
1997American Mathematical SocietyCONVERGENCE OF CASCADE ALGORITHMS ASSOCIATEDWITH NONHOMOGENEOUS REFINEMENT EQUATIONSRONG-QING JIA, QINGTANG JIANG, AND ZUOWEI SHENAbstract. This paper is devoted to a study of multivariate nonhomogeneousre�nement equations of the form�(x) = g(x) +X�2ZZs a(�)�(Mx� �); x 2 IRs;where � = (�1; : : : ; �r)T is the unknown, g = (g1; : : : ; gr)T is a given vectorof functions on IRs, M is an s� s dilationmatrix, and a is a �nitely supportedre�nement mask such that each a(�) is an r� r (complex) matrix. Let �0 bean initial vector in (L2(IRs))r . The corresponding cascade algorithm is givenby �k := g+X�2ZZs a(�)�k�1(M � � �); k = 1;2; : : : :In this paper we give a complete characterization for the L2-convergence ofthe cascade algorithm in terms of the re�nementmask a, the nonhomogeneousterm g, and the initial vector of functions �0.1. IntroductionA nonhomogeneous re�nement equation is a functional equation of theform �(x) = g(x) +X�2ZZs a(�)�(Mx� �); x 2 IRs;(1.1)where � = (�1; : : : ; �r)T is the unknown, g = (g1; : : : ; gr)T is a given vector offunctions on IRs, M is an s � s dilation matrix, and a is a �nitely supported masksuch that each a(�) is an r � r (complex) matrix. In this paper, by a dilationmatrix we mean an integer matrix whose eigenvalues lie outside the closed unitdisk. When g = 0, (1.1) becomes the homogeneous re�nement equation�(x) =X�2ZZs a(�)�(Mx� �); x 2 IRs:The readers are referred to [1] and [4] for some basic properties of homogeneousre�nement equations. For vector homogeneous re�nement equations, see [9], [2],[22], [19], and [27].Nonhomogeneous re�nement equations generalized from their homogeneous coun-terpart are motivated by constructions of multiwavelets to obtain multi-channel�lters with good time-frequency localization in the area of signal processing andconstructions of wavelets on a �nite interval to �nd numerical solutions of di�eren-tial equations in the area of numerical analysis (see, e.g., [24] and [3]). A systematicstudy of such re�nement equations not only complements the existing literature ofReceived by the editors ??, 1998 and, in revised form, ??, 1999.1991 Mathematics Subject Classi�cation. Primary 41A58, 42C15; Secondary 41A17, 42C99.Key words and phrases. Nonhomogeneous re�nement equations, cascade algorithms.The �rst author was supported in part by NSERC Canada under Grant OGP 121336, thesecond and third authors were supported in part by the Wavelets Strategic Research Programme,National University of Singapore. 1



2 RONG-QING JIA, QINGTANG JIANG, AND ZUOWEI SHENits homogeneous counterpart, but also provides a global view of the subject. Thisfurther leads to a better understanding of re�nement equations.For a given equation (1.1), the �rst problem to consider is whether it has dis-tributional solutions. Distributional solutions of the nonhomogeneous re�nementequation (1.1) were studied in [5], [25], [6], [15], and [26]. In [15], we provideda characterization of the existence of distributional solutions for continuous anddiscrete nonhomogeneous re�nement equations.In practice, solutions are required to be functions with certain smoothness. Sincesolutions are not of any analytic form in many cases, the cascade algorithm is usedto obtain approximations of the solutions. The second problem to consider is theL2-convergence of the cascade algorithm, which will be the main topic of this paper. The convergence of the cascade algorithm is fundamental to wavelet theory andsubdivision. For example, in the context of wavelet theory, the key step to theconstruction is to �nd right re�nable functions, and in the context of subdivision,the limiting surface of the subdivision process is a linear combination of shifts ofthe re�nable function corresponding to the subdivision scheme.Suppose g = (g1; : : : ; gr)T is a given r � 1 vector of compactly supported func-tions in L2(IRs). Let Qa be the cascade operator on (L2(IRs))r given byQaf :=X�2ZZs a(�)f(M � � �); f = (f1; : : : ; fr)T 2 (L2(IRs))r:(1.2)Choose an initial vector �0 2 (L2(IRs))r . Let�k := g +X�2ZZs a(�)�k�1(M � � �); k = 1; 2; : : : :(1.3)If there exists an r � 1 vector of functions � 2 (L2(IRs))r such thatlimk!1 k�k � �k(L2(IRs))r = 0;then we say that the cascade algorithm associated with a; g, and �0 is L2-convergent. If this is the case, then the limit � is a solution of the nonhomogeneousre�nement equation (1.1). In the scalar case (r = 1), we say that the cascadealgorithm associated with the corresponding homogeneous equation converges if itconverges for any initial function �0 that satis�esX�2ZZs �0(� � �) = 1:(1.4)The L2-convergence of cascade algorithms associated with homogeneous re�ne-ment equations were investigated in many papers such as [11], [23], [8], [20], [22]and [16]. As it has been done in many other areas of mathematics, to solve thenonhomogeneous problem, one starts with the corresponding homogeneous prob-lem and uses the results of this case as indicators and the methods as a startingpoint. This process normally is nontrivial, since the nonhomogeneous problem can-not be reduced to the homogeneous problem entirely. This is also the case for theconvergence of the cascade algorithm as shown in the following two examples.The �rst example shows that in the nonhomogeneous case, the choice of theinitial functions highly depends on the nonhomogeneous term.Example 1.1. Let M = (2), a(0) = a(1) = 1, a(�) = 0 for all � 2 ZZnf0; 1g, andthe nonhomogeneous term g = �[0;1=4)+2�[1=4;1=2)+�[3=4;1)��[1;2), where �E de-notes the characteristic function of the set E. It is clear that the cascade algorithm



CONVERGENCE OF CASCADE ALGORITHMS 3associated with the homogeneous equation converges for any initial function satis-�es (1.4). However, sinceP�2ZZ g(���) 6= 0, the cascade algorithm associated withthe nonhomogeneous equation does not converge for any initial function satisfying(1.4) by Remark 2.7. It converges when �0 = �[0;1=2).Assume that the cascade algorithm associated with the homogeneous case con-verges. Corollary 2.6 provides a complete characterization of the initial functionsfor which the cascade algorithm associated with the nonhomogeneous re�nementequation converges. However, the next example shows that the convergence of thecascade algorithm associated with the homogeneous re�nement equation is not anecessary condition for the convergence of the cascade algorithm associated withthe nonhomogeneous one. Hence, it is necessary to give a complete characteri-zation in terms of the re�nement mask a, the nonhomogeneous term g and theinitial vector of functions �0 for the convergence of the cascade algorithm in thenonhomogeneous case. Such a characterization will be given in Theorem 2.4.Example 1.2. Consider the nonhomogeneous re�nement equation� = a(�(2�) + �(2 � �1)) + g;where 1 < a < p2 and g = �[0;1)��[1;2). Clearly, the cascade algorithm associatedwith the corresponding homogeneous re�nement equation does not converge in L2-norm. On the other hand, sinceP�2ZZ g(���) = 0, the cascade algorithmassociatedwith the nonhomogeneous re�nement equation does converge for any initial function�0 supported in [0; 2] that satis�es P�2ZZ �0(� � �) = 0 as shown in Example 3.2.In the univariate and scalar case (s = 1 and r = 1), a characterization of L2-convergence was given in [25] for cascade algorithms associated with the nonho-mogeneous re�nement equation (1.1). Their argument is based on the fact estab-lished in [12] that a compactly supported function on IR is a linear combinationof �nitely many shifts of a compactly supported function whose shifts are linearlyindependent. However, multivariate compactly supported functions do not havesuch property (see [13] for a counterexample). Thus, a new technique has to beintroduced to deal with the multivariate case.The purpose of this paper is to give a complete characterization for the L2-convergence of cascade algorithms in terms of the re�nement mask a, the nonho-mogeneous term g, and the initial vector of functions �0. This will be done inSection 2. In Section 2, we also discuss some relation between the L2-convergencesof cascade algorithms associated with the homogeneous and nonhomogeneous re-�nement equations. In Section 3, we give several examples to illustrate the generaltheory. 2. Convergence of Cascade AlgorithmsIn this section we give a characterization for the L2-convergence of the cascadealgorithm associated with a nonhomogeneous re�nement equation.As usual, we use L2(IRs) to denote the space of square integrable functions onIRs. The norm on L2(IRs) is given bykfk2 := �ZIRs jf(x)j2 dx�1=2; f 2 L2(IRs):Given a measurable function f on IRs, we use kfk1 to denote the essential supre-mum of jf j on IRs.



4 RONG-QING JIA, QINGTANG JIANG, AND ZUOWEI SHENFor two functions f; h in L2(IRs), f � h is de�ned as follows:f � h(x) := ZIRs f(x+ y)h(y) dy; x 2 IRs;where h(y) denotes the complex conjugate of h(y). In other words, f � h is theconvolution of f with the function y 7! h(�y), y 2 IRs. We �nd this notation,which was introduced in [14], is convenient. It is easily seen that f � h lies inC0(IRs), the space of continuous functions on IRs which vanish at1. In particular,f � h is uniformly continuous. Clearly,kf � hk1 � kfk2khk2:(2.1)Moreover, (f�f)(0) = kfk22.Let `0(ZZs) denote the linear space of all �nitely supported sequences on ZZs, andlet `1(ZZs) denote the linear space of all bounded sequences on ZZs. The norm on`1(ZZs) is given by kvk1 := supfjv(�)j : � 2 ZZsg; v 2 `1(ZZs):We use Cr to denote the linear space of all r�1 complex vectors. The norm of avector � = (�1; : : : ; �r)T 2 Cr is de�ned by j�j :=Prj=1 j�jj. If F is a linear space,we use F r to denote the linear spacef(f1; : : : ; fr)T : f1; : : : ; fr 2 Fg:If, in addition, F is a Banach space equipped with the norm k � k, then F r is alsoa Banach space with the norm given bykfk :=Xrj=1 kfjk; f = (f1; : : : ; fr)T 2 F r:The Kronecker product of two matrices is a useful tool in the study of vectorre�nement equations (see [7], [17] and [18]). Let us recall some basic propertiesof the Kronecker product from [10]. Suppose A = (aij)1�i�m;1�j�n and B =(bij)1�i�k;1�j�l are two matrices. The (right) Kronecker product of A and B,written A 
B, is de�ned to be the block matrixA
 B := 26664 a11B a12B � � � a1nBa21B a22B � � � a2nB... ... . . . ...am1B am2B � � � amnB 37775 :For three matrices A;B, and C of the same type, we have(A +B) 
 C = (A
 C) + (B 
 C);A 
 (B + C) = (A
 B) + (A 
C):If A;B;C;D are four matrices such that the products AC and BD are well de�ned,then (A 
B)(C 
D) = (AC) 
 (BD):Moreover, if �1; : : : ; �r are the eigenvalues of an r � r matrix A and �1; : : : ; �rare the eigenvalues of an r � r matrix B, then the eigenvalues of A 
 B are �j�k,j; k = 1; : : : ; r.For a matrixA = (aij)1�i;j�r, the vector (a11; : : : ; ar1; a12; : : : ; ar2; : : : ; a1r; : : : ; arr)Tis said to be the vec-function of A and written as vecA. Suppose A;X, and B arethree r � r matrices. Then we have (see [10])vec(AXB) = (BT 
A)vecX:(2.2)



CONVERGENCE OF CASCADE ALGORITHMS 5Suppose � = (�1; : : : ; �r)T and  = ( 1; : : : ;  r)T lie in (L2(IRs))r. Let ��  Tbe de�ned as follows:��  T := 26664 �1 �  1 �1 �  2 � � � �1 �  r�2 �  1 �2 �  2 � � � �2 �  r... ... . . . ...�r �  1 �r �  2 � � � �r �  r 37775 :By (2.1) we have kvec(��  T )k1 � k�k2k k2:(2.3)Moreover,��vec(�� �T )(0)�� = rXj=1 rXk=1 j�j � �k(0)j � rXj=1 j�j � �j(0)j = rXj=1 k�jk22:Consequently, ��vec(�� �T )(0)�� � 1rk�k22:(2.4)Now let us discuss properties of the cascade operator de�ned in (1.2).Lemma 2.1. Let ak (k = 1; 2; : : :) be the sequences of r � r matrices de�ned bya1 := a andak(�) = X�2ZZs ak�1(�)a(��M�); � 2 ZZs; k = 2; 3; : : : :Then the following formula is valid for all k = 1; 2; : : : and all f 2 (L2(IRs))r :Qkaf =X�2ZZs ak(�)f(Mk � � �):(2.5)Proof. The proof proceeds by induction on k. For k = 1, (2.5) comes from thede�nition of the cascade operator Qa. Suppose k > 1 and (2.5) has been veri�edfor k � 1. Then by the induction hypothesis we haveQkaf = Qk�1a (Qaf) = X�2ZZs ak�1(�)(Qaf)(Mk�1 � � �)= X�2ZZs X�2ZZs ak�1(�)a(�)f(Mk � �M� � �)= X�2ZZshX�2ZZs ak�1(�)a(� �M�)if(Mk � � �)= X�2ZZs ak(�)f(Mk � � �):This completes the induction procedure.Lemma 2.2. The following relation is valid for all k = 1; 2; : : : and all f 2(L2(IRs))r : vec �(Qkaf)�(Qkaf)T � = Qkb�vec (f�fT )�;where b is given byb(�) =X�2ZZs a(�)
a(�+ �)�j detM j; � 2 ZZs:(2.6)



6 RONG-QING JIA, QINGTANG JIANG, AND ZUOWEI SHENProof. Write m for j detM j. It is easily seen thatf(Mk � � �)� fT (Mk � � �) = 1mk (f�fT )(Mk � � �+ �); �; � 2 ZZs:By (2.5) it follows that(Qkaf)�(Qkaf)T = hX�2ZZs ak(�)f(Mk � � �)i�hX�2ZZs ak(�)f(Mk � � �)iT= 1mk X�2ZZs X�2ZZs ak(�) (f�fT )(Mk � � �+ �) ak(�)T :Therefore, with h := vec (f � fT ), by (2.2) we obtainvec �(Qkaf)�(Qkaf)T � = 1mk X�2ZZs X�2ZZs ak(�)
ak(�)h(Mk � � �+ �)= 1mk X�2ZZs X�2ZZs ak(�)
ak(�+ �)h(Mk � � �):Let bk (k = 1; 2; : : :) be the sequences of r2 � r2 matrices de�ned by b1 := b andbk(�) = X�2ZZs bk�1(�)b(� �M�); � 2 ZZs; k = 2; 3; : : : :Then one can show as in the proof of (2.5) thatQkbh =X�2ZZs bk(�)h(Mk � � �):To complete the proof of Lemma 2.2, it su�ces to showbk(�) = 1mk X�2ZZs ak(�)
ak(�+ �) 8� 2 ZZs:(2.7)This will be done by induction on k. By the de�nitions of a1 and b1, (2.7) is truefor k = 1. Suppose k > 1 and (2.7) has been veri�ed for k � 1. By the inductionhypothesis, for � 2 ZZs we havebk(�) = X�2ZZs bk�1(�)b(��M�)= m�k X�2ZZs X2ZZs X�2ZZs�ak�1()
ak�1(� + )��a(�)
a(��M� + �)�= m�k X�2ZZs X2ZZs X�2ZZs�ak�1()a(� �M)�
 �ak�1(�)a(� + � �M�)�= m�k X�2ZZs ak(�)
ak(�+ �):This completes the induction procedure, and thereby �nishes the proof of Lemma2.2.Let Tb be the transition operator on (`0(ZZs))r2 given byTbv(�) := X�2ZZs b(M�� �)v(�); � 2 ZZs; v 2 (`0(ZZs))r2 :It is known that the minimal invariant subspace V of Tb generated by v is �nitedimensional (see [8] and [16]). We use �(TbjV ) to denote the spectral radius of TbjV .



CONVERGENCE OF CASCADE ALGORITHMS 7Lemma 2.3. The following relation is valid for all k = 1; 2; : : : and all v 2(`0(ZZs))r2 :T kb v(�) = X�2ZZs bk(Mk�� �)v(�); � 2 ZZs; k = 1; 2; : : : :Proof. The proof proceeds by induction on k. By the de�nition of Tb, our claimis true for k = 1. Suppose it is valid for k � 1. By the induction hypothesis, for� 2 ZZs we haveT kb v(�) = T k�1b (Tbv)(�)= X�2ZZs bk�1(Mk�1�� �)(Tbv)(�)= X�2ZZs X2ZZs bk�1(Mk�1�� �)b(M� � )v()= X2ZZshX�2ZZs bk�1(�)b(Mk��  �M�)iv()= X2ZZs bk(Mk�� )v():The proof of Lemma 2.3 is complete.Let us investigate the cascade algorithm as given in (1.3). For k = 1; 2; : : : , by(1.2) and (1.3) we have �k = g +Qag + � � �+Qk�1a g +Qka�0: It follows that�k+1 � �k = Qkag +Qk+1a �0 �Qka�0 = Qkag0;(2.8)where g0 := g+Qa�0 � �0. The following theorem gives a characterization for theL2-convergence of the cascade algorithm associated with (1.1).Theorem 2.4. The cascade algorithm associated with a, g, and �0 converges inthe L2-norm if and only if limk!1 kT kb vk1 = 0; where b is given by (2.6) and vis given by v(�) = vec (g0�gT0 )(�), g0 = g + Qa�0 � �0, � 2 ZZs, or equivalently,�(TbjV ) < 1, where V is the minimal invariant subspace of Tb generated by v.Proof. Let us �rst establish the su�ciency part of the theorem. Write h0 forvec (g0�gT0 ) and hk for vec ((Qkag0)�(Qkag0)T ), k = 1; 2; : : : . Then v(�) = h0(�)for all � 2 ZZs. By Lemma 2.2 we have hk = Qkbh0, k = 1; 2; : : : . An application of(2.4) gives kQkag0k22 � r��vec�(Qkag0)� (Qkag0)T �(0)�� = rjhk(0)j:For � 2 ZZs, by Lemma 2.3 and Lemma 2.2 we haveT kb v(�) = X�2ZZs bk(Mk�� �)v(�) = X�2ZZs bk(�)h0(Mk�� �) = Qkbh0(�):(2.9)In particular, hk(0) = Qkbh0(0) = T kb v(0). If �(TbjV ) < 1, then there exists some�, 0 < � < 1, and a constant C > 0 such that jT kb v(0)j � kT kb vk1 � C�k:Consequently,kQkag0k22 � rjhk(0)j = rjQkbh0(0)j = rjT kb v(0)j � Cr�k; k = 1; 2; : : : :In light of (2.8), we have �k+1 � �k = Qkag0. Since � < 1, (�k)k=1;2;::: is a Cauchysequence in (L2(IRs))r . Therefore, the cascade algorithm converges in the L2-norm.



8 RONG-QING JIA, QINGTANG JIANG, AND ZUOWEI SHENNext, we establish the necessity part of the theorem. By Lemma 2.2 and (2.3)we obtain��Qkbh0(�)�� = ��vec �(Qkag0) � (Qkag0)T �(�)�� � Qkag022 8� 2 ZZs:This in connection with (2.9)) gives T kb v1 � Qkag022: If the cascade algorithmconverges in the L2-norm, then limk!1 kQkag0k22 = 0. Hence, limk!1 kT kb vk1 = 0.Consequently, �(TbjV ) < 1.Remark 2.5. Let K be a compact subset of IRs containing supp b := f� 2 ZZs :b(�) 6= 0g, and let 
 := (P1n=1M�nK) \ ZZs. Choose K properly so that 
contains the support of v, where v is given by v(�) = vec (g0�gT0 )(�), � 2 ZZs.Let Tb be the matrix �b(M� � �)��;�2
: If �(Tb) < 1, then limk!1 kT kb vk1 = 0.Hence, the cascade algorithm associated with a, g, and any initial choice of �0 isL2-convergent. Suppose �(Tb) � 1. Let U be a non-singular matrix satisfying Tb =U�1diag(A1; A2)U; where A1 and A2 are two square matrices such that �(A1) < 1and the eigenvalues of A2 lie outside the open unit disk. Suppose A2 is an m2�m2matrix. Then limk!1 kT kb vk1 = 0 if and only ifU2 �v(�)��2
 = 0;(2.10)where U2 is the matrix consisting of the last m2 rows of U . Therefore, the cascadealgorithm associated with a, g, and �0 is L2-convergent if and only if (2.10) is true.Next we will show that for a special set of vectors of compactly supported func-tions g 2 (L2(IRs))r the corresponding cascade algorithm converges as long asthe cascade algorithm corresponding to the homogeneous re�nement equation con-verges.For this purpose, consider the homogeneous re�nement equation' =X�2ZZs a(�)'(M � � �):(2.11)Assume that j detM j is a simple eigenvalue of the matrixP�2ZZs a(�) with a left roweigenvector y. We say that the cascade algorithm associated with the homogeneousre�nement equation with mask a converges (in the L2-norm) whenever for anycompactly supported '0 2 (L2(IRs))r satisfyingyX�2ZZs '0(� � �) = y;the sequence 'k de�ned by 'k =P�2ZZs a(�)'k�1(M ���); k = 1; 2; : : :, convergesin the L2-norm.Corollary 2.6. Assume that j detM j is a simple eigenvalue of the matrixP�2ZZs a(�)with a left row eigenvector y. Assume that the cascade algorithm associated withthe homogeneous re�nement equation with mask a converges in the L2-norm. Thenthe cascade algorithm associated with a, g, and �0 converges in the L2-norm if andonly if g and �0 satisfy y�X�2ZZs(g0�gT0 )(�)�yT = 0;(2.12)where g0 = g + Qa�0 � �0.Proof. If the cascade algorithm associated with the homogeneous re�nement equa-tion with mask a converges in the L2-norm, then 1 is a simple eigenvalue of Tb



CONVERGENCE OF CASCADE ALGORITHMS 9and the other eigenvalues of Tb lie inside the open unit disc (see [20] and [22]).Furthermore, the space V de�ned byV := nu 2 (`0(ZZs))r2 : (y
y)X�2ZZs u(�) = 0ois invariant under Tb and �(TbjV ) < 1 (see [8] and [14]). Let v be the element in(`0(ZZs))r2 de�ned by v(�) := vec (g0�gT0 )(�), � 2 ZZs. In light of (2.2), it followsfrom (2.12) that v lies in V . Hence, limk!1 kT kb vk1 = 0. By Theorem 2.4, thecascade algorithm associated with a, g, and �0 converges in the L2-norm.Conversely, assume that the cascade algorithm associated with a, g and �0 con-verges. Let w(�) := vec('�'T )(�); � 2 ZZs, where ' is the solution of the ho-mogeneous re�nement equation with mask a such that y'̂(0) = 1. Then w is aneigenvector of Tb corresponding to eigenvalue 1 with (y
y)P�2ZZs w(�) = 1.Recall that v is the element in (`0(ZZs))r2 de�ned by v(�) := vec (g0�gT0 )(�), � 2ZZs. There exist c 2 C and u 2 V such that v = cw+u. We have limk!1 kT kb uk1 =0. Since the cascade algorithm associated with a, g and �0 converges in the L2-norm, we also have limk!1 kT kb vk1 = 0, by Theorem 2.4. But Tbw = w. Hence,T kb v = cw + T kb u; k = 1; 2; : : : :Letting k ! 1 in the above equation, we obtain c = 0. Consequently, v = u liesin V . In other words, (2.12) holds true.Remark 2.7. In Corollary 2.6, condition (2.12) is equivalent to yP�2ZZs g0(���) =0. Assume that yP�2ZZs �0(� � �) = y: Then, the cascade algorithm associatedwith nonhomogeneous equation converges if and only if yP�2ZZs g(� � �) = 0:3. ExamplesIn this section we give several examples to illustrate our theory.Example 3.1. Consider the nonhomogeneous re�nement equation�(x) = t�(2x) + g(x); x 2 IR;(3.1)where t is a nonzero complex number and g is a compactly supported function inL2(IR). Let �0 be a compactly supported function in L2(IR). The correspondingcascade algorithm is given by �k = t�k�1(2 �)+g; k = 1; 2; : : : :We have a(0) = t anda(�) = 0 for � 2 ZZ n f0g. Let b be the sequence given by (2.6). Then b(0) = jtj2=2and b(�) = 0 for � 2 ZZ n f0g. Let g0 := g + t�0(2 �)� �0 and v(�) := (g0�g0)(�)for � 2 ZZ. Then for su�ciently large k we haveT kb v(0) = (jtj2=2)kv(0) and T kb v(�) = 0 8� 2 ZZ n f0g:Note that v(0) = kg0k22. Hence, v(0) = 0 if and only if g0 = 0. If jtj < p2, thenTheorem 2.4 tells us that the cascade algorithm associated with a, g, and any �0 isL2-convergent. If jtj � p2, then the cascade algorithm converges in the L2-norm ifand only if �0 is the solution of the equation (3.1).This example was also considered in [21] and [25].Example 3.2. Consider the nonhomogeneous re�nement equation�(x) = a0�(2x) + a1�(2x� 1) + g(x); x 2 IR;(3.2)



10 RONG-QING JIA, QINGTANG JIANG, AND ZUOWEI SHENwhere a0; a1 are two nonzero complex numbers and g is a function in L2(IR) sup-ported in [0; 2]. Let �0 be a function in L2(IR) supported in [0; 2]. The correspond-ing cascade algorithm is given by�k = a0�k�1(2 �) + a1�k�1(2 � � 1) + g; k = 1; 2; : : : :We have a(0) = a0; a(1) = a1 and a(�) = 0 for � 2 ZZnf0; 1g. Let b be the sequencegiven by (2.6). Then b(�1) = a0a1=2; b(0) = (ja0j2 + ja1j2)=2; b(1) = a0a1=2 andb(�) = 0 for � 2 ZZ n f�1; 0; 1g. Let g0 := g + a0�0(2 �) + a1�0(2 � � 1) � �0 andv(�) := (g0�g0)(�) for � 2 ZZ. Then g0 is supported in [0; 2] and v(�) = 0 for� 2 ZZ n f�1; 0; 1g.Let Tb be the matrix (b(2i � j))�1�i;j�1, that is,Tb = 24 b(�1) 0 0b(1) b(0) b(�1)0 0 b(1) 35 :(3.3)The eigenvalues of Tb are a0a1=2; a0a1=2 and (ja0j2 + ja1j2)=2. If ja0j2 + ja1j2 < 2,then �(Tb) < 1. Hence the cascade algorithm associated with fa0; a1g; g and �0is L2-convergent. If ja0a1j � 2, then each eigenvalue of Tb lies outside the openunit disk. Therefore the cascade algorithm associated with fa0; a1g; g and �0 isL2-convergent if and only if �0 is the L2-solution of (3.2).Finally, we consider the case ja0a1j < 2 � ja0j2 + ja1j2. LetU := 24 1 0 00 0 1p 1 p 35 ;where p := b(1)=�b(0)� b(�1)� = a0a1=(ja0j2 + ja1j2 � a0a1). ThenTb = U�1diag(b(�1); b(1); b(0))U:By Theorem 2.4 and Remark 2.5, we conclude that the cascade algorithmassociatedwith fa0; a1g; g and �0 is L2-convergent if and only if g and �0 satisfyp(g0�g0)(�1) + p(g0�g0)(1) + kg0k22 = 0:(3.4)Assume a0 = a1 = a with 1 � jaj < p2, then p and p in (3.2) become 1. Thus(3.2) is equivalent to P�2ZZ g0(� � �) = 0. In particular, if P�2ZZ g(� � �) = 0 andP�2ZZ �0(� � �) = 0 hold, then (3.2) is valid. Hence, the corresponding cascadealgorithm converges.Example 3.3. Consider the nonhomogeneous vector re�nement equation�(x) = g(x) +X2j=0 a(j)�(2x� j); x 2 IR;where g = (g1; g2)T is a 2 � 1 vector of compactly supported functions in L2(IR),and a(0) = � 1=2 1=21=4 1=4 � ; a(1) = � 1 00 1=2 � ; a(2) = � 1=2 �1=2�1=4 1=4 � :Let �0 = (�0;1; �0;2)T be a 2�1 vector of compactly supported functions in L2(IR).Then the cascade algorithm associated with a, g, and �0 is L2-convergent, providedX�2ZZ g1(� � �) = 0 and X�2ZZ �0;1(� � �) = 1:(3.5)



CONVERGENCE OF CASCADE ALGORITHMS 11In order to justify our claim, we �rst compute the sequence b as given in (2.6).We have b(�) = 0 for � 2 ZZ n [�2; 2], andb(�2) = [a(2)
 a(0)]=2; b(�1) = [a(1)
 a(0) + a(2)
 a(1)]=2;b(0) = [a(0)
 a(0) + a(1)
 a(1) + a(2)
 a(2)]=2;b(1) = [a(0)
 a(1) + a(1)
 a(2)]=2; b(2) = [a(0)
 a(2)]=2:Let B be the block matrix (b(2���))�2��;��2. By a straightforward computationwe �nd that 1 is a simple eigenvalue of the matrix B and the other eigenvalues ofB are less than 1 in modulus. Note that 2 is a simple eigenvalue of the matrixP�2ZZ2 a(�) with (1; 0) being a left eigenvector. Further, one can check(1; 0)X2j=0 a(2j + i) = (1; 0); i = 0; 1:Thus the cascade algorithm associated with the homogeneous re�nement equationwith mask a converges in the L2-norm (see [22] and [16]). Hence, by Corollary2.6 and Remark 2.7, the cascade algorithm associated with a, g, and �0 convergesprovided the conditions in (3.5) are satis�ed.Example 3.4. Consider the nonhomogeneous vector re�nement equation�(x) = A�(2x) + g(x); x 2 IR2;(3.6)where A is a nonzero 2 � 2 matrix and g = (g1; g2)T is a 2 � 1 vector of com-pactly supported functions in L2(IR2). Let �0 = (�0;1; �0;2)T be a 2 � 1 vector ofcompactly supported functions in L2(IR2). The corresponding cascade algorithmis given by �k = A�k�1(2 �) + g, k = 1; 2; : : :. Let g0 := g + Qa�0 � �0 andv(�) := vec (g0�gT0 )(�), � 2 ZZ2. We observe that v(0) = 0 if and only if g0 = 0.In this case, a(0) = A and a(�) = 0 for � 2 ZZ2 n f0g. Let b be the sequencegiven in (2.6). Thenb(0) = A
 A=4 and b(�) = 0 8� 2 ZZ2 n f0g:Note that �(A 
 A) = �(A)2. For su�ciently large k, we haveT kb v(0) = (A
 A=4)v(0) and T kb v(�) = 0 8� 2 ZZ2 n f0g:Thus, if �(A) < 2, then �(Tb) < 1 and the cascade algorithm associated with A, g,and any �0 is L2-convergent, by Theorem 2.4.Let �1; �2 be the two eigenvalues of A. Then the eigenvalues of the matrix A
Aare j�1j2, �1�2, �2�1, and j�2j2. If j�1j � 2 and j�2j � 2, then the cascade algorithmassociated with A, g, and �0 is L2-convergent only if g0 = 0, i.e., �0 is the solutionof the re�nement equation (3.6).It remains to deal with the case j�2j < 2 � j�1j. After a suitable coordinatechange we may assume that A has the following form A = diag(�1; �2). Then thecascade algorithm associated with A, g, and �0 is L2-convergent if and only if �0;1is the L2-solution of the equation ' = �1'(2 �) + g1.References1. A. S. Cavaretta, W. Dahmen, and C. A. Micchelli, Stationary Subdivision, Memoirs of Amer.Math. Soc., vol. 93, 1991.2. A. Cohen, I. Daubechies, and G. Plonka, Regularity of re�nable function vectors, J. FourierAnal. Appl. 3 (1997), 295{324.3. A. Cohen, I. Daubechies, and P. Vial, Wavelets and fast wavelet transforms on an interval,Appl. Comp. Harm. Anal. 1 (1993), 54{81.
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