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Extension of matrices with Laurent polynomial entriesZuowei ShenDepartment of MathematicsNational University of SingaporeSingapore 119260
1. IntroductionThis note provides an algorithmatic solution to the following problem:Matrix Extension Problem 1.1. Let P and Q be n � r, r � n matrices in P whereP is the set of all �nite order matrices with Laurent polynomial entries. Suppose thatQT (z)P (z) = Ir, z 2 Cnf0g, where QT is the transpose of the matrix Q and Ir is theidentity matrix of order r. How to obtain n � (n � r) matrices G and H in P such thatthe n� n matrices X := (P G) and Y = (Q H) satisfyY T (z)X(z) = In; z 2 Cnf0g?For the special case that P = Q, this problem has been solved in [LLS] in the contextof the construction of compactly supported orthonormal (multi)wavelets from a multires-olution. In fact, [LLS] provides an algorithmatic method to �nd G such that the matrixX = (P G) satisfy X�X = In on the torus.Another special case is that when the n � r matrix P 2 P is nonsingular on Cnf0g,how to extend this matrix to an n�n nonsigular matrix on Cnf0g in P with P as its �rstr columns. By the Quillen-Suslin Theorem, such an extension exists. An algorithmaticmethod is provided in [LLS] in the context of the construction of compactly supported(multi)prewavelet from a multiresolution.However, Problem 1.1 is not that well studied in the literature. The solution to Prob-lem 1.1 can be applied to construct compactly supported biorthonormal (multi)waveletsfrom a pair of dual multiresolutions. It also can be used to design a pair of high pass �lterbanks from a given pair of low pass �lter banks in the area of the signal processing. Theinterested reader should consult [SN] for the details.We remark that with this note together with [LLS] the problems of extending matri-ces related to the construction of the compactly supported orthonormal (multi)wavelets,(multi)prewavelets ([LLS]) and biorthonormal (multi)wavelets have been completely solvedfor the univarate case, although there may still have some possibilities to improve the algo-rithm. It should be mentioned that the corresponding matrix extension problems for the1



multivariate case are much more challenging. However, some results have been obtainedin this direction (see [JS], [RS1], and [RS2]).2. Extension of matricesDenote by ID the set of all �nite order square diagonal matrices whose diagonal el-ements are of the form cz� with c 2 Cnf0g for some � 2 ZZ. We also denote by ij thecolumn vector whose jth entry is 1 and all other entries are 0.We start with the following Proposition:Proposition 2.1. Let p be an n�1 matrix in P with the �rst entry being 1. Then, thereexists an n� n matrix A in P which is nonsingular on Cnf0g, such thatA(z)p(z) = i1:Proof. By multiplying a proper diagonal matrix D0 in ID, we may assume thatp = NXi=0 aizi;where ai is an n� 1 constant column vector. The assumption that the �rst entry of p is 1implies that the �rst entry of a0 is 1 and the �rst entry of ai is 0, for i = 1; : : : ; N . Hence,there is a nonsigular constant matrix C derived from row operations, so that C1a0 = i1.The column vector C1p(z) has the form that the �rst entry is 1 and the other entries areeither 0 or a polynomial with its least degree at least 1. Then, there is a matrix D1 2 ID,such that the column vector D1C1p has degree at most N � 1, N > 0. This implies thatD1C1p has lower degree polynomials as its entries in comparison with p and it has 1 as its�rst entry as well. Hence, after a �nite number of steps,we have DkCk � � �D1C1D0p = i1:Let A = DkCk � � �D1C1D0. Then A 2 P is nonsingular on Cnf0g and Ap = i1.A similar argument, with some modi�cations, leads to the following two results of[LLS].Result 2.2. Let p(z) be an n� 1 matrix in P. Then there is an invertable matrix A(z)in P such that(2:3) A(z)p(z) = (f(z); 0; : : : ; 0)T :where f(z) 2 P (i.e. f is a Laurent polynomial). Further, A is a product of (constant)matrices corresponding to row operations and diagonal matrices in ID.Proof. The proof provided in [LLS] is elementary and the matrix A can be ob-tained constructively. The interested reader should consult [LLS] for the details.2



Directly applying this result, in [LLS] the following result was obtained (see Theorem3.2 [LLS]) :Result 2.4. Let P = (p1 : : : pr) be a n�r matrix in P. Then, there exists an n�n matrixA(z) in P which is nonsingular on Cnf0g, such thatA(z)P (z) = �U(z)0 � ;where U(z) is an upper triangular r � r matrix in P and 0 is the (n� r)� r zero matrix.We need the following Proposition to solve Problem 1.1.Proposition 2.5. Let P = (p1 : : : pr) be a n� r matrix in P which has rank r on Cnf0g.Then, one can (constructively) �nd an n � n matrix A(z) in P which is nonsingular onCnf0g, such that A(z)P (z) = � Ir0 � ;where Ir is the r � r identity matrix and 0 is the (n� r)� r zero matrix.Proof. Applying Result 2.4, one can construct a matrix A0(z) 2 P which isnonsingular on Cnf0g such that A0(z)P (z) = �U(z)0 � ;where U(z) is an upper triangular r � r matrix in P and 0 is the (n� r)� r zero matrix.Since P has rank r on Cnf0g, when multiplying by a proper D 2 ID, we may assume thatthe diagonal entries of U are 1. Hence, the �rst column of A0P is i1. Suppose that wehave constructed a matrix Aj�1, such that the matrixAj�1(z)A0(z)P (z) = �Uj�1(z)0 � ;where Uj�1(z) is an upper triangular r� r matrix in P and the matrix Aj�1(z)A0(z)p(z)has the form Aj�1(z)A0(z)P (z) = (i1; : : : ; ij�1; sj(z) : : : ; sr(z));where each column sk has 1 as its kth entry and the lth entry, l > k, is 0. ApplyingProposition 2.1, one obtains a matrix Sj 2 P which is nonsingular on Cnf0g, such thatSjsj = ij. Since Sj is a product of constant matrices corresponding to row operations(const jth row � ith row, i < j) and diagonal matrices from ID, we have that columnsSjii = ii for i < j (by multiplying an (extra) proper diagonal matrix from ID, if it is3



necessary) and the lth entry, l > j of the column Sjsk, k > j, does not change. LetAj = SjAj�1, then the matrix Aj�1(z)A0(z)p(z) has the form thatAj(z)A0(z)P (z) = (i1; : : : ij ; Sj(z); sj+1(z); : : : ; Sj(z)sr(z));where the kth entry of the column Sjsk is 1 and the lth entry, l > k of Sjsk is 0. Therefore,by a �nite number of inductive steps, we �nd a matrix A 2 P, such thatA(z)P (z) = � Ir0 �Finally, we reach to the solution to Problem 1.1.Theorem 2.6. Let P and Q be n � r, r � n matrices in P with QT (z)P (z) = Ir,z 2 Cnf0g. Then there exist two n� (n� r) matries G and H in P such that the n� nmatrices X := (P G) and Y = (Q H) satisfyY T (z)X(z) = In; z 2 Cnf0g:Further, the matrices G and H can be obtained by an algorithmatic construction.Proof. Applying Result 2.4, one can �nd a matrix A 2 P which is nonsingular onCnf0g, such that A(z)P (z) = �U(z)0 � ;where U(z) is an upper triangular r � r matrix in P and 0 is the (n� r)� r zero matrix.Denote by the last n � r rows of A(z) aT1 (z); : : : ; aTn�r and de�ne an n � (n � r) matrixH = (a1 � � �an�r). Then HT (z)P (z) = 0, z 2 Cnf0g and the matrix H(z) has rank n� rfor all z 2 Cnf0g. Let Y = (Q H). Then, the matrix Y (z) is nonsigular for all z 2 Cnf0g,because the matrix Y T (z)(P (z) H(z)) = �QT (z)HT (z)� (P (z) H(z) )= � Ir QT (z)H(z)0 HTH �is nonsigular on Cnf0g.Applying Proposition 2.5, one obtains a matrix B 2 P, such that(2:7) B(z)Y (z) = B(z)(Q(z) H(z)) = In; z 2 Cnf0g:Denote the last n� r rows of B(z) bT1 (z); : : : ; bTn�r(z) and de�ne the n� (n� r) by matrixG(z) = (b1(z) � � � bn�r(z)) . Then, QT (z)G(z) = 0 and HT (z)G(z) = In�r, z 2 Cnf0g.4



Let X(z) = (P (z) G(z)). Recall the fact that HT (z)P (z) = 0 and QT (z)P (z) = Ir, wehave Y T (z)X(z) = �QT (z)HT (z)� (P (z) G(z))= � Ir 00 In�r �= In:The last statement of this theorem follows from the fact that the Results and Propo-sitions used here are all obtained by algorithmatic constructions.Remark 2.8. The matrix B(z) in (2.7) is the inverse matrix of Y (z). Since Y (z) isnonsingular on Cnf0g, detY (z) = z�, for some � 2 ZZ. Therefore, Y �1 has Laurentpolynomial entries and one may obtain B(z) without using Proposition 2.5. However,Proposition 2.5 provides a constructive method to obtain Y �1 which is implementable oncomputers. This is in particular useful when n is large.Reference[JS] Jia, Rong-Qing and Zuowei Shen, Multiresolution and wavelets, Proc. EdinburghMath. Soc. 37 (1994), 271-300.[LLS] Lawton, W., S.L. Lee and Zuowei Shen, An algorithm for matrix extension and waveletconstruction, Math. Comp. 65 (1996) 723{737.[RS1] Riemenschneider, S.D. and Zuowei Shen, Box splines, cardinal series and wavelets, in\Approximation Theory and Functional Analysis", C. K. Chui, ed., Academic Press,1991, pp. 133{149.[RS2] Riemenschneider, S. D. and Zuowei Shen, Wavelets and pre-wavelets in low dimen-sions, J. Approx. Theory 71 (1992), 18{38.[SN] Strang G.and Truong Nguyen, Wavelets and Filter Banks, Wellesley-Cambridge Press(1996).
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