
APPROXIMATION FROM NOISY DATA∗1
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Abstract. In most applications, functions are often given by sampled data. Approximation of functions from3
observed data is often needed. This has been widely studied in the literature when data is exact, and the underlying4
function is smooth. However, the observed data is often contaminated with noise and the underlying function may be5
non-smooth (e.g. contains singularities). To properly handle noisy data, any effective approximation scheme must contain6
a noise removal component. To well approximate non-smooth functions, one needs to have a sparse approximation in,7
for example, the wavelet domain. Sparsity based noise removal schemes have been proven effective empirically. This8
paper presents theoretical analysis of such noise removal schemes through the lens of function approximation. For a given9
sample size, approximation from uniform grid data and scattered data are investigated. The error of the approximation10
scheme, the bias of the denoising model, and the noise level of data are analyzed, respectively. In addition, when the11
amount of data is large enough, a new approximation scheme is proposed to grant sufficient reduction on the noise level12
and ensure asymptotic convergence.13
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1. Introduction. For many scientific and engineering problems, such as signal and image pro-16

cessing [25], computer graphics [20] and machine learning [17], data come in large quantities and are17

often corrupted by noise. Approximation of functions from the data is often needed. When the data18

is noise-free, and the function is smooth, this has been extensively studied in the literature. However,19

in many important applications, data is noisy, and the underlying function is non-smooth.20

In a typical sampling model, we are given a data set Ξ = {x1,x2, . . . ,xn} ⊂ Ω and associated
function values

yi = (Snf)(xi) + εi, for i = 1, 2, . . . , n,

where Ω is a bounded domain of Rd, Sn is a sampling operator with (Snf)(xi) being the sampling21

value of f at xi, and εi denotes a sampling noise. By applying some denoising scheme, for example, the22

wavelet frame based denoising method [5, 6, 20, 29], we obtain a denoised result y∗ = {y∗i }ni=1. Then,23

through some approximation scheme, an approximation function f∗n can be obtained from {(xi,y∗i )}ni=1.24

To evaluate the result of this procedure, we discuss the following two questions:25

1. How to understand the denoising and approximation schemes?26

2. How to quantify the approximation error ‖f∗n−f‖ in terms of a given sample size n, and when27

n is sufficiently large?28

This paper attempts to develop a rigorous analysis of the approximation problem of two types of29

sampling procedures, uniform grid sampling, and random sampling. Here, we summarize the main30

results and leave full details of the analysis to the subsequent sections.31

1.1. Approximation on uniform grids. Let f ∈ L2(Ω) with Ω = (0, 1)d being a unit cube,
and (Snf)(2−nα) be the sampling of f in uniform grids of Ω with step size 2−n, n ∈ N. Suppose we
are given a sequence of function values,

y[α] = (Snf)(2−nα) + ε[α], α ∈ In,

where ε[α] denotes a random noise with E(ε) = 0 and V ar(ε) ≤ σ2, and the index set

In = {α = (α1, α2, . . . , αd) ∈ Zd, 0 ≤ α1, α2, . . . , αd ≤ 2n − 1}.

Then, after applying the following denoising scheme32

(1.1) min
u

E(u) = ‖u− y‖2`2 + ‖diag(λ)Wu‖`1 ,33
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we obtain a denoised result y∗ from y. Here, W is the discrete framelet transform and diag(λ) is a34

diagonal matrix which scales different wavelet channels. In the model (1.1), the first term tries to35

fit the data. The second term penalizes the roughness of the solution on the one hand and preserves36

discontinuity features of signals on the other hand [6,13,20,29]. Since in real-world applications many37

signals have a sparse approximation in the wavelet domain, this model finds various applications, such38

as in signal and image processing (see e.g., [5, 15]).39

Let An : `2(In) → L2(Ω) be an approximation scheme, and f∗n = Any∗ be the function approxi-40

mated from y∗. Then, the approximation error41

‖f∗n − f‖ = ‖Any∗ − f‖42

≤ ‖An(Snf)− f‖+ ‖An‖‖y∗ − (Snf)‖.(1.2)4344

The first term of (1.2) depends on the approximation result from noise-free data, while the second term
depends on the denoising result and approximation operator. Assume that the wavelets in model (1.1)
have enough vanishing moments and the wavelet coefficients of f satisfy certain decay conditions, for
example for |i| ≥ 1, ∑

n∈N

∑
α∈In

2(2s−d)n|Wif [α]|2 ≤ C,

then we can find an approximation scheme An such that for any µ > 0, with probability at least 1− 1
µ ,

the approximation error

‖f∗n − f‖ ≤ C
(
(2−n)s + λ1/2(2−n)

s
2 + µ1/2σ

)
,

which depends on the approximation ability of An, the bias of the denoising model and the noise45

level. We shall give a detailed analysis of this approach in section 2, and show how to choose an46

approximation scheme and a way to reduce the noise level in order to achieve convergence.47

1.2. Approximation on randomly sampled data. In recent years, with the rapid development48

of machine learning (especially deep learning [17]), function approximation on randomly sampled data49

is more often seen in practice. The second part of this paper is to investigate the approximation50

from scattered data {(xi,yi)}ni=1. Here, {xi}ni=1 is uniformly randomly drawn from Ω ⊂ Rd, yi =51

(Snf)(xi) + εi is the sampling value, and εi is the random noise. Similar as the first part, we choose52

a denoising scheme and obtain an approximant f∗n through some approximation scheme. We focus on53

estimating the approximation error ‖f∗n − f‖ in terms of n and the noise level.54

Interpolation and quasi-interpolation schemes based on the noise-free data have been extensively55

studied in the literature (see [12, 16, 18, 21] and the references therein). For scattered data, many56

approximation schemes through properly defined functions spaces have been proposed and studied in57

the literature, including the reproducing kernel Hilbert/Banach spaces [33], spline subspaces [24, 31],58

radial basis functions [32], bandlimited functions [37], finite element spaces [8,9] and the shift-invariant59

spaces [11,21,34].60

The approximation schemes for functions on scattered data are usually nonlinear, and most ap-61

proaches determine f∗n by solving an optimization problem on a prescribed function space [23,31]62

min
g∈V

1

n

n∑
i=1

(g(xi)− yi)2 + Γ(g),63

where the first term tries to fit f∗n(xi) to yi, and the second term describes a prior knowledge (or64

regularization) on the approximant f∗n.65

We choose the principal shift invariant system and its dilations, i.e.,

Sh(ϕ,Ω) = {
∑
α∈I

u[α]ϕ(
·
h
− α) : u[α] ∈ R}.

Besides its structural simplicity, Sh(ϕ,Ω) has the advantage that for special choices of ϕ, such as66

B-spline, it provides sparse system and good approximation orders to smooth functions [11,24].67
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APPROXIMATION FROM NOISY DATA 3

Consider the following optimization model68

(1.3) min
u

n∑
i=1

wi(
∑
α∈I

u[α]ϕ(
xi
h
− α)− yi)2 + ρ‖diag(λ)Wu‖`1 ,69

where {u[α]}α∈I are the coefficients which we want to solve, h is the scaling parameter, and wi is the
weight to balance the penalties of different u[α] according to the density of sampling points in the
support of ϕ( ·h − α). This leads to an approximation function f∗n ∈ Sh(ϕ,Ω):

f∗n =
∑
α∈I

u∗[α]ϕ(
·
h
− α)

with u∗ being the minimizer of (1.3).70

For properly chosen parameters, it can be shown that for any µ > 0, the following inequality71

‖f∗n − f‖L2(Ω)72

≤ C
(
n−

(1−γ1)
d (k− d2 )|f |Wk

1 (Ω) +
√
ρ|f |

1
2

Wk
1 (Ω)

+ n−
3(1−γ1)(2k−d)

2d ρ−1|f |2Wk
1 (Ω)73

+ µ1/2σ + n
−(1−γ1)(2k−d)

2d ρ−1µσ2
)

74
75

holds with probability at least

(1− 1

µ
)
(

1− n1−γ1 exp(− (nγ1 − 2)

2
)
)
,

where 0 < γ1 < 1. We shall discuss this in full detail in section 3, and analyze ‖f∗n − f‖L2(Ω) in76

terms of the approximation ability of Sh(ϕ,Ω), the bias induced by the regularization, and the noise77

level. Furthermore, we consider the case when n is sufficiently large, how to choose the approximation78

scheme such that the noise level can be reduced and the convergence is guaranteed.79

Note that the regularized least squares models are frequently used to fit noisy data and avoid80

overfitting. Most of the previous methods mainly impose regularity conditions directly on the functions81

to be approximated. The regularization is often chosen as the Sobolev semi-norm which is discretized82

by numerical integration methods [10, 23, 24, 31, 32]. In contrast, the regularization of model (1.3) is83

imposed on the discrete coefficients of wavelet transform which is able to preserve discontinuities of84

the functions to be approximated. Moreover, noting that basis functions with large supports can fit85

the scattered data while they fail to represent the details of the functions. On the other hand, basis86

functions with small supports can detect the details of the functions to be approximated, whereas87

the approximant may fluctuate in areas with fewer sampled data. Therefore, multiresolution wavelet88

frames are often preferred to represent these functions, and the redundancy of the system offers more89

resilience to noise [36].90

Similar denoising scheme was considered in [35] in which the data density and accumulation level91

of sampling set was given and an asymptotic approximation analysis of (1.3) was discussed in the case92

wi ≡ 1. The model (1.3) was used to approximate range data which is known to contain discontinuities93

[20], and recently was applied to fit coarse-grained force functions in structural biology [36].94

1.3. Organization of the paper. The remaining part of this paper is organized as follows. In95

section 2 we first present the necessary notation and review some basic properties of wavelet frames.96

Then, we consider the approximation from data on uniform grids and analyze the convergence of the97

solution. In section 3 we investigate the approximation from randomly sampled data, and characterize98

the approximation error in terms of the sample size and the noise level.99

2. Approximation on Uniform Grids.100

2.1. Notation and preliminaries. Let N denote the set of nonnegative integers and B(r) =101

{|x| < r, x ∈ Rd}. Let #S denote the cardinality of a finite set S and |E| denote the Lebesgue measure102

of a measurable set E ⊂ Rd.103
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For a compactly supported function ϕ ∈ L2(Rd), the shift invariant space S(ϕ) generated by ϕ is
defined as

S(ϕ) := closure{ϕ ∗′ a : a ∈ `0(Zd)},
where

ϕ ∗′ a :=
∑
α∈Zd

a[α]ϕ(· − α)

and `0(Zd) denotes the set of all finitely supported sequences in Zd. The shifts of ϕ are called stable104

if there exist two positive constants C1 and C2 such that for all sequences a ∈ `2(Zd),105

(2.1) C1‖a‖`2 ≤ ‖
∑
α∈Zd

a[α]ϕ(· − α)‖L2 ≤ C2‖a‖`2 .106

The Sobolev space W k
1 (Rd) is the set of all distributions f such that Dµf ∈ L1(Rd) for all |µ| ≤ k,

and the Sobolev semi-norm is defined as |f |Wk
1

=
∑
|µ|=k ‖Dµf‖L1

. A function f is said to satisfy the

Strang-Fix conditions [30] of order k if

f̂(0) 6= 0 and Dµf̂(2πα) = 0, ∀α ∈ Zd\{0}, |µ| < k.

A wavelet system X(Ψ) is defined to be a collection of dilations and shifts of a finite set of functions
Ψ = {ψ1, . . . , ψm} ⊂ L2(R), where

X(Ψ) := {ψ`;j,k = 2j/2ψ`(2
j · −k), ` = 1, . . . ,m; j, k ∈ Z}.

When the set of functions X(Ψ) forms a tight frame of L2(R), i.e.,

‖f‖2L2(R) =

m∑
`=1

∑
j,k∈Z

|〈f, ψ`;j,k〉|2,

it is called a wavelet tight frame. To construct a wavelet system, one usually starts with a refinable
function φ satisfying

φ(x) = 2
∑
α∈Z

h0[α]φ(2x− α),

where h0 ∈ `0(Z) is called a refinement mask. Then the construction of a wavelet frame system is to107

find the set of framelets Ψ = {ψ1, . . . , ψm} defined by108

(2.2) ψ`(x) = 2
∑
α∈Z

h`[α]φ(2x− α), ` = 1, . . . ,m.109

Let Bm be the B-spline of order m, which in the frequency domain is given by110

(2.3) B̂m(ξ) = e−ijm
ξ
2

sinm ( ξ2 )

( ξ2 )m
,111

where112

(2.4) jm =

{
1, m is odd,

0, m is even.
113

It is easy to check that Bm is refinable with refinement mask114

(2.5) ĥ0(ξ) = e−ijm
ξ
2 cosm (

ξ

2
).115

By Bm and h0, a family of wavelet tight frame can be derived by the Unitary Extension Principle116

(UEP) [27]. Let m framelet masks be given by117

(2.6) ĥ`(ξ) := −i`e−ijm
ξ
2

√(
m

`

)
sin`(

ξ

2
) cosm−`(

ξ

2
), ` = 1, 2, . . . ,m,118
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APPROXIMATION FROM NOISY DATA 5

then X(Ψ) forms a tight frame with h` in (2.2) defined above.119

By the m+1 filters {h`}`=0,1,...,m, we can define the discrete wavelet frame transform on `1(Zd) by
tensor product. For index i = (i1, i2, . . . , id) with 0 ≤ i1, i2, . . . , id ≤ m, the wavelet filters (hi[k])k∈Zd
are defined as

hi[k] := hi1 [k1]hi2 [k2] . . .hid [kd],

where ir denotes the ir-th vanishing moment of hir corresponding to the r-th variable and k =120

(k1, k2, . . . , kd) ∈ Zd. For the (` + 1)-th level of undecimated wavelet frame transform, the filters121

are given by h`,i := h̃`,i ∗ h̃`−1,i ∗ . . . ∗ h̃0,i, where122

h̃`,i[k] =

{
hi[2

−`k], k ∈ 2`Zd,
0, k /∈ 2`Zd.

Let u ∈ `1(Zd), the 1-th level of wavelet frame decomposition is defined as

Wiu = hi[−·] ∗ u for i = (i1, i2, . . . , id).

In general, we denote W`,iu = h`,i[−·] ∗ u and the wavelet frame decomposition with L levels as123

Wu = {W`,iu : 0 ≤ ` ≤ L− 1, 0 ≤ i1, i2, . . . , id ≤ m}.124

For simplicity, in this paper we choose L = 1, and the analysis can be extended to general cases with125

L > 1. See [11,14,27] for more details on wavelet frames.126

2.2. Error analysis.127

2.2.1. Approximation error analysis. Let f ∈ L2(Ω) with Ω = (0, 1)d. Suppose that the128

discrete observation of f at Euclidean point 2−nα is given by129

(2.7) y[α] = (Snf)(2−nα) + ε[α], α ∈ In,130

where 2−n represents the step size of the uniform grid for some n ∈ N, ε[α] is a random noise, and131

Sn : L2(Ω)→ `2(In) is a sampling operator defined as132

(2.8) (Snf)(2−nα) = 2dn〈f, φ(2n · −α)〉, α ∈ Zd.133

Here, φ ∈ L2(Rd) is a refinable function with compact support satisfying
∫
Rd φ(x)dx = 1, and the index

set
In := {α = (α1, α2, . . . , αd) ∈ Zd, 0 ≤ α1, α2, . . . , αd ≤ 2n − 1}.

If the sampling process is assumed noiseless, i.e., ε ≡ 0, f can be well approximated by the discrete134

observations. Let f [α] = (Snf)(2−nα). Then we can define an approximation scheme An : `2(In) →135

L2(Ω) as follows136

(2.9) Anf :=
∑
α∈In

f [α]ϕ(2n · −α),137

where ϕ is a compactly supported function in L2(Rd).138

In the following, we show that if the wavelet coefficients of f satisfy some mild decay condition,139

Anf converges to f with some approximation order when ϕ is properly chosen. Let X(Ψ) be a wavelet140

system generated by UEP with masks {h`}, ` = 1, . . . ,m. For τ > 0, we say that the filter h` has τ141

vanishing moments if the following condition holds142

(2.10) ĥ`(ξ) = O(‖ξ‖τ ), as ξ → 0.143

Let Ĩn = {α ∈ In : support of ψi;n,α ⊂ Ω,∀ |i| ≥ 1}. For any ε > 0, let

Ωε = {x ∈ Ω : dist(x, ∂Ω) > ε}.
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6 B. DONG, Z. SHEN, AND J. YANG

Proposition 2.1. Let f [α] = (Snf)(2−nα), α ∈ In, be the discrete sampling of f , and An be144

the approximation scheme given by (2.9). Let X(Ψ) be a wavelet system satisfying the conditions of145

vanishing moments of order τ . Suppose that there exists s > 0 such that for |i| ≥ 1,146

(2.11)
∑
n∈N

∑
α∈Ĩn

2(2s−d)n|Wif [α]|2 ≤ C,147

where C is a positive constant. Then for any ε > 0 and 0 < ζ ≤ min{s, τ}, we have

‖Anf − f‖L2(Ωε) ≤ C(2−n)min{ζ,r}

provided that ϕ is chosen satisfying the following conditions:148

(2.12)
∑

α∈Zd\{0}

|ϕ̂(ξ + 2πα)|2 = O(‖ξ‖2r),149

and150

(2.13) 1− ϕ̂(ξ)φ̂(ξ) = O(‖ξ‖r)151

for some r > 0.152

Proof. Since ψ̂i = ĥi(
·
2 )φ̂( ·2 ), we obtain that153

22sn
(
2−dn

∑
α∈Ĩn

|Wif [α]|2
)

154

=
∑
α∈Ĩn

22sn2−dn|Wi(Snf)[α]|2155

= 22sn
( ∑
α∈Ĩn

|2−dn/2Wi〈f(2−n·), φ(· − α)〉|2
)

156

=
∑
α∈Ĩn

22sn|〈f, ψi,n−1,α〉|2.157

158

By (2.11), we have159 ∑
n∈N

∑
α∈Ĩn

22sn|〈f, ψi,n,α〉|2 = 2−2s
∑
n≥1

∑
α∈Ĩn

22sn|〈f, ψi,n−1,α〉|2 ≤ C.160

161

Moreover, by the conditions of vanishing moments of ψi, we have f |Ωε ∈ Hζ(Ωε) (see e.g. [18, 25]).
Therefore, by virtue of (2.12), (2.13) and [11,21], we have

‖Anf − f‖L2(Ωε) ≤ C(2−n)min{ζ,r}.

This concludes the proof.162

If φ and ϕ satisfy the properties of (2.12) and (2.13) for some r > 0, we have limn→∞ ‖Anf −
f‖L2(Ω) = 0 for any f ∈ L2(Ω) ( [5, Lemma 4.1]). It is well known that the smoothness of functions can
be characterized by the decay of their wavelet coefficients [4,10,18,25,35], and in many applications such
as signal and image processing, small ζ is preferred to reflect the low regularity of these functions [26,28].
In the case ζ ≥ 1, wavelets with high order vanishing moments should be applied to characterize the
conditions (2.10) and (2.11). Moreover, if we know f ∈ Hζ(Rd) in advance, and it is sampled on the
uniform grids in Rd, then An(Sn) is the quasi-projection operator (see [11,12,21]) defined as

An(Snf) = 2dn
∑
α∈Zd
〈f, φ(2n · −α)〉ϕ(2n · −α).

In this case, we can obtain the same approximation result as in the previous proposition.163
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APPROXIMATION FROM NOISY DATA 7

Note that ϕ is a compact supported function with ϕ̂(0) 6= 0. Then, the condition (2.12) of ϕ is164

equivalent to the Strang-Fix conditions of order r. If φ is chosen as B-spline of order m, we have165

|φ̂(ξ)| = sinm( ξ2 )

( ξ2 )m
, and φ ∈ Hs(R) for any s < m− 1

2 . In addition, if ϕ is also chosen as B-spline of order166

m, we have
∑
α∈Zd\{0} |ϕ̂(ξ + 2πα)|2 = O(‖ξ‖2m), and 1− ϕ̂(ξ)φ̂(ξ) = O(‖ξ‖2) for m ≥ 2.167

The sampling scheme (2.8) has been discussed in [5, 7, 25, 35]. In particular, if f is a smooth168

function and φ is chosen as the Dirac delta function, (Snf)(α) = f(2−nα). In this case, φ̂(ξ) ≡ 1 and169

ϕ can be explicitly constructed such that (2.12) and (2.13) hold for any r > 0, and the approximation170

order of An(Snf) to f depends on the smoothness of f and r [11]. The consistency of various sampling171

methods is analyzed in [13, Lemma 6.1].172

2.2.2. Statistical error analysis. Due to physical sampling processes and system errors, even173

with high-precision devices, the acquired data inevitably contains noise. Thus any effective approximate174

scheme should contain a noise removal component.175

Let y be the discrete sampling of f , and Dn be the denoising scheme given by the following model176

(2.14) min
u

E(u) = ‖u− y‖2`2(In) + ‖diag(λ)Wu‖`1 (̃In),177

where W is the discrete framelet transform, and the parameter diag(λ) is a diagonal matrix based on178

the vector λ = [λ0, λ1, . . .] which scales different wavelet channels. We then obtain a denoised result179

from y, i.e., Dny = y∗, where y∗ is the optimal solution of (2.14).180

Proposition 2.2. Let y = (Snf) + ε be the noisy observations of f given by (2.7). Assume that181

the random noise ε are independent with E(ε) = 0 and V ar(ε) ≤ σ2. Let y∗ = Dny be the denoised182

result obtained by (2.14). Taking expectation w.r.t. the random variable ε, we obtain183

(2.15) E
(
2−

dn
2 ‖y∗ − (Snf)‖`2(In)

)
≤ 2
(

2−
dn
2 ‖diag(λ)W(Snf)‖1/2

`1 (̃In)
+ σ

)
.184

Proof. Since y∗ is the minimizer of (2.14), the following applies185

‖y∗ − (Snf)‖2`2(In) ≤ 2(‖y∗ − y‖2`2(In) + ‖ε‖2`2(In))186

≤ 2(‖(Snf)− y‖2`2(In) + ‖diag(λ)W(Snf)‖`1 (̃In) + ‖ε‖2`2(In))187

≤ 2‖diag(λ)W(Snf)‖`1 (̃In) + 4‖ε‖2`2(In).188
189

By Jensen’s inequality [3] and the independence of ε[α], α ∈ In, we have

E(2−
dn
2 ‖ε‖`2(In)) ≤

(
E(2−dn

∑
α∈In

|ε[α]|2)
)1/2 ≤ σ.

Thus, we conclude that (2.15) holds.190

2.3. Approximation from data on uniform grids. Let y be the noisy observations of f . By
the denoising scheme Dn (2.14) and the approximation scheme An (2.9), we can obtain an approxima-
tion function

f∗n = Any∗ = An(Dny).

Since ϕ is a compactly supported function in L2(Rd), by [22, Theorem 2.1], for all sequences y1,y2 ∈191

`2(In), there exists a positive constant C independent of n such that192

(2.16) ‖Any1 −Any2‖L2(Ω) ≤ C2−
dn
2 ‖y1 − y2‖`2(In).193

Thus, we have194

‖f∗n − f‖L2(Ω) = ‖Any∗ − f‖L2(Ω)195

≤ ‖An(Snf)− f‖L2(Ω) + ‖Any∗ −An(Snf)‖L2(Ω)196

≤ ‖An(Snf)− f‖L2(Ω) + C2−
dn
2 ‖y∗ − (Snf)‖`2(In).197198

It follows that the approximation error depends on the properties of approximation scheme in199

section 2.2.1 and the denoising result in section 2.2.2.200
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Theorem 2.3. Let y = (Snf) + ε be the noisy observations of f given by (2.7). Suppose that the
random noise ε are independent with E(ε) = 0 and V ar(ε) ≤ σ2. Let the wavelet system X(ψ) satisfy
the vanishing moments conditions of order τ . In addition, we assume that there exists s > 0 such that
for |i| ≥ 1, ∑

n∈N

∑
α∈Ĩn

2(2s−d)n|Wi(Snf)[α]|2 ≤ C.

Let y∗ = Dny be the denoised result obtained by (2.14) with λ0 = 0 and 0 < λi ≤ 2(s−s0)n for201

some 0 < s0 ≤ 2s and all |i| ≥ 1. Let f∗n = Any∗ be the approximation function. Then for any ε > 0202

and 0 < ζ ≤ min{s, τ},203

(i) E(‖f∗n − f‖L2(Ωε)) ≤ C
(
(2−n)min{ζ,r} + (2−n)

s0
2 + σ

)
,204

and205

(ii) for any µ > 0, with probability at least 1− 1
µ ,

‖f∗n − f‖L2(Ωε) ≤ C
(
(2−n)min{ζ,r} + (2−n)

s0
2 + µ1/2σ

)
,

provided that φ and ϕ satisfy the conditions of order r in (2.12) and (2.13). Here, C is a positive206

constant independent of n.207

Proof. By Proposition 2.1 and (2.16), we have208

‖f∗n − f‖L2(Ωε) ≤ ‖An(Snf)− f‖L2(Ωε) + ‖Any∗ −An(Snf)‖L2(Ωε)209

≤ C1(2−n)min{ζ,r} + C22−
dn
2 ‖y∗ − (Snf)‖`2(In).210211

Moreover, by Proposition 2.2, we have

‖f∗n − f‖L2(Ωε) ≤ C3

(
(2−n)min{ζ,r} + 2−

dn
2 ‖diag(λ)W(Snf)‖1/2

`1 (̃In)
+ 2−

dn
2 ‖ε‖`2(In)

)
.

By the Cauchy-Schwarz inequality, for 0 < s0 ≤ 2s and |i| ≥ 1,212

2−dn
(
λi
∑
α∈Ĩn

|Wi(Snf)[α]|
)

213

≤ 2(s−s0)n
(
2−dn

∑
α∈Ĩn

|Wi(Snf)[α]|
)

214

≤ 2(s−s0− d2 )n
( ∑
α∈Ĩn

|Wi(Snf)[α]|2
) 1

2215

≤ C42−s0n.216217

Therefore, we conculde

‖f∗n − f‖L2(Ωε) ≤ C5

(
(2−n)min{ζ,r} + (2−n)

s0
2 + 2−

dn
2 ‖ε‖`2(In)

)
.

By Jensen’s inequality [3] and the independence of ε[α], α ∈ In, we obtain

E(2−
dn
2 ‖ε‖`2(In)) ≤

(
E(2−dn

∑
α∈In

|ε[α]|2)
)1/2 ≤ σ.

In addition, by Markov’s inequality, for any µ > 0,

P
(
(2−dn

∑
α∈In

|ε[α]|2) > µ
)
≤ σ2

µ
.

This completes the proof of the theorem.218
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Theorem 2.3 shows that the approximation error is completely determined by the approximation
scheme, the regularization of the denoising model (bias) and the noise level (variance). In particular,
if the wavelets have enough vanishing moments and the approximation scheme An is chosen to satisfy
the conditions in (2.12) and (2.13) with r ≥ s, then Theorem 2.3 implies that for any µ > 0, with
probability at least 1− 1

µ ,

‖f∗n − f‖ ≤ C
(
(2−n)s + λ1/2(2−n)

s
2 + µ1/2σ

)
.

Under the assumption that 2−
dn
2 ‖ε‖`2(In) → 0, a similar result was established in [35, Proposition 3.1].

However, if the sampling noise ε are independently and identically distributed (i.i.d.) with E(ε) = 0
and V ar(ε) = σ2, then

E(ε2) = σ2 and E(2−dn‖ε‖2`2(In)) = σ2.

Thus, in general 2−
dn
2 ‖ε‖`2(In) can not be neglected.219

In the following subsection, we consider the case when n is sufficiently large, how to choose an220

approximation scheme to reduce noise level to ensure convergence. The main idea is that when the data221

is dense enough, the observed values in high resolution grids can be filtered to generate “new” sampling222

values. Compared to the original observations, these values are on a coarser grid. Nevertheless, the223

noise level is decreased. Then, we may approximate f from these weighted values with reduced noise.224

In this way, although the approximation speed becomes slower, the noise level is decreased, and finally225

‖fn − f‖L2(Ω) converges to 0 instead of a positive constant.226

2.4. Reducing the noise level. Let y[α] = (Snf)(2−nα)+ε[α], α ∈ In, be the noisy observations227

of f on a fine grid 2−nIn given by (2.7). Here, (2−nα) denotes the Euclidean coordinate of the sampling228

point, and [α] denotes the index of the sequence.229

We can choose n1 ∈ N (e.g. n1 = bln(n)c) such that

lim
n→∞

n1 = +∞ and lim
n→∞

n− n1 = +∞.

For any given n and n1 ∈ N, let an be a low pass filter satisfying230

(2.17) ân[0] = 1, ‖an‖2`2 ≤
d

2n−n1
, and suppan ⊂ C[−2n−n1 , 2n−n1 ]d,231

where C is a positive constant independent of n and n1. Then, we define232

(2.18) φ̃(x) = 2d(n−n1)
∑
α∈Zd

an[α]φ(2n−n1x− α), x ∈ Rd.233

By the properties of an, we have
∫
Rd φ̃(x)dx =

∫
Rd φ(x)dx and supp φ̃ ∼ suppφ. In particular, if φ is234

constructed by tensor product from a univariate B-spline function (2.3), we can choose φ̃ = φ and an235

as the refinement mask of (2.18).236

For sequences y and an, the discrete convolution on Euclidean points 2−nIn is defined as237

(an[−·] ~ |Iny)[α] :=
∑
β∈Zd

an[β]y[α+ β], α ∈ In.238

Let

In1
= {α = (α1, α2, . . . , αd) ∈ Zd, 0 ≤ α1, α2, . . . , αd ≤ 2n1 − 1}.

In the uniform grids 2−n1In1
⊂ 2−nIn, we define ỹ ∈ `2(In1

) as239

(2.19) ỹ[α] =
(
an[−·] ~ |Iny

)
[2n−n1α], α ∈ In1

.240

Here for α ∈ In1 , ỹ[α] can be seen as a “new” sampling value of f at Euclidean coordinate (2−n1α) ∈241

2−n1In1
.242
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10 B. DONG, Z. SHEN, AND J. YANG

Then based on the above values ỹ on Euclidean coordinates 2−n1In1 , we can find an approximation243

function with convergence after applying the denoising and approximation scheme as in section 2.3.244

That is, we obtain a denoised result y∗n1
by solving245

(2.20) min
u
‖u− ỹ‖2`2(In1

) + ‖diag(λ)Wu‖`1 (̃In1
),246

and get an approximation function247

(2.21) g∗n1
=
∑
α∈In1

y∗n1
[α]ϕ(2n1 · −α).248

Theorem 2.4. Let φ be the tensor product from a univariate B-spline function, and y = Snf + ε249

be the noisy observations of f on Euclidean coordinates 2−nIn. Suppose that Snf and ε satisfy the250

conditions in Theorem 2.3.251

Assume that an is a low pass filter satisfying the properties in (2.17) and ỹ = an[−·]~ |Iny is given252

by (2.19). Let y∗n1
= Dn1 ỹ be the denoised result obtained by (2.20) with λ0 = 0 and 0 < λi ≤ 2(s−s0)n1253

for some 0 < s0 ≤ 2s and all |i| ≥ 1. Let f∗n1
= An1y

∗
n1

be the approximation function given by (2.21).254

Then, if φ and ϕ satisfy the conditions in Proposition 2.1, we have

E
(
‖f∗n1

− f‖L2(Ωε)

)
≤ C

(
(2−n1)min{ζ,r} + 2−

s0
2 n1 +

√
dσ2−

(n−n1)
2

)
.

In particular, for any µ > 0, with probability at least 1− 1
µ ,

‖f∗n1
− f‖L2(Ωε) ≤ C

(
(2−n1)min{ζ,r} + 2−

s0
2 n1 +

√
dµσ2−

(n−n1)
2

)
.

Proof. By the definition of φ̃ in (2.18), we have255

φ̃(2n1x− α) = 2d(n−n1)
∑
β∈Zd

an[β]φ
(
2n−n1(2n1x− α)− β

)
256

= 2d(n−n1)
∑
β∈Zd

an[β]φ
(
2nx− 2(n−n1)α− β

)
.257

258

Thus, we obtain the following sequence on 2−n1In1
with α ∈ In1

,259

(an[−·] ~ |InSnf)[α] =
∑
β∈Zd

an[β](Snf)[2n−n1α+ β]260

= 2dn
∑
β∈Zd

an[β]〈f, φ(2n · −2(n−n1)α− β)〉261

= 2dn1〈f, φ̃(2n1 · −α)〉262

= (Sn1
f)[α].263264

It follows that265

ỹ = an[−·] ~ |Iny = an[−·] ~ |In(Snf + ε) = Sn1
f + an[−·] ~ |Inε.266267

Since the random noise ε[α] are independent with E(ε) = 0 and V ar(ε) ≤ σ2, by the properties of an
in (2.17), we have

E(2−dn1‖an[−·] ~ |Inε‖2`2(In1
)) ≤

dσ2

2(n−n1)
.

Moreover, by Markov’s inequality, for any µ > 0,

P(2−dn1‖an[−·] ~ |Inε‖2`2(In1 ) > µ) ≤ dσ2

2(n−n1)µ
.

Then, we apply Theorem 2.3 to the data ỹ on 2−n1In1
and conclude that

E
(
‖f∗n1

− f‖L2(Ωε)

)
≤ C

(
‖An1

(Sn1
f)− f‖L2(Ωε) + 2−

s0
2 n1 +

√
dσ2−

(n−n1)
2

)
.

This together with Proposition 2.1 completes the proof.268
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Theorem 2.4 shows that if the data density is high enough and the sampling noise are independent269

with zero mean and bounded variance, we can find a way to approximate the function with convergence.270

Approximation from the coarse grid space may slow down the convergence rate, however the noise level271

can be reduced. In fact, if we choose diag(λ) = 0, the denoising and approximation scheme in Theorem272

2.4 is exactly the quasi-interpolation scheme [12,22].273

3. Approximation on Randomly Sampled Data. In this section we discuss the approxima-
tion of functions from random sampled data. Let Ω ⊂ Rd be a bounded open set. Suppose that we
are given a noisy sample f |Ξ at the data set Ξ ⊂ Ω, i.e.,

yi = f(xi) + εi, i = 1, 2, . . . , n,

where Ξ = {x1,x2, . . . ,xn} is a set of points drawn from Ω.274

We are interested in how to find an approximation function f∗n from the noisy data {(xi,yi)}ni=1275

and estimate the approximation error ‖f∗n − f‖L2(Ω) in terms of the number of samples. Furthermore,276

we consider when n is large enough, how to choose the denoising and approximation scheme such that277

the noise level can be reduced and convergence is guaranteed.278

We choose the shift invariant subspace Sh(ϕ,Ω) as the approximation space, which is spanned by
the integer translates of ϕ(·/h), i.e.,

Sh(ϕ,Ω) = {
∑
α∈I

u[α]ϕ(
·
h
− α) : u[α] ∈ R},

with
I = {α ∈ Zd : suppϕ(

·
h
− α) ∩ Ω 6= ∅}.

Moreover, we assume that ϕ is a compactly supported function with stable shifts and satisfies the
Strang-Fix conditions [30] of order k, which ensures that every smooth functions can be approximated
by Sh(ϕ) with high order. An explicit example is the tensor product of B-splines,

ϕ(x) = Bm(x1)Bm(x2) · · ·Bm(xd), with x = (x1, x2, . . . , xd) ∈ Rd.

The assumption on ϕ ensures that there exists b ∈ `0(Zd) such that for all q ∈ πdk−1,

q =
∑
α∈Zd

(q ∗′ b)[α]ϕ(· − α),

where πdk−1 denotes the set of all polynomials in d variables with degree ≤ k − 1 (see e.g. [11]). Let279

(3.1) f̃ =
∑
α∈Zd

(f(h·) ∗′ b)[α]ϕ(
·
h
− α).280

We can find an approximation function from {(xi,yi)}ni=1 ,281

(3.2) f∗n =
∑
α∈I

u∗[α]ϕ(
·
h
− α) ∈ Sh(ϕ,Ω)282

with u∗ being the minimizer of the following model283

(3.3) min
u

Ew(u) =

n∑
i=1

wi(
∑
α∈I

u[α]ϕ(
xi
h
− α)− yi)2 + ρ‖diag(λ)Wu‖`1 ,284

where W is the discrete framelet transform and ρ is the regularization parameter. The weight wi is285

to balance the penalties of different u[α] according to the density of sampling points in the support of286

ϕ( ·h − α), and diag(λ) is a diagonal matrix based on the vector λ which scales the different wavelet287

channels. The `1-norm of the wavelet frame transform induces the model a preference to a solution288

whose wavelet coefficients is sparse, and to preserve important features of the function.289

In the following subsections, we first consider the approximation ability of the shift invariant290

subspace on the sampling points, then discuss the error of the denoising model (3.3), i.e., ‖f∗n−f‖`2,w(Ξ).291

In the end, we investigate the error ‖f∗n − f‖L2(Ω) when {xi}ni=1 is randomly drawn from Ω for a given292

sample size n and when n goes to infinity.293
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12 B. DONG, Z. SHEN, AND J. YANG

3.1. Error analysis.294

3.1.1. Approximation error analysis. We assume that Ω ⊂ Rd is a bounded Lipschitz domain
satisfying the cone property, that is, there exist positive constants dΩ, rΩ such that for all ξ ∈ Ω, there
exists η ∈ Ω such that |ξ − η| = dΩ and

ξ + t(η − ξ + rΩB(1)) ⊂ Ω, ∀ t ∈ [0, 1].

For 0 < h < 1, let
Lh = {hj, j ∈ Zd}

be a set of lattice nodes, and295

(3.4) Qh
O =

⋃
`α,rα∈Lh,rα−`α=h

[`1, r1)× [`2, r2) · · · × [`d, rd) ⊃ Ω296

be the minimal set of cubes with nodes in Lh that cover Ω.297

According to Qh
O and Ξ, we define the weight of points {xi} in cube Vβ ∈ Qh

O by298

(3.5) wi = hd(#(Ξ ∩ Vβ))−1,299

if Ξ ∩ Vβ 6= ∅; and wi = 0, if Ξ ∩ Vβ = ∅. The weighted `2-norm of a continuous function g on Ξ is300

defined by301

(3.6) ‖g‖`2,w(Ξ) = (
∑
xi∈Ξ

wi|g(xi)|2)1/2.302

Using the above weights, the model (3.3) can be rewritten as

min
u
‖f(xi)− yi‖2`2,w(Ξ) + ρ‖diag(λ)Wu‖`1 ,

where f =
∑
α∈I u[α]ϕ( ·h − α) ∈ Sh(ϕ,Ω).303

It is easy to check that for functions g, g̃ ∈ C(Ω), we have

‖g̃ − g‖`2,w(Ξ) ≤ ‖g̃‖`2,w(Ξ) + ‖g‖`2,w(Ξ),

and for any constant c,
‖cg‖`2,w(Ξ) = |c|‖g‖`2,w(Ξ).

In particular, for any vector z = (z1, z2, . . . ,zn)T ∈ Rn,

‖g − z‖`2,w(Ξ) ≤ ‖g‖`2,w(Ξ) + ‖z‖`2,w(Ξ),

where

‖z‖`2,w = (

n∑
i=1

wi|zi|2)1/2.

Proposition 3.1. Let f ∈ W k
1 (Rd) with k ≥ d and f̃ be given by (3.1). Assume that ϕ ∈ L2(Rd)

has compact support and satisfies the Strang-Fix conditions of order k. Then

‖f̃ − f‖`2,w(Ξ) ≤ Ch(k− d2 )|f |Wk
1 (Ω),

where C is a constant independent of h.304

Proof. For every Vβ ∈ Qh
O, let xβ be the point in Ξ ∩ Vβ such that

xβ = arg max{|f̃(xj)− f(xj)| : xj ∈ Ξ ∩ Vβ}.

We pick one xβ for every Vβ ∈ Qh
O and set Ξ̆ =

⋃
Vβ∈QhO

{xβ}. It follows that

Ξ̆ ⊆ Ξ and ‖f̃ − f‖`2,w(Ξ) ≤ hd/2‖f̃ − f‖`2(Ξ̆).

Then, following the line of the proof of [35, Proposition 2.2], we have305

‖f̃ − f‖2`2,w(Ξ) ≤ h
d‖f̃ − f‖2

`2(Ξ̆)
≤

∑
Vβ∈QhO

hd‖f̃ − f‖2L∞(Vβ) ≤ Ch(2k−d)|f |2Wk
1 (Ω).306

307
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3.1.2. Statistical error analysis. Let {(xi,yi)}ni=1 be a noisy observation of f , where yi =308

f(xi) + εi, and εi is a random noise. By applying the denoising scheme (3.3) to the noisy data, we309

obtain an approximation function f∗n given by (3.2). In the following proposition we discuss the error310

of f∗n on Ξ.311

Proposition 3.2. Let f ∈ W k
1 (Rd) with k ≥ d, and yi = f(xi) + εi. Suppose that {εi} are

independent random noise with

E(εi) = 0 and V ar(εi) ≤ σ2.

Let Ew(u) be the denoising scheme given by (3.3) with diag(λ) ∼ diag(hd−k), and Wu being given by
those Wiu for which |i| ≥ k. Let u∗ be the minimizer of Ew(u), and

f∗n =
∑
α∈I

u∗[α]ϕ(
·
h
− α).

Then taking expectation w.r.t. the random variable ε, we have

E
(
‖f∗n − f‖2`2,w(Ξ) + ρ|f∗n|Wk

1 (Ω)

)
≤ C

(
h(2k−d)|f |2Wk

1 (Ω) + σ2hd#{Qh
O}+ ρ|f |Wk

1 (Ω)

)
,

where C is a positive constant independent of h, and #{Qh
O} denotes the number of cubes in Qh

O.312

Proof. Since u∗ is the minimizer of Ew(u), we have313

‖f∗n − y‖2`2,w(Ξ) + ρ‖diag(λ)Wu∗‖`1314

= Ew(u∗) ≤ Ew(f(h·) ∗′ b)315

= ‖f̃ − y‖2`2,w(Ξ) + ρ‖diag(λ)W(f(h·) ∗′ b)‖`1316

≤ 2(‖f̃ − f‖2`2,w(Ξ) + ‖f − y‖2`2,w(Ξ)) + C1ρ‖diag(λ)W(f(h·))‖`1317

= 2(‖f̃ − f‖2`2,w(Ξ) + ‖ε‖2`2,w(Ξ)) + C1ρ‖diag(λ)W(f(h·))‖`1 .318
319

In addition, noting that

‖f∗n − f‖`2,w(Ξ) ≤ ‖f∗n − y‖`2,w(Ξ) + ‖ε‖`2,w(Ξ),

we obtain320

‖f∗n − f‖2`2,w(Ξ) + ρ‖diag(λ)Wu∗‖`1321

≤ 6(‖f̃ − f‖2`2,w(Ξ) + ‖ε‖2`2,w(Ξ)) + 2C1ρ‖diag(λ)W(f(h·))‖`1 .322
323

By [35, Proposition 2.1] and the choice of diag(λ), we conclude that324

‖f∗n − f‖2`2,w(Ξ) + ρ|f∗n|Wk
1 (Ω)325

≤ C2

(
‖f̃ − f‖2`2,w(Ξ) + ‖ε‖2`2,w(Ξ) + ρ|f |Wk

1 (Ω)

)
.326

327

This together with Proposition 3.1 implies that

‖f∗n − f‖2`2,w(Ξ) + ρ|f∗n|Wk
1 (Ω) ≤ C3

(
h(2k−d)|f |2Wk

1 (Ω) + ‖ε‖2`2,w(Ξ) + ρ|f |Wk
1 (Ω)

)
.

Moreover, by the properties of {εi} and the definition of the weighted `2-norm in (3.6), we have

E(‖ε‖2`2,w(Ξ)) ≤ σ
2hd#{Qh

O}.

This completes the proof of the proposition.328
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3.2. Approximation from random sampled data. Let f ∈ W k
1 (Rd) with k ≥ d, and yi =

f(xi) + εi, i = 1, 2, . . . , n, be the noisy observation of f . Assume that the sampling set Ξ =
{x1,x2, . . . ,xn} is uniformly randomly drawn from a bounded set Ω ⊂ Rd, i.e., for any measurable
subset Ω0 ⊂ Ω,

P({xi ∈ Ω0}) =
|Ω0|
|Ω|

, i = 1, 2, . . . , n.

For the sampling set Ξ, the density level of Ξ in Ω is defined as

δ(Ξ,Ω) = sup
x∈Ω

inf
ξ∈Ξ
|x− ξ|.

Without loss of generality, in the following we assume that |Ω| = 1. We first give a probability esti-329

mate of the density level of the sampling data, then determine the scale parameter of the approximation330

space and give a detailed analysis of the approximation error from randomly sampled data.331

For every cube C ⊂ Ω with volume |C| = 1
n , by the properties of the binomial distribution, we have

P({xi /∈ C, ∀xi ∈ Ξ}) = (1− 1

n
)n ∼ 1

e

and the expectation

E(#{xi ∈ C}) = 1.

Noting that there exist cubes of the form [`1, r1) × [`2, r2) · · · × [`d, rd) which are of the same
size and cover Ω, and in order to guarantee that there exist sampling points in most cubes with high
probability, the volume of the cube should be larger than 1

n . Let 0 < γ1 < 1 be a small positive
number. We define a set of lattice nodes as follows:

Lγ1 = {n
−(1−γ1)

d j, j ∈ Zd}.

According to Lγ1 , there are two sets of cubes332

(3.7) Qγ1I =
⋃

`i,ri∈Lγ1 ,ri−`i=n
−(1−γ1)

d

[`1, r1)× [`2, r2) · · · × [`d, rd) ⊂ Ω333

and334

(3.8) Qγ1O =
⋃

`i,ri∈Lγ1 ,ri−`i=n
−(1−γ1)

d

[`1, r1)× [`2, r2) · · · × [`d, rd) ⊃ Ω,335

which are the most cubes inside Ω and the minimal cubes that cover Ω. It is easy to check that336

Qγ1O = Qh
O with h = n

−(1−γ1)
d in (3.4), and the volume of each cube is equal to nγ1−1.337

Let #Qγ1I and #Qγ1O be the number of cubes in Qγ1I and Qγ1O respectively. Then

#Qγ1I ≤ n
1−γ1 ,

and we assume that there exists a positive constant C independent of n such that

#Qγ1O ≤ C(#Qγ1I ).

Lemma 3.3. Let Ω ⊂ Rd be a bounded set satisfying the cone property and Ξ = {x1,x2, . . . ,xn}
be uniformly drawn from Ω. Let Qγ1I be the set of cubes defined by (3.7), and ΞI = Ξ ∩ Qγ1I be the
sampling points in Qγ1I . For every cube Vα ∈ Qγ1I , let #(Ξ∩Vα) denote the number of points in Ξ∩Vα.
(i) For an arbitrary 0 ≤ γ2 < γ1 < 1,

P{everyVα ∈ Qγ1I ,#(Ξ ∩ Vα) > nγ2} ≥ 1− n1−γ1 exp
(
− (nγ1 − 2nγ2)

2

)
.

This manuscript is for review purposes only.



APPROXIMATION FROM NOISY DATA 15

(ii) With probability greater than

1− n1−γ1 exp
(
− (nγ1 − 2)

2

)
,

the density level of ΞI in Ω

δ(ΞI ,Ω) ≤ Cn
−(1−γ1)

d ,

and thus
δ(Ξ,Ω) ≤ Cn

−(1−γ1)
d ,

where C is a positive constant dependent only on Ω.338

Proof. (i) For any given Vα0 ∈ Q
γ1
I , let

p = P{xi ∈ Vα0
} = |Vα0

| = n−(1−γ1)

be the probability of “success” in the sequence of n independent experiments, and the cumulative
distribution function be expressed as

F (nγ2 ;n, p) = P{#(Ξ ∩ Vα0) ≤ nγ2}.

By Chernoff’s inequality of the binomial distribution [19], we have

F (nγ2 ;n, p) ≤ exp
(
− 1

2p

(np− nγ2)2

n

)
.

Since the number of cubes Vα in Qγ1I is less than |Ω|
|Vα| = n1−γ1 , we obtain that339

P{∃Vα ∈ Qγ1I , s.t. #(Ξ ∩ Vα) ≤ nγ2}340

≤ n1−γ1F (nγ2 ;n, p)341

≤ n1−γ1 exp
(
− n1−γ1

2

(np− nγ2)2

n

)
342

= n1−γ1 exp
(
− (nγ1 − nγ2)2

2nγ1

)
343

≤ n1−γ1 exp
(
− (nγ1 − 2nγ2)

2

)
.344

345

Thus,

P{∀Vα ∈ Qγ1I ,#(Ξ ∩ Vα) > nγ2} ≥ 1− n1−γ1 exp
(
− (nγ1 − 2nγ2)

2

)
.

(ii) By the cone property of Ω, for every x ∈ Ω, there exists a ball B(o, r) ⊂ Ω with center o and

radius r = 2n
−(1−γ1)

d satisfying

|x− o| ≤ dΩ

rΩ
r.

Besides, there exists a cube Vα1
∈ Qγ1I such that Vα1

⊂ B(o, r). By (i), with probability at least

1− n1−γ1 exp
(
− (nγ1−2)

2

)
, there exists a point xi1 ∈ Ξ ∩ Vα1

inside B(o, r) and

|x− xi1 | ≤ (1 +
dΩ

rΩ
)r = 2(1 +

dΩ

rΩ
)n
−(1−γ1)

d .

Thus,

δ(ΞI ,Ω) ≤ 2(1 +
dΩ

rΩ
)n
−(1−γ1)

d .

In addition, since ΞI ⊂ Ξ, it is obvious that δ(Ξ,Ω) ≤ δ(ΞI ,Ω).346
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Theorem 3.4. Let f ∈W k
1 (Rd) with k ≥ d, and Ω ⊂ Rd be a bounded set satisfying the cone prop-

erty. Let {xi}ni=1 be uniformly drawn from Ω, and yi = f(xi) + εi. Suppose that {εi} are independent
random noise with

E(εi) = 0 and V ar(εi) ≤ σ2.

Let Ew(u) be the denoising model given by (3.3) with h = n
−(1−γ1)

d for some 0 < γ1 < 1, diag(λ) ∼
diag(hd−k), and Wu being given by those Wiu for which |i| ≥ k. Moreover, suppose that the weight
wi of (3.3) is given by (3.5), and ρ denotes the regularization parameter. Let u∗ be the minimizer of
Ew(u) and

f∗n =
∑
α∈I

u∗[α]ϕ(
·
h
− α).

Then for any µ > 0, the following inequality347

‖f∗n − f‖L2(Ω)(3.9)348

≤ C
(
n−

(1−γ1)
d (k− d2 )|f |Wk

1 (Ω) +
√
ρ|f |

1
2

Wk
1 (Ω)

+ n−
3(1−γ1)(2k−d)

2d ρ−1|f |2Wk
1 (Ω)349

+ µ1/2σ + n
−(1−γ1)(2k−d)

2d ρ−1µσ2
)

350
351

holds with probability at least

(1− 1

µ
)
(

1− n1−γ1 exp(− (nγ1 − 2)

2
)
)
,

where C is a positive constant independent of n.352

Proof. By Lemma 3.3, with probability at least

1− n1−γ1 exp(− (nγ1 − 2)

2
),

the density level of Ξ = {x1,x2, . . . ,xn} in Ω,353

(3.10) δ(Ξ,Ω) ≤ C1n
−(1−γ1)

d .354

For any continuous function g, let355

Ξ̃g =
⋃

Vα∈Q
γ1
O

{xα : xα = arg min{|g(xj)| : xj ∈ Ξ ∩ Vα},356

357

where Qγ1O is the set of cubes defined by (3.8). Then we have358

‖g‖`2(Ξ̃g) = (
∑
xα∈Ξ̃g

|g(xα)|2)1/2 ≤ h− d2 ‖g‖`2,w(Ξ).359

360

Moreover, we can check that (3.10) implies that the density level of Ξ̃g in Ω,

δ(Ξ̃g,Ω) ∼ δ(Ξ,Ω).

By Duchon’s inequality [2, Theorem 4.1], for any g ∈W k
1 (Ω),361

‖g‖L2(Ω) ≤ C2

(
δ(Ξ̃g,Ω)k−

d
2 |g|Wk

1 (Ω) + δ(Ξ̃g,Ω)
d
2 ‖g‖`2(Ξ̃g)

)
362

≤ C2

(
hk−

d
2 |g|Wk

1 (Ω) + ‖g‖`2,w(Ξ)

)
.363

364

It follows that365

‖f∗n − f‖L2(Ω) ≤ C2

(
hk−

d
2 (|f∗n|Wk

1 (Ω) + |f |Wk
1 (Ω)) + ‖f∗n − f‖`2,w(Ξ)

)
.366

367
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In addition, by Proposition 3.2 and Markov’s inequality, for any µ > 0, with probability at least 1− 1
µ ,368

we have369

‖f∗n − f‖2`2,w(Ξ) + ρ|f∗n|Wk
1 (Ω) ≤ C3

(
h(2k−d)|f |2Wk

1 (Ω) + µσ2 + ρ|f |Wk
1 (Ω)

)
.370

371

Therefore, we conclude that the inequality (3.9) holds with probability at least372

(1− 1

µ
)
(

1− n1−γ1 exp(− (nγ1 − 2)

2
)
)
.373

374

Theorem 3.4 shows that the approximation error ‖f∗n − f‖L2(Ω) consists of three parts, in which375

h(k− d2 )|f |Wk
1 (Ω) is the error determined by the approximation ability of Sh(ϕ,Ω), ρ1/2|f |

1
2

Wk
1 (Ω)

+376

ρ−1h3(k− d2 )|f |2
Wk

1 (Ω)
is the regularization error of the model, and µ1/2σ + hk−

d
2 ρ−1µσ2 is the noise377

error. Here, the scale h = n
−(1−γ1)

d is determined by the density level of sampling data. We can choose378

the regularization parameter such that n
−(1−γ1)(2k−d)

2d ≤ ρ→ 0 as n→∞. Then, when the data density379

is high enough, the regularization error can be negligible and ‖f∗n − f‖L2(Ω) is bounded by the noise380

level.381

3.3. Reducing the noise level. For a given sample size and noise level, Theorem 3.4 provides382

a denoising scheme to approximate functions from the random sampled data based on the analysis of383

data density, and gives an approximation analysis of the solution. In the following, we consider the384

case when there are multiple sensors and the number of sampling points is large enough, how to tackle385

the problem of sampling noise. The idea is similar to section 2.4. We first filter the neighbouring386

points in every local area at a high resolution level, then approximate f from these filtered values at a387

relatively coarse level. The advantage of this process is that the noise level will be sufficiently reduced388

and meanwhile the convergence can be guaranteed.389

Let 0 < γ1 < 1 be a small positive number and Qγ1I be given by (3.7). For every Vβ ∈ Qγ1I , let390

Ξ ∩ Vβ = {xβ1
,xβ2

, . . . ,xββs} be the βs sampling points in the cube Vβ . We define a sampling point391

(xβ ,yβ) of Vβ as follows392

(3.11) xβ =
1

βs

βs∑
j=1

xβj393

and

yβ =
1

βs

βs∑
j=1

yβj .

Let
Ξ =

⋃
Vβ∈Q

γ1
I

{xβ : for everyVβ ∈ Qγ1I ,xβ ∈ Vβ is defined by (3.11)}.

Then based on the filtered data {(xβ ,yβ) : xβ ∈ Ξ}, we apply the following denoising scheme394

(3.12) min
u
Ẽ(u) = hd

∑
xβ∈Ξ

(
∑
α∈I

u[α]ϕ(
xβ
h
− α)− yβ)2 + ρ‖diag(λ)Wu‖`1395

with h = n
−(1−γ1)

d .396

Theorem 3.5. Let f ∈W k
1 (Rd) with k > d, and Ω ⊂ Rd be a bounded set satisfying the cone prop-

erty. Let {xi}ni=1 be uniformly drawn from Ω, and yi = f(xi) + εi. Suppose that {εi} are independent
random noise with

E(εi) = 0 and V ar(εi) ≤ σ2.

Let 0 < γ1 < 1 and {(xβ ,yβ) : xβ ∈ Ξ} be the data obtained by (3.11) from {(xi,yi)}ni=1. Let u∗ be the

minimizer of Ẽ(u) in (3.12) with diag(λ) ∼ diag(hd−k) and Wu being given by those Wiu for which
|i| ≥ k. Let

f∗n =
∑
α∈I

u∗[α]ϕ(
·
h
− α).
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397

(i) For any µ > 0 and 0 < γ2 < γ1, the following inequality398

‖f∗n − f‖L2(Ω)399

≤ C
(
n−

(1−γ1)
d (k− d2 )|f |Wk

1 (Ω) +
√
ρ|f |

1
2

Wk
1 (Ω)

+ n−
3(1−γ1)(2k−d)

2d ρ−1|f |2Wk
1 (Ω)400

+ µ1/2
(
n−

(1−γ1)
d ‖f‖Wk

1 (Ω) + n
−γ2
2 σ

)
401

+ n
−(1−γ1)(2k−d)

2d ρ−1µ
(
n−

2(1−γ1)
d ‖f‖2Wk

1 (Ω) + n−γ2 σ2
))

402
403

holds with probability at least

(1− 1

µ
)
(

1− n1−γ1 exp
(
− (nγ1 − 2nγ2)

2

))
.

(ii) If the regularization parameter ρ is chosen such that

n−
(1−γ1)
d (k− d2 ) ≤ ρ→ 0

as n→∞, and γ2 = γ1
2 , then when n is large enough, the following inequality404

‖f∗n − f‖L2(Ω) ≤ C
(√

ρ|f |
1
2

Wk
1 (Ω)

+ n−
(1−γ1)

2d ‖f‖Wk
1 (Ω) + n−

(1−γ1)
d ‖f‖2Wk

1 (Ω) + n−
γ1
8 σ
)

405
406

holds with probability at least(
1−max{n−

(1−γ1)
d , n−

γ1
4 }
)(

1− n1−γ1 exp
(
− n

γ1
2

))
.

In particular, for all ω > 0, we have

lim
n→∞

P
(
‖f∗n − f‖L2(Ω) > ω

)
= 0.

Proof. (i) For every xβ ∈ Ξ, we have407

|f(xβ)− yβ | = |f(xβ)− 1

βs

βs∑
j=1

(f(xβj ) + εβj )|408

≤ |f(xβ)− 1

βs

βs∑
j=1

f(xβj )|+ |
1

βs

βs∑
j=1

εβj |409

≤ | 1

βs

βs∑
j=1

(f(xβ)− f(xβj ))|+ |
1

βs

βs∑
j=1

εβj |410

≤ max
j=1,2,...,βs

|f(xβ)− f(xβj )|+ |
1

βs

βs∑
j=1

εβj |.411

412

Since xβ and {xβj}
βs
j=1 are in the same cube Vβ , by the Sobolev embedding theorem [1], we obtain

|f(xβ)− f(xβj )| ≤ C1‖f‖Wk
1 (Vβ)n

−(1−γ1)
d .

Moreover, by Lemma 3.3, with probability at least

1− n1−γ1 exp
(
− (nγ1 − 2nγ2)

2

)
,
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there are more than nγ2 points in every cube Vβ ∈ Qγ1I , i.e., βs ≥ nγ2 . Thus, taking expectation over
εj , we obtain

E
(
| 1

βs

βs∑
j=1

εj |2
)
≤ σ2

nγ2
.

It follows that with probability at least

1− n1−γ1 exp
(
− (nγ1 − 2nγ2)

2

)
,

we have413

E
(
(#{Ξ})−1‖f − yβ‖2`2(Ξ)

)
≤ 2
(
(C1)2n

−2(1−γ1)
d ‖f‖2Wk

1 (Ω) +
σ2

nγ2

)
414

≤ C2

(
n−

2(1−γ1)
d ‖f‖2Wk

1 (Ω) + n−γ2 σ2
)
.415

416

Then we apply Theorem 3.4 to the data Ξ, and conclude that for any µ > 0, the result of (i) holds.417

(ii) If we choose γ2 = γ1
2 , µ = min{n

(1−γ1)
d , n

γ1
4 } and ρ such that

n−
(1−γ1)
d (k− d2 ) ≤ ρ→ 0

as n → ∞, then when n is large enough, the approximation error can be simplified by ignoring high418

order infinitesimal. By the result of (i), we can check that the following inequality419

‖f∗n − f‖L2(Ω) ≤ C4

(√
ρ|f |

1
2

Wk
1 (Ω)

+ n−
(1−γ1)

2d ‖f‖Wk
1 (Ω) + n−

(1−γ1)
d ‖f‖2Wk

1 (Ω) + n−
γ1
8 σ
)

420
421

holds with probability at least

(1− 1

µ
)
(

1− n1−γ1 exp
(
− n

γ1
2

))
.

The desired result then follows.422

Remark 3.6. In Theorem 3.4 and 3.5 we discussed the approximation of analog signals from ran-423

dom sampled data. Based on the estimate of data density, we proposed an `1-regularized weighted424

least squares model which makes additional use of the wavelet frame transform in order to preserve425

the discontinuity features. The weight in the model is to balance the penalties of different coefficients.426

When the density of sampling points is high enough, the filtering process of the original data can reduce427

the noise level and the convergence can be obtained at a relatively coarse level. In the special case428

when points are in the uniform grids, and the approximation function is chosen to be an interpolatory429

function, that is ϕ(0) = 1 and ϕ(m) = 0 for all m ∈ Zd\{0}, the denoising model (3.3) is the same as430

(2.14) with h = 2−n.431

We assumed that f ∈ W k
1 (Rd) and the approximation result was restrict to a bounded Lipschitz432

domain, so no boundary conditions were considered. If we assume that f is defined on Ω, but no433

information about f outside Ω is known, the boundary problem will become more subtle. The parameters434

λ in Theorem 3.4 were chosen of the same order to make all of the wavelet channels Wiu
∗ decay for435

|i| ≥ 1 and ‖diag(λ)Wu∗‖`1 ∼ |f∗n|Wk
1

. The regularization parameter ρ should not be large in order to436

fit the observations, nor too small in order to control the smoothness and avoid overfitting.437
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