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Abstract
The theory of theta correspondence, initiated by R. Howe, provides a powerful

method of constructing irreducible admissible representations of classical groups over local
fields. For archimedean local fields, a principle of great importance is the orbit method
introduced by A. A. Kirillov, and it seeks to describe irreducible unitary representations
of a Lie group by its coadjoint orbits. In this article, we examine implications of Howe’s
theory for the orbit method and unitary representation theory, with a focus on a recent work
of Barbasch, Ma, and the authors on the construction and classification of special unipotent
representations of real classical groups (in the sense of Arthur and Barbasch-Vogan).
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1. Theta lifting: the basic construction
Classical invariant theory, as expounded by H. Weyl ([40]), is the study of the poly-

nomial invariants for an arbitrary number of (contravariant or covariant) variables for a
standard classical group action. A related theme is the study of the isotypic decomposi-
tion of the full tensor algebra for such an action. It is well-known that Weyl’s approach to
classical invariant theory yields in particular a full description of all irreducible rational
representations of a classical group. See [16] as well as [11, 22] for a modern treatment.
The theory of theta correspondences, initiated by R. Howe in the 1970’s, is a transcendental
version and a profound generalization of classical invariant theory ([14, 17]). The theory
includes both global and local aspects, and has been investigated extensively and by many
authors. We will focus on the archimedean local aspect and will thus concern admissible
representations of classical Lie groups.

Let 𝑊 be a finite-dimensional real symplectic vector space with symplectic form
x , y𝑊 : 𝑊 ˆ𝑊 Ñ R. Denote by 𝜎 the anti-involution of EndRp𝑊q specified by

x𝑥 ¨ 𝑢, 𝑣y𝑊 “ x𝑢, 𝑥𝜎 ¨ 𝑣y𝑊 , 𝑢, 𝑣 P 𝑊, 𝑥 P EndRp𝑊q.

Then the symplectic group is Spp𝑊q “ t𝑥 P EndRp𝑊q | 𝑥𝜎𝑥 “ 1u. Let p𝐴, 𝐴1q be a pair of 𝜎-
stable semisimple R-subalgebras of EndRp𝑊q that are mutual centralizers of each other. Put
𝐺 :“ 𝐴X Spp𝑊q and 𝐺1 :“ 𝐴1 X Spp𝑊q, which are closed subgroups of Spp𝑊q. Following
Howe ([14]), the pair of groups p𝐺, 𝐺1q is called a reductive dual pair in Spp𝑊q. The dual
pair p𝐺,𝐺1q is said to be irreducible if the algebra 𝐴 (or equivalently, 𝐴1) is either simple or
the product of two simple algebras that are exchanged by 𝜎.

Every reductive dual pair is uniquely a product of irreducible dual pairs, and com-
plete classification of irreducible reductive dual pairs has been given by Howe ([14,28]), as
described in what follows. Let pD, 𝜎0q be one of the following seven pairs so that D is an
R-algebra and 𝜎0 is an anti-involution of D:

pR, identity mapq, pC, identity mapq, pC, q, pH, q,

pR ˆ R, pp𝑥, 𝑦q ÞÑ p𝑦, 𝑥qq, pC ˆ C, pp𝑥, 𝑦q ÞÑ p𝑦, 𝑥qq, pH ˆ H, pp𝑥, 𝑦q ÞÑ p�̄�, 𝑥qq,

where H denotes the algebra of Hamiltonian quaternions, and indicates the complex con-
jugation or the quaternionic conjugation.

Let 𝜖 “ ˘1. Let𝑉 be an 𝜖-Hermitian rightD-module, namely a free rightD-module
of finite rank, equipped with a non-degenerate R-bilinear map

x¨, ¨y𝑉 : 𝑉 ˆ𝑉 Ñ D

such that

x𝑢𝑎, 𝑣y𝑉 “ x𝑢, 𝑣y𝑉𝑎, x𝑢, 𝑣y𝑉 “ 𝜖px𝑣, 𝑢y𝑉q𝜎0 , for all 𝑢, 𝑣 P 𝑉, 𝑎 P D.

This R-bilinear map is called the 𝜖-Hermitian form on 𝑉 . The isometry group Gp𝑉q is a
classical Lie group, namely, a real orthogonal group, a real symplectic group, a complex
orthogonal group, a complex symplectic group, a unitary group, a quaternionic symplectic
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group, a quaternionic orthogonal group, a real general linear group, a complex general linear
group, or a quaternionic general linear group.

Let 𝑉 1 be an 𝜖 1-Hermitian right D-module, equipped with the 𝜖 1-Hermitian form
x¨, ¨y𝑉 1 , where 𝜖𝜖 1 “ ´1. Let𝑊 :“ HomDp𝑉,𝑉 1q, equipped with the symplectic form x¨, ¨y𝑊

given by
x𝑇, 𝑆y𝑊 :“ TrRp𝑇˚𝑆q, 𝑇 , 𝑆 P HomDp𝑉,𝑉 1q,

where TrRp𝑇˚𝑆q is the trace of 𝑇˚𝑆 as a R-linear transformation, and 𝑇˚ P HomDp𝑉 1, 𝑉q is
the adjoint of 𝑇 defined by

(1.1) x𝑇𝑣, 𝑣1y𝑉 1 “ x𝑣, 𝑇˚𝑣1y𝑉 , for all 𝑣 P 𝑉 , 𝑣1 P 𝑉 1.

There is a natural homomorphism: Gp𝑉q ˆ Gp𝑉 1q ÝÑ Spp𝑊q given by

p𝑔, 𝑔1q ¨ 𝑇 “ 𝑔1𝑇𝑔´1 for 𝑇 P HomDp𝑉,𝑉 1q, 𝑔 P 𝐺, 𝑔1 P 𝐺1.

If both 𝑉 and 𝑉 1 are nonzero, then Gp𝑉q and Gp𝑉 1q are both identified with subgroups of
Spp𝑊q, and pGp𝑉q, Gp𝑉 1qq is an irreducible reductive dual pair in Spp𝑊q. Moreover, all
irreducible reductive dual pairs arise in this way.

Now we return to the general setting so that p𝐺, 𝐺 1q is an arbitrary reductive dual
pair in Spp𝑊q. Write Hp𝑊q :“ 𝑊 ˆ R for the Heisenberg group with group multiplication

p𝑢, 𝑡q ¨ p𝑢1, 𝑡1q “ p𝑢 ` 𝑢1, 𝑡 ` 𝑡1 ` x𝑢, 𝑢1y𝑊q, 𝑢, 𝑢1 P 𝑊, 𝑡, 𝑡1 P R.

Its center is obviously identified with R. Fix a nontrivial unitary character 𝜓 : R Ñ Cˆ.
Recall the Stone-von Neumann Theorem which asserts that up to isomorphism, there exists
a unique irreducible unitary representation of Hp𝑊q with central character 𝜓.

Let r𝐺 and r𝐺1 be a pair of reductive Lie groups together with surjective Lie group
homomorphisms r𝐺 Ñ 𝐺 and r𝐺1 Ñ 𝐺1. The group r𝐺 ˆ r𝐺1 acts on the Heisenberg group
Hp𝑊q as group automorphisms through its obvious action on𝑊 . Using this action, we define
the Jacobi group

𝐽 :“ p r𝐺 ˆ r𝐺1q ˙ Hp𝑊q.

Suppose that 𝐽 has a unitary representation p𝜔 whose restriction p𝜔|Hp𝑊q to Hp𝑊q is
irreducible with central character 𝜓. All such representations, if they exist, are isomorphic
to each other up to twisting by unitary characters. We fix one such p𝜔 and write 𝜔 for the
space of smooth vectors of p𝜔|Hp𝑊q, which is 𝐽-stable and is a smooth representation of 𝐽.
We will refer to 𝜔 as a smooth oscillator representation.

Remark. A typical pair p r𝐺, r𝐺1q is obtained by taking the inverse image of p𝐺,𝐺1q inĂSpp𝑊q,
where ĂSpp𝑊q is the real metaplectic group, namely the unique double cover of Spp𝑊q that
is nonsplit whenever 𝑊 is nonzero. It is well-known that smooth oscillator representations
exist in this setting ([14, 39]). For the related issue of splittings, see [21].

Let 𝜋 be a Casselman-Wallach representation of r𝐺, whose contragredient repre-
sentation is denoted by 𝜋_. (We refer the reader to [38, Chapter 11] for generalities on
Casselman-Wallach representations.) The full theta lift of 𝜋 is defined to be

Θ
r𝐺1

r𝐺
p𝜋q :“ p𝜔pb𝜋_q

r𝐺
,
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which is a Casselman-Wallach representation of r𝐺1. Here and hence forth, pb indicates the
completed projective tensor product, and a subscript group indicates the Hausdorff coin-
variant space. The theta lift \ r𝐺1

r𝐺
p𝜋q of 𝜋 is defined to be the largest semisimple quotient of

Θ
r𝐺1

r𝐺
p𝜋q. The following result is one formulation of Howe’s duality theorem.

Theorem 1.1. ([17]) Suppose that 𝜋 is irreducible. Then \ r𝐺1

r𝐺
p𝜋q is irreducible or zero.

By reversing the role of r𝐺 and r𝐺1, Theorem 1.1 implies that theta lift is injective in
the following sense: for any irreducible Casselman-Wallach representations 𝜋1 and 𝜋2 of r𝐺,
if \ r𝐺1

r𝐺
p𝜋1q – \

r𝐺1

r𝐺
p𝜋2q ‰ t0u, then 𝜋1 – 𝜋2.

2. Theta lifting via matrix coefficient integrals and preservation of unitarity
Let 𝑉 be an 𝜖-Hermitian right D-module as in Section 1. Fix a maximal compact

subgroup 𝐾𝑉 of Gp𝑉q. Recall that an element 𝑔 P Gp𝑉q is said to be hyperbolic if the linear
operator 𝑔b 1 : 𝑉 bR C Ñ 𝑉 bR C is diagonalizable and all its eigenvalues are positive real
numbers. Denote by Ψ𝑉 the function of Gp𝑉q satisfying the following conditions:

• it is both left and right 𝐾𝑉 -invariant;

• for all hyperbolic elements 𝑔 P Gp𝑉q,

Ψ𝑉p𝑔q “
ź

𝑎

ˆ

1` 𝑎

2

˙´ 1
2

,

where 𝑎 runs over all eigenvalues of 𝑔 b 1 : 𝑉 bR C Ñ 𝑉 bR C, counted with
multiplicities.

Note that 0 ă Ψ𝑉p𝑔q ď 1 for all 𝑔 P Gp𝑉q.
Denote by Ξ𝑉 the bi-𝐾𝑉 -invariant Harish-Chandra’s Ξ function on Gp𝑉q. (For a

convenient reference, see [37].) Put

a𝑉 :“ rankDp𝑉q ´
2 dimRt𝑡 P D | 𝑡𝜎0 “ 𝜖𝑡u

dimRpDq
.

If Gp𝑉q is noncompact, then a𝑉 is the smallest real number such that

Ψ
a𝑉
𝑉

¨ Ξ
´1
𝑉
is bounded.

Given a P R, a positive function Ψ on Gp𝑉q is said to be a-bounded if there is a real number
𝑟 ą 0 such that

Ψp𝑘𝑎𝑘 1q ď plogp3` TrRp𝑎qqq𝑟 ¨ Ψa𝑉p𝑎q ¨ Ξ𝑉p𝑎q

for all 𝑘, 𝑘 1 P 𝐾𝑉 and all hyperbolic elements 𝑎 P Gp𝑉q.
In the rest of this section, we assume that𝐺 “Gp𝑉q,𝐺1 “Gp𝑉 1q,𝑊 “HomDp𝑉,𝑉 1q,

and both 𝑉 and 𝑉 1 are nonzero so that p𝐺, 𝐺1q is an irreducible dual pair in Spp𝑊q. Let
r𝐺 Ñ 𝐺, r𝐺1 Ñ 𝐺1, 𝐽, p𝜔 and 𝜔 be as in Section 1.
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Definition 2.1. A Casselman-Wallach representation 𝜋 of r𝐺 is said to be a-bounded if there
exist a a-bounded positive function Ψ on Gp𝑉q, and continuous seminorms | ¨ |𝜋 and | ¨ |𝜋_

on 𝜋 and 𝜋_ (respectively) such that

|x�̃� ¨ 𝑢, 𝑣y| ď Ψp𝑔q ¨ |𝑢|𝜋 ¨ |𝑣|𝜋_

for all 𝑢 P 𝜋, 𝑣 P 𝜋_, and �̃� P r𝐺, where 𝑔 denotes the image of �̃� under the homomorphism
r𝐺 Ñ 𝐺.

For a complex vector space 𝐸 , denote by �̄� its complex conjugate. Thus �̄� is a
complex vector space equipped with a conjugate linear isomorphism 𝐸 Ñ �̄� , 𝑣 ÞÑ �̄�. In the
setting of Section 1, �̄� is a smooth representation of 𝐽 in the obvious way, and the inner
product on p𝜔 induces a 𝐽-invariant continuous bilinear form

x , y : 𝜔 ˆ �̄� Ñ C.

Write 𝑍 for the kernel of the homomorphism r𝐺 Ñ𝐺, and denote by 𝜒𝑍 the unitary character
of 𝑍 by which 𝑍 acts on 𝜔.

Let 𝜋 be a Casselman-Wallach representation of r𝐺. Assume that 𝜋 is genuine,
namely 𝑍 acts on 𝜋 by the character 𝜒𝑍 .

Definition 2.2. The Casselman-Wallach representation 𝜋 of r𝐺 is convergent for Θ r𝐺1

r𝐺
if it is

a-bounded for some a ą a𝑉 ´ rankDp𝑉 1q.

Suppose that 𝜋 is convergent for Θ r𝐺1

r𝐺
. Then the integral

(2.1)
𝜔 ˆ 𝜋_ ˆ �̄� ˆ 𝜋 Ñ C,

p𝜙, 𝑣1, 𝜙1, 𝑣q ÞÑ
ş

𝐺
x�̃� ¨ 𝜙, 𝜙1y ¨ x�̃� ¨ 𝑣1, 𝑣y 𝑑𝑔,

is absolutely convergent and defines a continuous multi-linear map, where 𝑑𝑔 is a fixed Haar
measure on 𝐺, and �̃� P r𝐺 is an element whose image under the homomorphism r𝐺 Ñ 𝐺

equals 𝑔.
The map (2.1) yields a continuous bilinear map

(2.2) p𝜔pb𝜋_q ˆ p�̄�pb𝜋q Ñ C.

Define

(2.3) \̄
r𝐺1

r𝐺
p𝜋q :“

𝜔pb𝜋_

the left kernel of (2.2)
.

This is a quotient of Θ r𝐺1

r𝐺
p𝜋q, and hence a Casselman-Wallach representation of r𝐺1.

Remark. The idea of studying theta lifting by matrix coefficient integrals, as in (2.3), first
appeared in Li’s work ([24, 25]).

Definition 2.3. The Casselman-Wallach representation 𝜋 of r𝐺 is overconvergent for Θ r𝐺1

r𝐺
if

it is a-bounded for some a ą a˝
𝑉

´ rankDp𝑉 1q, where

a˝
𝑉 :“

$

’

’

&

’

’

%

a𝑉 ` 1, if 𝐺 is a real or complex odd orthogonal group;

a𝑉 ` 1
2 , if 𝐺 is a quaternionic symplectic or quaternionic orthogonal group;

a𝑉 , otherwise.
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The idea that one could produce interesting sets of unitary representations from
theta lifting was due to Howe ([15]). The following result gives a sufficient condition for
the preservation of unitarity (see [12, 13, 24, 25] for some earlier results along the same
direction).

Theorem 2.4. ([7]) Assume that rankDp𝑉 1q ě a˝
𝑉

, and 𝜋 is overconvergent for Θ r𝐺1

r𝐺
. If 𝜋 is

unitarizable, then so is \̄ r𝐺1

r𝐺
p𝜋q.

Remark. Given that \̄ r𝐺1

r𝐺
p𝜋q is unitarizable, it is clearly a semisimple quotient of Θ r𝐺1

r𝐺
p𝜋q. If

in addition, 𝜋 is irreducible and \̄ r𝐺1

r𝐺
p𝜋q ‰ t0u, then the fundamental result of Howe implies

that \ r𝐺1

r𝐺
p𝜋q “ \̄

r𝐺1

r𝐺
p𝜋q and is irreducible.

Conjecture 2.5. Suppose that 𝜋 is irreducible and convergent for Θ
r𝐺1

r𝐺
. Then \

r𝐺1

r𝐺
p𝜋q “

\̄
r𝐺1

r𝐺
p𝜋q as quotients of Θ r𝐺1

r𝐺
p𝜋q.

Remark. When 𝜋 is not convergent for Θ r𝐺1

r𝐺
, by the doubling method and by taking the

leading coefficient of the local zeta integral ([32] and [26, Section 3]), we may still define a
continuous bilinear map as in (2.2), and therefore \̄ r𝐺1

r𝐺
p𝜋q. We expect that the statement of

Conjecture 2.5 remains true for any irreducible 𝜋, whether or not it is convergent for Θ r𝐺1

r𝐺
. It

will be interesting to establish a version of Theorem 2.4 in this more general setting.

3. Algebraic theta lifting and bound via moment maps
We continue with the notation of Section 2, and further assume that the homomor-

phisms r𝐺 Ñ 𝐺 and r𝐺1 Ñ 𝐺1 are finite fold covering maps. We fix a choice of maximal
compact subgroups 𝐾 of 𝐺, and 𝐾 1 of 𝐺1, compatible with a given choice of maximal com-
pact subgroup 𝑈 of Spp𝑊q. Let Ω Ă 𝜔 be the Harish-Chandra module associated to 𝑈,
which is naturally a p𝔤 ˆ 𝔤1, r𝐾 ˆ Ă𝐾 1q-module. Here and as usual, 𝔤 and 𝔤1 denote the com-
plexified Lie algebras of 𝐺 and 𝐺1, respectively, and r𝐾 Ă r𝐺 and Ă𝐾 1 Ă Ă𝐺1 are respectively
the preimages of 𝐾 and 𝐾 1.

Let Π be a p𝔤, r𝐾q-module of finite length, whose Harish-Chandra dual is denoted
by Π_. The (algebraic) full theta lift of Π is defined to be

Θ𝑉
1

𝑉 pΠq :“ pΩ b Π_q
𝔤, r𝐾

, (the coinvariant space).

The p𝔤1,Ă𝐾 1q-module Θ𝑉 1

𝑉
pΠq is of finite length ([17]).

We will be concerned with the associated cycles of Θ𝑉 1

𝑉
pΠq.

3.1. The associated cycle map
We recall basic notions from the theory of associated varieties ([35]). The theory is

a key part of Vogan’s formulation of the orbit method for reductive Lie groups ([34, 36]).
Write 𝑉C :“ 𝑉 bR C, which is a right DbR C-module. The R-bilinear map x¨, ¨y𝑉 :

𝑉 ˆ 𝑉 Ñ D extends to a C-bilinear map x¨, ¨y𝑉C : 𝑉C ˆ 𝑉C Ñ D bR C. Write 𝐺C for the
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isometry group of p𝑉C, x¨, ¨y𝑉C q, which is a complexification of 𝐺. Write 𝐾C and r𝐾C for the
complexifications of the compact groups 𝐾 and r𝐾 respectively. The space𝑉 1

C and the groups
𝐺1

C, 𝐾
1
C and r𝐾 1

C are similarly defined. We identify 𝔤 with its dual space 𝔤
˚ by using the trace

form

𝔤 ˆ 𝔤 Ñ C, p𝑥, 𝑦q ÞÑ the trace of the C-linear endomorphism 𝑥𝑦 : 𝑉C Ñ 𝑉C.

Likewise, 𝔤1 is identified with 𝔤1˚.
Let Nil𝐺C p𝔤q be the set of nilpotent 𝐺C-orbits in 𝔤. Suppose that O P Nil𝐺C p𝔤q.

We say that a finite length p𝔤, r𝐾q-module Π is O-bounded if the associated variety of the
annihilator ideal inUp𝔤q (the universal enveloping algebra of 𝔤) is contained in the Zariski
closure O of O. Denote

𝔤 “ 𝔨 ‘ 𝔭

the complexified Cartan decomposition fixed by our choice of the maximal compact sub-
group 𝐾 of𝐺, andNil𝐾C p𝔭q the set of nilpotent 𝐾C-orbits in𝔭. It follows from [34, Theorem
8.4] that Π is O-bounded if and only if its associated variety AVpΠq is contained in O X 𝔭.
LetMOp𝔤, r𝐾q denote the category of O-bounded finite length p𝔤, r𝐾q-modules, and write
KOp𝔤, r𝐾q for its Grothendieck group.

Under the adjoint action of 𝐾C, the complex variety O X 𝔭 is a union of finitely
many orbits, each of dimension dimC O

2 . For any 𝐾C-orbitO Ă O X𝔭, letKOp r𝐾Cq denote the
Grothendieck group of the category of r𝐾C-equivariant algebraic vector bundles on O , and
K`

O
p r𝐾Cq the submonoid generated by the r𝐾C-equivariant algebraic vector bundles. Taking

the isotropy representation at a point 𝑋 P O yields an identification

KOp r𝐾Cq “ Rpp r𝐾Cq𝑋q,

where the right hand side denotes the Grothendieck group of the category of algebraic rep-
resentations of the stabilizer group p r𝐾Cq𝑋.

Put
KOp r𝐾Cq :“

à

O is a 𝐾C-orbit in O X 𝔭

KOp r𝐾Cq,

and
K`

O p r𝐾Cq :“
à

O is a 𝐾C-orbit in O X 𝔭

K`

O
p r𝐾Cq.

There is a partial order ĺ on KOp r𝐾Cq defined by

E1 ĺ E2 ô E2 ´ E1 P K`

O p r𝐾Cq, E1, E2 P KOp r𝐾Cq.

According to Vogan ([34, Theorem 2.13]), we have a canonical homomorphism,
called the associated cycle map:

ACO : KOp𝔤, r𝐾q Ñ KOp r𝐾Cq.

For a p𝔤, r𝐾q-module of finite length Π which is O-bounded, we call ACOpΠq the associated
cycle of Π. This is a fundamental invariant attached to Π.
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3.2. The moment maps
PutW “ HomDbRCp𝑉C, 𝑉

1
Cq “ 𝑊 bR C. Recall we have the moment maps ([10,

23])
𝔤 WMoo M1

// 𝔤1

that are given by
Mp𝜙q “ 𝜙˚𝜙, and M1p𝜙q “ 𝜙𝜙˚.

Here 𝜙˚ denotes the adjoint map as in (1.1).
As in [7, Section 3], we may find “Cartan transforms” 𝐿 on 𝑉C, 𝐿1 on 𝑉 1

C and L
onW which will induce compatible Cartan involutions on 𝐺, 𝐺1 and Spp𝑊q, respectively.
Then 𝐾C “ 𝐺𝐿C (the centralizer of 𝐿) and 𝐾

1
C “ p𝐺1

Cq𝐿
1 .

We decompose

(3.1) W “ X ‘ Y

where X andY are
?

´1 and´
?

´1 eigenspaces of L, respectively. We have the following
two algebraic maps ([29]):

𝔭 X
𝑀“M|X
oo

𝑀1“M1|X
// 𝔭1,

𝜙˚𝜙 𝜙
�oo � // 𝜙𝜙˚.

These two maps 𝑀 and 𝑀 1 are also called the moment maps. They are both 𝐾C ˆ 𝐾 1
C-

equivariant. Here 𝐾 1
C acts trivially on 𝔭, 𝐾C acts trivially on 𝔭1, and all the other actions are

the obvious ones.
Put

W˝ :“ t𝜙 P W | the image of 𝜙˚ is non-degenerate with respect to x , y𝑉C u

and
X˝ :“ X X W˝.

Lemma 3.1. ([7]) Let O 1 be a 𝐾 1
C-orbit in 𝔭1. Suppose that O 1 is contained in the image of

the moment map 𝑀 1. Then the set

(3.2) p𝑀 1q´1pO 1q X X˝

is a single 𝐾C ˆ 𝐾 1
C-orbit. Moreover, for every element 𝜙 in p𝑀 1q´1pO 1q X X˝, there is an

exact sequence of algebraic groups:

1Ñ p𝐾Cq𝜙 Ñ p𝐾C ˆ 𝐾 1
Cq𝜙

the projection to the second factor
ÝÝÝÝÝÝÝÝÝÝÝÝÝÝÝÝÝÝÑ p𝐾 1

Cq𝑒1 Ñ 1,

where 𝑒1 :“ 𝑀 1p𝜙q P O 1, and a subscript element indicates the stabilizer group of the ele-
ment.

In the notation of Lemma 3.1, write

∇pO 1q :“ the image of the set (3.2) under the moment map 𝑀 ,
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which is a 𝐾C-orbit in 𝔭. This is called the descent of O 1. It is an element of Nil𝐾C p𝔭q if
O 1 P Nil𝐾 1

C
p𝔭1q.

Now suppose that we have a 𝐺1
C-orbit O1 Ă 𝔤1, which is contained in the image of

the moment mapM1. Similar to the first assertion of Lemma 3.1, the set

(3.3) pM1q´1pO1q X W˝

is a single 𝐺C ˆ 𝐺1
C-orbit. Write

∇pO1q :“ the image of the set (3.3) under the moment mapM,

which is a 𝐺C-orbit in 𝔤. This is called the descent of O1. It is an element of Nil𝐺C p𝔤q if
O1 P Nil𝐺1

C
p𝔤1q.

3.3. Geometric theta lift
We are in the setting of Section 3. We assume that the choice of X in (3.1) is

compatible with Ω, as follows. As a module for the Lie algebra 𝔥p𝑊q, Ω is the submodule
of 𝜔 generated by 𝜔X (the invariant space of X, which is one-dimensional). Write r𝑈 Ñ 𝑈

for the double cover of𝑈 induced by the metaplectic double coverĂSpp𝑊q Ñ Spp𝑊q. Recall
that Ω is naturally an p𝔰𝔭pWq, r𝑈q-module. Recall also from [7, Section 5.1] that r𝐾C ˆ Ă𝐾 1

C

acts on 𝜔X by a character, henceforth denoted by Z .
We are now back in the setting of Lemma 3.1, with O 1 P Nil𝐾 1

C
p𝔭1q. Write O :“

∇pO 1q, and let 𝑒 :“ 𝑀p𝜙q.
Let E be a r𝐾C-equivariant algebraic vector bundle over O . Its fibre E𝑒 at 𝑒 is an

algebraic representation of the stabilizer group p r𝐾Cq𝑒, which is the preimage of p𝐾Cq𝑒. We
also view it as a representation of the group p r𝐾C ˆ Ă𝐾 1

Cq𝜙 via the pull-back through the
homomorphism

p𝐾C ˆ 𝐾 1
Cq𝜙

the projection to the first factor
ÝÝÝÝÝÝÝÝÝÝÝÝÝÝÝÝÑ p𝐾Cq𝑒 .

We may thus view E𝑒 b Z as a representation of p r𝐾C ˆ Ă𝐾 1
Cq𝜙 and by taking the coinvariant

space pE𝑒 b Zq
p r𝐾Cq𝜙

, we get an algebraic representation of pĂ𝐾 1
Cq𝑒1 . Write E1 :“ �̌�O1

O pEq for
theĂ𝐾 1

C-equivariant algebraic vector bundle overO 1 whose fibre at 𝑒1 equals this coinvariant
space representation. In this way, we get an exact functor �̌�O1

O from the category of r𝐾C-
equivariant algebraic vector bundle over O to the category of Ă𝐾 1

C-equivariant algebraic
vector bundle over O 1. This exact functor induces a homomorphism of the Grothendieck
groups:

�̌�O1

O : KOp r𝐾Cq Ñ KO1 pĂ𝐾 1
Cq.

The above homomorphism is independent of the choice of 𝜙 in Lemma 3.1.
Now let O :“ ∇pO1q, where O1 P Nil𝐺1

C
p𝔤1q. We define the geometric theta lift to

be the homomorphism
�̌�O1

O : KOp r𝐾Cq Ñ KO1 pĂ𝐾 1
Cq

such that
�̌�O1

O pEq “
ÿ

O1 is a 𝐾 1
C-orbit in O1 X 𝔭1, ∇pO1q “ O

�̌�O1

O pEq,
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for any 𝐾C-orbit O in O X 𝔭, and any r𝐾C-equivariant algebraic vector bundle E over O .
A basic result in algebraic theta lifting is the following theorem.

Theorem 3.2. ([7]) Suppose that O :“ ∇pO1q, and O1 is regular for ∇ ([7, Definition 7.6]).
Let Π be an O-bounded p𝔤, r𝐾q-module of finite length. Then Θ𝑉

1

𝑉
pΠ̌q is O1-bounded, and

ACO1 pΘ𝑉
1

𝑉 pΠ̌qq ĺ �̌�O
O

1pACOpΠqq.

Remark. Earlier results on the associated cycles of Θ𝑉 1

𝑉
pΠ̌q appeared in [27, 30, 31].

4. Combinatorial parameters for special unipotent representations
In [33], Vogan proposed that the orbit method (introduced by A. A. Kirillov ([18]);

see also [20] for an extension in geometric terms) should serve as a unifying principle in
the description of the unitary duals of reductive Lie groups. Furthermore the quantization
problem (attaching irreducible unitary representations to coadjoint orbits) should involve
three steps in accordance with the Jordan decomposition of the element representing an
(co)adjoint orbit, and in the order of the nilpotent step, the elliptic step and the hyperbolic
step. The elliptic and hyperbolic steps are implemented by cohomological induction and
parabolic induction respectively, and are well-understood. The nilpotent step is the most
difficult, and is the theory of unipotent representations ([34, 35]), which is still in develop-
ment. We refer the reader to [36] for a comprehensive account of Vogan’s conception of the
orbit method for reductive Lie groups.

We will be concerned with special unipotent representations, which originated in
Arthur’s work ([3,4]) and are defined by Vogan and Barbasch ([1,8]). It will turn out that all
special unipotent representations of classical Lie groups can be constructed via iterated theta
lifts, supplemented by irreducible unitary parabolic inductions. We take even real orthog-
onal groups and real symplectic groups as examples, and will construct a (combinatorially
defined) parameter set which underlies the special unipotent representations of both groups.

For every Young diagram 𝚤, write R𝑖p𝚤q and C𝑖p𝚤q (𝑖 P N`, the set of positive inte-
gers) respectively for its 𝑖-th row length and 𝑖-th column length. Let Ǒ be a nonempty Young
diagram which satisfies the following good parity condition (for type 𝐷 and 𝐶):

(4.1) All nonzero row lengths of Ǒ are odd.

Put

𝑚 :“ |Ǒ| :“
8
ÿ

𝑖“1
R𝑖pǑq and 𝑙 :“ C1pǑq.

We define a pair p𝚤 Ǒ , 𝚥 Ǒq of Young diagrams such that the nonzero column lengths are given
by

#

C𝑖p𝚤 Ǒq “
R2𝑖pǑq`1

2 , 1 ď 𝑖 ď
𝑙´1
2 ;

C𝑖p 𝚥 Ǒq “
R2𝑖´1pǑq´1

2 , 1 ď 𝑖 ď
𝑙`1
2 ,
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if 𝑙 is odd, and
#

C𝑖p𝚤 Ǒq “
R2𝑖´1pǑq`1

2 , 1 ď 𝑖 ď 𝑙
2 ;

C𝑖p 𝚥 Ǒq “
R2𝑖pǑq´1

2 , 1 ď 𝑖 ď 𝑙
2 .

if 𝑙 is even.
For any Young diagram 𝚤, we introduce the set BOXp𝚤q of boxes of 𝚤 as the following

subset of N` ˆ N`:

BOXp𝚤q :“ tp𝑖, 𝑗q P N` ˆ N`| 𝑗 ď R𝑖p𝚤qu.

We introduce five symbols ‚, 𝑠, 𝑟 , 𝑐 and 𝑑, and make the following definition.

Definition 4.1. A painting on a Young diagram 𝚤 is a map

P : Boxp𝚤q Ñ t‚, 𝑠, 𝑟, 𝑐, 𝑑u

with the following properties:

• P´1p𝑆q is the set of boxes of a Young diagram when 𝑆 “ t‚u, t‚, 𝑠u, t‚, 𝑠, 𝑟u or
t‚, 𝑠, 𝑟, 𝑐u;

• when 𝑆 “ t𝑠u or t𝑟u, every row of 𝚤 has at most one box in P´1p𝑆q;

• when 𝑆 “ t𝑐u or t𝑑u, every column of 𝚤 has at most one box in P´1p𝑆q.

Definition 4.2. Define PBPpǑq to be the set of all pairs pP,Qq, where P and Q are paint-
ings on 𝚤 Ǒ and 𝚥 Ǒ respectively, subject to the following conditions:

• P´1p‚q “ Q´1p‚q;

• the image of P is contained in
$

&

%

t‚, 𝑟, 𝑐, 𝑑u, if 𝑙 is odd;

t‚, 𝑠, 𝑟, 𝑐, 𝑑u, if 𝑙 is even.

• the image of Q is contained in
$

&

%

t‚, 𝑠u, if 𝑙 is odd ;

t‚u, if 𝑙 is even.

Let 𝜏 “ pP,Qq P PBPpǑq. We associate a classical group 𝐺𝜏 as follows.
If 𝑙 is odd, define 𝐺𝜏 :“ Sp𝑚´1pRq.
If 𝑙 is even, define the signature p𝑝𝜏 , 𝑞𝜏q by counting the various symbols appearing

in p𝚤 Ǒ ,Pq, p 𝚥 Ǒ ,Qq:
$

&

%

𝑝𝜏 :“ p#‚q ` 2p#𝑟q ` p#𝑐q ` p#𝑑q;

𝑞𝜏 :“ p#‚q ` 2p#𝑠q ` p#𝑐q ` p#𝑑q.

Here

#‚ :“ #pP´1p‚qq ` #pQ´1p‚qq p# indicates the cardinality of a finite setq,
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and the other terms are similarly defined. Define 𝐺𝜏 :“ Op𝑝𝜏 , 𝑞𝜏q. In addition define Y𝜏 P

Z{2Z such that Y𝜏 “ 0 if and only if the symbol 𝑑 occurs in the first column of P or Q.
If 𝑙 ą 1, we define Ǒ1 to be the Young diagram obtained from Ǒ by removing the

first row. The descent map
∇ : PBPpǑq Ñ PBPpǑ1q

is defined in [7, Section 2] and plays a crucial role in our construction of special unipotent
representations.

Example. Let

Ǒ “ .

Then

p𝚤 Ǒ , 𝚥 Ǒq “

¨

˚

˚

˚

˚

˝

,

˛

‹

‹

‹

‹

‚

,

and

Ǒ1 “ .

Also let

𝜏 “ pP,Qq “

¨

˚

˚

˚

˚

˝

‚ ‚

‚ 𝑠

‚ 𝑠

𝑟 𝑑

,

‚ ‚

‚

‚

˛

‹

‹

‹

‹

‚

P PBPpǑq.

Then 𝐺𝜏 “ Op11, 13q, Y𝜏 “ 1, and

∇p𝜏q “ pP1,Q1q “

¨

˚

˚

˚

˚

˝

‚

‚

‚

𝑑

,

‚ 𝑠

‚

‚

˛

‹

‹

‹

‹

‚

P PBPpǑ1q.

Define PPpǑq to be the set of all 𝑖 P N` such that

R𝑖pǑq ą R𝑖`1pǑq ą 0 and 𝑖 ” 𝑙 pmod 2q.

Put
PBPextpǑq :“ PBPpǑq ˆ t℘ Ă PPpǑqu.

For each p𝜏, ℘q P PBPextpǑq, we will construct a representation 𝜋𝜏,℘ of 𝐺𝜏 .
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5. Special unipotent representations of classical Lie groups
As in Section 4, let Ǒ be a nonempty Young diagram which satisfies the good

parity condition (4.1) and p𝜏, ℘q P PBPextpǑq. Let 𝐺 :“ 𝐺𝜏 , whose complexification 𝐺C

equals Sp𝑚´1pCq or O𝑚pCq respectively when 𝑙 is odd or even. The Langlands dual of 𝐺C

is defined to be O𝑚pCq. Identify Ǒ with the corresponding nilpotent O𝑚pCq-orbit in 𝔬𝑚pCq.
Take an 𝔰𝔩2-triple p𝑒, ℎ̌, 𝑓 q in 𝔬𝑚pCq such that 𝑒 P Ǒ. Then 12 ℎ̌ is a semisimple element of
𝔬𝑚pCq, which determines a character 𝜒pǑq : Up𝔤q𝐺C Ñ C in the usual way ([4, 8]). By a
well-known result of Dixmier ([9, Section 3]), we know that there is a unique maximal 𝐺-
stable ideal ofUp𝔤q that contains the kernel of 𝜒pǑq. Write 𝐼 Ǒ for this ideal. The associated
variety of 𝐼 Ǒ is the closure of a nilpotent orbit O P Nil𝐺C p𝔤q which is called the Barbasch-
Vogan dual of Ǒ. Following Barbasch and Vogan ([1,8]), an irreducible Casselman-Wallach
representation 𝜋 of 𝐺 is said to be special unipotent attached to Ǒ if 𝐼 Ǒ annihilates 𝜋. Write
UnipǑp𝐺q for the set of isomorphism classes of irreducible Casselman-Wallach representa-
tions of 𝐺 that are special unipotent attached to Ǒ.

Put

UnippǑq :“

$

’

&

’

%

UnipǑpSp𝑚´1pRqq, if 𝑙 is odd;

Ů

𝑝,𝑞PN, 𝑝`𝑞“𝑚 UnipǑpOp𝑝, 𝑞qq, if 𝑙 is even.

We have the following result on the counting of special unipotent representations.

Theorem 5.1. ([6, 7]) Let Ǒ be a nonempty Young diagram which satisfies the good parity
condition (4.1). Then

#pUnippǑqq “

$

&

%

#pPBPextpǑqq, if 𝑙 is odd;

2#pPBPextpǑqq, if 𝑙 is even.

For each p𝜏, ℘q P PBPextpǑq, we shall now construct an irreducible Casselman-
Wallach representation 𝜋𝜏,℘ of 𝐺 by induction on 𝑙. First assume that 𝑙 “ 1, namely the
Young diagram Ǒ has only one row. Then 𝐺 “ Sp𝑚´1pRq, and the set PBPextpǑq has a
unique element. In this case, we define 𝜋𝜏,℘ to be the trivial representation of 𝐺.

Now assume that the Young diagram of Ǒ has at least two rows. Write 𝜏1 :“ ∇p𝜏q P

PBPpǑ1q, and define
℘1 :“ t𝑖 P N` | 𝑖 ` 1 P ℘u Ă PPpǑ1q.

Write 𝑚1 :“ |Ǒ1| and 𝐺1 :“ 𝐺𝜏1 . Note that 𝐺 and 𝐺1 form a reductive dual pair in Spp𝑊q,
where𝑊 is a real symplectic space of dimension p𝑚´ 1q𝑚1 or𝑚p𝑚1 ´ 1q respectively when
𝑙 is odd or even. Let 𝐽 “ p𝐺 ˆ 𝐺1q ˙ Hp𝑊q and let 𝜔 be as in Section 1. If 𝐺 is an even
orthogonal group, we assume 𝐺 acts trivially on the one-dimensional space 𝜔𝑋 (the coin-
variant space of 𝑋), for every 𝐺-stable Lagrangian subspace 𝑋 of𝑊 . Similar assumption is
made when 𝐺1 is an even orthogonal group.
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By induction hypothesis, we have an irreducible Casselman-Wallach representation
𝜋𝜏1 ,℘1 of 𝐺1. We define

(5.1) 𝜋𝜏,℘ :“

$

&

%

Θ𝐺
𝐺1 p𝜋

_
𝜏1 ,℘1 b detY℘q, if 𝑙 is odd;

Θ𝐺
𝐺1 p𝜋

_
𝜏1 ,℘1 q b p1`,´

𝑝𝜏 ,𝑞𝜏 qY𝜏 , if 𝑙 is even.

Here 1`,´
𝑝𝜏 ,𝑞𝜏 denotes the character of Op𝑝𝜏 , 𝑞𝜏q whose restriction to Op𝑝𝜏q ˆ Op𝑞𝜏q equals

1b det (1 stands for the trivial character), and Y℘ denote the element in Z{2Z such that

Y℘ “ 1ô 1 P ℘.

It turns out that the representation 𝜋𝜏,℘ remains unchanged if we replace Θ𝐺𝐺1 by \𝐺𝐺1 or \̄𝐺𝐺1

in (5.1).

Theorem 5.2. ([7]) Let Ǒ be a nonempty Young diagram which satisfies the good parity
condition (4.1).
(a) For every p𝜏, ℘q P PBPextpǑq, the representation 𝜋𝜏,℘ of 𝐺𝜏 is irreducible, unitarizable,
and special unipotent attached to Ǒ.
(b) Suppose that 𝑙 is odd so that 𝐺 “ Sp𝑚´1pRq. Then the map

PBPextpǑq Ñ UnipǑp𝐺q,

p𝜏, ℘q ÞÑ 𝜋𝜏,℘

is bijective.
(c) Suppose that 𝑙 is even, and 𝑝, 𝑞 are non-negative integers with 𝑝 ` 𝑞 “ 𝑚. Then the map

tp𝜏, ℘q P PBPextpǑq | p𝑝𝜏 , 𝑞𝜏q “ p𝑝, 𝑞qu ˆ Z{2Z Ñ UnipǑpOp𝑝, 𝑞qq,

p𝜏, ℘, 𝜖q ÞÑ 𝜋𝜏,℘ b det𝜖

is bijective.

We remark that the unitarizability of 𝜋𝜏,℘ in Part (a) of Theorem 5.2 follows from
the preservation of unitarity (Theorem 2.4). Furthermore the computation of the associ-
ated cycles of 𝜋𝜏,℘, in particular Theorem 3.2, plays a critical role in the proof of Theorem
5.2. By Theorem 5.2, we have explicitly constructed all special unipotent representations in
UnipǑp𝐺q, when all row lengths of Ǒ are odd. If some row lengths of Ǒ are even, then these
even row lengths must come in pairs. In this case, the set UnipǑp𝐺q of the special unipo-
tent representations attached to Ǒ is similarly defined, and via irreducible unitary parabolic
inductions, the construction of representations in UnipǑp𝐺q is reduced to the case when
all row lengths of Ǒ are odd (see [6]). In the same approach, we may parameterize and
construct all special unipotent representations of the real classical groups GL𝑛pRq, GL𝑛pCq,
GL𝑛pHq,Up𝑝, 𝑞q,Op𝑝, 𝑞q, Sp2𝑛pRq,O˚p2𝑛q, Spp𝑝, 𝑞q,O𝑛pCq, Sp2𝑛pCq, as well as all meta-
plectic special unipotent representations of ĂSp2𝑛pRq and Sp2𝑛pCq. See [5] for the notion of
metaplectic special unipotent representations.

We thus have the following result which confirms the Arthur-Barbasch-Vogan con-
jecture ([1, Introduction]) for real classical groups.
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Theorem 5.3. ([7]) All special unipotent representations of the real classical groups are
unitarizable; all metaplectic special unipotent representations of ĂSp2𝑛pRq and Sp2𝑛pCq are
also unitarizable.

Remark. The unitarizability of special unipotent representations for quasisplit classical
groups is independently due to Adams, Arancibia Robert and Mezo ([2]).

The authors would like to conclude by noting the prescient remark of A. A. Kirillov
in a survey article on the orbit method in 1999 ([19]): Howe duality - a new branch of
representation theory where the orbit method has not yet been used to the fullest.
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