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x1. IntroductionIn this paper we investigate multiresolution and wavelet decomposition in the mul-tivariate situation. Our study is based on the theory of �nitely generated shift-invariantspaces. Certain basic questions concerning multiresolution are addressed and solved. Or-thogonal wavelets are constructed explicitly under almost the weakest assumptions. Whenthe scaling function is skew-symmetric about some point, orthogonal wavelets and pre-wavelets are constructed in such a way that they possess certain desirable properties.Re�nable shift-invariant spaces constitute an appropriate setting for wavelet theory.Given a linear space S of (complex-valued) functions de�ned on IRd, we say that S isshift-invariant if, for any s 2 S and j 2 ZZd, the shift s(� � j) of s is also in S; we saythat S is re�nable if, for any s 2 S, its dyadic dilate s(�=2) is also in S. For example, foreach p 2 [1;1], the space Lp(IRd) is re�nable and shift-invariant, where Lp(IRd) denotesthe Banach space of all measurable functions f such thatkfkp := �ZIRd jf(x)jp dx�1=p <1For � 2 L2(IRd), we de�ne S(�) to be the smallest closed shift-invariant subspace ofL2(IRd) containing �. We say that � is re�nable if S(�) is. A re�nable function is alsocalled a scaling function.Most methods used in wavelet decompositions rely on the notion of multiresolutionas introduced by Mallat [32] and Meyer (see [33]). Here we shall adopt the de�nition ofmultiresolution put forward by de Boor, DeVore, and Ron in [6], which is a generalizationof the de�nition given by Mallat and Meyer. Let S be a shift-invariant subspace of L2(IRd).For k 2 ZZ, let Sk be the 2k-dilate of S:Sk = f s(2k�) : s 2 S g:We say that fSkgk2ZZ forms a multiresolution of L2(IRd) if the following conditions aresatis�ed: (i) Sk � Sk+1, k 2 ZZ;(ii) [k2ZZSk = L2(IRd);(iii) \k2ZZSk = f0g.1



Evidently, the condition (i) is equivalent to saying that S is re�nable.In [32] and [33], the space S was assumed to be S(�) for some function � 2 L2(IRd).Moreover, � was assumed to have stable shifts. The concept of stability involves sequenceson the lattice ZZd. For each p 2 [1;1], let `p(ZZd) be the Banach space of all sequences aon ZZd such that kakp := �Xj2ZZd ja(j)jp�1=p <1:We also denote by `0(ZZd) the linear space of all �nitely supported sequences on ZZd. Fora function � de�ned on IRd and a sequence a on ZZd, we use the semi-convolution notation��0a to denote the sum Xj2ZZd �(� � j)a(j)whenever this sum makes sense. In particular, ��0a is well de�ned if a 2 `0(ZZd). We saythat the shifts of a function � 2 L2(IRd) are stable if there exist two positive constantsC1 and C2 such thatC1kak2 � k��0ak2 � C2kak2 for all a 2 `0(ZZd): (1:1)The stability condition can be characterized in terms of the Fourier transform of �. TheFourier transform of f 2 L1(IRd) is de�ned byf̂(�) := ZIRd f(x)e�i��x dx; � 2 IRd;where i denotes the imaginary unit, and � � x denotes the inner product of the two vectors� and x in IRd. The Fourier transform has a natural extension to L2(IRd). It is well-known(see e.g., [33, Chap. 2]) that (1.1) is equivalent to the following condition:C21 � X�2ZZd j�̂(� + 2��)j2 � C22 for almost all � 2 IRd:See the work of Jia and Micchelli ([24] and [25]) for a characterization of the stability ofthe shifts of a �nite number of functions in Lp(IRd) 1 � p � 1. When p = 2, their resultswere generalized by de Boor, DeVore, and Ron in [5].2



If � 2 L2(IRd) has stable shifts, then ��0a is well de�ned for any a 2 `2(ZZd), and S(�)can be characterized as the space f��0a : a 2 `2(ZZd) g. In particular, � is re�nable if andonly if � satis�es a re�nement equation� = Xj2ZZd b(j)�(2 � �j);where b 2 `2(ZZd) is called the re�nement mask. In the case when d = 1 and the(re�nement) mask is �nitely supported, the stability of the shifts of � was characterizedby Jia and Wang [27] in terms of the mask.Of fundamental importance in multiresolution analyses is the following question. Un-der what conditions on � does S(�) generate a multiresolution of L2(IRd)? It was provedin [33, Chap. 2, Theorem 5] that S(�) generates a multiresolution of L2(IRd) provided that� is re�nable, � has stable shifts, and � satis�es the regularity conditions:j�(x)j � Cm(1 + jxj)m for all m 2 IN and x 2 IRd; (1:2)where IN is the set of natural numbers, jxj denotes the Euclidean norm of x, and Cm arepositive constants which might depend on m. In the work of Jia and Micchelli [25], theaforementioned regularity conditions were relaxed so that � is only required to satisfyXj2ZZd j�(� � j)j 2 L2�[0; 1)d�: (1:3)Various improvements of the above results were made in [31] and [39]. But the ultimatesolution to the question concerning multiresolution was obtained by de Boor, DeVore, andRon in [6]. Their results can be stated as follows.Theorem 1.1. Let S = S(�) be the shift-invariant subspace generated by a function� 2 L2(IRd), and let Sk be the 2k-dilate of S for k 2 ZZ. If, in addition, � is re�nable, then[k2ZZSk = L2(IRd) if and only if \k2ZZ�2kZ(�̂)�is a set of measure zero, where Z(�̂) := f � 2 IRd : �̂(�) = 0 g.Theorem 1.2. Let S = S(�) for some � 2 L2(IRd). Then \k2ZZSk = f0g.Note that in Theorems 1.1 and 1.2 � is not assumed to have stable shifts. In fact, itwas proved earlier in [25] that the union of Sk (k 2 ZZ) is dense in L2(IRd) provided that� is re�nable, � satis�es (1.3), and �̂(0) 6= 0.3



In this paper we investigate multiresolution induced by �nitely generated shift-invariant (FSI) spaces. A shift-invariant space is said to be �nitely generated if it isgenerated by a �nite number of functions. Let � be a �nite set of functions in L2(IRd).By S(�) we denote the smallest closed shift-invariant subspace of L2(IRd) containing �.We say that � provides an orthonormal (resp. stable) basis for a shift-invariant space Sif S(�) = S and the shifts of the functions in � are orthonormal (resp. stable). As weshall see, Theorem 1.1 has an easy extension to FSI spaces. In the next section we extendTheorem 1.2 to FSI spaces. Note that the method used in [6] to prove Theorem 1.2 is notreadily applicable to FSI spaces. Thus we shall take a di�erent approach to this problem.Given a re�nable shift-invariant subspace S of L2(IRd), we de�ne the wavelet spaceW as the orthogonal complement of S0 in S1. It follows thatWk, the 2k-dilate ofW , is theorthogonal complement of Sk in Sk+1 (k 2 ZZ). Thus, in order to �nd an orthonormal basisfor L2(IRd), it su�ces to �nd an orthonormal basis for the wavelet space W . A subset 	of W is called an orthogonal wavelet set if 	 provides an orthonormal basis for W ; 	is called a prewavelet set if 	 provides a stable basis for W .The construction of univariate orthogonal wavelets is relatively simple (see, e.g., [32]and [33]). Let � be a function in L2(IR) having orthonormal shifts. If � satis�es there�nement equation � =Xj2ZZ b(j)�(2 � �j);then the function  =Xj2ZZ(�1)jb(1� j)�(2 � �j)provides an orthonormal basis for the wavelet space W , where we have used the notationa to denote the complex conjugate of a complex number a. Daubechies in [15] constructedsmooth scaling functions of compact support having orthonormal shifts and then appliedthe above method to obtain smooth orthogonal wavelets of compact support. A construc-tion similar to the one given above was used by Chui and Wang ([7] and [8]), and Micchelli[34] to produce prewavelets.In the multivariate case (d > 1), if the scaling function is a tensor product of univariatefunctions, then the construction of orthogonal wavelets is also straightforward (see e.g.,[40]). However, when the scaling function is not a tensor product of univariate functions,4



the construction of wavelets is much more complicated than the construction of waveletsin one variable. Under the conditions that � has stable shifts and satis�es the regularitycondition (1.2), Gr�ochenig [19] �rst proved the existence of orthogonal wavelet sets (seealso [33, p. 92]). Under a weaker condition Jia and Micchelli [26] gave another proof of theexistence of orthogonal wavelet sets. But these proofs are not constructive. In [6], assuming�̂ 6= 0 a. e. , de Boor, DeVore, and Ron gave an explicit construction of orthogonal waveletsets. But their construction does not cover all the cases considered in [26]. In Section 3,we will give a simple construction of orthogonal wavelets providedX�2ZZd���̂(� + 2���j2 > 0 for almost all � 2 IRd:We will also discuss how to construct wavelets when S is generated by a �nite number offunctions. This discussion extends the previous results in [18] and [35]. Also see [13] and[23] for nonorthogonal wavelet decompositions associated with re�nable FSI spaces.Following the approach of Jia and Micchelli in [25] and [26], we shall establish ourresults of wavelet decomposition on the basis of the notion of extensibility . See [36] foran exposition of the work of Jia and Micchelli. Section 4 is devoted to a discussion ofextensibility. More precisely, we shall reduce the problem of wavelet decomposition into aproblem of matrix extension. The latter problem can be formulated as follows. Given avector whose components are functions on the unit sphere, �nd a matrix whose entries arealso functions on the sphere such that the matrix is always nonsingular, and has the givenvector as its �rst row. If the entries of the matrix are only required to be measurable, thenthe extension problem can be easily solved. The disadvantage of using merely measurablefunctions in wavelet decomposition is that usually we can say nothing about the decay ofthe resulting wavelets. To have some control of the decay of the wavelets, we must requirethat the entries of the matrix be continuous. Thus, one is led to the deep theory of vector�elds on spheres. In view of this theory, we shall see that there is no universal way ofconstructing wavelets except for some special cases. One exceptional but important classof scaling functions is the class of symmetric functions in the low dimensions (d � 3).For this class of scaling functions Riemenschneider and Shen in [37] and [38] gave a veryuseful construction of orthogonal wavelet and prewavelet sets. (Also see [9].) Simpleconstructions of wavelets were given in [30], [39], and [6] for those scaling functions whoseFourier transforms are positive almost everywhere.5



The discussion in Section 4 suggests that the intrinsic properties of the scaling func-tions must be employed in order to construct wavelets with certain decay rates. Theproperty of a scaling function being symmetric not only has physical signi�cance (see [15]and [8]), but also is useful in the construction of wavelets and prewavelets. In Section 5we shall give an explicit construction of wavelets with certain decay rates and compactlysupported prewavelets for scaling functions that are skew-symmetric about some point inIRd, where the space dimension d can be arbitrary. In particular, orthogonal waveletsgenerated by box splines in IRd will be discussed.x2. MultiresolutionIn this section we investigate multiresolution of L2(IRd) based on FSI spaces. We givea complete solution of questions concerning the density of the union and the triviality ofthe intersection of the dyadic sequence of an FSI space used in multiresolution. This is anextension of the corresponding result in [6] to FSI spaces.Theorem 1.1 has an easy extension.Theorem 2.1. Let S = S(�), where � is a �nite subset of L2(IRd), and let Sk be the2k-dilate of S (k 2 ZZ). If fSkgk2ZZ is a nested sequence, then [k2ZZSk = L2(IRd) if andonly if \�2� \k2ZZ�2kZ(�̂)�is a set of measure zero.This theorem can be proved in the same way as Theorem 4.2 of [6] was done. One �rstproves that the space [k2ZZSk is translation-invariant and then invoke the well-known resultof Wiener [41, p. 100] about the characterization of the density of a translation-invariantsubspace in L2(IRd) in terms of its Fourier transform.Theorem 1.2 can also be extended to FSI spaces.Theorem 2.2. Let S = S(�) be an FSI subspace of L2(IRd). Then\k2ZZSk = f0g:Our proof of Theorem 2.2 is based on the following lemma.6



Lemma 2.3. Given � = f�1; : : : ; �n g � L2(IRd), one can �nd 	 = f 1; : : : ;  n g �L2(IRd) such that S(�) � S(	) and the shifts of  1; : : : ;  n are orthonormal.Proof of Theorem 2.2: Assuming that Lemma 2.3 is valid, we prove Theorem 2.2 asfollows (cf. [12], [33], and [39]). By Lemma 2.3, it su�ces to prove the theorem for thecase when � = f�1; : : : ; �ng and the shifts of �1; : : : ; �n are orthonormal.Let Pk be the orthogonal projector from L2(IRd) onto Sk (k 2 ZZ). The theorem willbe established if we can prove Pkf �! 0 as k �! �1 (2:1)for every f 2 L2(IRd). Since kPkk = 1 for all k 2 ZZ, and since compactly supportedfunctions are dense in L2(IRd), it is su�cient to show that (2.1) is true for any compactlysupported function f 2 L2(IRd). Let f be such a function. Then Pkf can be expressed asPkf = nXj=1 X�2ZZd ck;j(�)2kd=2�j(2k � ��);where ck;j are sequences in `2(ZZd) (j = 1; : : : ; n). Since the shifts of �1; : : : ; �n are or-thonormal, we deduce from the above equality thatkPkfk22 = nXj=1 kck;jk22� nXj=1 X�2ZZd�ZIRd ��f(x)2kd=2�j(2kx� �)�� dx�2:If f is supported in the cube [�R;R]d for some R > 0, then by the Cauchy-Schwartzinequality we have that for k < 0, jkj su�ciently large,kPkfk22 � kfk22 nXj=1 ZEk j�j(x)j2 dx; (2:2)where Ek = [�2ZZd��+ 2k[�R;R]d�:Now (2.1) follows by letting k ! �1 in (2.2).7



In order to prove Lemma 2.3, we �rst establish an auxiliary result concerning linearhomogeneous equations with the coe�cients being measurable functions. To this end, letX be a nonempty set, and letM be a �-algebra on X. Then (X;M) is a measurable spaceand the sets in M are called measurable sets. A function f : X ! C is called measurableif the preimage of any open set in C under f is measurable.Lemma 2.4. Let A = (ajk)1�j�m;1�k�n be a matrix of measurable functions on (X;M).If n > m, then there exist measurable functions u1; : : : ; un such that for almost all x 2 X,nXk=1 juk(x)j2 = 1 (2:3)and nXk=1 ajk(x)uk(x) = 0; j = 1; : : : ;m: (2:4)Proof. For a subset J of f1; : : : ;mg and a subset K of f1; : : : ; ng we denote by A(J;K)the matrix (ajk)j2J;k2K . To each pair (J;K) we associate a set E(J;K) as follows. If#J 6= #K, where #J denotes the number of elements in J , let E(J;K) be the empty set;otherwise, letE(J;K) := �x 2 X : rank�A(J;K)(x)� = #J = rank(A(x))	:It is easily seen that E(J;K) is a measurable set andX = [(J;K)E(J;K);where J and K run over all possible subsets of f1; : : : ;mg and f1; : : : ; ng, respectively.We can �nd measurable subsets F (J;K) of E(J;K) such that X is the disjoint union ofF (J;K). We shall de�ne u1; : : : ; un piecewise on each set F (J;K). For this purpose we�x a pair (J;K) such that F (J;K) is not empty. Then #J = #K � m. If #J = 0, thenA(x) is the zero matrix for every x 2 F (J;K). In this case, setv1(x) := 1 and v2(x) = � � � = vn(x) := 0 for x 2 F (J;K):If #J � 1, then we choose an element ` 2 f1; : : : ; ng nK. For x 2 F (J;K), let v`(x) := 1,vk(x) := 0 for k 2 f1; : : : ; ng nK n f`g. By Cramer's rule one can determine vk(x), k 2 Kin a unique way such that for all j 2 J ,nXk=1 ajk(x)vk(x) = 0:8



But rank(A(x)) = #J , hence the above equality is true for all j = 1; : : : ;m. The functionsvk (k = 1; : : : ; n) so de�ned are measurable on F (J;K). Now we de�ne uk (k = 1; : : : ; n)on X as follows: uk(x) = vk(x)=� nXr=1 jvr(x)j2�1=2; x 2 F (J;K):Since X is the disjoint union of the measurable sets F (J;K), each uk is well de�ned andis measurable. Clearly, (uk)1�k�n satis�es (2.3) and (2.4).The proof of Lemma 2.3 also relies on the basic theory of shift-invariant spaces. Letus �rst recall the bracket product notation, which was introduced in [25] and re�ned in[4]. For f; g 2 L2(IRd), set [f; g] := X�2ZZd f(�+ 2��)g(�+ 2��):Then [f; g] is a 2�-periodic function. Note that [f; g] 2 L1([0; 2�)d) as long as f; g 2L2(IRd). Thus, [f̂ ; ĝ] has a Fourier series expansion:[f̂ ; ĝ](�) � X�2ZZd c�(f; g)ei���; � 2 [0; 2�)d:The Fourier coe�cients c�(f; g) can be easily found:c�(f; g) = 1(2�)d Z[0;2�)d[f̂ ; ĝ](�)e�i��� d�= 1(2�)d ZIRd f̂(�)ĝ(�)e�i��� d�= hf; g(�+ �)i;where hf; gi denotes the inner product of f; g in L2(IRd). Three useful facts can be easilyderived from the above discussion. First, the shifts of f 2 L2(IRd) are orthogonal to theshifts of g 2 L2(IRd) if and only if [f̂ ; ĝ] = 0 a. e.; second, the shifts of f 2 L2(IRd) areorthonormal if and only if [f̂ ; f̂ ] = 1 a. e.; third, if f 2 L2(IRd) does not have orthonormalshifts but [f̂ ; f̂ ] > 0 a. e., then the function f� given byf̂� = f̂=[f̂ ; f̂ ]1=29



generates S(f) and has orthonormal shifts.We also need the following characterization of PSI spaces (see [20] and [4]). Let S(�)be the PSI space generated by a single function � 2 L2(IRd). Then a function f 2 L2(IRd)belongs to S(�) if and only if f̂ = ��̂for some 2�-periodic function � . In particular, � is re�nable if and only if�̂(2�) = ��̂for some 2�-periodic function �.Proof of Lemma 2.3: The proof proceeds by induction on n. If � contains only onefunction � 2 L2(IRd), then we de�ne  as follows: ̂(�) := 8><>: �̂(�)=q[�̂; �̂](�); if [�̂; �̂](�) > 0;1; if [�̂; �̂](�) = 0 and � 2 [0; 2�)d;0; elsewhere.Clearly, [ ̂;  ̂](�) = 1 for almost all � 2 IRd:Hence  2 L2(IRd) and the shifts of  are orthonormal. Moreover,�̂ =q[�̂; �̂] ̂:This shows that � 2 S( ), and hence S(�) � S( ).Now let n > 1 and � = f�1; : : : ; �n g � L2(IRd). By induction hypothesis, there exist 1; : : : ;  n�1 2 L2(IRd) such thatS(�1; : : : ; �n�1) � S( 1; : : : ;  n�1) (2:5)and the shifts of  1; : : : ;  n�1 are orthonormal. We may assume that �n is orthogonalto S( 1; : : : ;  n�1), for otherwise we may replace �n by �n � P�n, where P�n is theorthogonal projection of �n on the space S( 1; : : : ;  n�1). It follows that[�̂n;  ̂j] = 0 for j = 1; : : : ; n� 1:10



Consider the set Y := � � 2 [0; 2�)d : [�̂n; �̂n](�) = 0	:Evidently, the set Y is measurable. Letajk(�) :=  ̂j(� + 2�ke1); � 2 Y ; j = 1; : : : ; n� 1; k = 1; : : : ; n;where e1 denotes the d-vector (1; 0; : : : ; 0). Consider the matrix A = (ajk)1�j�n�1;1�k�n.In what follows, for a given matrix B, we denote by B and BT the complex conjugateand the transpose of B, respectively. By Lemma 2.4, we can �nd measurable functionsv1; : : : ; vn on Y such that for almost all � 2 Y ,nXk=1 jvk(�)j2 = 1and A(�)�v1(�); : : : ; vn(�)�T = 0:We de�ne a function g on IRd as follows:g(�) := � vm(�); if � 2 Y + 2�me1 for some m 2 f1; : : : ; ng;0; if � 2 IRd n [nm=1(Y + 2�me1).The function g was constructed in such a way that g is measurable and possesses thefollowing two properties:(a) [g;  ̂j] = 0 for j = 1; : : : ; n� 1, and(b) P�2ZZd jg(� + 2��)j2 = 1 for � 2 Y .Now let  n be the function de�ned by the rule ̂n(�) = ( �̂n(�)=q[�̂n; �̂n](�); if [�̂n; �̂n](�) > 0;g(�); elsewhere.Then  n is measurable and [ ̂n;  ̂n] = 1. Hence  n 2 L2(IRd). Moreover, [ ̂n;  ̂j ] = 0for j = 1; : : : ; n� 1. Thus, the shifts of  1; : : : ;  n are orthonormal. Finally, since �̂n =[�̂n; �̂n]1=2 ̂n, we have �n 2 S( n). This together with (2.5) impliesS(�1; : : : ; �n�1; �n) � S( 1; : : : ;  n�1;  n):The proof of Lemma 2.3 is complete, and so is that of Theorem 2.2.11



Remark 2.5. DeVore and Lucier in [17] quoted [6, Theorem 4.3] di�erently from whatwas stated there. Let � 2 L2(IRd) and S = S(�). It was claimed in [17] that [k2ZZSk =L2(IRd) whenever � is re�nable and, in addition,[�̂; �̂] > 0 a: e: (2:6)This confusion must be clari�ed. We point out that the condition (2.6) and the condition\k2ZZ�2kZ(�̂)� is a set of measure zero (2:7)are incomparable. For example, if � is de�ned on IR by the rule�̂(�) = � 1; for � 2 [0; 2�);0; otherwise.Then � is a re�nable function satisfying the condition (2.6). However, \k2ZZ�2kZ(�̂)� =(�1; 0) is not a set of measure zero. On the other hand, if � is given by the formula�̂(�) = � 1; for � 2 [��=2; �=2);0; elsewhere.Then � is also re�nable. In this case the condition (2.7) is satis�ed, but [�̂; �̂](�) = 0 for� 2 (�=2; 3�=2).Remark 2.6. Multiresolution based on non-dyadic dilations of PSI spaces was investi-gated in [26] and [31]. Theorems 2.1 and 2.2 can be extended to such a situation. Let Tbe a nonsingular matrix whose entries are all integers. Assume that the spectral radius ofT�1 is less than 1. Let S be an FSI subspace of L2(IRd) and letSk := f f(T k�) : f 2 S g; k 2 ZZ:Then \k2ZZSk = f0g still holds. To see this, we may assume that � consists of functionswhose shifts are orthonormal. Consequently, an argument similar to that used in the proofof Lemma 2.2 tells us that \k2ZZSk = f0g. Moreover, if fSkgk2ZZ is a nested sequence, then[k2ZZSk is translation-invariant. This can be proved in the same way as Theorem 4.2 of[6] was done. Thus, we can invoke a well-known result of Wiener [40, p. 100] to concludethat [k2ZZSk = L2(IRd) if and only if\�2� \k2ZZ�T kZ(�̂)� is a set of measure zero:12



x3. Wavelet DecompositionsThis section is devoted to a study of the existence and construction of orthogonalwavelets. We shall give an explicit construction of orthonormal wavelet bases for L2(IRd),provided that the conditions (2.6) and (2.7) are satis�ed.Let � be a function in L2(IRd). As before, S(�) denotes the PSI space generated by�, and Sk is the 2k-dilate of S(�) (k 2 ZZ). We assume that � is re�nable, i.e., S0 � S1.The wavelet space W is de�ned as the orthogonal complement of S0 in S1. Our goal is to�nd a subset 	 of W such that 	 provides an orthonormal basis for W . If 	 is such a set,and if fSkgk2ZZ forms a multiresolution of L2(IRd), then� 2kd=2 (2k � ��) :  2 	; k 2 ZZ; � 2 ZZd 	forms an orthonormal basis for L2(IRd).There has been an extensive study of the existence of orthogonal wavelet sets (seeSection 1 for a brief discussion of the related literature). In the multivariate case, Jia andMicchelli ([25] and [26]) considered the construction of orthogonal wavelets and prewaveletsunder the conditions that the function � has stable shifts and the periodizationj�j� := X�2ZZd j�(� � �)jof j�j is in L2([0; 1)d). de Boor, DeVore, and Ron in [6] investigated this problem under theassumption that �̂ 6= 0 almost everywhere. Their assumption is too restrictive for someinteresting wavelets such as the Meyer wavelet (see [16, p. 137]) whose Fourier transformis compactly supported. Moreover, their study does not cover the results of [25] and [26].Here is an example. Let � be a function on IR de�ned by its Fourier transform:�̂(�) = � 1� 34� j�j; for j�j � 4�3 ;0; elsewhere.Then �̂ is compactly supported, but � satis�es all the conditions required in [25].In our opinion, (2.6) is an appropriate condition for the wavelet decomposition. Weassume that (2.6) holds throughout this section. Let �� be the function given by�̂� = �̂=[�̂; �̂]1=2:13



Then S(��) = S(�) and �� has orthonormal shifts. Thus, without loss of any generality,we may assume from the beginning that � has orthonormal shifts.Let g be a 2�-periodic function whose restriction to [0; 2�)d belongs to L1. Then gcan be expanded into a Fourier series. We simply writeg(�) = X�2ZZd a(�)ei���; � 2 IRd; (3:1)to indicate the fact that the sum on the right-hand side is the Fourier series of g. Inparticular, if a 2 `2(ZZd), then there exists a unique function g such that (3.1) holds, andin this case the sum on the right-hand of (3.1) converges to g in the L2-norm. Often wewrite (3.1) in another form: p(z) = X�2ZZd a(�)z�; z 2 Td;where Td is the d-torus� (z1; : : : ; zd) 2 Cd : jz1j = : : : = jzdj = 1	;and p is the function on Td de�ned by p(ei�) = g(�) for � 2 IRd. We say that p is thesymbol of a, and a the coe�cient sequence in the Laurent expansion of p. The symbol ofa sequence a is often denoted by ~a.Let E = Ed be the set of all extreme points of the unit cube [0; 1]d, i.e.,E = Ed := � (�1; : : : ; �d) : �j = 0 or 1 for all j 	:This a�ects a decomposition of the lattice ZZd into 2d sublattices 2ZZd + � (� 2 E). Since� is re�nable, it satis�es a re�nement equation� = X�2ZZd b(�)�(2 � ��); (3:2)where b 2 `2(ZZd) is the re�nement mask. Let�� = �(2 � ��); � 2 E :14



Then S1 = S(�), where � = f�� : � 2 Eg. Using the functions �� (� 2 E), we can rewrite(3.2) as � =X�2E ���0b�; (3:3)where b� (� 2 E) are the sequences in `2(ZZd) given byb�(�) = b(�+ 2�); � 2 ZZd:Taking the Fourier transforms of both sides of (3.3), we obtain�̂(�) =X�2E 2d=2�̂�(�)p�(e�i�); � 2 IRd; (3:4)where p� (� 2 E) are the Laurent series given byp�(z) := X�2ZZd 2�d=2b�(�)z� ; z 2 Td:Since � has orthonormal shifts, [�̂; �̂] = 1 a. e., so it follows that[2d=2�̂�; 2d=2�̂� ] = ��� a: e:; (3:5)where ��� denotes the Kronecker symbol. We can deduce from (3.4) and (3.5) that1 =X�2E��p�(e�i�)��2 for almost all � 2 IRd: (3:6)Consequently, p� 2 L1(Td) for all � 2 E . Suppose we are given 2d functions  � 2 S1(� 2 E). Each  � has a representation of the form � =X�2E 2d=2���0b�� ; (3:7)where b�� 2 `2(ZZd) (�; � 2 E). Letp��(z) := X�2ZZd b��(�)z� ; z 2 Td: (3:8)The following theorem plays a prominent role in wavelet decompositions (see [33, p. 84]and [25, Theorem 7.1]). 15



Theorem 3.1. The set f �(� � �) : � 2 E ; � 2 ZZdg forms an orthonormal basis for S1 ifand only if �p��(z)��;�2E is a unitary matrix for almost every z 2 Td.Theorem 3.1 tells us a general procedure to �nd an orthogonal wavelet set.Algorithm 3.2. Let � be a function in L2(IRd) having orthonormal shifts. Supposethat � satis�es the re�nement equation (3.2) with b as its mask.Step 1. Find p� (� 2 E) by the equation p�(z) :=P�2ZZd 2�d=2b(2� + �)z� , z 2 Td.Step 2. Find p�� 2 L1(Td) (�; � 2 E) such that p0� = p� for all � 2 E and thatthe matrix �p��(z)��;�2E is unitary for almost every z 2 Td.Step 3. Expand p�� into the Laurent series: p��(z) =P�2ZZd b��(�)z�.Step 4. Set  � :=P�2E 2d=2���0b�� for all � 2 E n f0g, where �� = �(2 � ��), � 2 E .Then f �(� � �) : � 2 E n f0g; � 2 ZZdg forms an orthonormal basis for the wavelet spaceW . The above algorithm reduces the problem of wavelet decomposition into the problemof completing a unitary matrix with the �rst row given. In order to investigate thismatrix problem, we �rst recall some basic facts about Househoulder matrices (see, e.g.,[10, p. 152]).Given a matrix A, its (complex) conjugate transpose is denoted by A�. If v is an n�1vector in Cn, then vv� is an n�n matrix, and v�v is a nonnegative number. For a nonzeron� 1 vector v in Cn, let H(v) be the Householder matrix given byH(v) := I � 2vv�=v�v; (3:9)where I denotes the n�n identity matrix. It is easily veri�ed that H(v) is both Hermitianand unitary.Lemma 3.3. Let a = (a1; : : : ; an)T be a nonzero vector in Cn. Let ! 2 IR be such thata1 = ei!ja1j. Then H(a+ kak2ei!e1)a = �kak2ei!e1;where e1 is the n� 1 vector (1; 0; : : : ; 0)T , and kak2 := �Pnj=1 jajj2�1=2.Proof. Write v := a+ kak2ei!e1. ThenH(v)a = a� 2v(v�a)=(v�v):16



We have v�v = (a� + kak2e�i!e�1)(a+ kak2ei!e1)= 2kak2(kak2 + ja1j)= 2v�a: (3:10)It follows that H(v)a = a� v = �kak2ei!e1:This lemma is of particular interest when kak2 = 1. In this case,H(v)a = �ei!e1:Since H(v) is a unitary matrix, H(v)�1 = H(v)�, so(a1; : : : ; an) = aT = (�H(v)�1ei!e1)T = (�ei! ; 0; : : : ; 0)H(v):Let diagf�ei! ; 1; : : : ; 1g denote the n�n diagonal matrix with �ei!; 1; : : : ; 1 as its diagonalentries. Then the matrix A := diagf�ei! ; 1; : : : ; 1gH(v) (3:11)is unitary and has (a1; : : : ; an) as its �rst row. We may express ei! in another form:ei! = �(a1)where � is the function on C given by the rule�(w) = �w=jwj; if w 2 C n f0g;1; if w = 0.Note that � is not a continuous function. Let us compute the (j; k)-entry ajk of the matrixA. It follows from (3.9) and (3.11) thatajk = �jk � 2vjvk=v�v; j > 1:But v�v = 2(1 + ja1j) in view of (3.10). Thus, we �nd that for j > 1ajk = ��aj�(a1); for k = 1;�jk � ajak=(1 + ja1j); for k > 1. (3:12)The forgoing discussion is summarized in the following theorem.17



Theorem 3.4. Given (a1; : : : ; an) 2 Cn withPnk=1 jakj2 = 1. Let a1k = ak (k = 1; : : : ; n)and let ajk be given as in (3.12) when j > 1. Then (ajk)j;k=1;:::;n is a unitary matrix.Theorem 3.4 yields an explicit method of wavelet decomposition described in thefollowing.Theorem 3.5. Let � be a function in L2(IRd) satisfying the re�nement equation (3.2) andhaving orthonormal shifts. Then the functions  � (� 2 E nf0g) produced by Algorithm 3.2provide an orthonormal basis for the wavelet space W , if p�� (� 2 E n f0g, � 2 E) arechosen as follows: p�� = ��p��(p0); for � = 0;��� � p�p�=(1 + jp0j); for � 2 E n f0g.While Theorem 3.5 gives a very general result, it has a serious shortcoming. Thedecay rates of the wavelets  � (� 2 E n f0g) are beyond our control, even when the scalingfunction � has a certain decay rate. Let us take a closer look into this problem. If wewant the sequences b�� in Algorithm 3.2 to be in `1(ZZd), then the functions p�� mustbe continuous. But the discontinuous function � was used in the above construction. Itwill be demonstrated in Section 4 that the use of discontinuous functions is unavoidableif the information about the intrinsic properties of the scaling function � is not available.Nevertheless, if some intrinsic properties of the scaling function � are known, then it ispossible to construct orthogonal wavelets having the same decay rates as � does. Thefollowing example illustrates this point.Example 3.6. Let � be a function satisfying (2.6) and (3.2). Suppose in addition that�̂ is nonnegative almost everywhere. Then there exists a null set E � IRd such that[�̂; �̂](�) > 0 and �̂(�) � 0 for all � 2 IRd nE. It follows from (3.4) that�̂(�) = �̂(�=2)p(e�i�=2); (3:13)where p(e�i�=2) = 2�d=2X�2E e�i���=2p�(e�i�): (3:14)Let F := (E + 2�ZZ) [ 2(E + 2�ZZ). Then F is also a null set. If � 2 IRd n F , we have�̂(�=2 + 2��) � 0 for all � 2 ZZd and [�̂; �̂](�=2) > 0; hence �̂(�=2 + 2��) > 0 for some� 2 ZZd. With this � we deduce from (3.13) that�̂(� + 4��) = �̂(�=2 + 2��)p(e�i�=2):18



Since � =2 (E + 2�ZZ), we also have �̂(� + 4��) � 0. This shows that p(e�i�=2) � 0 foralmost every � 2 IRd. Now (3.14) tells us that for almost every � 2 IRd,p0(e�i�=2) = 2�d=2X�2EX�2E e�i�(�=2+��)p�(e�i�) =X�2E p�e�i(�+2��)=2� � 0:Consequently, �(p0) = 1 and jp0j = p0. Therefore p�� are continuous functions as long asp� are. Furthermore, if � has orthonormal shifts and decays exponentially fast, then thewavelets  � (� 2 E n f0g) provided by Algorithm 3.2 also decay exponentially fast.In the rest of this section we extend the preceding discussion to wavelet decomposi-tions generated by a �nite number of functions. This problem was studied by Goodman,Lee, and Tang [18] for the univariate situation, and by Micchelli [35] for the multivariatesituation. Let S = S(�) be an FSI subspace of L2(IRd). We assume that the Gram matrixG� := �[�̂; �̂])�;�2� is nonsingular almost everywhere. This assumption covers all the casesconsidered in [18] and [35]. From the general theory of shift invariant-spaces developed in[5] we see that there exists a �nite subset �� of L2(IRd) such that S(��) = S(�) and theshifts of the functions in �� are orthonormal. Thus, we may assume from the beginningthat � has this property.Theorem 3.7. Let � be a subset of L2(IRd) containing n elements such that the shiftsof the functions in � are orthonormal. If, in addition, S(�) is re�nable, then there existsa set 	 containing (2d � 1)n elements such that 	 provides an orthonormal basis for thewavelet space W .Sketch of proof. As was done before, this problem can be reduced to a problem ofmatrix extension. Let � := �� E . For  = (�; �) 2 �� E = �, let� := 2d=2�(2 � ��):Then f� :  2 �g provides an orthonormal basis for S1, the dyadic dilate of S(�). Eachf 2 S1 can be represented as f =X2� ��0bf;;where bf; are sequences in `2(ZZd). Let pf; be the symbol of the sequence bf; for eachpair (f; ). We associate to each f 2 S1 a vector-valued function pf := (pf;)2� de�ned19



on Td. In particular, each � 2 � is associated with p� : Td ! C�. Since the shifts of thefunctions in � are orthonormal, fp�(z) : � 2 �g is an orthonormal set in C� for almostevery z 2 Td. A subset 	 of S1 provides an orthonormal basis for the wavelet space W ifand only if fp�(z) : � 2 �g [ fp (z) :  2 	gforms an orthonormal basis for C� for almost every z 2 Td. Thus, in order to establishthe theorem it su�ces to prove the following lemma.Lemma 3.8. Let v1; : : : ; vm (m < n) be vector-valued measurable functions, i.e., vj =(vj1; : : : ; vjn)T with vjk (k = 1; : : : ; n) being complex-valued measurable functions on ameasurable space (X;M). Suppose that fv1(x); : : : ; vm(x)g is an orthonormal set in Cnfor almost every x 2 X. Then one can �nd vector-valued functions vm+1; : : : ; vn such thatfor almost every x 2 X, the vectors v1(x); : : : ; vn(x) form an orthonormal basis for Cn.This lemma can be proved as follows. Choose a measurable vector-valued functionvm+1 = (vm+1;1; : : : ; vm+1;n)T from (X;M) to Cn such that for all x 2 X,nXk=1 jvm+1;k(x)j2 = 1 and v�j (x)vm+1(x) = 0; j = 1; : : : ;m:The existence of vm+1 is guaranteed by Lemma 2.4. Continuing in this way, one canconstruct vm+1; : : : ; vn so that they satisfy the requirements of the lemma.x4. ExtensibilityHaving reduced the problem of wavelet decomposition to that of matrix extension, weshall devote this section to a study of the extensibility in an abstract setting. It turns outthat this problem is closely related to the theory of vector �elds on spheres.Given a commutative ring R with identity, let Rn be the free R-module of rank n � 2.We say that an element (p1; : : : ; pn) 2 Rn is extensible over R, if (p1; : : : ; pn) is the �rstrow of some n� n invertible matrix over R. We are particularly interested in the rings ofreal-valued or complex-valued continuous functions on unit spheres.For an integer n � 2, let Sn�1 be the (n� 1)-dimensional sphere� (x0; : : : ; xn�1) 2 IRn : n�1Xj=0 x2j = 1	:20



Let R be the ring of all real-valued continuous functions on Sn�1. Consider the functionspk 2 R given by pk(x) = xk; k = 0; : : : ; n� 1:The row vector (p0; : : : ; pn�1) is extensible over R only if n = 2, 4, or 8. This conclusioncomes from Adams' theorem (see [1]). Let �(n) � 1 be the maximal number of linearlyindependent tangent vector �elds on Sn�1. Write n as n = a(n)2c(n)16d(n), where a(n),c(n), and d(n) are nonnegative integers, a(n) is odd, and 0 � c(n) � 3. Adams' theoremsays that �(n) = 2c(n) + 8d(n): (4:1)Since (p0; : : : ; pn�1) is extensible over R if and only if �(n) = n, Adams' theorem tells usthat this happens if and only if n 2 f2; 4; 8g. For n 2 f2; 4; 8g, it is not di�cult to complete(p0; : : : ; pn�1) to an orthogonal matrix. For example, one can �nd such a construction from[28, p. 31].We remark that there is an oversight in [33, p. 92] (see also [16, p. 319]) concerningvector �elds on spheres. It was stated there that there exists no nowhere-vanishing con-tinuous vector �elds tangent to the unit sphere Sn�1 except in real dimension 2, 4, or 8.In fact, the formula (4.1) tells us that for any even number n, there exists at least onecontinuous nowhere-vanishing vector �eld tangent to the unit sphere Sn�1.Next, let us consider the ring of the complex-valued continuous functions on the sphereSn�1C := n (z0; : : : ; zn�1) 2 Cn : n�1Xj=0 jzj j2 = 1o:Let f0k (k = 0; : : : ; n� 1) be the function de�ned by the rulef0k(z0; : : : ; zn�1) = zk; (z0; : : : ; zn�1) 2 Sn�1C :If n = 2, the 2� 2 matrix � z1 z2�z2 z1�is unitary for every (z1; z2) 2 C2 with jz1j2 + jz2j2 = 1. The following theorem deals withthe case n > 2. 21



Theorem 4.1. If n > 2, then there do not exist continuous functions fjk (j = 1; : : : ; n�1,k = 0; : : : ; n� 1) on Sn�1C such that the matrix F (z) := (fjk(z))0�j;k�n�1 is invertible forevery z 2 Sn�1C .Proof. This theorem can be derived from Corollary (3.7) on page 24 of [21]. Here we givea proof based on Adams' theorem which works for all cases but n = 4.Suppose that there exist continuous functions fjk on Sn�1C (j = 1; : : : ; n � 1; k =0; : : : ; n�1) such that the matrix F (z) = (fjk(z))0�j;k�n�1 is invertible for every z 2 Sn�1C .Write zj = xj + iyj for xj ; yj 2 IR. Then z = (z0; : : : ; zn�1) 2 Sn�1C if and only if(x0; y0; : : : ; xn�1; yn�1) 2 S2n�1. Letw := (w0; : : : ; w2n�1) := (x0; y0; : : : ; xn�1; yn�1):Thus, fjk (j; k = 0; : : : ; n � 1) may be viewed as functions of w on S2n�1. Write fjk =gjk + ihjk, where gjk and hjk are the real and imaginary parts of fjk, respectively. Inparticular, g0k = xk, h0k = yk (k = 0; : : : ; n� 1). Consider the matrixG := �Gjk�0�j;k�n�1;where each Gjk is a 2� 2 block: Gjk := � gjk hjk�hjk gjk � :We claim that detG(w) = 0 =) detF (z) = 0:In order to verify this claim, we �x z 2 Sn�1C for the time being. Clearly, detG(w) = 0implies that there exist �j; �j 2 IR (j = 0; : : : ; n� 1), not all zero, such thatn�1Xj=0(�j; �j)Gjk(w) = 0 for all k = 0; : : : ; n� 1:It follows thatn�1Xj=0��jgjk(w)� �jhjk(w)� = 0 and n�1Xj=0��jhjk(w) + �jgjk(w)� = 0:22



Let �j := �j + i�j . Then (�0; : : : ; �n�1) 2 Cn n f0g. Moreover,n�1Xj=0 �jfjk(z) = 0 for all k = 0; : : : ; n� 1:Hence detF (z) = 0. This veri�es our claim. Thus, if detF (z) 6= 0 for every z 2 Sn�1C ,then detG(w) 6= 0 for every w 2 S2n�1. It follows that (w0; : : : ; w2n�1) is extensible overthe ring of real-valued continuous functions on S2n�1. By Adams' theorem, this happensonly if 2n 2 f4; 8g, i.e., n 2 f2; 4g.In the case n = 4 or 8, however, if a vector-valued function (f00; : : : ; f0;n�1) on Sn�1Cenjoys a certain symmetry, then it is possible to complete such a vector to a nonsingularmatrix. Here we describe without proof a construction essentially given by Riemenschnei-der and Shen (see [37] and [38]). A mapping � from Ed to itself is called admissible if �satis�es the following two conditions: �(0) = 0and ��(�) + �(�)� � (�+ �) is odd for � 6= �; �; � 2 Ed:Admissible mappings on Ed were constructed in [37] for d � 3. When d > 3, there do notexist admissible mappings on Ed. Suppose �� (� 2 Ed) are 2d complex numbers. For any� 2 ZZd, there exists a unique � 2 Ed such that �� � 2 2ZZd, we de�ne �� := ��.Theorem 4.2. Let c 2 ZZd be given, and let � be an admissible mapping on E = Ed.Suppose �� (� 2 E) are 2d complex numbers such thatX�2E j�� j2 = 1and �� = �c�� for all � 2 E :Let w�� := � (�1)�(�)������; if �(�) � c is even;(�1)�(�)������; if �(�) � c is odd.Then (w��)�;�2E is a unitary matrix with (��)�2E as its �rst row.23



x5. Construction of Wavelets and PrewaveletsThe results in the previous section tell us that, in general, the intrinsic properties ofthe scaling function must be employed in order to construct wavelets with certain decayrates. In this section we are particularly interested in symmetric scaling functions. Theproperty of a scaling function being symmetric has some nice consequences and enables usto give a simple and explicit construction of wavelets and prewavelets. We also discuss theconstruction of box spline wavelets in arbitrary dimension.By virtue of Algorithm 3.2 we may concentrate on the problem of completing a givenvector to a nonsingular matrix. Let p1; : : : ; pn be complex-valued continuous functions onTd such that nXj=1 jpj(z)j2 = 1 for all z 2 Td: (5:1)Consider the mapping P : z 7! �p1(z); : : : ; pn(z)�; z 2 Td:Then P maps Td to Sn�1C . If the functions p1; : : : ; pn are H�older continuous on Td, thenP is a H�older continuous mapping on Td; that is, there are some � 2 (0; 1] and a constantC > 0 such that jP (z)� P (w)j � Cjz � wj� for all z; w 2 Td:The Hausdor� dimension of Td and Sn�1C is d and 2n� 1, respectively. Thus, by a versionof the Sard theorem (see e.g., [26]), the image of the mapping P is a proper subset ofSn�1C provided d < 2n� 1. In other words, if d < 2n� 1, then there exists a point in Sn�1Coutside the range of P . After an appropriate rotation if necessary, we may assume thatthis point is �e1, where e1 denotes the n-vector (1; 0; : : : ; 0).Now we are in a position to describe the results of Gr�ochenig [19] and Meyer [33, p. 92]in a slightly di�erent way (also see [39]). Let p1; : : : ; pn be complex-valued continuousfunctions on Td satisfying the condition (5.1). If (p1(z); : : : ; pn(z)) 6= �e1 for any z 2 Td,then for su�ciently small " > 0,det2664 p1(z) p2(z) : : : pn(z)�p2(z) " : : : 0... ... . . . ...�pn(z) 0 : : : " 3775 6= 0 for any z 2 Td: (5:2)24



Then the Gram-Schmidt orthogonalization procedure is performed to obtain a unitarymatrix with (p1(z); : : : ; pn(z)) as its �rst row.A di�erent construction was given in [26]. The following theorem is a slight modi�ca-tion of [26, Prop. 2.1].Theorem 5.1. Let I be the n� n identity matrix, e the n� 1 vector (1; 0; : : : ; 0)T , andt a complex number with jtj = 1. For z = (z1; : : : ; zn)T 2 Sn�1C n fteg, letQ(z) := tI � (�te� �z)(te� z)T =(�t� �z1): (5:3)Then Q(z) is a unitary matrix with (z1; : : : ; zn) as its �rst row.Proof. First we compute (te� z)T (�te� �z) as follows:(te� z)T (�te� �z) = 1� �tz1 � t�z1 + 1 = 2� �tz1 � t�z1:It follows thatQ(z)�Q(z)�� = I + (�te� �z)(te� z)T�2� �tz1 � t�z1jt� z1j2 � �t�t� �z1 � tt� z1� = I:Hence Q(z) is a unitary matrix. Moreover, the (1; 1)-entry of Q(z) ist� (�t� �z1)(t� z1)=(�t� �z1) = z1;and the (1; k)-entry (k > 1) is (�t� �z1)zk=(�t� �z1) = zk.We contend that the construction given in Theorem 5.1 has two advantages over thosegiven by Gr�ochenig and Meyer. First, the matrix given in Theorem 5.1 is already unitary,so no further orthogonalization procedure is needed. Second, the matrix in (5.2) involves", which depends on the magnitude of the functions pj (j = 1; : : : ; n). In contrast to thisinconvenience, the construction given in (5.3) is universal, as long as z 2 Sn�1C n faeg.Theorem 5.1 can be applied to symmetric scaling functions. Given a function � 2L2(IRd), we say that � is skew-symmetric about some point c� 2 IRd if�(c� + �) = ��(c� � �):If, in addition, � is re�nable and �̂ 6= 0 a.e., then c� must lie in ZZd=2 (see [15], [8], and[38]). Without loss of generality, we may assume that c� 2 Ed=2. Let c := 2c�. Then25



c 2 Ed and � = ��(c � �). Suppose that � has stable shifts and satis�es the re�nementequation (3.2). Then we have� = ��(c� �) = X�2ZZd �b(�)��(2c� 2 � ��)= X�2ZZd �b(�)�(2 �+�� c) = X�2ZZd �b(c� �)�(2 � ��): (5:4)Comparing (5.4) with (3.2), we �ndb(�) = �b(c� �) for all � 2 ZZd: (5:5)For � 2 ZZd, let p�(z) = X�2ZZd 2�d=2b(�+ 2�)z� ; z 2 Td: (5:6)Then (5.5) implies that for all � 2 ZZd,p�(z) = X�2ZZd 2�d=2b(�+ 2�)z� = X�2ZZd 2�d=2�b(c� �� 2�)z�= X�2ZZd 2�d=2b(c� �� 2�)z�� = pc��(z); z 2 Td: (5:7)When d � 3, Riemenschneider and Shen ([37] and [38]) gave an explicit constructionof orthogonal wavelet and prewavelet sets for the skew-symmetric scaling function �. Inthis section we consider the problem of constructing wavelets and prewavelets for the skew-symmetric scaling function � in arbitrary dimension. Let P be the mapping from Td toCE given by z 7! (p�(z))�2E . Since � has orthonormal shifts, (3.6) holds. In other words,the range of P is contained in the sphere� (w�)�2E 2 CE :X�2E jw�j2 = 1	:Let e be the vector (�0�)�2E . It follows from (5.7) that p0 = pc. Thus, if c 2 E n f0g, then�e =2 P (Td); if c = 0, then p0 is real, hence ie =2 P (Td). Applying Theorem 5.1 to thecurrent situation, we obtain the following results.Theorem 5.2. Let � 2 L2(IRd) be a re�nable function having orthonormal shifts. Letp� (� 2 E) be given as in (5.6). If � is skew-symmetric about some point c� 2 Ed=2 n f0g,then choosing p�� = � p�(1 + p0)=(1 + p0); for � 2 E n f0g, � = 0���� + p�p�=(1 + p0); for �; � 2 E n f0g. (5:8)26



in Algorithm 3.2 produces an orthogonal wavelet set f � : � 2 E n f0gg. If � is skew-symmetric about the origin, then the choicep�� = ��p�(i� p0)=(i+ p0); for � 2 E n f0g, � = 0i��� + p�p�=(i+ p0); for �; � 2 E n f0g.gives rise to an orthogonal wavelet set f � : � 2 E n f0gg.We note that the wavelets constructed here decay exponentially fast, if the scalingfunction � does so.If � is a real-valued re�nable function, then the re�nement mask b is real-valued. InTheorem 5.2, if � is symmetric about c� 2 E=2 n f0g, then the coe�cient sequences b�� inthe Laurent series of p�� (�; � 2 E) are real, because p� = pc��. Hence the wavelets  �(� 2 E nf0g) are real-valued. However, if � is symmetric about the origin, the wavelets  �(� 2 E n f0g) constructed in Theorem 5.2 are complex-valued in general. When � is a boxspline, the construction given in (5.8) is also valid for the latter case. Let us discuss thisproblem briey.Unconditional spline bases for function spaces were constructed by Ciesielski [11] andStr�omberg [40] in the early 1980's. More recently, cardinal spline wavelets and prewaveletswere studied in [2], [29], [7], [8], and [34]. Box spline wavelets and prewavelets wereinvestigated in [37], [38], [25], [9], [30], and [39]. Let us recall the de�nition of box splines(see [3]). Given a d� n integer matrix X of rank d � n, the box spline B(�jX) is de�nedby the equationZIRd f(x)B(xjX) dx = Z[0;1]n f(Xt) dt for all f 2 C(IRd):Any box spline is re�nable. Let x1; : : : ; xn denote the columns of X. ThenB(�jX) = X�2ZZd b(�)B(2 � ��jX)with ~b(z) := X�2ZZd b(�)z� = 2�n+d nYj=1(1 + zxj ):It is well-known that the box spline B(�jX) has stable shifts if and only ifX is unimodular,i.e., any d� d submatrix of X has determinant �1, 0, or 1 (see [14], [22], and [24]). LetcX := nXj=1 xj=227



be the center of the box spline B(�jX). There is a unique vector vX 2 ZZd such thatcX � vX 2 Ed=2. Consider � := B(�+ vX jX). Then � is symmetric about cX � vX 2 Ed=2.Suppose that the matrix is unimodular. Then B(�jX) has stable shifts, and [�̂; �̂] > 0everywhere on IRd. Let � be the function given by�̂ = �̂=[�̂; �̂]1=2: (5:9)Then � has orthonormal shifts and S(�) = S(�). Moreover, � decays exponentially fast atin�nity. The function � is also re�nable:� = X�2ZZd a(�)�(2 � ��);where the mask a is given by~a(e�i�) = ~b(e�i�)eivX ��p[�̂; �̂](�)=[�̂; �̂](2�); � 2 IRd;so it also decays exponentially fast (see [25]). For � 2 ZZd, let a�(�) := a(�+ 2�) andp�(z) := 2�d=2 X�2ZZd a�(�)z� ; z 2 Td: (5:10)Then p� (� 2 E) satisfy (3.6). We claim that there is no z 2 Td such that p�(z) = ��0�for all � 2 E . If cX =2 ZZd, then cX � vX 2 Ed=2nf0g, so our claim is justi�ed because (5.7)is valid with c := 2(cX � vX). If cX 2 ZZd, then vX = cX . In this case, ~b(e�i�)eicX �� arereal numbers for � 2 IRd. Moreover, it was proved by St�ockler [39] that there is no � 2 IRdsuch that ~b(e�i(�+��))eicX �(�+��) < 0 for all � 2 E :Hence there is no � 2 IRd such that~a(e�i(�+��)) < 0 for all � 2 E : (5:11)If there were some z = e�i� (� 2 IRd) such that p�(z) = ��0�, then we would have~a(z) = 2d=2X�2E p�(z2)z� = 2d=2p0(z2);and (5.11) would follow. This contradiction veri�es our claim. Consequently, Theorem 5.1is applicable and we have the following results.28



Theorem 5.3. Let B(�jX) be the box spline de�ned by a unimodular integer d�n matrixX. Let � be the function derived from B(�jX) as given in (5.9), and �� = �(2���) (� 2 E).For �; � 2 E , let p�� be given as in (5.8), where p� are given as in (5.10), and let a�� bethe coe�cient sequences in the Laurent expansions of p�� . Then the functions � :=X�2E ���0a�� ; � 2 E n f0g;constitute an orthogonal set of wavelets with exponential decay.In the rest of this section we study the construction of prewavelet sets for symmetricscaling functions. Let us recall from [25] the general procedure for the construction ofprewavelet sets.Algorithm 5.4. Let � be a compactly supported function having stable shifts. Assumethat � satis�es the re�nement equation (3.2) with a �nitely supported sequence b as there�nement mask.Step 1. Find p� (� 2 E) by the equation p�(z) :=P�2ZZd b(2� + �)z� , z 2 Td.Step 2. Find Laurent polynomials p�� (�; � 2 E) such that p0� = p� for all � 2 Eand that the matrix �p��(z)��;�2E is nonsingular for every z 2 Td.Step 3. Let �� :=P�2E ���0b�� , where b�� are the coe�cient sequences in theLaurent polynomials p�� , and �� = �(2 � ��).Step 4. Set  ̂� := [�̂; �̂]�̂� � [�̂�; �̂]�̂, � 2 E n f0g.Then  � (� 2 E n f0g) are compactly supported and provide a stable basis for the waveletspace W .In order to apply Algorithm 5.4 to symmetric scaling functions, we �rst establish someelementary results on determinants.Lemma 5.5. Let (a1; : : : ; an) 2 Cn n f0g. If a1 is a real number, then�������� a1 a2 : : : ania2 1 : : : 0... ... . . . ...ian 0 : : : 1 �������� 6= 0:29



If a1 = a2, then ���������� a1 a2 a3 : : : an1� (a1 + a2)=2 1 + (a1 + a2)=2 0 : : : 0�a3 a3 1 : : : 0... ... ... . . . ...�an an 0 : : : 1
���������� 6= 0:Proof. The �rst determinant�1 = a1 � i(ja2j2 + : : :+ janj2);hence j�1j2 = ja1j2 + (ja2j2 + : : :+ janj2)2 > 0:Adding the �rst column to the second column in the second determinant �2, we obtain�2 = a1 � a2 + (a1 + a2)2=2 + 2 nXj=3 jajj2 = 2i Ima1 + 2(Rea1)2 + 2 nXj=3 jajj2:It follows that �2 6= 0.Lemma 5.5 yields the following construction of prewavelets for symmetric functions.Theorem 5.6. Let � be a function satisfying all the conditions of Algorithm 5.4 and,in addition, is skew-symmetric about some c� 2 Ed=2. Then Algorithm 5.4 produces aprewavelet set of compactly supported functions if the Laurent polynomial p�� (�; � 2 E)are chosen according to the following rule. If c� = 0, choosep�� = 8><>: p� ; for � = 0, � 2 E ;ip�; for � 2 E n f0g, � = 0;1; for � = � 2 E n f0g;0; elsewhere.If c� 6= 0, let c = 2c� and choosep�� = 8>>>>>>><>>>>>>>:

p� ; for � = 0, � 2 E ;1� (p0 + pc)=2; for � = c, � = 0;1 + (p0 + pc)=2; for � = c, � = c;�p�; for � 2 E n f0; cg, � = 0;p�; for � 2 E n f0; cg, � = c;1; for � = � 2 E n f0; cg;0; elsewhere.AcknowledgementWe are grateful to G. Peschke and the anonymous referee for pointing out the reference[21] to us. 30
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