’l]) in inequality 1) Recalling that ¢y = ﬁ and ¢, = %, we

deduce that ¢y = 2. Substituting the values of the constants C' and ¢g into (102)) it follows that
3

R
Jlu—="Ull1,n < §||u( Neqo-
Thus we have proved the following result.

Theorem 20 Let f,c € C([0,1]) with c(x) > 0 for all z € [0,1], and suppose that the corresponding
(weak) solution of the BVP belongs to C*([0,1]); then

h2
|u—=Ully,n < §||U(4)||C([0,1])- (103)
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6.4 Key steps of a general error analysis for FD approximations of elliptic PDEs

The analysis of the simple FD scheme contains the key steps of a general error analysis for FD
approximations of (elliptic) PDEs:

(1) The first step is to prove the stability of the scheme in an appropriate mesh-dependent norm (see
inequality , for example). A typical stability result for the general FD scheme is

UMles < Crlllfalla, + llgnlir,), (104)

where ||| - |||, || - llo, and || - ||lr, are mesh-dependent norms involving mesh-points of €, (or €,) and
I'y,, respectively, and C; > 0 is a constant, independent of h.
(2) The second step is to estimate the size of the consistency error,

0, = Lpu — fn, in Qp,
or, = Bru — gp, on I'p.

(in the case of the FD scheme ¢r, = 0, and therefore ¢, did not appear explicitly in our error
analysis). If

||SDQh||Qh + H‘PFhHFh —0 as h—0,

for a sufficiently smooth solution u of the boundary-value problem , we say that the scheme is
consistent. If p € N is the largest natural number such that

[l + ller, lln, = O(hP)

as h — 0, for all sufficiently smooth u, the scheme is said to have order of accuracy (or order of
consistency) p.
The FD scheme is said to provide a convergent approximation to the solution w of the BVP

in the norm ||| - |||, , if

lllu—=Ulllq, =0 ash—0.
If ¢ € N is the largest natural number such that
llu = Ullle, = O(h?)

as h — 0, then the scheme is said to have order of convergence ¢. From these definitions we deduce
the following fundamental theorem.

Theorem 21 Suppose that the FD scheme , involving linear FD operators Ly, and By, is stable (i.e.,
the inequality holds for all fr and gp) and that the scheme is a consistent approximation of the
BVP ; then the FD scheme s a convergent approximation of the BVP , and the order of

convergence q is not smaller than the order of accuracy p.
PrOOF. We define the global error e := u — U. Then, thanks to the assumed linearity of L, we have
Lre=Lp(u—-U)=Lpu— LU = Lpu— fp.

Thus, Lye = ¢q,. Similarly, thanks to the assumed linearity of B, we have that Bye = ¢r,. By the
assumed stability of the scheme it then follows that

v =Ullla, = lllellla, < Cilleay o, + ller, lIr,),
and hence the stated result with ¢ > p thanks to the consistency of order p of the FD scheme. O

Thus, stability and consistency imply convergence. This abstract result is at the heart of the conver-
gence analysis of FD approximations of PDEs.
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7 FD approximation of elliptic problems

In Section 6 we presented a detailed error analysis for a FD approximation of a two-point BVP. Here we
shall carry out a similar analysis for the model problem

—Au+cu=f in Q,

(105)
u=0 on 0,

where € := (0,1)?, ¢ is a continuous function on Q, i.e., ¢ € C(Q), and c(z,y) > 0 ¥(z,y) € Q. For the

function f, we assume that f is a continuous on Q, i.e., f € C(Q).
We assume that the unique weak solution u to this BVP belongs to C*(Q) (in particular, u is a
classical solution).

Remark 11 In this course, we do not consider the more general case where f is merely in L*(Q), and
where a classical solution does not exist; see the original notes by Endre Sili for this. This gives rise to
technical difficulties: in particular, we cannot use a Taylor series expansion to estimate the size of the
consistency error.

The first step in the construction of the FD approximation of (105)) is to define the mesh. Let
N € N>g and let h := %; the mesh-points are (z;,y;), 4,5 € {0,1,..., N}, where z; := ih, y; := jh.
These mesh-points form the mesh

Q= {(zs,y5) : 3,5 €{0,1,...,N}} C Q.
Similarly as in Section 3, we consider the set of interior mesh-points
Qp = {(z4,y5) s 4,5 €{1,...,N —1}} C Q,
and the set of boundary mesh-points I'y, := Qj, \ £;,. Analogously to , the FD scheme is

—(D;_D;Ui’j + D;_Dy_Ui,j) + c(mi, yj)UZ'J = f(xz, yj) for (a:i, yj) € Qp,

(106)
U=0 on I'y.

In an expanded form, this can be written as follows:

U1 =2Uij +Uicrj | Uijy1 —2U;; + Ui j .
+1J h21] J 4 It hQJ J +c(xi,y)Us; = flai,y;), 4,7€{1,...,N—1}, (107)

U; =0 ifie{0,N}orifje{0,N}. (108)

For each i and j, 4,j € {1,..., N — 1}, the FD equation (107)) involves five values of the approximate
solution U: U; ;, U;i—1j, Uit1,5, Ui j—1, Ui j+1, and is therefore frequently referred to as the five-point
difference scheme. It is again possible to write (107)—(108)) as a system of linear algebraic equations

AU = F, (109)
where now
U= U,...,Uin-1,Us1,...,Usn_1,...... JUN-11,- Un—1n-1)7,
F=(Fu,....,Fin-1,Fn,....,Fan_1,...... JENC11y - Fvoin-1)t,

and A € RIN-D*x(N=-1)? jg 4 sparse matrix of banded structure (i.e., a sparse matrix whose nonzero
entries are confined to a diagonal band, comprising the main diagonal and zero or more diagonals on
either side). A typical row of the matrix contains five nonzero entries, corresponding to the five values of
U in the FD stencil shown in Fig. [2| while the sparsity structure of A is depicted in Fig.
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(,3+1)

(i=1,9)| (4,5) (i4+1,5)

L 4
(4,5—1)

Figure 2: The mesh 4(+), the boundary mesh I', (%), and a typical five-point difference stencil.

o o o .
o o o .
o o .
. o o .
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° o o o .
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A= ° o o °
° o o o °
° o o °
° e o o

Figure 3: The sparsity structure of the matrix A € RNV-1)?x(N-1)* (illustration for N = 5).
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7.1 Existence and uniqueness, stability, consistency, and convergence

Next we show that (106]) has a unique solution. We proceed analogously as in Section 6. For two functions,
V and W, defined on 2, we introduce the inner product

N—-1N-1
=2 2 WV Wi
i=1 j=1
which resembles the L?-inner product (v,w J2Q) = Joo( (z,y)dzdy. The next result is a direct

extension of Lemma [3] from the univariate case to the case of two space dimensions.

Lemma 5 Suppose that V is a function defined on Q, and that V =0 on T'y; then,

N N-1 N—-1 N
(=D DV, V) + (=D D, V,V), ZZh2|D ViilP+ Y 1D, Vil (110)
=1 j=1

PROOF. The identity (110)) is a direct consequence of and the analogous identity for —D; D, . 0
Returning to the analysis of the FD scheme ((106]), we shall now proceed in much the same way as in
the univariate case considered in the previous section. We note that, since ¢ > 0 on Q, by (110 we have

(AV,V), = (=DFf DV — DS D,V +cV, V),
(=D D V. V) + (=Dy Dy V. V) + (cV, V)i

N N-1 N-1 N (111)
SORD VP + > > D, Vil
=1 j=1 i=1 j=1

for any V defined on Qj, such that V = 0 on I';,. Now this implies, just as in the one-dimensional analysis
presented in Section 6, that A is an invertible matrix. Indeed, if AV = 0, then (111} yields

Vig = Viey . .
D;Vi,j:%“:o, ie{l,...,N},je{l,...,N—1};
_ Vijg—Vij . ,
DyVij= === =0, ie{l,....N-1}je{l... N}

Since V' = 0 on I'}, these imply that V' = 0. Thus AV = 0 iff V = 0. Hence A is invertible, and
U = A7'F is the unique solution of . Thus the solution of the FD scheme may be found by
solving the system of linear algebraic equations .

In order to prove the stability of the FD scheme , we introduce (similarly as in the univariate
case) the mesh—dependent norms

10l = V@O WUl = /ITIE + IDZ U2 + | Dy U2
where
N N-1 N-1 N
ID;Ulla = | D> WDz U2, Dy Ully = > w2 D, Uy 2.
i=1 j=1 i=1 j=1
The norm || - ||1,5 is the discrete version of the Sobolev norm || - || 1), defined by
[ull (o \/IIUH )+ 105ull T2 + 19yull 72

With this new notation, the inequality (111)) can be rewritten in the following compact form:
(AV, V)i > [ID; VIIZ + || Dy V]I (112)
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Lemma 6 (Discrete Poincaré—Friedrichs inequality) Suppose V is a function defined on Qy, and
V =0 on I'y; then, there exists a constant c, > 0, independent of V' and h, such that, for all such V,

IVIE < e (IDZVIE +1ID; V) - (113)

PROOF. The inequality (113]) is a straightforward consequence of its univariate counterpart . It
follows from that, for each fixed j € {1,...,N — 1},

N-1 | N
DAVl < 3 > hD; Vil (114)
i=1 i=1

Analogously, for each fixed i € {1,...,N — 1},
N-1 | N
S WVl < LS iy vt (119
j=1 j=1

We first multiply (114) by A and sum through j € {1,..., N — 1}, then multiply (115 by ~» and sum
through i € {1,..., N—1}, and then add these two inequalities to obtain 2||V||2 < %(HD;V]\%—%HD;V”Z)
Hence we arrive at 1) with ¢, = %. (I

Now the inequalities (112 and 113[) imply that (AV, V), > 2-[|[V||?. Finally, combining this inequal-
ity with (112)) and recalling the definition of the norm || - ||, we obtain

1
(AV, V) > co|V|3,,, where cp:= . (116)
) 1+ c.
Using the inequality (116)) we can now prove the stability of the FD scheme ({106)).
Theorem 22 The FD scheme 1s stable in the sense that
1
10l < — I Fa- (117)
€o

PROOF. The proof of this inequality is identical to that of the stability inequality in the univariate

case. From (116 and (106 we have that
cllUlin < (AU, U = (£, U)n < I IWlIUNIn < IFIRIT

1,h>s

and hence we arrive at the desired inequality (117)). O
Having established stability of the FD scheme ([106]), we turn to the question of its accuracy. We
define the global error e by

eij =u(zy;) —Uij, 4,7€{0,1,...,N}.

Then, assuming that u € C*4(2), and employing Taylor series expansions with remainder terms in the x
and y coordinate directions, respectively, we have for 7,7 € {1,..., N — 1} that

Aeij = Au(wi, y;) — f(wi, ;) = Au(zi, y;) — (D Dy u(wi, y;) + Dy Dy (s, y5))
= [02,ulwi,yj) — DF Dy ulws,yy)] + [0 u(zi, ;) — Dy Dy ulxi, ;)]
h2

h2
- _Ea;lxa:xu(glvyj) - ﬁaéyyyu(xi7nj)
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for some & € (xi—1,%it1), Mj € (Yj—1,Y;j+1). We define the consistency error (or truncation error)
of the FD scheme (106) by

wij = Au(wi,yj) — fij, where fi ;= f(2,y;).
Then, by the calculations above,

h2
Pij = _ﬁ (a:%xxzu(ghy]) + 83yyyu(xi7 nj))
fori,j € {1,...,N — 1}, and

Aeij=pij, i,j€{l,...,N—1},
e=0 on I'y.

Thanks to the stability result (117)), we therefore have that

1
lw = Ullin = lleflin < a”%‘?”h- (118)

To arrive at a bound on the global error e := u — U in the norm || - ||; 5, it therefore remains to bound
lolln and insert the resulting bound in the right-hand side of (118). Indeed, by noting that

h2
|pi| < 12 (HaﬁmquC(ﬁ) + “8;/11/2131““0(5)) ’

we deduce that the consistency error ¢ satisfies

h2
lelln < 55 (10ksestllom) + 108l o) (119)

Finally, (118]) and ([119)) yield the following result.

Theorem 23 Let f,c € C(Q) with c(x,y) > 0 for all (x,y) € Q, and suppose that the corresponding
h/

weak solution u of the BVP (105) belongs to C*(Q); then,

5h?
= Ul < 2 (10t ey + 105l o) - (120)
PROOF. Recall that ¢ = ﬁ and ¢, = i, so that é = %, and combine and . [l

According to this result, the five-point difference scheme for the BVP is second-order
convergent, provided that w is sufficiently smooth. As in the univariate case, we have deduced second-order
convergence of the FD scheme from its stability and its second-order consistency, under the assumption
that the true solution u satisfies u € C*(€).

7.2 Nonaxiparallel domains and nonuniform meshes

We have carried out an error analysis of FD schemes for the PDE —Au 4+ cu = f on a square domain 2.
The error analysis of FD schemes for more general elliptic equations would proceed along similar lines.
Consider, e.g.,

— [02(a10zu) + Oy(a20yu)] + b10zu + baOyu + cu = f
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on the unit square Q := (0,1)? in R2. We approximate this PDE by

1 Uiy1; — Ui Uij—Ui-1;
7 [a1($i+1/27yj)]hj - al(xil/%yj)]h]:|
1 Uij+1 — Ui Uij —Uij—1
- [GQ(xiyyj-i-l/Q)th — az(x;, yj—l/z)jh]}
Uit — Uity Uijs1—Usjo
+ by (s, yj)% + ba(x, yj)% + (i, y;)Uij = f(4,9;)-

This is still a five point difference scheme that is second order consistent.

When 2 has a curved boundary, a nonuniform mesh has to be used near 912 to avoid a loss of accuracy.
To be more precise, let us introduce the following notation: let h;4+1 := ;41 — x4, hy := x; — x;—1, and let
h; = %(hi—i—l + hl) We define

Ui+1 — UZ' L Uz’ - Ui—l
hqj ) x Y1 T hz 9

I (Ui = U i — Ui-
AU, = <U+1 U U, U1>'

DD U; = " o -

Simﬂarly, let k‘j+1 =Yi+1 — Yy, k‘j =Y —Yj—-1, and let k‘j = %(k‘j+1 + ]{3]) Let

Uj+1—Uj . Uj—Uj_l 1 <Uj+1—Uj . Uj—Uj_1>

. ? Y
k]

+rr.— DU =
D}U; = DD, Uj == —

Fi X kit kj

Note that, whereas on a uniform mesh D U;y1 = DfU; and D, Ujy1 = D,fUj, on nonuniform meshes
this is no longer the case. For the same reason, on a nonuniform mesh D} D, U; # D, D;}U; and
DD, U; # D, DfUj. On a general nonuniform mesh

Qo= {(wi,y5) € Q2 g1 — @ = hig, Yj1 — Y5 = ki),

the Laplace operator A can be approximated by Dy D, + D,f D, .
Consider, e.g., the Dirichlet problem

—Au=f in £,
u=20 on 0,

where © and the nonuniform mesh €2, are depicted in Fig.

o Oy © Ty, ﬁh =QpUT.

Figure 4: Nonuniform mesh §,.

The FD approximation of this BVP is
—(DF DL Uij+ Dy D, Uy ) = f(xi,y;) in Qp,
Uij=0 on I'y,
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or equivalently,

1 <U¢+1,j —Uy; U— Uil,j> 1 <Ui,j+1 —Uy Uj— Ui,j1>

hit1 h; B % ki1 k;

= f(zi,y;) in Qy,
Uy; = 0 on I'j,.

hi

A typical difference stencil is shown in Fig. |5} clearly we still have a five-point difference scheme.

(ﬂcz’, yj+1) g
kj+1
hi hit1
° °
(zi-1,Y;) (74, 95) (Tiv1,Y5)
k;
(zi,yj-1)®

Figure 5: Five-point stencil on a nonuniform mesh.

7.3 The discrete maximum principle

Our objective is to construct a FD approximation of the elliptic BVP —Au = f in 2, u = g on 02, and
show that a discrete counterpart of the maximum principle satisfied by the function u holds for its FD
approximation U. For simplicity, we confine ourselves to the case of two space dimensions and consider
a general nonaxiparallel domain, such as the one depicted in Fig. [4, and a general nonuniform mesh

Q= {(zi,95) € Q2 i1 — i = higr, Yju1 — Y5 = kja )

The Laplace operator A is approximated by D} D, + D; D, , with the difference operators DD,
D; D, defined as in Section The FD approximation of the Dirichlet problem

—Au=f in €,
u=g on 0f)

is then given by

—(D;D;UZJ + D;_Dy_UzJ) = f(xl, yj) in Qh;
(121)
Uij = 9(zi,95) on I'p.
Equivalently,
1 (Ui+1,j —Uy; Uyj— Uz'—Lj) 1 (UiJ-H “Uy; Uj— Um‘—l) ~ flany) i O,
h; hit1 hi t;j kjt1 k;

Uij = g(xi,y;)  on Ty,

Suppose that f(z;,y;) < 0 for all (z;,y;) € Q2 and that the maximum value of U is attained at an
interior mesh point (x;,,y;,) € Q. Clearly,

1 1 1 1 1 1 Uit1,j Ui—1,j Ui j+1 Uij-1
— +— )+ + — U ; = — + =+ — + + f(zi, y;
(hz‘ <hz’+1 hi) kj (’%1 k])) T b hihi o Rk Rk il
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for any (xi,yj) € Qy,. Therefore, because Uig:l:Ljo < UioJo and Uioyjoil < Ui07j07 and f(il?io,yjo) <0, it
follows that

(1 <1 + 1) + ( L 1)) Uiy < - Jiodo Uiosn | Uindgo , Uindo
hig \Nigt1 iy ) Fjo \Kjor1  kj hig higv1 — Tig hig — Fjo Kjorr i Kjo
Note, however, that the expressions on the two sides of this inequality are equal, which means that we
have run into a contradiction. Thus we have shown that if f(z;,y;) < 0 for all (z;,y;) € €y, then the

maximum value of U is attained on the boundary I'y of €, which completes the proof of the discrete
maximum principle in this case:

maX(xhy].)th U@j = max(xiyyj)eﬁh Uiﬂ‘.

Now suppose that f(z;,y;) <0 for all (x;,y;) € Q. We define the auxiliary mesh function V' by

5
—(2? —i—y?) for (zi,y;) € Q.

Vij:=U;+ 1

Hence,
—(D;D;Vi,j + D;D;Vz,]) = _(D;D;Ui7j + D;D;Ui,j) — €= f(x,-,yj) —e<0 in Qp,

which then implies that the maximum value of V is attained on I'j,. Therefore,

€
max U;; = max [V-——q;2+2.]
(ﬂfi,yj)erh 2, (xi,yj)el‘h 2,] 4( (3 y])
€ €
> max V;;— - max x2+y2= max V;;— - max x2+y2-.
N I i R T e

As W,j > Ui,j for (a:i,yj) S ﬁh, it follows maX(%yj)eph UZ'J‘ > maX(Ii,yj)Gﬁh U@'J’ - %max(xi,yj)erh (1'12 +y]2)
for all € > 0. By passing to the limit ¢ ~\, 0 it follows that max, ,.er, Ui; = max(, . yeq, Ui,j.

As T), C Qp, trivially MAX (1, y;)€Qn

inequalities that if f(z;,y;) <0 for all (z4,y;) € Qp, then the discrete maximum principle holds:

Uij > MaX (g, y)el), Ui j, and therefore we deduce from these two

max(xivyj)erh UZ,] = ma'X(.Z’i,yj)Eﬁh Ul:]

Analogously, if f(z;,y;) > 0 for all (z;,y;) € Q, then the discrete minimum principle holds:

‘ mingg,  yer, Uij = MG, 4 eQp Us,j-

Our objective in the next section is to use the discrete maximum/minimum principle we have established
to prove the stability of the FD scheme (121)) with respect to perturbations in the boundary data.

7.4 Stability in the discrete maximum norm

Consider the FD scheme (121]) on the nonuniform mesh formulated in Section Our first result asserts
the existence of a solution to (121]) as well as its uniqueness.

Lemma 7 The FD scheme (121)) has a unique solution.

Proor. We note that is a system of linear algebraic equations for the values U;; such that
(xi,y5) € Q. So, if the total number of mesh-points contained in Qj, is denoted by M, then the system
of linear algebraic equations concerned has an M), x M} matrix, and showing the existence of a unique
solution to the FD scheme is therefore equivalent to showing that the matrix of the linear system
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is invertible. The matrix of the linear system associated with is invertible iff the corresponding
homogeneous system of linear algebraic equation has the zero vector as its only solution, which is, in turn,
equivalent to showing that the FD scheme (121 with f(z;,y;) = 0 for all (z;,y;) € 4 and g(z4,y;) =0
for all (z;,y;) € I'y, has the trivial solution as its only solution, i.e., that U; ; = 0 for all (x;,y;) € Q. Let
us therefore consider

—(D;D;Uﬁj + D;D;Um) =0 in Q,

(122)
Ui;j=0 on I'y,.

The existence of a solution to (122) is obvious: the mesh-function U, with U; ; = 0 for all (z;,y;) € Q4
is clearly a solution. According to the discrete maximum principle, for any solution U of (122)), we have
0= max, . ye, Ui j, while according to the discrete minimum principle 0 = min( iy;)ETn Ui ;. Therefore
the only solution is U = 0. This then implies the existence of a unique solution to (121)). O

We are now ready to embark on the analysis of the stability of the scheme (121]) with respect to per-
turbations in the boundary data. Consider the mesh functions U®) and U, which satisfy, respectively:

~(Df DU + Df Dy UY) = fai,yy) in Q, 123
U = g0 (@i, ) on I'y 1)
and
—~(Df D, UZ + Df Dy UD) = f(ai,y5) in Qp, .
U2 = g (1,5 on Ty, )

for given boundary data ¢(!) and ¢®. Let U := UM —U® and ¢ := ¢ — ¢, Then, by subtracting
(124) from (123) we find that U solves

—(D;D;U@j + D;_Dy_Ui’j) =0 in Q, (125)
Uij = 9(xi, y5) on I'p.
By the discrete maximum principle we have from (125]) that
max U;; = max U;;= max i, Yi) < max i Yi)l-
(zi,y;) €D w (z4,y5)€Ty w (z4,y5)€Ty glei y]) (zi,y5)€T R l9(zi y])|
In other words, for all (z;,y;) € Qn,
U;; < ma i, Yqi)|- 126
i S max |9 (i, )] (126)
It follows from ([125]) that —U solves
—(DF D, (=U)ij+ Dy Dy (=U)i;) =0 in Qp, (127)
(=U)ij = —9(wi,y5) on I'p,
where (—U); j := —U, ;. Hence, also,
—U = (=U). . < a — gz, y;)| = a Y 128
ij=(=U)ij < (zig}j)}éFJ 9(wi, )| (gciglj)}eirh l9(xi, y5)] (128)

for all (x;,y;) € Q. By combining (126]) and (128) we have the inequality |U; ;| < MaxX (g, y ey, 19(Ti, Y|
for all (z;,y;) € Qp, and hence,

(xi7yj)eﬁh| Z]’ (fi,yj)el"h| (4, j)|
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By recalling the definitions of U and g, we have thereby shown that

1 2
max (U} ~ US| < max g (i) - 9 (i)l (129)
(x4,95)€Qn (z5,y5)€T
The inequality ((129)) expresses continuous dependence of the solution U to the FD scheme with respect
to the boundary data g: it ensures that small perturbations in the boundary data result in small per-

turbations of the associated solution, a property that is referred to as stability of the solution with
respect to perturbations in the boundary data (in the discrete maximum norm, in this case).
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8 FD approximation of parabolic problems

This section is concerned with the construction and mathematical analysis of FD methods for the nu-
merical solution of parabolic equations.

8.1 The heat equation

As a simple yet representative model problem we shall focus on the heat equation (or diffusion
equation) in one space dimension: Seek a function v = u(z,t) satisfying

O = 02 u, (130)
which we shall consider for z € R and t € (0,00), subject to the initial condition (i.c.)
u(z,0) = up(z) for x € R, (131)

where ug : R — R is a given function, called an initial datum.

The solution of this IVP can be expressed explicitly in terms of the initial datum ug. As the expression
for the solution of the IVP provides helpful insight into the behaviour of solutions of parabolic PDEs,
which we shall try to mimic in the course of their numerical approximation, we shall summarize here
briefly the derivation of this explicit expression for the analytical solution of the IVP 7.

We recall that the Fourier transform of a function v : R — C is defined by

Fol(€) = (€)= /_ T @) e ds,  £eR

We shall assume henceforth that the functions under consideration are sufficiently smooth and that they
decay to 0 as x — +oo sufficiently quickly in order to ensure that our formal manipulations make sense.
By Fourier-transforming the PDE ((130]) we obtain

/ Opu(x,t) e da = / 0% u(x,t) e du.

After (formal) integration by parts on the right-hand side and ignoring ‘boundary terms’ at +oo, we
obtain

dea(E, 1) = (i€)*a(E, 1) = —€%a(€, 1),
where 4(¢,t) == [ u(z,t) e dz is the Fourier transform of u with respect to the z-variable. Then,
we see that @(¢, 1) = e 7 a(g,0) = e % 4o (€), and therefore u(x,t) = F 1 <§ — e_t§2a0(§)), where F 1
denotes the inverse Fourier transform defined by

o(@) = [F1o)(x) = — /Oo B(€)ei™E de.

:ﬂ .

Thus, after some lengthy calculations whose details we omit, we find that

oo 1 2
u(a:,t):/ w(z —y,up(y)dy, where w(z,t):= \/me*ﬂ.

The function w is called the heat kernel. So, finally,

1 0o )2
u(z,t) = \/ﬁ/ T uo(y) dy. (132)
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This formula gives an explicit expression for the solution of the heat equation ((130)) in terms of the
initial datum wug. Because w(x,t) > 0 for all (z,t) € R x (0, 00), and ffooo w(y,t)dy =1 for all t € (0, c0),
we deduce from ((132)) that if ug is a bounded continuous function, then

supger|u(z, t)| < sup,cgluo()| vt € (0,00). (133)

In other words, the ‘largest’ and ‘smallest’ values of = — wu(z,t) at ¢ > 0 cannot exceed those of ug. A
similar bound on the ‘magnitude’ of the solution at future times in terms of the ‘magnitude’ of the initial
datum can be obtained in the L?-norm. We will show that the L?-norm of the solution, at any time
t > 0, is bounded by the L?-norm of the initial datum. We shall then try to mimic this property when
using various numerical approximations of the IVP for the heat equation.

We now extend our definition of the space L?(Q2) to complex—valued functions. In particular, we let
L?(R) be the set of all (measurable) functions u : R — C for which [*°_|u(x)[*dz < oo, and we define

[e.9]

ull 2wy = / lu(z)|2dz  for u € L*(R).
—0o0

Functions which are equal almost everywhere are identified with each other.

Lemma 8 (Parseval’s identity) Let u € L?(R). Then, i € L*(R) and there holds

Jull = == il

PrROOF. We begin by observing that

[ a@uoa= [~ ([ uwear) e ac
B /_Z </_Z v(E)e ™ df) u(z)dr = /:: u(z) O(z) dz,

where we take (where, for a complex-valued function w, we denote by w the complex conjugate of w)

(134)

o(t) == a(t) = 2n[F1a)(t), teR.

Then, the left-hand side in (134) becomes [ (:f) d¢ = [ Ja(¢ )|2d£ = ||all. () and the right-
(z)

hand side in (134)) becomes [*° w(x)d(x)dz = 27 f
Here, we have used that

12 dz = 27]|u||? 72(r) 8lving the desired result.

—00 —0o0

i(z) = /Oo u(t) e"iat dt = /OO at) e ™t dt = 27 (217r /00 u(t) etwt dt) = 2n[F~ 1] (z) = 2mu(x)

for any =z € R. O
Returning to the equation ((130]), we thus have by Parseval’s identity that

.
lu(, Ol 2wy = Vo a(, Ol 2w vt € (0, 00),

and therefore

1 e 1 .
[u(- )| 2@y = e 1€ et 1o (&) L2r) < Nor: ol 2wy = lluollL2w) vt € (0, 00).



Thus we have shown that
luC Ollzmy < lluollzewy ¥t € (0,00). (135)

This is a useful result as it can be used to deduce stability of the solution of the equation with respect
to perturbations of the initial datum in a sense which we shall now explain. Suppose that ug, @9 € L?(R)
and denote by uw and @ the solutions to resulting from the initial datum wug and g, respectively.
Then u — 4 solves the heat equation with initial datum ug — g, and therefore, by , we have that

(- t) = al, )l 2wy < lluo — Goll L2(r) vt € (0, 00). (136)

This inequality implies continuous dependence of the solution on the initial datum: small perturbations
in ug in the L?(R)-norm will result in small perturbations in the associated solution u(-,¢) in the L?(R)-
norm for all ¢ € (0, 00). The inequality is therefore a relevant property, which we shall try to mimic
with our numerical approximations of the equation ({130)).

8.2 FD approximation of the heat equation

We take our computational domain to be
{(z,t) |z € Rt €[0,T]},

where T' > 0 is a given final time. We then consider a FD mesh with spacing Az > 0 in the z-direction and

spacing At := M in the ¢-direction, with M € N, and we approximate the partial derivatives appearing
in the PDE using divided differences as follows. Let x; := jAx and t,, := mAt, and note that

w(@j, tmy1) — u(@), tm) 52

xT

8tu($],tm) ~ )

w(xji1,tm) — 2u(x), ty) + u(Ti—1,tm)
At '

LU(Tj, b)) (Az)2

This then motivates us to approximate the heat equation (130]) at the point (x;,ty,) by the following
numerical method, called the explicit Euler scheme:
urtt—om 20 4+ U,
J J__ j+1
At (Ax)2 ’

jez, mef0,1,...,M—1},

U]O =ug(xj), JELL

Equivalently, we can write this as
UMt = U+ p(UL, = 207" +U), je€Z, me{0,1,...,M -1},
UY = ug(zj), jEZ,

J
where p = (AATt)?‘ Thus, U™ can be explicitly calculated, for all j € Z, from the values U™ S U U
from the previous time level.
Alternatively, if instead of time level m the expression on the right-hand side of the explicit Euler
scheme is evaluated on the time level m 4+ 1, we arrive at the implicit Euler scheme:

m+41 m m—+1 m+1 m+1
urtt - Ut - Ut U

At N (Am) ’

jez, me{01,...,M—1},

UY = uo(xj), jEZ.
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The explicit and implicit Euler schemes are special cases of a more general one-parameter family of
numerical methods for the heat equation, called the #-scheme, which is a convex combination of the two
Euler schemes, with a parameter 6 € [0,1]. The -method is defined as follows:

+1 m m m m +1 m+1 m+1
Ut U g U 2P U U U U
At (Ax)? (Az)?

UJO = uo(xj), jEZ,

, JEZ,me{0,1,... .M — 1},

where 6 € [0, 1] is a parameter. For § = 0 the #-scheme coincides with the explicit Euler scheme, for § = 1
it is the implicit Euler scheme, and for 6 = 1/2 it is the arithmetic average of the two Euler schemes, and
is called the Crank—Nicolson scheme.

Numerical methods of this kind are called fully-discrete approximations. An alternative approach
is to approximate only the spatial partial derivative in the heat equation, resulting in the following IVP
for a system of ODEs:

dU;(t) _ Uja(t) = 2U5(t) + Uj1 (t) iez
dt (Az)? ’ ’
Uj(O) = uo(xj), jEeZ.

This is called a spatially semi-discrete approximation, because no discretization with respect to
the temporal variable ¢ has taken place. Because an IVP for the heat equation is considered for z € R,
the spatially semidiscrete approximation consists of an infinite system of ODEs. Had the range of x
been limited to a bounded interval (a,b) of the real line instead, and had, in conjunction with the i.c.,
boundary conditions been supplied at x = a and x = b, spatial semi-discretization of such an initial-
boundary-value problem (IBVP) for the heat equation would have resulted in a system consisting of a
finite number of ODESs, coupled to algebraic equations that stem from the spatial discretization of the
boundary conditions. Such a system of differential-algebraic equations (DAEs) could then have been
solved approximately by any standard method for the numerical solution of DAEs (such as, e.g., the
Matlab solvers ode15s and ode23t). Because no discretization in time was performed in the first place,
this approach is usually referred to as the method of lines.

8.2.1 Accuracy of the #-scheme

Our aim in this section is to assess the accuracy of the #-scheme for the IVP for the heat equation. The
consistency error of the f-scheme is defined by

+1 +1 +1 +1
— u;” _ugn—(l—ﬁ) u;ﬁl—2u§-”+u;-”,1_9u;11 —2u7j“ —|—u7j711
I At (Ax)? (Az)? ’

for j € Z and m € {0,1,..., M — 1}, where

ui' = (@), t).
We shall explore the size of the consistency error by performing a Taylor series expansion about a suitable

point. We choose the point (zj,t,, 1), where ¢, 1 =t + %, we have that
2 2

At At At)? At)3 At)*
u}n+1:u<x]~,tm+%+2> = [u—i—ut—{— ( ) utt—l— ( ) Uttt+()utttt:| (xj,tm+%)+(’)((At)5),

2 8 43 384
m At At (At)? (At)3 (At)?
u;j =u <xj’tm+é - 2> = [u Ty + ) Ut — 48 Uttt + S‘ﬁutttt (xjvtm+%) + O((At)5)~
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Therefore, we have that

ji_j — |:ut + (Azi)zuttt] (IB], ) + O((At)4)

Next, we use Taylor expansion to find

uffy —2uit +uty u($j+17tm+% - %) - 2U($j7tm+% - %) + u(:cj,l,t,,H% B %)

(Am) N (Az)?
w(@; + Azt 1) = 2u(@g, by 1) +u(z; — Aty 1)
(Az)?
Atut(xj+Ax,tm+1)—2ut(x]7 4l 1) + ug(x; Aw,tm+ 1)
2 (Ax)?
(At)2 w5 + A:U,tm+ 1) — 2uy(xj, t 4l 1) + uge (25 A:U,tm+ 1)
8 (Azx)?

2 T 4
(AIZ) (e (263 Upgzrre T O((A.’E) ):| (mj’thr%)
(Ax)*

|: xxtt (A12> Ugzrctt + (éggo) Ugzrrrctt + O((A.I) ):| (‘rj7 er )+ O((At)?))

=+
At )2
Uzt + Ugzzxt +
2
)?

(A

Similarly, we find

m+1 m—+1 m+1
g1 T 2uy T A
(Az)?

u

Az)? Az)?

(Az)? (Az)*

6

2 z)? x
B0 s+ o+ G e+ O8] 25+ O((20))

At

and hence,

m m m+1 m+1 m+1
—2u +ujt 9u7+1 2u +uj_1

(Ax)2 (Am)

(Az)? (Az)* 6

At Ax)? Az)t
2 l: Uzt + %uxacmxt + %uwxwzxwt + O((Ax)6):| (xja tm+%)

(Aa)? (Aa)?

Tuaﬁmwztt + Wuxm‘xmmtt + O((A$)6):| (xja tm-‘r%) + 0((At)3)

(1) 224

+ (20— 1)=

(At)?

T

|:ux:ctt +

Altogether, we have that

(Az)? (Az)*

Tuxxzz ~ 7360 o Uggaazr + O((Ax) ):| (zj’thr%)

At (Ax)? (Ax)*
+ (29 - 1)7 [_u$$t - ?uxmatt 360 7 Uzzzzzat T O((Ax) ) (xjvtm-i,-%)
At)? 1 Az)? Az)*
+ ( 8) |:3Uttt — Ugztt — ( 12) Uggzztt — (3(;%) Uggrraxtt T O((Al‘)ﬁ)] (CL‘], ) + O((At)g)
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Finally, using that u,, = u; as u is a solution to the heat equation, we arrive at the following final
expansion for the consistency error:

m (Az)? (Az)* )
;" = [— 19 Ut — 360 Uttt + (’)((Aa:)6) (xj’tm—i-%)
At Ax)? Az)!
(29 — 1)? |:utt — ( 12) Uttt — (ng())utttt + O((ALE)G):| (l'j, thr%)
At)2 [ 2 Az)? Az)t
+ ( 8) |:_3Uttt — ( 1;) Uttt — (350) Uttt + O((Am)G)} (xj’tm+%) + O((At)3).
Hence, we see that
— O((Az)? + (At)?) for § = 1,
77 O((Az)? + At) for 6 # 5.

Thus, in particular, the explicit and implicit Euler schemes have consistency error 77" = O((Az)? + At)
while the Crank-Nicolson scheme has consistency error T/" = O((Ax)? + (At)?).

8.3 Practical stability of FD schemes

In order to be able to replicate the stability property at the discrete level, we require an appropriate
notion of stability. We shall say that a FD scheme for the heat equation is (practically) stable in the
¢? norm, if

U™l < U]l Vme{l,..., M},

where

oo
U™ = [ Ax > [UP2.
j=—o00
We shall use the semidiscrete Fourier transform, defined below, to explore the stability of the FD
schemes under consideration. In order to avoid complicating the discussion with the inclusion of technical

details that concern the convergence of various infinite sums, we shall simply assume throughout that all
infinite sums considered converge.

Definition 17 The semidiscrete Fourier transform of a function U defined on the infinite mesh with
mesh-points x; = jAx, j € Z, is defined by

Uk) := Az Z Uj e ki ke [

j==oc

- 1)

Az Azl

We shall also require the inverse semidiscrete Fourier transform, as well as the discrete counterpart of
Parseval’s identity that connect these transforms, analogously to the case of the Fourier transform and
its inverse considered earlier.

Definition 18 Let U be defined on the interval [—Az> ag)- The inverse semidiscrete Fourier transform
ofU is defined by
Ujm [ U(k) e dk j€Z,
J 27 _AL ’

where x; = jAz for j € Z.

We then have the following discrete Parseval’s identity. The proof is very similar to the proof of
Lemma [§] and left as an exercise.
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Lemma 9 (Discrete Parseval’s identity) Let

A.’E Z |U]|2 and ||U”L2((7£7AL \// |2 dk

j==oc

Ul :=

If |U|2 is finite, then so is ||0”L2((_AL7AL))7 and

1 ~
—\U || r2¢(—
With all technical prerequisites in place, we are now ready to discuss the stability of the various FD
schemes under consideration. We begin by exploring the practical stability of the explicit and implicit
Euler schemes. We shall prove in particular that the explicit Euler scheme is conditionally practically
stable (the condition required for stability being that p := a2 ) < 1), while the implicit Euler scheme

) = U

P S
Az’ Ax

will be shown to be unconditionally practically stable.

8.3.1 Stability analysis of the explicit Euler scheme

We are now ready to embark on the stability analysis of the explicit Euler scheme for the heat equation
(130). By inserting

m 1 ﬁ ikjAxyrm
Ut = = e idxgrm (k) dk

into the explicit Euler scheme we deduce that

1 = rml(Ly — (ke 1 Rz k(D) Az _ 9oikjAz ik(j—1)Az
L A ezk’]AaﬁU ( ) U ( )dkzi av € e 5 te Um(k)dk
o S At 2m - (Az)
i ikAx —ikAx
= L[ mine T 22 T g g,
27 - (Az)

By comparing the left-hand side with the right-hand side we deduce that the two integrands are identically
equalB and therefore

At
(Az)?

U™ (k) = U™(k) 4 p(e™®A® — 2 4 e FAT™(k),  where p:=

for all wave numbers k € [ Az Am} The number 4 is called the CFL number (after Richard Courant,
Kurt Friedrichs, and Hans Lewy, who first performed an analysis of this kind E We thus deduce that

U™ (k) = Mk)U™(K), where A(k) := 1+ u(eFA% — 2 4 ¢~FAT),

We call A(k) the amplification factor. By the discrete Parseval identity (Lemma [0) we have that

m 1 rm 1* rm
|U HHZQZEHU HHL2((—A%7A%)):\/§H)‘U ”LQ((—A%=A%))
1
<—— max AR U |reem,ay=max [AK)|[|U"]e.
V2T kel 2 2] PO " ez 2

12This is a consequence of the fact that the semidiscrete Fourier transform and its inverse are injective mappings.
13Richard Courant, Kurt Friedrichs, and Hans Lewy (Uber die partiellen Differenzengleichungen der mathematischen
Physik. Mathematische Annalen, 100:32-74, 1928).
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In order to mimic the bound ((135)) we would like to ensure that
[0l < U™ Vme {0,1,..., M~ 1},

Thus we demand that MaXpel x| IA(k)| <1, ie.,

ma ‘1+H zkAm_2+e—ikAm) <1.

k’e[—rx»rx

Using Euler’s formula ¢’ = cos(p) + isin(p) and the trigonometric identity 1 — cos(¢) = 2sin?(£) we

can restate this as follows: A
1 — dpsin? <2$>’ < 1.

This holds iff u < % Thus we have shown the following result.

max
ke[- 555

Theorem 24 (Practical stability of explicit Euler) Suppose that Ujm is the solution of the explicit
Euler scheme

1
Uptt U U 208+ U

j€zZ, me{0,1,...,M —1},

UY = ug(z5), JEZ,

U™l < IU°e ¥moe{1,...,M}. (137)

In other words the explicit Euler scheme is conditionally practically stable, the condition for
stability being that p = (AAt)g < 2 One can also show that if u > 2, then will fail. In other words,

once Az has been chosen, one must choose At so that B A ) <! 5 in order to ensure that (137)) holds.

8.3.2 Stability analysis of the implicit Euler scheme

We shall now perform a similar analysis for the implicit Euler scheme for the heat equation (130]), which
is defined as follows:
+1 +1 +1 +1
ur —Um_U]”}rl 20T+ U™
At (Az)? ’

je€Z, me{0,1,...,M—1},
U]O = uo(xj), jEeZ.

Equivalently,

U}”“ (U;T{l Ujm“ n anflrl) =U", jeZ, me{0,1,...,M—1},

UJQ = up(x;), JEZ,

where, again, p = a2 Aw) Using an identical argument as for the explicit Euler scheme, we find that the

amplification factor is now
1

1 + 4y sin® (k'A””)'

AEk) =

Clearly, maXyel_ ] |IA(k)| <1 for all values of u = (AAT)Q. Thus we have the following result.

P |
Az’ Az
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Theorem 25 (Practical stability of implicit Euler) Suppose that UT" is the solution of the implicit
Euler scheme
m+1 m+1 m+1 m+1

j+1 ,
_ . jez, c{0,1,....,M —1},
At (Az)? J m & { }

U](-) = uo (), Jj € Z.

Then, for all At > 0 and Az > 0,
U™z < |U%e Vme{1,...,M}. (138)
In other words, the implicit Euler scheme is unconditionally practically stable, meaning that
(138) holds without any restrictions on Az and At.
8.4 Von Neumann stability

In certain situations, practical stability is too restrictive and we need a less demanding notion of stability.
The one below, due to John von Neumann, is called von Neumann stability.

Definition 19 We say that a FD scheme for the heat equation on the time interval [0,T] is von Neu-
mann stable in the (? norm, if there exists a constant C = C(T) > 0 such that

T
|0 < OO Yme {1, M= At},

where

U™l := | Az > (U,

j==o0

Clearly, practical stability implies von Neumann stability with stability constant C' = 1. As the
stability constant C in the definition of von Neumann stability may dependent on 7', and when it does
then typically C(T) — oo as T' — oo, it follows that, unlike practical stability which is meaningful for
m =1,2,..., von Neumann stability only makes sense on finite time intervals [0,7] and for the limited
range of 0 < m < Alt.

Von Neumann stability of a FD scheme can be easily verified by using the following result.

Lemma 10 Suppose that the semidiscrete Fourier transform of the solution {U]m} m e {0,1,..., Alt

of a FD scheme for the heat equation satisfies

e}
]:—oo}

U™ (k) = A(k)U™ (k)
and there exists a constant Cy > 0 such that

T o7
AR <14 CoAt Yk [—77]
AR <1+ Co e
Then, the scheme is von Neumann stable. In particular, if Co = 0, then the scheme is practically stable.

Proor: By Parseval’s identity for the semidiscrete Fourier transform we have that

m 1 Srm 1 cmn
”U +1||€2 = EHU +1HL2((_AL1:’AL1)) = E HAU |’L2((_ALQ:7AL$))
1 .
<—— max |A(K)||U™ _x ayw= max |A&K)| [|U™,.
S o™ AE)NU™ 22~ 2=, 2)) W IACE)] U™ |2
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Hence, U™ Y|,2 < (1 + CoA)||U™||p2 for all m € {0,1,..., M — 1}. Therefore,
U™z < (14 CoA)™|U°e Ym € {L,..., M}
As 1+ CoAt < e©0A% and (14 CoAL)™ < C0mAt < ¢OT for any m € {1,..., M}, it follows that
U™l < e@TNU e Vme{1,..., M},

meaning that von Neumann stability holds with stability constant C' = ¢“T. In particular if Cy = 0,
then C' = 1, and practical stability follows. ]

8.5 Initial-boundary-value problems for parabolic problems

When a parabolic PDE is considered on a bounded spatial domain, one needs to impose boundary
conditions (b.c.) at the boundary of the domain. Here we shall concentrate on the simplest case, when
a Dirichlet b.c. is imposed at both endpoints of the spatial domain, which we take to be the nonempty
bounded open interval (a,b) of R. We shall therefore consider the following Dirichlet initial-boundary-
value problem (IBVP) for the heat equation:

o = 9%, x € (a,b), te(0,T],
subject to the initial condition (i.c.)
u(z,0) = up(z), x € [a, b,
and the following Dirichlet b.c. at x = a and = = b:
u(a,t) = A(t), wu(b,t) = B(t), t e (0,7).

We assume that the b.c. is compatible with the i.c. in the sense that A(0) = ug(a) and B(0) = ug(b).

Remark 12 We note in passing that the Neumann IBVP for the heat equation is
o = 9%, u, x € (a,b), te(0,T],

subject to the i.c.
u(z,0) = ug(z), x € [a,b],

and the Neumann b.c.
Ozu(a,t) = A(t), 0Oyu(b,t) = B(t), t e (0,7).

An example of a mized Dirichlet—-Neumann IBVP for the heat equation is
O = 9%, u, x € (a,b), te(0,T],

subject to the i.c.
u(z,0) = up(z), x € [a,b],

and the mized Dirichlet—Neumann b.c.

u(a,t) = A(t), 0Oyu(b,t) = B(t), t € (0,7].
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8.5.1 0-scheme for the Dirichlet IBVP

Our aim in this section is to construct a numerical approximation of the Dirichlet IBVP based on the
f-scheme. Let Ax := ;“ and At := 37, and define

zj=a+jAz, je€{0,1,...,J}, tm :=mAt, me{0,1,...,M}.
We approximate the Dirichlet IBVP with the following 6-scheme:

m+1 m m m m m—+1 m+1 m+1
U Uy g Ut 2P U U 20 U
At (Ax)? (Az)? ’

forje{l,...,J -1}, me{0,1,...,M — 1},

UJQ = ug(xj), je{0,1,...,J},

UMt i= A(tms), UPT = B(tmt1), me{0,1,...,M —1}.

In order to implement this scheme it is helpful to rewrite it as a system of linear algebraic equations to
compute the values of the approximate solution on time-level m + 1 from those on time-level m. We have

Ut —p Ut = U+ (1 - 0)ud®Uf”, je{l,....,J =1}, me{0,1,...,M -1},
U —uo(x]) j€{0,1,...,J},
Um+1 A(tm—i-l) Um+1 B(tm-‘rl) m < {Oa 17 s 7M - 1}a

where p := (AATt)? and

2 1 1 1 1 2
SUMT=UT -2 UMY, SUT = U - 20 + U

The matrix form of this system of linear equations is therefore the following. We consider the sym-
metric tridiagonal matrix

A e c RU-Dx(-1)

Let Z :=I;_1 be the (J — 1) x (J — 1) identity matrix. Then, the #-scheme can be written as
(T — 0p U™ = (T + (1 - O)pAU™ + uF™ L + (1 - 0)uF™,  me{0,1,...,M —1},
where U™+ .= (U™ L U )T e RI-L U = (U7, U7 )T € R77! and
F™ = (A(tni1),0,...,0,B(tmy1))T e R77L F™ = (A(t),0,...,0, B(ty))T € R7L,

Thus, for each m € {0,1,..., M — 1}, we are required to solve a system of linear algebraic equations
with system matrix Z — fuA in order to compute U™+ from U™.
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8.5.2 The discrete maximum principle

We now try to prove a bound for the #-scheme in the discrete maximum norm, analogous to (133)) satisfied
by the solution of the heat equation. Recall that the CFL number is defined by p := (AA—;)Q

Theorem 26 (Discrete maximum principle for the 0-scheme) The 6-scheme for the Dirichlet IBVP
for the heat equation, with 6 € [0,1] and (1 — @)u < %, yields a sequence of numerical approrimations

{U"bo<j<s0cm<m satisfying

min{UD;,,, U™, UF™} < U* < max{Up,,. UP™, U™} Vje€{0,1,...,J}, m€{0,1,..., M}

where U, := min{UJ,UY,..., U}, UFM™ := min{U§, U, ..., U}, UPD .= min{UY,U},..., U}, and
U0, = max{U3,U7,...,U%}, Upax .= max{UQ,U¢,..., UM}, UPex .= max{U9, UL, ... UM},

PROOF: We rewrite the #-scheme as

(1+20) U = 0 (U + U750 ) + (1= 0)p (U + U + (L= 21— 0)) U, (139)
and note that, by hypothesis, u > 0, (1 —0)p > 0, and 1 — 2(1 — §)u > 0. Suppose that U attains its
maximum value at an interior mesh-point (xj,, ty,+1) for some jo € {1,...,J =1}, mg € {0,..., M —1}.
We define U* := max{Uij{l, Uj’gﬂil, Uity Uiy, Ui} Then,

(14 260p) U < 200U 4 2(1 — 0)uU* + (1 — 2(1 — 0)p) U* = (14 20p) U™, (140)

and therefore, U;OnOH < U*. We also have U* < U%LOH as U j"OmH is assumed to be the overall maximum
value. Hence, U;}OH = U*. Thus the maximum value is also attained at the points neighbouring
(%o, tmo+1) present in the SchemeE

The same argument applies to these neighbouring points, and we can then repeat this process until
the boundary at * = a or x = b or at t = 0 is reached, and this will happen in a finite number of
steps. The maximum is therefore attained at a boundary point. Similarly, the minimum is attained at a
boundary point. O

We have just proved that when p(1 —6) < % the #-scheme satisfies the discrete maximum principle.
Clearly, this condition is more demanding than the ¢2-stability condition which requires u(1 — 26) < %

when 6 € [0, 1) (see problem sheets). For example, the Crank-Nicolson scheme (6 = 1) is unconditionally
stable in the ¢? norm, yet it only satisfies the discrete maximum principle when p = i AA;)Q < 1. More

generally, for 6 € [%, 1] the f-scheme is unconditionally stable in the ¢2-norm, but it will only satisfy

the discrete maximum principle unconditionally when # = 1 (implicit Euler scheme); for 6 € [%, 1) the
validity of the discrete maximum principle is only guaranteed when u(1 —6) < % Concerning the values
of 6 € [0, %], except for & = 0 when the conditions for the validity of the discrete maximum principle and
discrete (2-stability coincide (both require that p < 1), for 6 € (0, 3] the inequality (1 —6) < 1 is more
restrictive than p(1 —26) < 1.

1To see that the maximum value U ;:"H = U” is attained at each of the points neighbouring (z,, tmy+1) present in the
scheme, first observe that if: (a) 6 = 0, then U;Tl'l and U™ are absent from the right-hand side of (139)); (b) if = 1 then
Uji1 and U™, are absent from the right-hand side of (139)); (c) if 2(1 — @) = 1, then U;" is absent from the right-hand
side of (139)), and (d) if 0 ¢ {0,1,1 — i}, then U;ff{l, U}'ﬁ*ll, 1, UMy, and U™ are all present on the right-hand side of
(139). There are therefore four different cases to be discussed: (a), (b), (c) and (d). Suppose that we are in case (d) (the

cases (a), (b) and (c) being dealt with identically); if one of U;-;“jjl, U}gojl, U9y, Uiy, U were strictly smaller than

U;JOH = U™, then, by returning to the transition from (139) to (140), we would deduce (140) from (139)), but now with the
< symbol in (140) replaced by <, which would then imply that UJ-TZOH < U*. This would, however, contradict the equality
U;g"“ = U™ which we have already proved.
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8.5.3 Convergence analysis of the #-scheme in the maximum norm

We close our discussion of FD schemes for the heat equation (130) in one space-dimension with the
convergence analysis of the #-scheme for the Dirichlet IBVP. We begin by rewriting the scheme as follows:

(1420p) U = 60p (U}T{l - Uj”ﬁl) + (1 =0 (U + U ) + (1 —2(1 - 0)p) U,
for je{l,...,J —1} and m € {0,1,..., M — 1}. The scheme is considered subject to the i.c.
Uy = uo(x;), jefo,1,...,J},

and the b.c.
Vg = Altagr). U= Bltmgn),  me{0.1,..., M — 1},

The consistency error for the #-scheme is given by

+1 +1 +1 +1
p— u;n —uj B ulyy — 2ul +ulty B ujr’ﬁrl — 2u}” + u;-”_l
J At (Az)? (Az)? ’

where " := u(x;,t;,), and therefore

(14 20p) u"* = Op (ug’fll + u?ff) + (=) (ufiy + ) + (1 =201 = O)p)uf" + (AT

Let us define the global error, that is the discrepancy at a mesh-point between the exact solution
and its numerical approximation, by
e = u(zj, ty) — U™

Note that eB”'H = eTH = eg =0 forall j € {0,1,...,J} and m € {0,1,..., M — 1}, and we have that
(1+20) e+ = 0 (el + €51 ) + (1= O (€ + ) + (1= 2(1 = O)pa) €' + (AT,

We define E™ := max{|ef’|, |e"],...,|e|} and T™ := max{|T§"|,|T{"|,...,|T7*|}. As, by hypothesis,
010 >0, (1 —0)u>0,and 1 —2(1 — @) > 0, we find that

(14 20p)E™ < 20uE™ ! +2(1 — O)uE™ + (1 — 2(1 — 0)p) E™ + (A T™
= 20puE™ T + E™ 4+ (AH)T™

for any m € {0,1,..., M —1}. Hence, E™*! < E™ + (At)T™ for any m € {0,1,...,M —1}. As E° =0,
we find that

E™ < E™ 4 (AT
< E™2 4 (AO)T™ 2 4 (AT

<(AY(T°+T'+ - +T™ 1) <m(At) max T'<T max T"
i€{0,...,m—1} i€{0,...,m—1}
for any m € {1,..., M}. This implies that

max max |ef'| <T max T".
me{01,...M} je{01,...J} ie{0,1,...M—1}
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Recall that, assuming that u is sufficiently smooth, the consistency error of the #-scheme is

om_{ O ((Az)? + (At)?) if 0 =1/2,
I O((Az)? + At) if 0 #1/2.
It therefore follows that
e max || = O ((Az)% + (At)?) if  =1/2,
me{0,1,...M} jefol,..sr 2 | O((Az)? + At) if 0 #1/2.

The results developed in this section can be extended to multidimensional axiparallel domains, such
as rectangular or L.-shaped domains in two space-dimensions whose edges are parallel with the coordinate
axes, or cuboid-shaped domains in three space-dimensions whose faces are parallel with the coordinate
planes. For more complicated computational domains, such as those with nonaxiparallel or curved faces,
FD meshes with uneven spacing need to be used for points inside the computational domain that are
closest to the boundary of the domain, or if a mesh with even spacing is used, then ‘ghost-points’, which
lie outside the computational domain, need to be introduced. For further details, we refer to e.g., R.
LeVeque, Finite Difference Methods for Ordinary and Partial Differential Equations. STAM, 2007; or to
K.W. Morton and D.F. Mayers, Numerical Solution of Partial Differential Equations: An Introduction,
2nd Edition, CUP, 2005.

In the next section we shall confine ourselves to discussing the construction of FD schemes for the
heat equation in two space-dimensions on a rectangular spatial domain.

8.6 FD approximation of parabolic equations in two space-dimensions

On an open rectangle Q := (a,b) x (c,d) in R?, we consider the heat equation
Ou =07, u+dyu,  (z,y) €9, t€(0,T],

subject to the i.c.
u(:v,y,O) ZUO(xvy)v ($,y) € [aab] X [Cv d]>

and the Dirichlet b.c.
u(z,y,t) = B(z,y,1), (v,y) €09, te(0,T]

We begin by considering the explicit Euler FD approximation of this problem.

8.6.1 The explicit and implicit Euler schemes
Let
62Uij = Uisrj —2Uij + Uiy, 02Uy :=Usjy1 —2Usj + Uij1.
Let Az =522 Ay:= << A¢:= %, and define
x; = a+iAx, ie{0,1,...,J.},

Yj ::C+jAyv j6{0)17""‘]y}a
tm = mAt, m e {0,1,...,M}.

The explicit Euler FD approximation of the heat equation on the space-time domain Q x [0, 7] is

m+l _ ym 2pm 2m
Ui U _ &UG | UL 141)
At (Az)?  (Ay)*’
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forie{l,....,J,—1},5€{1,...,J,— 1}, me{0,1,..., M — 1}, subject to the i.c.
UYi =wuo(zi,y;), i€{0,1,.... 0.}, j€{0,1,...,J,},
and the b.c.
U;’;H := B(xi,yj,tm+1), at the boundary mesh-points, for m € {0,1,..., M — 1}.

The implicit Euler FD approximation of the heat equation on the space-time domain Q x [0, T is defined
analogously, with (141]) replaced by

m+1 m 2rrm—+1 2rrm~+1
Upj " = Ui 63U 0yUi

At (e (AP

8.6.2 The 0-scheme

By taking the convex combination of the explicit and implicit Euler schemes, with a parameter 6 € [0, 1],
with @ = 0 corresponding to the explicit Euler scheme and # = 1 to the implicit Euler scheme, we obtain
a one-parameter family of schemes, called the #-scheme. It is defined as follows.

Let Az := b}—:, Ay = dJ;yC, and At := % For 6 € [0, 1], consider the FD scheme

m+1 m 271Tm 271Tm 27rm+1 2rrm+1
U’i,j - Ul,] _ ( _ ) (SCCU’LJ 5in,j 5$U7,,] + 5in,j
At (Az)? ~ (Ay)? (Az)? (Ay)? )’

forie{1,...,J, —1},j€{l,...,J, — 1}, me{0,1,..., M — 1}, subject to the i.c.
UBJ = uO("Eia y])> (AS {Oa ]-a ceey Jx}v ] € {O, 17 ceey Jy}a
and the b.c.
UZ}H := B(xi,yj,tm+1), at the boundary mesh-points, for m € {0,1,..., M — 1}.
Practical stability

The practical stability of the #-scheme (in the absence of a b.c. now, i.e., for the pure IVP rather than
the IBVP) in the 2 norm is easily assessed by inserting

m 1 ﬁ ALy WkpiAz+kyiAY) M
Ul = (27r)2/_ el WIANT™ (ky, ky) dky dy.

(Here, 1 denotes the complex number, and i the index from U"}). We deduce that

S S . ]{ZIA:[ _ i 2 kyAy
U +1(kzaky) — U™ (ks ky) =(1-90) —4sin® ( 2 ) + 4sin ( 2 ) Uvm(k ky)
At - (Ba)? (ByP =y
. kyAy
_Agin2 (kBz —4sin? | 22Y )
10 sin® (%*) ( 2 ) O™ (kg k)

@QoE T (Ayp?

for all (kg, ky) € [—Alx, Aiw] X [—A—y, Aly} Writing p, := (AATtP and i, = (AATt)?’ we find that

071 e by) = Al O™ (s by) Wl ) € [, 2] = .



where the amplification factor is given by

1—4(1-10) [uxsm (552) + py sin® (kQAy)}

Moo by) = — asin? (592)  puysin? (P32 )|

for (kz, ky) € [—&, &] X [—Aiy, Aly} For practical stability in the 2 norm, we require that

™ ™ ™ ™
x> S 1 ) TN Y A TN YA *

Note that A(kg,ky) < 1 without any restriction on i, yy. Hence, the scheme is practically stable iff
Mk, ky) > =1 V(ky, ky) € [, =] x [ Ry Ay} which holds iff

A
) i ()| <5 Wbk € [ L] < ]

(1= 20) (e + 1) < 5.

For example, the implicit Euler scheme (¢ = 1) and the Crank-Nicolson scheme (6 = 1/2) are
unconditionally practically stable, while the explicit Euler scheme (0§ = 0) is only conditionally practically
stable, the stability condition being that Az, Ay, and At satisfy the following inequality:

oy = A ) <k
ol =20 (A2 T (ag)2) = 2

(1 —26) [ux sin? (kx

ie., iff

Discrete maximum principle

Under a suitable condition the #-scheme for the IBVP also satisfies a discrete maximum principle. To
see this, we rewrite the 6-scheme as
(142001, + U = (1= 2(1 = 0) 11z + 11,)) U
+ (1= O (U ; + U ) + (1= Oy (U 41 + U —4)

+ O (UFTS + UML) + 0y (U] + UTEE),

forie{l,...,J, -1}, 5€{1,...,J,— 1}, m e {0,1,..., M — 1}, subject to the i.c.

UYi =wuo(zi,y;), €{0,1,.... 0.}, j€{0,1,...,J,}

and the b.c.
U »= B(%i,yj,tm), at the boundary mesh-points, for m € {1,..., M}.

Theorem 27 Suppose that

(OO tm) <y el

Then, the 0-scheme satisfies the following discrete maxzimum principle:
mln{ min> énin} <U < max{ max’ glax}
forallie{0,1,...,J.}, 5€{0,1,...,Jy}, m € {0,1,...,M}, where
UO

U()

max

=min{U;; i €{0,1,...,Jo},j €{0,1,....J,}}, UF™:=min{U;% | (z;,y;) € 9% m € {0,1,..., M}},
= max{U;jj\ze{0,1,...,Jx},je{0,1,...,Jy}}, Ug™ := max{U"} | (x;,y;) € 0Q,m € {0,1,..., M}}.
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ProOOF: The proof proceeds by a straightforward modification of the proof of the discrete maximum
principle for the 6-scheme in one space-dimension. [J
In summary, then, for

(1= 0)(pz + py) < %

the #-scheme satisfies the discrete maximum principle. This condition is more demanding than the one
for the practical stability of the scheme in the ¢? norm, which requires that

(1= 20) (gt 1) < .

For example, the Crank—Nicolson scheme (6 = %) is unconditionally practically stable in the 2 norm,
but for the discrete maximum principle to hold we had to assume that

Ll A A
o Tl = Az T (A2 =

Error analysis

We close our discussion by returning to the 8-scheme for the IBVP, and discussing its error analysis. The
starting point is to rewrite the scheme as follows:

(14200 + py))U = (1= 2(1 = 0) (p + 1)U
+ (1= (U ; + U ) + (1= 0)uy (U1 + U _4)
+ O (UL + UMTE) + Oy (U] + USEY),

forie{l,...,J, -1}, je{l,...,Jy— 1}, me{0,1,..., M — 1}, subject to the i.c.
UY =wuo(zi,y;), i€{0,1,.... 0.}, j€{0,1,...,J,},
and the b.c.
Ul; = B(%i,yj,tm), at the boundary mesh-points, for m € {1,..., M}.
Suppose further that
O-O)petm) <y 601

The consistency error of the #-scheme is defined as

m~+1 m 2, m 2, m 2, m+1 2, m+1
" At (Az)? ~ (Ay)? (Az)2 ~ (Ay)? |’

where we write v’} := w(Zs, Y5, tm). By performing Taylor series expansions, one can deduce that

- O ((Az)? + (Ay)* + (At)?) if =1/2,
Ty = 2 2 :
J O ((Az)? + (Ay)* + At) if 0 #£1/2.
It follows from the definition of the consistency error 77" for the #-scheme that
(1+ 20z + )™ = (1= 2(1 = 0) (i + pay) )l
+ (1 = O pa(ui'yy j +wiq ;) + (1= )y (ui g +uis_q)
+ Opa (W + w1 ) + Oy (7 + w7

+ AT
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forie{l,....,Jp,—1},5€{1,...,Jy, — 1}, me {0,1,..., M — 1}. We define the global error as

;s = u(Ti, Yj, tm) — U}

Then, e?yj = 0 for any i € {0,1,...,J.}, j € {0,1,...,Jy}, and also €]y = 0 for any (z;,y;) € 09,
m € {1,...,M}. Further,
(1+20(ue + y))efs™ = (1= 2(1 = 0) (a + 1))l
+ (1= O pa(eify j + ey ;) + (1 — ) pyleiq +ei1)

m+1 m+1 m+1 m+1
+ Oua ey +e77;) + Ouy (e +ehty)

+ (AT forie{l,...,J; —1}and j € {1,...,J, — 1}.

Let us define E™ := max; ; |e]";| and T™ := max; ; |T]";|. As by hypothesis 1 —2(1 — 0)(ps + py) > 0, we
have that

(14 20 + 1)) E™ T < 20(py + ) ) E™ T + E™ 4+ (AOT™  Vm € {0,1,...,M —1}.

Hence,
E™TL<E™ 4+ AtT™  VYme{0,1,...,M —1}.

As E° =0, we deduce that

Em S Emfl 4 (At)Tmfl
< E™? £ (AH)T™ 2 4+ (AT

< (At) (TO +T Tm_l) <m(At) max T'<T max T'
le{0,...,m—1} 1e{0,...,m—1}

for any m € {1,..., M}. This implies that

max max efs] <T  max T
me{0,1,....M} i€{0,1,...,J5 },7€{0,1,...,Jy } ’ le{0,1,....M—1}

Recall that, assuming that u is sufficiently smooth, the consistency error of the #-scheme satisfies

qm_ [ O ((Az)? + (Ay)? + (A1)?) if =1/2,
A { O ((Az)? + (Ay)* + At) if 6 #1/2.

We conclude that, under the assumption (1 — 60)(u, + p1y) < 3, there holds

max ma

X e | = { O ((Az)* + (Ay)* + (At)?) ito=1/2,
me{0,1,...,M} i€{0,1,...Johje{0,1, . Jy}

O ((Az)* + (Ay)? + At) if 0 #1/2.
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