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Abstract4

This paper studies the approximation error of ReLU networks in terms of the5

number of intrinsic parameters (i.e., those depending on the target function f).6

First, we prove by construction that, for any Lipschitz continuous function f on7

[0,1]d with a Lipschitz constant λ > 0, a ReLU network with n + 2 intrinsic pa-8

rameters can approximate f with an exponentially small error 5λ
√
d2−n measured9

in the Lp-norm for p ∈ [1,∞). More generally for an arbitrary continuous func-10

tion f on [0,1]d with a modulus of continuity ωf(⋅), the approximation error is11

ωf(
√
d2−n) + 2−n+2ωf(

√
d). Next, we extend these two results from the Lp-norm12

to the L∞-norm at a price of 3dn + 2 intrinsic parameters. Finally, by using a13

high-precision binary representation and the bit extraction technique via a fixed14

ReLU network independent of the target function, we design, theoretically, a ReLU15

network with only three intrinsic parameters to approximate Hölder continuous16

functions with an arbitrarily small error.17

Key words: ReLU Neural Networks; Intrinsic Parameters; Approximation Error; Ex-18

ponential Convergence; Transfer Learning.19

1 Introduction20

Deep learning has been a powerful tool in science and engineering. As the workhorses21

of deep learning, deep neural networks are treated as an important regression tool in22

many successful applications. Understanding the approximation capacity of deep neural23

networks has become a key question for revealing the power of deep learning. One of the24

fundamental problems is the characterization of the approximation error of deep neural25

networks in terms of the network size measured in the width, the depth, the number of26

neurons, or the number of parameters.27

It was shown in [38, 42, 45, 48] that the approximation error O(n−2/d) is (nearly)28

optimal for ReLU networks with O(n) parameters to approximate Lipschitz continuous29

functions on [0,1]d. To gain better approximation errors, existing results either consider30

smaller target function spaces (e.g., [3, 11, 15, 25, 29, 44, 47]) or introduce new activation31
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functions (e.g., [39, 40, 41, 46]). This paper proposes a new perspective to study the32

approximation error in terms of the number of parameters depending on the target33

function, which are called the intrinsic parameters, excluding those independent of34

the target function.35

1.1 Main results36

Let C([0,1]d) denote the space of continuous functions defined on [0,1]d. For37

simplicity, let HW (d1, d2) denote the function space consisting of all ReLU networks38

with W parameters mapping from Rd1 to Rd2 , i.e.,39

HW (d1, d2) ∶= {g ∶ g ∶ Rd1 → Rd2 is realized by a ReLU network with W parameters}.40

Let H(d1, d2) ∶= ⋃∞
W=1HW (d1, d2).41

For any f ∈ C([0,1]d), our goal is to construct two f -independent functions φ1 ∈42

H(d,1) and φ2 ∈ H(n,1), and use s ⋅ (φ2 ○φf ○φ1)+ b to approximate f , where s ∈ [0,∞),43

b ∈ R, and φf ∈ Hn(1, n) are learned from f . Under these settings, an approximation44

error ωf(
√
d2−n) + 2−n+2ωf(

√
d) is attained as shown in the theorem below, where the45

modulus of continuity of a continuous function f ∈ C([0,1]d) is defined as46

ωf(r) ∶= sup{∣f(x) − f(y)∣ ∶ ∥x − y∥2 ≤ r, x,y ∈ [0,1]d} for any r ≥ 0.47

Theorem 1.1. Given any n ∈ N+ and p ∈ [1,∞), there exist φ1 ∈ H2dn+4(d,1) and48

φ2 ∈ H2dn+5n(n,1) such that: For any f ∈ C([0,1]d), there exists a linear map L ∶ R→ Rn49

satisfying50

∥s ⋅ (φ2 ○L ○ φ1) + b − f∥Lp([0,1]d) ≤ ωf(
√
d2−n) + 2−n+2ωf(

√
d),51

where s = 2ωf(
√
d), b = f(0)−ωf(

√
d), and L is a linear map given by L(t) = (a1t, a2t,⋯, ant)52

with a1, a2,⋯, an ∈ [0, 1
3) determined by f and n.53

In Theorem 1.1, s is a scale factor, b is the bias for a vertical shift, and a1, a2,⋯, an ∈54

[0, 1
3) are the key intrinsic parameters storing most of information of f . Clearly, s ⋅ (φ2 ○55

L ○ φ1) + b can be implemented by a ReLU network with n + 2 intrinsic parameters. We56

call φ1 and φ2 inner-function and outer-function, respectively. They are independent57

of the target function f and can be implemented by ReLU networks.58

Note that the approximation error in Theorem 1.1 is characterized by the Lp-norm59

for p ∈ [1,∞). In fact, we can extend such a result to a similar one measured in the60

L∞-norm.61

Theorem 1.2. Given any n ∈ N+, there exist φ1 ∈ H3d2dn+5(d,3d) and φ2 ∈ H3d2dn+8n(3dn,1)62

such that: For any f ∈ C([0,1]d), there exists a linear map L ∶ R3d → R3dn satisfying63

∥s ⋅ (φ2 ○L ○φ1) + b − f∥L∞([0,1]d) ≤ ωf(
√
d2−n) + 2−n+2ωf(

√
d),64

where s = 2ωf(
√
d), b = f(0) − ωf(

√
d), and L is given by65

L(x1,⋯, x3d) = (L0(x1),⋯,L0(x3d)) for any x = (x1,⋯, x3d) ∈ R3d ,66

where L0 ∶ R → Rn is a linear map given by L0(t) = (a1t, a2t,⋯, ant) with a1, a2,⋯, an ∈67

[0, 1
3) determined by f and n.68
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Simplifying the implicit approximation error in Theorem 1.1 (or 1.2) to make it69

explicitly depending on n is challenging in general, since the modulus of continuity ωf(⋅)70

may be complicated. However, if f is a Hölder continuous function on [0,1]d of order71

α ∈ (0,1] with a Hölder constant λ > 0. That is, f satisfies72

∣f(x) − f(y)∣ ≤ λ∥x − y∥α2 for any x,y ∈ [0,1]d,73

implying ωf(r) ≤ λrα for any r ≥ 0. This means we can get an exponentially small74

approximation error 5λdα/22−αn. In particular, in the special case of α = 1, i.e., f is a75

Lipschitz continuous function with a Lipschitz constant λ > 0, then the approximation76

error is simplified to 5λ
√
d2−n.77

Though the linear map L in Theorem 1.2 is essentially determined by n key pa-78

rameters a1, a2,⋯, an, these n key parameters are repeated 3d times in the final network79

architecture as shown in Figure 3. Therefore, s ⋅ (φ2 ○ L ○ φ1) + b can be implemented80

by a ReLU network with 3dn + 2 intrinsic parameters. Remark that we can reduce the81

number of intrinsic parameters to n + 2 via using a fixed ReLU network to copy n key82

parameters 3d times. The idea is similar to that of Theorem 1.3 introduced later.83

Furthermore, the number of intrinsic parameters can be reduced to three in the case84

of Hölder continuous functions. In fact, three intrinsic parameters are enough to achieve85

an arbitrary pre-specified error if sufficiently high precision is provided, as shown in the86

theorem below.87

Theorem 1.3. Given any ε > 0, α ∈ (0,1], and λ > 0, there exists φ ∈ H(d + 1,1) such88

that: For any Hölder continuous function f on [0,1]d of order α ∈ (0,1] with a Hölder89

constant λ > 0, there exist three parameters s ∈ [0,∞), v ∈ [0,1), and b ∈ R satisfying90

∣sφ(x, v) + b − f(x)∣ ≤ ε for any x ∈ [0,1]d.91

In Theorem 1.3, s is a scale factor, b is the bias for a vertical shift, and v is the key92

intrinsic parameter storing sufficient information of the target function f . Clearly, s, b,93

and v are learned from f , while φ is independent of f . Let φ2 = φ, φ1 be the identity94

map on Rd, and Lv ∶ Rd → Rd+1 be an affine linear transform mapping x to (x, v). Then95

sφ(x, v) + b can also be represented as sφ2 ○Lv ○φ1(x) + b.96

Remark that Theorem 1.3 is just a theoretical result since the key intrinsic parameter97

“v” requires extremely high precision, which is necessary for storing the values of f at98

sufficiently many points within a sufficiently small error. Via the idea of the binary99

representation, we can extract the values of f stored in “v” via an f -independent ReLU100

network (as a sub-network of the final network realizing φ in Theorem 1.3). In fact, there101

is a balance between the precision requirement and the number of intrinsic parameters.102

For example, if we store the values of f in two intrinsic parameters (not one), then the103

precision requirement is greatly lessened.104

1.2 Contributions and further interpretation105

Our key contributions can be summarized as follows.106

(i) First, we prove by construction in Theorem 1.1 that a ReLU network with n + 2107

intrinsic parameters can approximate a continuous function f on [0,1]d with an108
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error ωf(
√
d2−n)+2−n+2ωf(

√
d) measured in the Lp-norm for p ∈ [1,∞). In the case109

of Hölder continuous functions, the approximation error is simplified to 5λdα/22−αn,110

where α ∈ (0,1] and λ > 0 are the Hölder order and constant, respectively.111

(ii) Next, we generalize the approximation error in Theorem 1.1 from the Lp-norm for112

p ∈ [1,∞) to the L∞-norm, as shown in Theorem 1.2. Such an generalization is at a113

price of more intrinsic parameters. To be precise, the final network in Theorem 1.2114

has 3dn + 2 intrinsic parameters, compared to n + 2 ones in Theorem 1.1.115

(iii) Finally, we show in Theorem 1.3 that the number of intrinsic parameters in The-116

orems 1.1 and 1.2 can be further reduced to three in the case of Hölder continu-117

ous functions. To be precise, ReLU networks with three intrinsic parameters can118

achieve an arbitrary error for approximating Hölder continuous function on [0,1]d.119

In this scenario, extremely high precision is required as we shall see later.120

Approximation with inner-function and outer-function121

The composition architecture φ2 ○L ○φ1 is the key part of the final ReLU-network-122

realized function s ⋅ (φ2 ○ L ○ φ1) + b in Theorem 1.1 (or 1.2). Given a target function123

f , the composition architecture φ2 ○ L ○ φ1 can be generalized to φout ○ φθ ○ φin, where124

φθ an f -dependent function parameterized by θ = θ(f) ∈ Rn, and φin and φout are two125

f -independent functions, called the inner-function and the outer-function, respectively.126

Let Γn(d1, d2) denote a general space consisting of vector-valued functions mapping127

from Rd1 to Rd2 and pamameterized with n parameters. Each element of Γn(d1, d2) can128

be denoted by φθ ∶ Rd1 → Rd2 , parameterized with θ ∈ Rn. Existing literature uses129

φθ ∈ Γn(d1, d2) with proper d1 and d2 to directly approximate the target function f in130

a given function space. This paper proposes a new perspective to study the function131

approximation for f ∶ [0,1]d → R. To be precise, we design an inner-function φin ∶ Rd →132

Rd1 and an outer-function φout ∶ Rd2 → R, both of which are independent of f , and use133

s ⋅ (φout ○φθ ○φin)+ b with φθ ∈ Γn(d1, d2) to approximate the target function f . Here, s134

is a scale factor, b is the bias for a vertical shift, and θ ∈ Rn is the key parameter vector135

learned from f .136

In particular, let Γn denote the function of all functions realized by a ReLU network137

with n parameters and a pre-specified architecture. It is proved in [38, 45] that, when138

using elements in Γn to approximate Hölder continuous functions on [0,1]d, the (nearly)139

optimal approximation error is O(λn−2α/d), where α ∈ (0,1] and λ > 0 are the Hölder140

order and constant, respectively. Clearly, an error like O(λn−2α/d) suffers from the curse141

of dimensionaltiy. However, with inner-function φin and outer-function φout in hand, we142

can use s ⋅ (φout ○φθ ○φin)+ b with φθ ∈ Γn to approximate a Hölder continuous function143

on [0,1]d with an exponentially small error 5λdα/22−αn, where α ∈ (0,1] and λ > 0 are the144

Hölder order and constant, respectively. This means that the approximation error can145

be greatly improved by pre-designing two (vector-valued) functions φin and φout, which146

are independent of f and can be implemented by ReLU networks.147
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Connection with transfer learning148

Transfer learning dates back to 1970s [9, 10]. It is a research direction in machine149

learning that applies knowledge gained in one problem to solve a different but related150

problem. Typically in deep learning, transfer learning uses a pre-trained neural network151

obtained for one task as an initial guess of the neural network for another task to achieve152

a short training time. Our theory in this paper could provide insights into the success153

of transfer learning using neural networks, though the setting of our theory is different154

from realistic transfer learning. In our theory, φin and φout are universally useful for155

all learning tasks for continuous functions, which can be understood as the part of156

networks that can be transferred to different tasks. Suppose f1 and f2 are the target157

functions for two different but related tasks. If f1 has been learned via an architecture158

s1 ⋅ (φout ○φθ1 ○φin)+ b1, then we can “transfer” the knowledge (φout and φin) to another159

task. This means that, by only learning s2, b2,θ2 from f2, we can use s2⋅(φout○φθ2○φin)+b2160

to approximate f2 well. Therefore, the total number of parameters that need to be161

learned again is not large. Our theory may provide a certain theoretical understanding162

in the spirit of transfer learning from a network approximation perspective. To gain a163

deeper understanding, one can refer to [6,22,26,27,32,34,35]. It would be interesting to164

test the proposed network architecture in the context of transfer learning in the future.165

Error analysis of deep learning166

In supervised learning, an unknown target function f defined on a domain X is167

learned through its finitely many samples {(xi, f(xi))}ni=1. For simplicity, denote φ(x;θ)168

as a network-generated function with θ ∈ Θ as the set of parameters, where Θ is the169

parameter domain typically taken as [−M,M]W for two pre-specified constants M > 0170

and W ∈ N+. If φ(x;θ) is used to infer f(x) for unseen data samples x, then we need171

to identify the empirical risk minimizer θS , which is given by172

θS ∈ arg min
θ∈Θ

RS(θ), where RS(θ) ∶=
1

n

n

∑
i=1

`(φ(xi;θ), f(xi)) (1.1)173

with a loss function typically taken as `(y, y′) = 1
2 ∣y − y′∣2.174

In fact, the best network-generated function to infer f(x) is φ(x;θD), but not175

φ(x;θS), where θD is the expected risk minimizer given by176

θD ∈ arg min
θ∈Θ

RD(θ), where RD(θ) ∶= Ex∼U(X ) [`(φ(x;θ), f(x))] ,177

where U is a unknown data distribution over X . The best possible inference error is178

RD(θD). In real applications, U(X ) is unknown and only finitely many samples from179

this distribution are available. Hence, the empirical risk RS(θ) is minimized, hoping180

to obtain φ(x;θS), instead of minimizing the expected risk RD(θ) to obtain φ(x;θD).181

In practice, a numerical optimization method to solve (1.1) may result in a numerical182

solution (denoted as θN ) that may not be a global minimizer θS . Therefore, the actually183

learned network-generated function to infer f(x) is φ(x;θN ) and the corresponding184
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inference error is measured by RD(θN ), which is bounded by185

RD(θN ) = [RD(θN ) −RS(θN )]
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

GE

+ [RS(θN ) −RS(θS)]
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

OE

+ [RS(θS) −RS(θD)]
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

≤ 0 by (1.1)

+ [RS(θD) −RD(θD)]
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

GE

+RD(θD)
´¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¶

AE

186

≤ RD(θD)
´¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¶

Approximation error (AE)

+ [RS(θN ) −RS(θS)]
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
Optimization error (OE)

+ [RD(θN ) −RS(θN )] + [RS(θD) −RD(θD)]
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

Generalization error (GE)

. (1.2)187

188

The constructive approximation established in this paper and the literature provides an189

upper bound ofRD(θD). The second term of (1.2) is bounded by the optimization error of190

the numerical algorithm applied to solve the empirical risk minimization problem in (1.1).191

If the numerical algorithm can find a global minimizer, the second term is equal to zero.192

The theoretical guarantee of the convergence of an optimization algorithm to a global193

minimizer θS and the characterization of the convergence belong to the optimization194

analysis of neural networks. The study of the bounds for the third and fourth terms of195

(1.2) is referred to as the generalization error analysis of neural networks.196

Theorems 1.1, 1.2, and 1.3 provide upper bounds of RD(θD). These bounds only197

depends on the number of intrinsic parameters of ReLU networks and the modulus of198

continuity ωf(⋅). Hence, these bounds are independent of the empirical risk minimiza-199

tion in (1.1) and the optimization algorithm used to compute the numerical solution200

of (1.1). In other words, Theorems 1.1, 1.2, and 1.3 quantify the approximation power201

of ReLU networks in terms of the nubmer of intrinsic parameters. Designing efficient202

optimization algorithms and analyzing the generalization erre for ReLU networks are203

two other separate future directions.204

1.3 Related work205

The expressiveness of deep neural networks has been studied extensively from many206

perspectives, e.g., in terms of combinatorics [30], topology [7], Vapnik-Chervonenkis (VC)207

dimension [5, 18, 36], fat-shattering dimension [1, 23], information theory [33], classical208

approximation theory [2, 3, 8, 12, 13, 14, 16, 17, 20, 24, 25, 28, 31, 37, 38, 43, 44, 45, 48, 49],209

etc. In the early works of approximation theory for neural networks, the universal210

approximation theorem [14,19,20] without approximation errors showed that, given any211

ε > 0, there exists a sufficiently large neural network approximating a target function212

in a certain function space within an error ε. For one-hidden-layer neural networks and213

sufficiently smooth functions, Barron [3, 4] showed an asymptotic approximation error214

O( 1√
N
) in the L2-norm, leveraging an idea that is similar to Monte Carlo sampling for215

high-dimensional integrals.216

Recently, it is proved in [38, 45, 48] that the (nearly) optimal approximation error217

would be O(n−2/d) when using ReLU networks with n parameters to approximate func-218

tions in the unit ball of Lipschitz continuous function space. Clearly, such an error suffers219

from the curse of dimensionality. To bridge this gap, one could either consider smaller220

function spaces, e.g., smooth functions [25,47] and band-limited functions [29], or intro-221

ducing new networks, e.g., Floor-ReLU networks [40], Floor-Exponential-Step (FLES)222

networks [41], and (Sin, ReLU, 2x)-activated networks [21]. This paper proposes a new223

perspective to characterize the approximation error in terms of the number of intrinsic224

parameters. Such a method is inspired by an observation that most parameters of the225
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ReLU network approximating a target function are independent of the target function.226

Thus, most parameters can be assigned or computed in advance. As shown in Theo-227

rem 1.1, we can first design an inner-function φ1 and an outer-function φ2, both of which228

can be implemented by ReLU networks. Then, for any continuous function f ∈ C([0,1]d),229

s ⋅ (φ2 ○ L ○ φ1) + b can approximate f with an error ωf(
√
d2−n) + 2−n+2ωf(

√
d) by the230

following two steps: 1) determining s and b, 2) designing a linear map L defined by231

L(t) = (a1t,⋯, ant), where a1,⋯, an are determined by the target function f . Therefore,232

we overcome the curse of dimensionality in the sense of the approximation error char-233

acterized by the number of intrinsic parameters when the variation of ωf(r) as r → 0 is234

moderate (e.g., ωf(r) ≲ rα for Hölder continuous functions).235

Organization: The rest of this paper is organized as follows. In Section 2, we236

prove Theorems 1.1, 1.2, and 1.3 based on an auxiliary theorem, Theorem 2.1. Next, the237

auxiliary theorem is proved in Section 3 based on Proposition 3.1, which is proved later238

at the end of Section 3. Finally, Section 4 concludes this paper with a short discussion.239

2 Constructive proof240

In this section, we first list all notations used throughout this paper. Then, we prove241

Theorems 1.1, 1.2, and 1.3 based on an auxiliary theorem, Theorem 2.1, which will be242

proved in Section 3.243

2.1 Notations244

Firstly, let us summarize the main notations of this paper as follows.245

• Let R, Q, and Z denote the set of real numbers, rational numbers, and integers,246

respectively.247

• Let N and N+ denote the set of natural numbers and positive natural numbers,248

respectively. That is, N+ = {1,2,3,⋯} and N = N+⋃{0}.249

• Vectors and matrices are denoted in a bold font. Standard vectorization is adopted250

in the matrix and vector computation. For example, adding a scalar and a vector251

means adding the scalar to each entry of the vector.252

• For θ ∈ [0,1), suppose its binary representation is θ = ∑∞
`=1 θ`2

−` with θ` ∈ {0,1}, we253

introduce a special notation bin0.θ1θ2⋯θL to denote the L-term binary represen-254

tation of θ, i.e., bin0.θ1θ2⋯θL ∶=∑L
`=1 θ`2

−`.255

• For any p ∈ [1,∞), the p-norm of a vector x = (x1, x2,⋯, xd) ∈ Rd is defined by256

∥x∥p ∶= (∣x1∣p + ∣x2∣p +⋯ + ∣xd∣p)
1/p
.257

• The expression “a network with width N and depth L” means258

– The maximum width of this network for all hidden layers is no more than259

N .260
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– The number of hidden layers of this network is no more than L.261

• Similar to “min” and “max”, let mid(x1, x2, x3) be the middle value of three inputs262

x1, x2, and x3. For example, mid(2,1,3) = 2 and mid(3,2,3) = 3.263

• Given any K ∈ N+ and δ ∈ (0, 1
K ], define a trifling region Ω([0,1]d,K, δ) of [0,1]d264

as265

Ω([0,1]d,K, δ) ∶=
d

⋃
i=1

{x = (x1, x2,⋯, xd) ∶ xi ∈ ∪K−1
k=1 ( kK − δ, kK )}. (2.1)266

In particular, Ω([0,1]d,K, δ) = ∅ if K = 1. See Figure 1 for two examples of trifling267

regions.

0.0 0.2 0.4 0.6 0.8 1.0

δ δ δ δ

Ω([0, 1]d, K, δ) for K = 5, d = 1

(a)

0.00 0.25 0.50 0.75 1.00
0.00

0.25

0.50

0.75

1.00

Ω([0, 1]d, K, δ) for K = 4, d = 2

(b)

Figure 1: Two examples of trifling regions. (a) K = 5, d = 1. (b) K = 4, d = 2.

268

• Given a univariate activation function σ, let us introduce the architecture of a269

σ-activated network, i.e., a network with each hidden neuron activated by σ. To270

be precise, a σ-activated network with a vector input x ∈ Rd, an output φ(x) ∈ R,271

and L ∈ N+ hidden layers can be briefly described as follows:272

x = h̃0
A0, b0
L0

h1
σ h̃1 ⋯ AL−1, bL−1

LL−1
hL

σ h̃L
AL, bL
LL

hL+1 = φ(x), (2.2)273

where N0 = d ∈ N+, N1,N2,⋯,NL ∈ N+, NL+1 = 1, Ai ∈ RNi+1×Ni and bi ∈ RNi+1274

are the weight matrix and the bias vector in the i-th affine linear transform Li,275

respectively, i.e.,276

hi+1 =Ai ⋅ h̃i + bi =∶ Li(h̃i) for i = 0,1,⋯, L277

and278

h̃i,j = σ(hi,j) for j = 1,2,⋯,Ni and i = 1,2,⋯, L.279

Here, h̃i,j and hi,j are the j-th entry of h̃i and hi, respectively, for j = 1,2,⋯,Ni280

and i = 1,2,⋯, L. If σ is applied to a vector entrywisely, i.e.,281

σ(y) = (σ(y1),⋯, σ(yd)) for any y = (y1,⋯, yd) ∈ Rd,282

then φ can be represented in a form of function compositions as follows:283

φ(x) = LL ○ σ ○ ⋯ ○ σ ○L1 ○ σ ○L0(x) for any x ∈ Rd.284

See Figure 2 for an example.285
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x1

x2
ϕ(x1, x2)L0 L1 L2

σ

σ

σ

σ

σ

σ

σ

σ

σ

1-nd hidden layer 2-nd hidden layer output layer

Figure 2: An example of a σ-activated network with width 5 and depth 2.

2.2 Proof of Theorem 1.1286

To prove Theorems 1.1 and 1.2, we introduce an auxiliary theorem below with a287

similar result ignoring the approximation inside the trifling region.288

Theorem 2.1. Given any n ∈ N+, there exist φ1 ∈ H2dn+4(d,1) and φ2 ∈ H2dn+5n(n,1)289

such that: For any continuous function f ∶ [0,1]d → [0,1], there exists a linear map290

L ∶ R→ Rn satisfying ∥φ2 ○L ○ φ1∥L∞(Rd) ≤ 1 and291

∣φ2 ○L ○ φ1(x) − f(x)∣ ≤ ωf(
√
d2−n) + 2−n for any x ∈ [0,1]d/Ω([0,1]d,K, δ),292

where K = 2n, δ is an arbitrary number in (0, 1
3K ], and L is given by L(t) = (a1t, a2t,⋯, ant).293

Here, ai ∈ [0, 1
3) is determined by f and n, and 2mai ∈ N for i = 1,2,⋯, n, where m = 2dn+1.294

The proof of Theorem 2.1 can be found later in Section 3. Let us first prove Theo-295

rem 1.1 based on Theorem 2.1.296

Proof of Theorem 1.1. We may assume f is not a constant function since it is a trivial297

case. Then ωf(r) > 0 for any r > 0. Set s = 2ωf(
√
d) > 0 and b = f(0) − ωf(

√
d). Then,298

by defining299

f̃ ∶= f − b
s

= f − f(0) + ωf(
√
d)

2ωf(
√
d)

,300

we have f̃(x) ∈ [0,1] for any x ∈ [0,1]d. By applying Theorem 2.1 to f̃ , there exist two301

functions, φ1 ∶ Rd → R and φ2 ∶ Rn → R, both of which are independent of f and can be302

implemented by ReLU networks with ≤ 2dn+4 and ≤ 2dn+5n parameters, respectively, and303

a linear map L ∶ R→ Rn satisfying ∥φ2 ○L ○ φ1∥L∞(Rd) ≤ 1 and304

∣φ2 ○L ○ φ1(x) − f̃(x)∣ ≤ ωf̃(
√
d2−n) + 2−n for any x ∈ [0,1]d/Ω([0,1]d,K, δ),305

whereK = 2n, δ is an arbitrary number in (0, 1
3K ], and L is given by L(t) = (a1t, a2t,⋯, ant)306

with a1, a2,⋯, an ∈ [0, 1
3) determined by f̃ and n. Since f̃ is derived from f , a1, a2,⋯, an307

are essentially determined by f and n.308

Then choose a small δ satisfying309

dKδ2p ≤ 2−pn = (2−n)p.310
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Note that the Lebesgue measure of Ω([0,1]d,K, δ) is bounded by dKδ and311

∣φ2 ○L ○ φ1(x) − f̃(x)∣ ≤ ∣φ2 ○L ○ φ1(x)∣ + ∣f̃(x)∣ ≤ 1 + 1 = 2 for any x ∈ [0,1]d.312

Then, ∥φ2 ○L ○ φ1 − f̃∥pLp([0,1]d) is bounded by313

∫
[0,1]d/Ω([0,1]d,K,δ)

∣φ2 ○L ○ φ1(x) − f̃(x)∣pdx + ∫
Ω([0,1]d,K,δ)

∣φ2 ○L ○ φ1(x) − f̃(x)∣pdx

≤ (ωf̃(
√
d2−n) + 2−n)p + dKδ2p ≤ (ωf̃(

√
d2−n) + 2−n)p + (2−n)p ≤ (ωf̃(

√
d2−n) + 2−n+1)p,

314

implying ∥φ2 ○ L ○ φ1 − f̃∥Lp([0,1]d) ≤ ωf̃(
√
d2−n) + 2−n+1. Note that ωf(r) = s ⋅ ωf̃(r) for315

any r ≥ 0. Therefore, we have316

∥s ⋅ (φ2 ○L ○ φ1) + b − f∥Lp([0,1]d) = ∥s ⋅ (φ2 ○L ○ φ1) + b − (s ⋅ f̃ + b)∥
Lp([0,1]d)

= s∥φ2 ○L ○ φ1 − f̃∥Lp([0,1]d) ≤ s ⋅ ωf̃(
√
d2−n) + 2−n+1s = ωf(

√
d2−n) + 2−n+2ωf(

√
d).

317

So we finish the proof.318

2.3 Proof of Theorem 1.2319

Next, let us prove Theorem 1.2. To this end, we need to introduce the following320

lemma, which is actually Lemma 3.4 of [25] (or Lemma 3.11 of [48]).321

Lemma 2.2 (Lemma 3.4 of [25]). Given any ε > 0, K ∈ N+, and δ ∈ (0, 1
3K ], assume322

f ∈ C([0,1]d) and g ∶ Rd → R is a general function with323

∣g(x) − f(x)∣ ≤ ε for any x ∈ [0,1]d/Ω([0,1]d,K, δ).324

Then325

∣φ(x) − f(x)∣ ≤ ε + d ⋅ ωf(δ) for any x ∈ [0,1]d,326

where φ ∶= φd is defined by induction through327

φi+1(x) ∶= mid(φi(x − δei+1), φi(x), φi(x + δei+1)) for i = 0,1,⋯, d − 1,328

where φ0 = g and {ei}di=1 is the standard basis in Rd.329

With Lemma 2.2 in hand, we are ready to present the proof of Theorem 1.2.330

Proof of Theorem 1.2. We may assume f is not a constant function since it is a trivial331

case. Then ωf(r) > 0 for any r > 0. Set s = 2ωf(
√
d) > 0 and b = f(0) − ωf(

√
d). Then,332

by defining333

f̃ ∶= f − b
s

= f − f(0) + ωf(
√
d)

2ωf(
√
d)

,334

we have f̃(x) ∈ [0,1] for any x ∈ [0,1]d. By applying Theorem 2.1 to f̃ , there exist335

two functions, ψ1,0 ∶ Rd → R and ψ2,0 ∶ Rn → R, both of which are independent of f̃ (or336
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f) and can be implemented by ReLU networks with ≤ 2dn+4 and ≤ 2dn+5n parameters,337

respectively, and a linear map La,0 ∶ R→ Rn satisfying ∥ψ0∥L∞(Rd) ≤ 1 and338

∣ψ0(x) − f̃(x)∣ ≤ ωf̃(
√
d2−n) + 2−n =∶ ε for any x ∈ [0,1]d/Ω([0,1]d,K, δ),339

where ψ0 ∶= ψ2,0 ○La,0 ○ψ1,0, K = 2n, δ is an arbitrary number in (0, 1
3K ], and La,0 is given340

by La,0(t) = (a1t, a2t,⋯, ant) with a = (a1, a2,⋯, an) determined by f and n. Moreover,341

ai ∈ [0, 1
3) and 2mai ∈ N for i = 1,2,⋯, n, where m = 2dn+1. 1○342

Choose a small δ satisfying d ⋅ ωf̃(δ) ≤ 2−n. With ψ0 = ψ2,0 ○ La,0 ○ ψ1,0 in hand, we343

can define ψ1,⋯, ψd by induction via344

ψi+1(x) ∶= mid(ψi(x − δei+1), ψi(x), ψi(x + δei+1)) for i = 0,1,⋯, d − 1.345

The detailed iterative equations for ψi ∶ Rd → R, ψ1,i ∶ Rd → R3i , La,i ∶ R3i → R3id, and346

ψ2,i ∶ R3id → R, for i = 1,2,⋯, d, are listed as follows.347

• ψi = ψ2,i ○La,i ○ψ1,i.348

• ψ1,i(y) = (ψ1,i−1(y − δei), ψ1,i−1(y), ψ1,i−1(y + δei)) for any y ∈ Rd.349

• La,i(y1,y2,y3) = (La,i−1(y1), La,i−1(y2), La,i−1(y3)) for any y1,y2,y3 ∈ R3i−1 .350

• ψ2,i(y1,y2,y3) = mid(ψ2,i−1(y1), ψ2,i−1(y2), ψ2,i−1(y3)) for any y1,y2,y3 ∈ R3i−1d.351

See the illustrations in Figure 3.352

By Lemma 2.2, we have353

∣φ(x) − f̃(x)∣ ≤ ε + d ⋅ ωf̃(δ) ≤ ωf̃(
√
d2−n) + 2−n+1 for any x ∈ [0,1]d,354

where φ ∶= ψd = ψ2,d ○La,d ○ψ1,d. By defining L ∶= La,d, φ1 ∶= ψ1,d, and φ2 ∶= ψ2,d, we have355

∣φ2 ○L ○φ1(x) − f̃(x)∣ ≤ ωf̃(
√
d2−n) + 2−n+1 for any x ∈ [0,1]d,356

As shown in Figure 3, L ∶= La,d is a linear map from R3d to R3dn determined by a =357

(a1, a2,⋯, an) ∈ [0, 1
3)n, which depends on f and n. Moreover, as shown in Figure 3,358

φ1 ∶= ψ1,d and φ2 ∶= ψ2,d are independent of f and can be implemented by ReLU networks359

with360

≤ 3d(2dn+4) + 3d(d + 1)(3d−1 + 3d−2 +⋯ + 30) ≤ 3d2dn+5
361

and362

≤ 3d(2dn+5n) + 280(3d−1 + 3d−2 +⋯ + 30) ≤ 3d2dn+8n 2○363

parameters, respectively.364

Note that ωf(r) = s ⋅ ωf̃(r) for any r ≥ 0. Therefore, we have365

∥s ⋅ (φ2 ○L ○φ1) + b − f∥L∞([0,1]d) = ∥s ⋅ (φ2 ○L ○φ1) + b − (s ⋅ f̃ + b)∥
L∞([0,1]d)

= s∥φ2 ○L ○φ1 − f̃∥L∞([0,1]d) ≤ s ⋅ ωf̃(
√
d2−n) + 2−n+1s = ωf(

√
d2−n) + 2−n+2ωf(

√
d).

366

So we finish the proof.367

1○This property will be used in the proof of Theorem 1.3.
2○As shown Lemma 3.1 of [25], “mid(⋅, ⋅, ⋅)” can be implemented by a ReLU network with width 14

and depth 2, which has ≤ (3 + 1) × 14 + (14 + 1) × 14 + (14 + 1) = 280 parameters.
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x

x

x− δe1

x

x+ δe1

ψ0(x− δe1)

ψ0(x)

ψ0(x+ δe1)

mid
(
ψ0(x− δe1), ψ0(x), ψ0(x+ δe1)

)
=: ψ1(x)

ψ1(x)

d 3d 3 3W 3 1

ψ1,0 La,0 ψ2,0

ψ1,0 La,0 ψ2,0

ψ1,0 La,0 ψ2,0

ψ1,1 La,1 ψ2,1

mid

(a) An illustration of the network architecture implementing ψ1 = ψ2,1 ○La,1 ○ψ1,1 based
on ψ0 = ψ2,0 ○La,0 ○ψ1,0. The top architecture is in detail, while the bottom one is just a
sketch of the top one. The orange numbers indicate the number of neurons in each layer.

x

x

x− δe2

x

x+ δe2

ψ1(x− δe2)

ψ1(x)

ψ1(x+ δe2)

mid
(
ψ1(x− δe2), ψ1(x), ψ1(x+ δe2)

)
=: ψ2(x)

ψ2(x)

d 3d 32 32W 3 1

ψ1,1 La,1 ψ2,1

ψ1,1 La,1 ψ2,1

ψ1,1 La,1 ψ2,1

ψ1,2 La,2 ψ2,2

mid

(b) An illustration of the network architecture implementing ψ2 = ψ2,2 ○La,2 ○ψ1,2 based
on ψ1 = ψ2,1 ○La,1 ○ψ1,1. The top architecture is in detail, while the bottom one is just a
sketch of the top one. The orange numbers indicate the number of neurons in each layer.

x

x

x− δe3

x

x+ δe3

ψ2(x− δe3)

ψ2(x)

ψ2(x+ δe3)

mid
(
ψ2(x− δe3), ψ2(x), ψ2(x+ δe3)

)
=: ψ3(x)

ψ3(x)

d 3d 33 33W 3 1

ψ1,2 La,2 ψ2,2

ψ1,2 La,2 ψ2,2

ψ1,2 La,2 ψ2,2

ψ1,3 La,3 ψ2,3

mid

(c) An illustration of the network architecture implementing ψ3 = ψ2,3 ○La,3 ○ψ1,3 based
on ψ2 = ψ2,2 ○La,2 ○ψ1,2. The top architecture is in detail, while the bottom one is just a
sketch of the top one. The orange numbers indicate the number of neurons in each layer.

Figure 3: Illustrations of the implementations of φ1, φ2, and φ3. The inductive imple-
mentations of φ4,⋯, φd are similar.
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2.4 Proof of Theorem 1.3368

To simplify the proof of Theorem 1.3, we introduce two lemmas below. First, we need369

to establish a lemma showing how to store many parameters in one intrinsic parameter370

via a fixed network.371

Lemma 2.3. Given any m,n ∈ N, there exists a vector-valued function φ ∶ R → Rn372

realized by a ReLU network such that: For any ai ∈ [0,1) with 2mai ∈ N for i = 0,1,⋯, n,373

there exists a real number v ∈ [0,1) such that374

φ(v) = (a1, a2,⋯, an).375

Next, we establish another lemma using a ReLU network to uniformly approximate376

multiplication operation ψ(x, y) = xy well.377

Lemma 2.4. For any M > 0 and η > 0, there exists a function ψη ∶ R2 → R realized by a378

ReLU network such that379

ψη(x, y)⇉ ψ(x, y) = xy on [−M,M]2 as η → 0+,380

where ⇉ denotes the uniform convergence.381

The proof of Lemma 2.3 is placed later in this section. Lemma 2.4 is just a direct382

result of Lemma 4.2 of [25]. With Lemmas 2.3 and 2.4 in hand, we are ready to prove383

Theorem 1.3.384

Proof of Theorem 1.3. For any ε > 0, choose a large n = n(ε,α, λ) ∈ N+ such that385

5λdα/22−αn ≤ ε/2.386

Since f is a Hölder continuous function on [0,1]d of order α ∈ (0,1] with a Hölder constant387

λ > 0, we have ωf(r) ≤ λrα for any r ≥ 0. By Theorem 1.2, there exist two functions388

φ1 ∶ Rd → R3d and φ2 ∶ R3dn → R, implemented by f -independent ReLU networks, such389

that390

∥s(φ2 ○L ○φ1) + b − f∥L∞([0,1]d) ≤ ωf(
√
d2−n) + 2−n+2ωf(

√
d) ≤ 5λdα/22−αn ≤ ε/2, (2.3)391

where s = 2ωf(
√
d) ≤ 2λdα/2, b = f(0)−ωf(

√
d), and L ∶ R3d → R3dn is a linear map given392

by393

L(y1,⋯, y3d) = (L0(y1),⋯,L0(y3d)) for any y = (y1,⋯, y3d) ∈ R3d ,394

where L0 ∶ R → Rn is a linear map given by L0(t) = (a1t, a2t,⋯, ant) with a1, a2,⋯, an ∈395

[0, 1
3) determined by f and n. Since a1, a2,⋯, an are repeated 3d times in the definition of396

L, there are 3dn parameters in total. We will show how to store these 3dn parameters in397

one intrinsic parameter v via an f -independent ReLU network as shown in the following398

two steps.399

• Regard a1, a2,⋯, an as inputs, but not parameters. See the difference in Figure 4.400

Then, we only need to store a1, a2,⋯, an one time by copying them 3d times.401
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• As stated in the proof of Theorem 1.2, a1, a2,⋯, an have finite binary representa-402

tions. Then, we can store them in a key parameter v and use an f -independent403

ReLU network to extract them from v.404

The details of these two steps can be found below.405

Step 1∶ Regard a1, a2,⋯, an as inputs and copy them 3d times.406

Since a1, a2,⋯, an are regraded as inputs, the implementation of L0(t) = (a1t, a2t,⋯, ant)407

requires multiplication operations. This means that we need to approximate ψ(x, y) = xy408

well via an f -independent ReLU network. See Figure 4 for illustrations.409

Denote a = (a1, a2,⋯, an) and410

φ1(x) = (φ1,1(x), φ1,2(x), ⋯, φ1,3d(x)) for any x ∈ [0,1]d.411

Then define412

M ∶= 1 + sup{∣φ1,j(x)∣ ∶ x ∈ [0,1]d, j = 1,2,⋯,3d}.413

By Lemma 2.4, there exists a function ψη ∶ R2 → R realized by a ReLU network such414

that415

ψη(x, y)⇉ ψ(x, y) = xy on [−M,M]2 as η → 0+.416

t ait
ai · t

(a)

t

ai

ψη(ai, t)
η→0+

⇒ aitψη(·, ·)

(b)

Figure 4: Illustrations of two methods getting/approximating ait for i = 1,2,⋯, n and
t ∈ {φ1,j(x) ∶ x ∈ [0,1]d, j = 1,2,⋯,3d}. (a) By regarding ai as a parameter, one can
easily get the product of an input t and an parameter ai. (b) By regarding ai as an
input, one needs to use a ReLU network to approximate the multiplication operation for
approximating ait well.

Note that L and L0 depend on a = (a1, a2,⋯, an). For clarity, we denote La = L and417

La,0 = L0. For any a1, a2,⋯, an ∈ [0, 1
3) ⊆ [−M,M] and418

t ∈ {φ1,j(x) ∶ x ∈ [0,1]d, j = 1,2,⋯,3d} ⊆ [−M,M],419

we can use420

La,0,η(t) ∶= (ψη(a1, t), ψη(a2, t), ⋯, ψη(an, t))421

to approximate422

La,0(t) = (a1t, a2t,⋯, ant) = (ψ(a1, t), ψ(a2, t), ⋯, ψ(an, t)).423

Then424

La,η(y1,⋯, y3d) ∶= (La,0,η(y1), ⋯, La,0,η(y3d))425
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can also approximate426

La(y1,⋯, y3d) = (La,0(y1), ⋯, La,0(y3d))427

well. Define φ̃η ∶ Rn+3d → R3dn and φ̃ ∶ Rn+3d → R3dn via428

φ̃η(y,a) ∶= La,η(y1,⋯, y3d) for any a ∈ [0, 1
3)n and y = (y1,⋯, y3d) ∈ [−M,M]3d

429

and430

φ̃(y,a) ∶= La(y1,⋯, y3d) for any a ∈ [0, 1
3)n and y = (y1,⋯, y3d) ∈ [−M,M]3d .431

Since432

ψη(x, y)⇉ ψ(x, y) = xy on [−M,M]2 as η → 0+,433

it is easy to verify that434

φ̃η(y,a)⇉ φ̃(y,a) for y ∈ [−M,M]3d and a ∈ [0, 1
3)n as η → 0+.435

Note that φ1(x) ∈ [−M,M]3d for any x ∈ [0,1]d. Then,436

φ2 ○ φ̃η(φ1(x),a)⇉ φ2 ○ φ̃(φ1(x),a) for x ∈ [0,1]d and a ∈ [0, 1
3)n as η → 0+.437

The fact φ̃(y,a) = La(y) = L(y) implies φ2 ○ φ̃(φ1(x),a) = φ2 ○L ○φ1(x). Therefore,438

φ2 ○ φ̃η(φ1(x),a)⇉ φ2 ○L ○φ1(x) for x ∈ [0,1]d and a ∈ [0, 1
3)n as η → 0+.439

Choose a small η = η(n) > 0 such that440

∣φ2 ○ φ̃η(φ1(x),a) − φ2 ○L ○φ1(x)∣ ≤ 2−n for any x ∈ [0,1]d and a ∈ [0, 1
3)n . (2.4)441

Recall that ψη can be realized by an f -independent ReLU network. It is easy to442

verify that φ̃η can also be realized by an f -independent ReLU network.443

Step 2∶ Store a1, a2,⋯, an in a key parameter v.444

As we can see from the proof of Theorem 1.2, ai ∈ [0, 1
3) with 2mai ∈ N for i =445

1,2,⋯, n, where m = 2dn+1. That is,446

ai ∈ {bin0.θ1⋯θm ∶ θ` ∈ {0,1}, ` = 1,2,⋯,m}.447

Then, by Lemma 2.3, there exists a real number v ∈ [0,1) and a vector function φ0 ∶ R→448

Rn implemented by a ReLU network independent of a1, a2,⋯, an such that449

φ0(v) = (a1, a2,⋯, an) = a.450

Next, we can define451

φ(x, v) ∶= φ2 ○ φ̃η(φ1(x),φ0(v)) = φ2 ○ φ̃η(φ1(x),a)452
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for any x ∈ [0,1]d and v ∈ [0,1).453

Since the ReLU network realizing φ0 is independent of a1, a2,⋯, an, and hence inde-454

pendent of f . Recall that φ1, φ2, and φ̃η can be implemented by f -independent ReLU455

networks. Hence,456

φ(x, v) = φ2 ○ φ̃η(φ1(x),φ0(v))457

can also implemented by an f -independent ReLU network. It remains to estimate the458

error. By Equations (2.3) and (2.4), we have459

∣sφ(x, v) + b − f(x)∣ ≤ ∣sφ(x, v) + b − (sφ2 ○L ○φ1(x) + b)∣ + ∣sφ2 ○L ○φ1(x) + b − f(x)∣

≤ s∣φ(x, v) − φ2 ○L ○φ1(x)∣ + ε/2

≤ 2λdα/2∣φ2 ○ φ̃η(φ1(x),a) − φ2 ○L ○φ1(x)∣ + ε/2

≤ 2λdα/22−n + ε/2 ≤ 5λdα/22−αn + ε/2 ≤ ε/2 + ε/2 = ε.

460

So we finish the proof.461

Finally, let us prove Lemma 2.3 to end this section.462

Proof of Lemma 2.3. Since ai ∈ [0,1) with 2mai ∈ N for i = 1,2,⋯, n, ai can be repre-463

sented as a binary form464

ai = bin0.ai,1ai,2⋯ai,m.465

Denote466

v =
n

∑
i=1

2−m(i−1)ai = bin0. a1,1⋯a1,m

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
store a1

a2,1⋯a2,m

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
store a2

⋯ an,1⋯an,m
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

store an

,467

which requires pretty high precision. It is easy to extract ai from v via the floor function468

(⌊⋅⌋), i.e.,469

ai = ⌊2miv⌋/2m − ⌊2m(i−1)v⌋ for i = 1,2,⋯, n.470

Next, we need to use a ReLU network to replace the floor function. Let g ∶ R → R be471

the continuous piecewise linear function with the following breakpoints:472

(`, `) and (` + 1 − δ, `) for ` = 0,1,⋯,2mn − 1, where δ = 2−mn.473

Clearly, g can be realized by a ReLU network independent of a1, a2,⋯, an. By defining474

gi(t) ∶= g(2mit)/2m − g(2m(i−1)t) for i = 1,2,⋯, n and any t ∈ R,475

we have476

ai = g(2miv)/2m − g(2m(i−1)v) = gi(v) for i = 1,2,⋯, n.477

Next, The target function φ can be defined via478

φ(t) = (g1(t), g2(t), ⋯, gn(t)) for any t ∈ R.479

Thus, we have480

φ(v) = (g1(v), g2(v), ⋯, gn(v)) = (a1, a2,⋯, an).481

and φ can be realized by a ReLU network independent of a1, a2,⋯, an. So we finish the482

proof.483
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3 Proof of Theorem 2.1484

In this section, we first present the proof sketch of Theorem 2.1 in Section 3.1, and485

then give the detailed proof in Section 3.2 based on Proposition 3.1, which will be proved486

later in Section 3.3.487

3.1 Sketch of proof488

Before proving Theorem 2.1, let us present the key steps as follows.489

1. Set K = 2n, divide [0,1]d into Kd cubes Qβ for β ∈ {0,1,⋯,K − 1}d and the trifling490

region Ω([0,1]d,K, δ), and denote xβ as the vertex of Qβ with minimum ∥ ⋅ ∥1 norm491

for each β. See Figure 5 for illustrations.492

2. Design a ReLU sub-network to implement a function φ1 ∶ Rd → R, independent of f ,493

projecting the whole Qβ to a number determined by β in {4j ∶ j = 1,2,⋯,Kd} for494

each β.495

3. Design a linear map L ∶ R→ Rn, given by L(t) = (a1t, a2t,⋯, ant), for later use, where496

a1, a2,⋯, an are determined by f and n.497

4. Design a ReLU sub-network to implement a function φ2 ∶ Rn → R, independent of f ,498

such that φ2 ○L ○ φ1(x) ≈ f(xβ) for any x ∈ Qβ and each β ∈ {0,1,⋯,K − 1}d. Then499

φ2 ○L ○ φ1 approximates f well outside of Ω([0,1]d,K, δ).500

5. Estimate the approximation error of φ2 ○L ○ φ1 ≈ f .501

0.00 0.25 0.50 0.75 1.00

δ

Q0

δ

Q1

δ

Q2 Q3

Ω([0, 1]d, K, δ) for K = 4, d = 1

Qβ for β ∈ {0, 1, 2, 3}
xβ for β ∈ {0, 1, 2, 3}

(a)

0.00 0.25 0.50 0.75 1.00
0.00

0.25

0.50

0.75

1.00

Q0,0 Q1,0 Q2,0 Q3,0

Q0,1 Q1,1 Q2,1 Q3,1

Q0,2 Q1,2 Q2,2 Q3,2

Q0,3 Q1,3 Q2,3 Q3,3

Ω([0, 1]d, K, δ) for K = 4, d = 2

Qβ for β ∈ {0, 1, 2, 3}2

xβ for β ∈ {0, 1, 2, 3}2

(b)

Figure 5: Illustrations of Ω([0,1]d,K, δ), Qβ and xβ for β ∈ {0,1,⋯,K − 1}d. (a)
K = 4, d = 1. (b) K = 4, d = 2.

As we shall see later, the constructions of φ1 and L are not difficult. The most502

technical part is to design φ2 implemented by a ReLU network, which relies on the503

following proposition.504

Proposition 3.1. Given any J ∈ N+, there exists a function φ implemented by a ReLU505

network with width 2 and depth 2J + 2 such that: For any θ1, θ2,⋯, θJ ∈ {0,1}, we have506

φ(x) ∈ [0,1] for any x ∈ R and507

φ(4ja) = θj for j = 1,2,⋯, J, where a =
J

∑
j=1

θj4
−j. (3.1)508
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The proof of this proposition can be found in Section 3.3. We shall point out that509

the function φ in this proposition is independent of θ1, θ2,⋯, θJ ∈ {0,1}.510

3.2 Constructive proof511

Now we are ready to give the detailed proof of Theorem 2.1.512

Proof of Theorem 2.1. The proof consists of five steps.513

Step 1∶ Set up.514

Set K = 2n and let δ > 0 be a small number determined later. Then define xβ ∶=515

β/K and divide [0,1]d into Kd cubes Qβ for β ∈ {0,1,⋯,K − 1}d and a small region516

Ω([0,1]d,K, δ). Namely,517

Qβ ∶= {x = (x1, x2,⋯, xd) ∶ xi ∈ [βiK ,
βi+1
K − δ] for i = 1,⋯, d},518

for β = (β1, β2,⋯, βd) ∈ {0,1,⋯,K−1}d. Clearly, Ω([0,1]d,K, δ) = [0,1]d/(⋃β∈{0,1,⋯,K−1}d Qβ).519

See Figure 5 for illustrations.520

Step 2∶ Construct φ1.521

Let g be a “step function” such that522

• g( kK ) = g(k+1
K − δ) = k for k = 0,1,⋯,K − 1 and g(1) =K − 1.523

• g is linear between any two adjacent points of524

{ k
K ∶ k = 0,1,⋯,K} ∪ {k+1

K − δ ∶ k = 0,1,⋯,K − 1}.525

Then, for any x = (x1,⋯, xd) ∈ Qβ and β = (β1,⋯, βd) ∈ {0,1,⋯,K − 1}d, we have526

g(xi) = βi for i = 1,2,⋯, d.527

Also, such a function g can be easily realized by a one-hidden-layer ReLU network with528

width 2K.529

Let h be a function satisfying h(j) = 4j for j = 1,2,⋯,Kd. Such a function h can be530

easily realized by a one-hidden-layer ReLU network with width Kd. Then the desired531

function φ1 ∶ Rd → R can be defined via532

φ1(x) ∶= h(1 +
d

∑
i=1

g(xi)Ki−1) = h ○ %(g(x1),⋯, g(xd)) for any x = (x1,⋯, xd) ∈ Rd,533

where % ∶ Rd → R is a linear function defined by534

%(y) = 1 +
d

∑
i=1

yiK
i−1 for any y = (y1,⋯, yd) ∈ Rd.535

Clearly, % is a bijection (one-to-one map) from β ∈ {0,1,⋯,K − 1}d to %(β) = 1 +536

∑d
i=1 βiK

i−1 ∈ {1,2,⋯,Kd}.537
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Then, for any x ∈ Qβ and β ∈ {0,1,⋯,K − 1}d, we have538

φ1(x) = h ○ %(g(x1),⋯, g(xd)) = h ○ %(β1,⋯, βd) = 4%(β) = 41+∑d
i=1 βiK

i−1

. (3.2)539

Apparently, φ1 is independent of f and it can be realized by a ReLU network with540

≤ d(2K × 3 + 1) + (K + 1) + 3Kd + 1 ≤ 11Kd + 2 = 11 × 2dn + 2 ≤ 2dn+4
541

parameters.542

Step 3∶ Construct L.543

For each β ∈ {0,1,⋯,K−1}d, it follows from f(xβ) ∈ [0,1] that there exist ξβ,1,⋯, ξβ,n544

such that545

∣f(xβ) − bin0.ξβ,1⋯ξβ,n∣ ≤ 2−n. (3.3)546

Given any j ∈ {1,2,⋯,Kd}, there exists a unique β ∈ {0,1,⋯,K − 1}d such that j =547

1 +∑d
i=1 βiK

i−1 = %(β). Thus, for any ` ∈ {1,2,⋯, n}, we can define548

θj,` ∶= ξβ,`, for j = %(β) and β ∈ {0,1,⋯,K − 1}d. (3.4)549

Then the desired linear map L can be defined via550

L(t) ∶= (a1t, a2t,⋯, ant) for any t ∈ R,551

where a` = ∑Kd

j=1 θj,`4
−j for ` = 1,2,⋯, n. Clearly, for ` = 1,2,⋯, n, we have552

a` =
Kd

∑
j=1

θj,`4
−j ∈ [0, 1

3)553

and554

2ma` = 22dn+1a` = 42dna` = 4K
d

a` ∈ N, where m = 2dn+1.555

Step 4∶ Construct φ2.556

Fix ` ∈ {1,2,⋯, n}, by Proposition 3.1 (set J =Kd and θj = θj,` therein), there exists557

a function φ2,` implemented by a ReLU network with width 2 and depth 2Kd + 2 such558

that φ2,`(t) ∈ [0,1] for any t ∈ R and559

φ2,`(4ja`) = θj,` for j = 1,2,⋯,Kd, where a` =
Kd

∑
j=1

θj,`4
−j. (3.5)560

Note that φ2,` is independent of θj,` for j = 1,2,⋯,Kd, so it is also independent of f .561

Then the desired function φ2 ∶ Rn → R can be defined via562

φ2(y) ∶=
n

∑
`=1

2−`φ2,`(y`) for any y = (y1,⋯, yn) ∈ Rn.563

Then φ2(y) ∈ [0,1] for any y ∈ Rn and φ2 can be implemented by a ReLU network,564

independent of f , with565

≤ (6(2Kn + 2) + (2 + 1))n + n + 1 = 6n(2nd+1 + 2) + 4n + 1 ≤ 2nd+5n566
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parameters.567

Step 5∶ Estimate the approximation error.568

It remains to estimate the approximation error. By Equations (3.2), (3.4), and569

(3.5), for ` ∈ {1,2,⋯, n}, x ∈ Qβ, j = %(β) = 1 + ∑d
i=1 βiK

i−1 ∈ {1,2,⋯,Kd}, and β ∈570

{0,1,⋯,K − 1}d, we have571

φ2 ○L ○ φ1(x) = φ2 ○L ○ h ○ %(g(x1),⋯, g(xd)) = φ2 ○L ○ h ○ %(β)

= φ2 ○L(4%(β)) = φ2 ○L(4j) = φ2(4ja1,4
ja2,⋯,4jan)

=
n

∑
`=1

2−`φ2,`(4ja`) =
n

∑
`=1

2−`θj,` =
n

∑
`=1

2−`ξβ,`.

572

Then by Equation (3.3), for any x ∈ Qβ and β ∈ {0,1,⋯,K − 1}d, we get573

∣f(x) − φ2 ○L ○ φ1(x)∣ = ∣f(x) − f(xβ)∣ + ∣f(xβ) − φ2 ○L ○ φ1(x)∣

≤ ωf(
√
d
K ) + ∣f(xβ) −

n

∑
`=1

2−`ξβ,`∣

≤ ωf(
√
d
K ) + ∣f(xβ) − bin0.ξβ,1⋯ξβ,n∣ ≤ ωf(

√
d2−n) + 2−n.

574

That is,575

∣f(x) − φ2 ○L ○ φ1(x)∣ ≤ ωf(
√
d2−n) + 2−n for any x ∈ [0,1]d/Ω([0,1]d,K, δ).576

Moreover, the fact φ2(y) ∈ [0,1] for any y ∈ Rn implies ∥φ2 ○ L ○ φ1∥L∞(Rd) ≤ 1. So we577

finish the proof.578

3.3 Proof of Proposition 3.1579

Before proving Proposition 3.1, let us introduce a notation to simplify the proof. We580

use Tm for m ∈ N+ to denote a “sawtooth” function satisfying the following conditions.581

• Tm ∶ [0,2m]→ [0,1] is linear between any two adjacent integers of {0,1,⋯,2m}.582

• Tm(2j) = 0 for j = 0,1,⋯,m and Tm(2j + 1) = 1 for j = 0,1,⋯,m − 1.583

0 1 2

0.0

0.5

1.0

T1

0 1 2 3 4

0.0

0.5

1.0

T2

0 1 2 3 4 5 6

0.0

0.5

1.0

T3

0 1 2 3 4 5 6 7 8

0.0

0.5

1.0

T4

Figure 6: Illustrations of teeth functions T1, T2, T3 and T4.

To simplify the proof of Proposition 3.1, we first introduce a lemma based on the584

“sawtooth” function.585
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Lemma 3.2. Given any J ∈ N+ and θj ∈ {0,1} for j = 1,2,⋯, J , set a = ∑J
j=1 θj4

−j. Then586

T4J (4ja) ∈ [0,1/3] if θj = 0 and T4J (4ja) ∈ [2/3,1] if θj = 1, (3.6)587

where T4J ∶ [0,2×4J]→ [0,1] is a “sawtooth” function with 4J “teeth” defined just above.588

Proof. Fix j ∈ {1,2,⋯, J}, we have589

4ja = 4j
J

∑
i=1

θi4
−i =

j−1

∑
i=1

θi4
j−i

´¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¶
= 4k for some k ∈ N with k ≤ 4J−1

3

+
0 or 1©
θj +

J

∑
i=j+1

θi4
j−i

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
∈ [0, 1

3
)

.
(3.7)590

Clearly,591

j−1

∑
i=1

θi4
j−i ∈ {4k ∶ k ∈ N, k ≤ 4J−1/3} and 0 ≤

J

∑
i=j+1

θi4
j−i ≤

J

∑
i=j+1

4j−i ≤ 1/3.592

If θj = 0, then Equation (3.7) implies593

4ja ∈ [4k,4k + 1/3] for some k ∈ N with k ≤ 4J−1/3 ≤ 4J − 1,594

which implies T4J (4ja) ∈ [0,1/3].595

Similarly, if θj = 1, then Equation (3.7) implies596

4ja ∈ [4k + 1,4k + 1 + 1/3] for some k ∈ N with k ≤ 4J−1/3 ≤ 4J − 1,597

which implies T4J (4ja) ∈ [2/3,1]. So we finish the proof.598

It is worth mentioning that the “sawtooth” function Tm can be replaced by other599

functions that also have a key property “the function values near even integers are much600

larger than the ones near odd integers”.601

With Lemma 3.2 in hand, we are ready to prove Proposition 3.1.602

Proof of Proposition 3.1. By Lemma 3.2, we have603

T4J (4ja) ∈ [0,1/3] if θj = 0 and T4J (4ja) ∈ [2/3,1] if θj = 1.604

Define g(x) ∶= 3σ(x − 1/3) − 3σ(x − 2/3) for any x ∈ R, where σ is ReLU, i.e., σ(x) =605

max{0, x}. See an illustration of g in Figure 7. Clearly,606

g(x) = 0 if x ≤ 1/3 and g(x) = 1 if x ≥ 2/3.607

Hence, φ ∶= g ○ T4J is the desired function. Obviously, φ(x) ∈ [0,1] for any x ∈ R.608

To verify Equation (3.1), we fix j ∈ {1,2,⋯, J}. If θj = 0, then T4J (4ja) ∈ [0,1/3],609

implying φ(4ja) = g ○ T4J (4ja) = 0 = θj. If θj = 1, then T4J (4ja) ∈ [2/3,1], implying610

φ(4ja) = g ○ T4J (4ja) = 1 = θj.611

It remains to show φ = g ○T4J can be realized by a ReLU network with the expected612

width and depth. Clearly, T4J is a continuous piecewise linear function, which means613
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Figure 7: Illustrations of g and h on [0,1].

it can be implemented by a one-hidden-layer ReLU network. To make our construction614

more efficient, we introduce another method to implement φ.615

Define h(x) ∶= 1 − 2σ(x − 1/2) − 2σ(1/2 − x) for any x ∈ [0,1]. See an illustration of616

h in Figure 7. Then, it is easy to verify that T1(2x) = h(x) for any x ∈ [0,1] and h can617

be implemented by a one-hidden-layer ReLU network with width 2. For any J ∈ N+, it618

is easy to verify that619

T4J (22J+1x) = h ○ h ○ ⋯ ○ h´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
2J+1 times

(x), for any x ∈ [0,1].620

So, T4J limited on [0,2 × 4J] = [0,22J+1] can be realized by a ReLU network with width621

2 and depth 2J + 1. It follows that φ = g ○ T4J can be implemented by a ReLU network622

with width 2 and depth 2J + 2, which means we finish the proof.623

4 Conclusion624

This paper studies the approximation error of ReLU networks in terms of the number625

of intrinsic parameters. Theorem 1.1 implies that, for any Hölder continuous function626

on [0,1]d, a ReLU network with n + 2 intrinsic parameters can approximate f with an627

error 5λdα/22−αn measured in the Lp-norm for p ∈ [1,∞), where α ∈ (0,1] and λ > 0 are628

the Hölder order and constant, respectively. Moreover, such a result can be generalized629

from the Lp-norm to the L∞-norm with a price of adding O(n) intrinsic parameters, as630

shown in Theorem 1.2. Finally, we show in Theorem 1.3 that three intrinsic parameters631

are enough to achieve an arbitrary error in the case of Hölder continuous functions,632

though this result requires high precision to encode these three parameters on computers.633

Remark that this paper only focuses on the approximation error characterized by the634

number of intrinsic parameters, the study of the optimization error and generalization635

error will be left as future work.636
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