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Abstract

We investigate the type I dual pairs over the quaternion algebra H; namely the family of
dual pairs ðSpðp; qÞ;Onð2nÞÞ: We give a complete and explicit description of duality

correspondence for p þ qpn as well as some of the cases for p þ q > n; in terms of the

Langlands parameters.

r 2002 Elsevier Science (USA). All rights reserved.

1. Introduction

One of the most serious difficulties in the determination of the unitary dual of any
simple Lie group is to understand the unitary representations which are ‘‘singular’’ in
a well defined sense. In [9,14] a large set of singular unitary representations were
constructed for classical groups via the method of reductive dual pairs. Suppose
G;G0 is a pair of reductive groups which are centralizers of each other in some
ambient symplectic group, and that they are in the so-called stable range (roughly,
this means G0 is at most half the size of G). Then there is an injection from the
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unitary dual of G0 to that of G:Keeping G fixed and varying G0; we obtain families of
singular unitary representations of G which are parametrized by the unitary duals of
various G0 (of much smaller size).
Unfortunately, the unitary representations of G thus obtained were described by

restriction to certain maximal parabolic subgroups. The construction provides no a
priori information about the Langlands parameters of these representations. What
[14] does prove, however, is the fact that the injections agree with the local theta
correspondences. Thus it is of considerable interest to describe, in terms of the
Langlands–Vogan parameters, the local theta correspondence for reductive dual
pairs in the stable range.
For applications to automorphic forms and other reasons, it is of great interest

to understand the theta correspondence in general. Indeed, there have been
numerous papers on the subject. In terms of explicit descriptions, the papers
[1,2,16,17] are among the most important. However, complete descriptions
were obtained (for the type of dual pairs considered in these papers) for
more or less the ‘equal rank’ cases only (with the exception of [1] for complex
groups). In particular, very little is known for real reductive dual pairs in the
stable range.
In this paper we investigate the type I dual pairs over the quaternion algebra

H; namely the family of dual pairs ðSpðp; qÞ;Onð2nÞÞ: We shall give a complete
and explicit description of duality correspondence for p þ qpn as well as some
of the cases for p þ q > n; in terms of the Langlands parameters. We note that
in this case equal rank means p þ q ¼ n or n � 1; while ‘‘stable range’’ means
p þ qpn=2:

Our approach is very natural and will be briefly outlined now. Let Ĝd denote the

equivalence classes of discrete series representations of G: Let Ĝ denote the
admissible dual. From [15] we can read off a bijection

dOnð2nÞOnð2nÞd2
[

pþq¼n;n�1

dSpðp; qÞSpðp; qÞd: ð1:1Þ

Now an arbitrary irreducible admissible representation can be obtained as
a Langlands subquotient of some standard representation induced from
relative discrete series. By applying the induction principle of Kudla and Moeglin
(as in [1,2,16,17]) and going through a careful analysis of lowest K-types, we
obtain a bijection

dOnð2nÞOnð2nÞ2
[

pþq¼n;n�1

dSpðp; qÞSpðp; qÞ; ð1:2Þ

where Ĝ denotes the admissible dual of G:
Our approach and results up to this point are quite close to those of several others

mentioned above. The key and simple observation here is that a similar approach is
in fact capable of handling a range far beyond the equal rank case, at least for the
family of dual pairs under consideration. This goes as follows.
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Suppose that p þ qpn � 2: We write n ¼ m þ 2k with m ¼ p þ q or p þ q þ 1:

Starting from any pA dSpðp; qÞSpðp; qÞ we first obtain the theta lift ymðpÞ of p to Onð2mÞ
(see Notation 3.31) via the Theorem 1.3. Consider the parabolic subgroup of Onð2nÞ
with Levi subgroup Onð2mÞ � GLð1;HÞk: It turns out that ynðpÞA dOnð2nÞOnð2nÞ is a
subquotient of the representation induced from ymðpÞ#w; where w is a one-

dimensional representation of the (non-abelian) group GLð1;HÞk: Again sophisti-
cated versions of the induction principle and careful lowest K-type analysis
allow us to identify the Langlands parameters of ynðpÞ: Our main result can
be stated as

Theorem. For any integers p; q; n with p þ qpn; the theta correspondence gives rise to

an injection dSpðp; qÞSpðp; qÞ + dOnð2nÞOnð2nÞ; ð1:3Þ

which is explicitly described in terms of the Langlands parameters.

The explicit description of this injection is given in Theorem 5.8. When p þ q > n;

a similar technique can be applied to obtain the theta lift of p0A dOnð2nÞOnð2nÞ to Spðp; qÞ
if ðp; qÞ falls in the same Witt tower determined by the signature of p0: See
Theorem 5.23.
As an immediate corollary, we obtain families of irreducible small unitary

representations of Onð2nÞ (with their Langlands parameters) from (the Langlands
parameters of) known unitary representations of Spðp; qÞ with p þ qpn=2: The latter
set includes the trivial representation, tempered representations, unitary representa-

tions with non-zero cohomology. Most of the unitary representations of Onð2nÞ
obtained this way were not known previously. In particular, for nX8 this gives rise

to a complete classification of irreducible unitary representations of Onð2nÞ with
rank p3: Here the notion of rank is as defined by Howe [8]. For more discussions,
see Section 5.3.
Finally, for the sake of completeness, we also work out the duality correspondence

for GLðm;HÞ;GLðn;HÞð Þ; the type II dual pairs over H:

2. The groups and their representations

2.1. The groups

For any positive integer n; we denote the n � n identity matrix In: If p and q are
non-negative integers, let

Spðp; qÞ ¼ fgASpð2ðp þ qÞ;CÞjt %gKp;qg ¼ Kp;qg;
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where Kp;q is the diagonal matrix diagðIp;�Iq; Ip;�IqÞ: The group Onð2nÞ ¼ SOnð2nÞ
is the real form of SOð2n;CÞ realized as

Onð2nÞ ¼ gAOð2n;CÞjt %g
0 �In

In 0

 !
g ¼

0 �In

In 0

 !( )

(see [5]).

Using the identification C2-H given by ða; bÞ/a þ jb (see [11]), we can think of

Spðp; qÞ as the isometry group of the hermitian form ð; Þ on V ¼ Hpþq over the
quaternion algebra H given by

ðv;wÞ ¼
Xp

i¼1
%viwi �

Xpþq

i¼pþ1
%viwi

for v;wAV ; v ¼ ðv1;y; vpþqÞ; and w ¼ ðw1;y;wpþqÞ: Similarly, the group Onð2nÞ
may be thought of as the isometry group of the skew-hermitian form ð; Þ0 on V 0 ¼ Hn

given by ðu; zÞ0 ¼
Pn

i¼1 uij %zi:

2.2. The representations

To describe the admissible representations of Spðp; qÞ and Onð2nÞ; we use the
parametrization of [23]. We denote Lie algebras by gothic letters with subscript 0;
and omit the subscript to denote complexified Lie algebras.
We realize H as

unð2Þ ¼
z1 �%z2

z2 %z1

 !					 z1; z2AC

( )

and the group GLð1;HÞ ¼ H� as Unð2Þ ¼ unð2Þ-GLð2;CÞ: Notice that
GLð1;HÞDSUð2Þ � RDSpð1Þ � R; so that its representations may be parametrized
by pairs ðm; nÞ with m a positive integer and n a complex number. The complexified
Lie algebra of GLð1;HÞ is glð2;CÞ: The representation sðm; nÞ given by ðm; nÞ
corresponds to Sm�1ðC2Þ#detð�Þ

n
2 with detð�Þ the reduced norm ofH (or equivalently,

detðhÞ is the determinant of h as an element of Unð2Þ) and SkðC2Þ the irreducible
ðk þ 1Þ-dimensional representation of SUð2Þ: The infinitesimal character of sðm; nÞ is
ðn
2
þ m

2
; n
2
� m

2
Þ:

Now let G ¼ Spðp; qÞ or Onð2nÞ; K a maximal compact subgroup of
G; g ¼ k þ p the corresponding Cartan decomposition, and tCk a Cartan sub-
algebra.

If G ¼ Spðp; qÞ; we choose a basis fe1;y; ep; f1;y; fqg of itn so that the compact

roots are

Dc ¼ f72ei;72fi;7ðei7ejÞ;7ðfi7fjÞg;
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and the non-compact roots are Dn ¼ f7ðei7fjÞg: We choose a system of positive

compact roots Dþ
c so that one half the sum of the positive compact roots is

rc ¼ ðp; p � 1;y; 2; 1; q; q � 1;y; 2; 1Þ:

If G ¼ Onð2nÞ; we choose a basis fe1; e2;y; eng of itn so that

Dc ¼ f7ðei � ejÞjiojg;

and Dn ¼ f7ðei þ ejÞjiojg: Now choose Dþ
c so that

rc ¼ ðn�1
2
; n�3
2
;y; �nþ1

2
Þ:

Then the discrete series of G is parametrized by Harish–Chandra parameters
l as follows:
If G ¼ Spðp; qÞ;

l ¼ ða1; a2;y; ap; b1;y; bqÞ ð2:1Þ

with ai; bjAZ; a1 > a2 > ? > apX1; b1 > b2 > ? > bqX1; and aiabj for all i; j:

If G ¼ Onð2nÞ;

l ¼ ða1; a2;y; anÞ ð2:2Þ

with a1 > a2 > ? > an; ai þ aja0; and aiAZ:

Limits of discrete series of G are given by pairs ðl;CÞ; where lAitn0 and CCDðg :

tÞ is a system of positive roots such that l is dominant for C:Moreover, Dþ
c CC; and

if a is a simple root in C and /l; aS ¼ 0 then a is non-compact. (This is condition F-
1 of [23].) The unique lowest K-type of the limit of discrete series p ¼ pðl;CÞ is then
L ¼ lþ rn � rc; where rn is one half the sum of the non-compact roots in C: (We
identify K-types with their highest weights.)
If G ¼ Spðp; qÞ; then l is of the form

l ¼ ða1;y; a1
zfflfflfflfflffl}|fflfflfflfflffl{m1

;y; ak;y; ak

zfflfflfflfflfflffl}|fflfflfflfflfflffl{mk

; a1;y; a1
zfflfflfflfflffl}|fflfflfflfflffl{n1

;y; ak;y; ak

zfflfflfflfflfflffl}|fflfflfflfflfflffl{nk

Þ; ð2:3Þ

where aiAZ; a1 > ? > ak > 0 and jmj � njjp1:

If G ¼ Onð2nÞ; then

l ¼ ða1;y; a1
zfflfflfflfflffl}|fflfflfflfflffl{m1

;y; ak;y; ak

zfflfflfflfflfflffl}|fflfflfflfflfflffl{mk

;�ak;y;�ak

zfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflffl{nk

;y;�a1;y;�a1
zfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflffl{n1

Þ ð2:4Þ

with the ai as in (2.3); or with one zero between the last ak and the first �ak:
Using the parametrization of [23], each irreducible admissible representation of G

may be given by a y-stable Cartan subgroup H ¼ TA and a final limit character
g ¼ ðC;G; %gÞ as follows.
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For this section only, let n ¼ p þ q if G ¼ Spðp; qÞ: Denote the split rank of G by

rG ¼
minfp; qg if G ¼ Spðp; qÞ;
½n
2
 if G ¼ Onð2nÞ:

(
ð2:5Þ

Up to conjugation by K ; the y-stable Cartan subgroups of G are given by Hr ¼ TrAr

with 0prprG with TrDUð1Þn�r and ArDRr: Notice that T ¼ T0DUð1Þn: The
centralizer MrAr of Ar is a Levi subgroup of G with relative discrete series. We have

MrAr ¼ Gr � GLð1;HÞr; ð2:6Þ

Hr ¼ Uð1Þn�2r � ðC�Þr; ð2:7Þ

ðhrÞ0 ¼ uð1Þn�2r � uð1Þr � Rr: ð2:8Þ

Here Gr ¼ Spðp � r; q � rÞ if G ¼ Spðp; qÞ; and Onð2ðn � 2rÞÞ if G ¼ Onð2nÞ:
The limit character g corresponds to inducing data as follows. Let r ¼ rðl;CÞ
be a limit of discrete series representation of Gr; s ¼ #r

j¼1S
mj�1ðC2Þ a represen-

tation of SUð2Þr; and wn ¼
Qr

j¼1 wnj
the character of Rr given by wni

ðrÞ ¼ enir;

n ¼ ðn1;y; nrÞACr: Let

%gjuð1Þn�2r ¼ l;

%gjuð1Þr ¼ ðm1;y; mrÞ;

%gjRr ¼ n: ð2:9Þ

The non-parity condition F-2 of [23] amounts to the requirement that mi is odd if
ni ¼ 0: G is the character of Hr determined by the condition dG ¼ %gþ rðCÞ � 2rcðCÞ
(notice that Hr is connected). Choose Pr ¼ MrArNr so that Ref/a; %gSgp0

8aADðn; aÞ: Then XðgÞ ¼ IndG
Pr
ðr#s#wnÞ has a unique irreducible submodule.

Here, as everywhere in this paper, we use normalized induction.

Definition 2.10. We write pðr; l;C; m; nÞ to denote the (infinitesimal equivalence
class) of the unique irreducible G submodule of XðgÞ as above, where rprG; ðl;CÞ
indexes a limit of discrete series of Gr; and mAðZX1Þr; nACr:

This parametrizes the irreducible admissible representations of G up to

conjugation by K : It is easy to check that pðr; l;C; m; nÞCpðr0; l0;C0; m0; n0Þ3 r ¼
r0; l ¼ l0; C ¼ C0; and ðm0; n0Þ may be obtained from ðm; nÞ by simultaneous
permutation of the coordinates, and by replacing some of the ni by �ni:
Recall that pðr; l;C; m; nÞ may also be obtained as a submodule of a standard

module X ðgdÞ which is induced from a discrete series representation. This module is
then the sum of all modules X ðg0Þ for g0 a final limit character associated to a fixed
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Cartan subgroup Hr0 and a fixed parameter %g0: We obtain one such module for each
root system C0 which can be associated to the parameter l (as in (2.3) and (2.4)),
subject to condition F-1 and with Dþ

c CC: We obtain XðgdÞ from XðgÞ by changing
the inducing data as follows. Let rd ¼ r þ

Pk
i¼1 minfmi; nig: Then ld is obtained

from l by removing, for each ipk; minfmi; nig ai’s on each side of the semicolon if

G ¼ Spðp; qÞ; and minfmi; nig ai’s and �ai’s each if G ¼ Onð2nÞ: Since ld is non-
singular, Cd is then uniquely determined. To obtain md; we concatenate m and

ða1;y; a1|fflfflfflfflffl{zfflfflfflfflffl}
minfm1;n1g

;y; ak;y; ak|fflfflfflfflfflffl{zfflfflfflfflfflffl}
minfmk ;nkg

Þ

and nd ¼ ðn1;y; nr; 0;y; 0Þ: Notice that gd does not satisfy the non-parity
condition F-2.

2.3. Lowest K-types

We compute the lowest K-types of the representations of the previous sub-
section, using the standard theory of [12] and [22]. If g is a limit character, write
%g ¼ ðl0; nÞ with l0Atn: If %g is as in (2.9), write l0 as the Dþ

c -dominant WðT : GÞ
conjugate of

ða1;y; a1
zfflfflfflfflffl}|fflfflfflfflffl{m1

;y; ak;y; ak

zfflfflfflfflfflffl}|fflfflfflfflfflffl{mk

; m1
2
;y; mr

2
;

a1;y; a1
zfflfflfflfflffl}|fflfflfflfflffl{n1

;y; ak;y; ak

zfflfflfflfflfflffl}|fflfflfflfflfflffl{nk

; m1
2
;y; mr

2
Þ ð2:11Þ

if G ¼ Spðp; qÞ; and

ða1;y; a1
zfflfflfflfflffl}|fflfflfflfflffl{m1

;y; ak;y; ak

zfflfflfflfflfflffl}|fflfflfflfflfflffl{mk

; m1
2
;y; mr

2
;

� mr

2
;y;�m1

2
;�ak;y;�ak

zfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflffl{nk

;y;�a1;y;�a1
zfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflffl{n1

Þ; ð2:12Þ

or with one zero between mr

2
and �mr

2
; if G ¼ Onð2nÞ:

Let q ¼ qðl0Þ ¼ l"u be the y-stable parabolic subalgebra of g defined by l0

(see [22, Definition 5.2.1]). Then the normalizer L of q in G is of the form

L ¼ Uðp1; q1Þ � Uðp2; q2Þ �?� Uðps; qsÞ ð2:13Þ

with jpi � qijp1: The lowest K-types of XðgÞ and XðgdÞ are then of the form L ¼
l0 þ rðu-pÞ � rðu-kÞ þ dL for some fine weights dL of K-L: Here rðu-pÞ and
rðu-kÞ are one-half the sums of the roots associated to u-p and u-k; respectively,
and dL is the differential of deta#det�a on each factor UðpiÞ � UðqiÞ; with
aAf0;71

2
g; and a ¼ 0 if piaqi (see [17,22]).
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A more explicit calculation: Relabel the coefficients of l0 so that it is in the form of
(2.3) or (2.4). Notice that the aj are now integers or half integers. If aj is a half integer

then aj ¼ mi

2
for some i: In this case we have mj ¼ nj:

Set
Rj ¼ m1 þ?þ mj ; Sj ¼ n1 þ?þ nj: ð2:14Þ

* G ¼ Spðp; qÞ:
We have Rk ¼ p;Sk ¼ q; and

l0 þ rðu-pÞ � rðu-kÞ

¼ ðb1;y; b1
zfflfflfflfflffl}|fflfflfflfflffl{m1

;y; bk;y; bk

zfflfflfflfflfflffl}|fflfflfflfflfflffl{mk

; c1;y; c1
zfflfflfflfflffl}|fflfflfflfflffl{n1

;y; ck;y; ck

zfflfflfflfflffl}|fflfflfflfflffl{nk

Þ; ð2:15Þ

where

bj ¼ aj þ Rj � Sj � 1
2
ðmj � nj þ 1Þ þ q � p;

cj ¼ aj � Rj þ Sj � 1
2
ðnj � mj þ 1Þ þ p � q: ð2:16Þ

* G ¼ Onð2nÞ:

We have Rk þ Sk ¼ n or n � 1: Then

l0 þ rðu-pÞ � rðu-kÞ

¼ ðb1;y; b1
zfflfflfflfflffl}|fflfflfflfflffl{m1

;y; bk;y; bk

zfflfflfflfflfflffl}|fflfflfflfflfflffl{mk

;�ck;y;�ck

zfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflffl{nk

;y;�c1;y;�c1
zfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflffl{n1

Þ ð2:17Þ

if Rk þ Sk ¼ n; or with Rk � Sk in the middle between bk and �ck if Rk þ Sk ¼ n � 1:
Here

bj ¼ aj þ Rj � Sj � 1
2
ðmj � nj þ 1Þ;

cj ¼ aj � Rj þ Sj � 1
2
ðnj � mj þ 1Þ: ð2:18Þ

Then in both cases, the lowest K-types are obtained by changing ðbj; cjÞ to

ðbj þ x
2
; cj � x

2
Þ where x ¼ 0 or 71; chosen so that the result is an integral weight.

3. The correspondence and K-types

3.1. The space of joint harmonics

The following discussion is in [10]. Let ðG;G0Þ be a reductive dual pair in
Sp ¼ Spð2n;RÞ; and let F be the Fock space of the oscillator representation of the
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double cover fSpSp: For any subgroup H of Sp; we denote H̃ the inverse image of H infSpSp by the covering map. Recall that the ŨðnÞ-finite vectors may be realized as the
space of polynomials in n variables, in such a way that the action of ŨðnÞ; and
therefore, that of K̃ and K̃0 preserves the degree. This allows us to associate to each

K̃- and K̃0-type occurring inF a degree, which is the minimal degree of polynomials
in the isotypic subspace.

There is a K̃ � K̃0-invariant subspace H of F; the space of joint harmonics, with
the following properties.

Theorem 3.1 (Howe). There is a one–one correspondence of K̃- and K̃0-types on H
with the following properties. Suppose p and p0 are irreducible admissible representa-

tions of G̃ and G̃0 respectively, and p2p0 in the correspondence for the dual pair

ðG;G0Þ: Let s be a K̃-type occurring in p; and suppose that s is of minimal degree

among the K̃-types of p: Then s occurs in H: Let s0 be the K̃0-type which corresponds

to s in H: Then s0 is a K̃0-type of minimal degree in p0:

For the dual pairs ðSpðp; qÞ;Onð2nÞÞ; the two-fold covers are the trivial
(disconnected) ones, so that we can state all the results in terms of the groups
themselves, rather than the covering groups.
An explicit description of the correspondence of K-types in the space of joint

harmonics for the dual pairs ðSpðp; qÞ;Onð2nÞÞ can be obtained using the known
duality correspondence for the case where the first member of the dual pair is
compact (see [4]), and the analysis in Section 3 of [10]. The degrees of the K-types in
H may be obtained by considering the see-saw dual pairs

Uð2p; 2qÞ Onð2nÞ
�

Spðp; qÞ UðnÞ
ð3:2Þ

and the known degrees for K-types in the space of joint harmonics for the dual pairs
ðUðp; qÞ;Uðr; sÞÞ (see e.g. [17]).
Fix n; p; q and letFðn; p; qÞ be the Fock model for the dual pair ðSpðp; qÞ;Onð2nÞÞ:

Let s be an irreducible representation of SpðpÞ � SpðqÞDSpðp; qÞ and s0 an
irreducible representation of UðnÞDOnð2nÞ: Write

s ¼ ða1;y; ar; 0y0; b1;y; bs; 0y0Þ ðrpp; spqÞ;
s0 ¼ ða0

1;y; a0
r0 ; 0y0;�b0

s0 ;y;�b0
1Þ

þ ðp � q;y; p � qÞ ðr0 þ s0pnÞ;

8><>: ð3:3Þ

where a1X?Xar > 0; b1X?Xbs > 0; and similarly for the a0
i and b0

j:

Lemma 3.4. (a) In the above notations we have s occurs in Fðn; p; qÞ if and only if

r; spn; and s0 occurs in Fðn; p; qÞ if and only if r0p2p; s0p2q: If the conditions are
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satisfied then

degreeðsÞ ¼ a1 þ?þ ar þ b1 þ?þ bs;

degreeðs0Þ ¼ a0
1 þ?þ a0

r0 þ b0
1 þ?þ b0

s0 : ð3:5Þ

(b) s occurs in the space of joint harmonics if and only if r þ spn; and s0 occurs in the

space of joint harmonics if and only if r0pp; s0pq: Then we have s2s0 if and only if

r ¼ r0; s ¼ s0; ai ¼ a0
i; bj ¼ b0

j for all i; j:

Definition 3.6. Let r ¼ rðl;CÞ be a limit of discrete series representation of Onð2nÞ:
Write l as in (2.4). Let

p ¼ pðlÞ ¼ m1 þ?þ mk and q ¼ qðlÞ ¼ n1 þyþ nk: ð3:7Þ

Notice that p þ q ¼ n or n � 1:
We define Gr ¼ rðGl;GCÞ to be the limit or discrete series representation of

Spðp; qÞ given by

Gl ¼ ða1;y; a1
zfflfflfflfflffl}|fflfflfflfflffl{m1

;y; ak;y; ak

zfflfflfflfflfflffl}|fflfflfflfflfflffl{mk

; a1;y; a1
zfflfflfflfflffl}|fflfflfflfflffl{n1

;y; ak;y; ak

zfflfflfflfflfflffl}|fflfflfflfflfflffl{nk

Þ ð3:8Þ

and GC the unique system of positive roots containing Dþ
c ; with respect to which Gl

is dominant, satisfying condition F-1, and such that for 1pipp; 1pjpq;

ei � fjAGC 3 ei þ en�jþ1AC: ð3:9Þ

Lemma 3.10. Let r ¼ rðl;CÞ be a limit of discrete series representation of

Onð2nÞ; p ¼ pðlÞ; and q ¼ qðlÞ: Then the lowest K-types of r and Gr occur and

correspond in the space of joint harmonics for the dual pair ðSpðp; qÞ;Onð2nÞÞ:

Proof. For 1pipp; let bi ¼ #fjpqjei � fjAGCg; and for 1pipq; let gi ¼
#fjppjfi � ejAGCg: Rewrite Gl ¼ ðb1;y; bp; c1;y; cqÞ and l ¼ ðb1;y; bp;

�cq;y;�c1Þ; or with a zero between bp and �cq: Let s and s0 be the LKT’s of r
and Gr; respectively. Then using the formula given in Section 2.3, we get

s0 ¼ ðb0
1;y; b0

p; c01;y; c0qÞ with ð3:11Þ

b0
i ¼ bi þ bi � p þ i � 1; ð3:12Þ

c0i ¼ ci þ gi � q þ i � 1; and ð3:13Þ

s ¼ ðb0
1;y; b0

p;�c0q;y;�c01Þ þ ðp � q;y; p � qÞ; ð3:14Þ
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or with a zero between b0
p and �c0q: Since bpX1 and cqX1; we have that b0

p; c0qX0; and

the result follows from Lemma 3.4. &

Theorem 3.15. Let p ¼ pðr; l;C; m; nÞ be an irreducible admissible representation of

Onð2nÞ; and let XðgdÞ be the corresponding standard module induced from discrete

series. Let p ¼ pðlÞ þ r and q ¼ qðlÞ þ r; so that p þ q ¼ n or n � 1:
(a) The lowest K-types of X ðgdÞ are of minimal degree and occur in the space H of

joint harmonics for the dual pair ðSpðp; qÞ;Onð2nÞÞ:
(b) Let p0 ¼ pðr;Gl;GC; m; nÞ; a representation of Spðp; qÞ; and let Xðg0dÞ

be the corresponding standard module induced from discrete series. Then the

lowest K-types of X ðg0dÞ occur in H and correspond to the lowest K-types

of X ðgdÞ:

Proof. If

%gdjt ¼ ða1;y; a1
zfflfflfflfflffl}|fflfflfflfflffl{m1

;y; ak;y; ak

zfflfflfflfflfflffl}|fflfflfflfflfflffl{mk

;�ak;y;�ak

zfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflffl{nk

;y;�a1;y;�a1
zfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflffl{n1

Þ ð3:16Þ

or with one zero in the middle (this is the parameter l0 of (2.12)) then

%g0djt ¼ ða1;y; a1
zfflfflfflfflffl}|fflfflfflfflffl{m1

;y; ak;y; ak

zfflfflfflfflfflffl}|fflfflfflfflfflffl{mk

; a1;y; a1
zfflfflfflfflffl}|fflfflfflfflffl{n1

;y; ak;y; ak

zfflfflfflfflfflffl}|fflfflfflfflfflffl{nk

Þ: ð3:17Þ

Using formulas (2.15)–(2.18), the LKTs of XðgdÞ are those of the form

ðp � q;y; p � qÞ

þ ðb1;y; b1
zfflfflfflfflffl}|fflfflfflfflffl{m1

;y; bk;y; bk

zfflfflfflfflfflffl}|fflfflfflfflfflffl{mk

;�ck;y;�ck

zfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflffl{nk

;y;�c1;y;�c1
zfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflffl{n1

Þ ð3:18Þ

or with one zero in the middle, and where

bj ¼ aj þ Rj � Sj � 1
2
ðmj � nj þ 1Þ � p þ q þ ej;

cj ¼ aj � Rj þ Sj � 1
2
ðnj � mj þ 1Þ þ p � q � ej: ð3:19Þ

The Rj and Sj are as in (2.14), so that Rk ¼ p and Sk ¼ q; and for each j; ejAf0;71
2
g;

and is chosen so that bj and cj are integers. All such choices for the ej yield all the

LKTs for X ðgdÞ:
Similarly, the LKTs of Xðg0dÞ are those of the form

ðb1;y; b1
zfflfflfflfflffl}|fflfflfflfflffl{m1

;y; bk;y; bk

zfflfflfflfflfflffl}|fflfflfflfflfflffl{mk

; c1;y; c1
zfflfflfflfflffl}|fflfflfflfflffl{n1

;y; ck;y; ck

zfflfflfflfflffl}|fflfflfflfflffl{nk

Þ ð3:20Þ
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with the bj and cj as in (3.19), and the ej subject to the same conditions as for Onð2nÞ:
Since bk; ckX0; these K-types occur and correspond inH by Lemma 3.4, proving (b)
and the second part of (a).
To estimate the degree of K-types in X ðgdÞ; first notice that the LKTs all have the

same degree, namely

Xk

i¼1
mibi þ

Xk

i¼1
nici; ð3:21Þ

which is independent of the ei chosen. Let t be a K-type occurring in XðgdÞ: By the
standard theory of [12,22] (see e.g., [17, Lemma 5.1.1] for details), t is of the form

t ¼ sþ
X
a

naa; ð3:22Þ

where s is a LKT of XðgdÞ; the sum runs over roots in Dðl : tÞ,Dðu-pÞ; and naX0
for all a: Here l and u are as in Section 2.3. If %gdjt is as in (3.16) then the roots in
Dðl : tÞ,Dðu-pÞ are of the form

7ðei � ejÞ; 1piojpp; ð3:23Þ

7ðen�jþ1 � en�iþ1Þ; 1piojpq; ð3:24Þ

7ðei þ en�jþ1Þ; 1pipp; 1pjpq; ð3:25Þ

ðei þ ejÞ; 1piojpp; ð3:26Þ

�ðen�jþ1 þ en�iþ1Þ; 1piojpq: ð3:27Þ

Rewrite

s ¼ ðp � q;y; p � qÞ þ ða1;y; ap; b1;y; bqÞ ð3:28Þ

or with one zero between ap and b1: Recall that apX0Xb1: Then

t ¼ sþ ðx1;y; xp; y1;y; yqÞ ð3:29Þ

or with one more coordinate z between xp and y1: Then

degreeðtÞ ¼
Xp

i¼1
jai þ xij þ

Xq

i¼1
jbi þ yij ðþjzjÞ

X

Xp

i¼1
ðai þ xiÞ �

Xq

i¼1
ðbi þ yiÞ
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¼
Xp

i¼1
ai �

Xq

i¼1
bi þ

Xp

i¼1
xi �

Xq

i¼1
yi

¼ degreeðsÞ þ
Xp

i¼1
xi �

Xq

i¼1
yi: ð3:30Þ

But
Pp

i¼1 xi �
Pq

i¼1 yiX0 since each of the roots contributing to the sum (3.22) is of

the form (3.23)–(3.27). This finishes the proof of the theorem. &

3.2. General facts about the correspondence

We now state some (mostly standard) results about how the correspondences for

different dual pairs of the form ðSpðp; qÞ;Onð2nÞÞ are related.
Recall first how the groups Spðp; qÞ and Onð2nÞ are embedded in Spð4nðp þ qÞ;RÞ

(see [7,20]). Let V be a ðp þ qÞ-dimensional (right) vector space over H; with
hermitian form ð; Þ of signature ðp; qÞ; H-linear in the second variable, and let V 0 be

an n-dimensional (left) vector space over H; with skew-hermitian form ð; Þ0 which is
H-linear in the first variable. Now define a symplectic space ðW ;/;SÞ as follows:
W ¼ V#HV 0 as a vector space over R; and /;S ¼ trH=Rðð; Þ#ð; Þ0Þ: Then the

isometry groups of ð; Þ; ð; Þ0; and /;S are isomorphic to Spðp; qÞ; Onð2nÞ; and
Spð4nðp þ qÞ;RÞ respectively, and this defines an embedding of the first two groups
as a reductive dual pair in the symplectic group.

Notation 3.31. Let p and p0 be irreducible admissible representations of Spðp; qÞ and
Onð2nÞ respectively. If p2p0 in the correspondence for the dual pair

Spðp; qÞ;Onð2nÞð Þ we write ynðpÞ ¼ p0 and yp;qðp0Þ ¼ p: If p does not occur in the

correspondence, we write ynðpÞ ¼ 0; and similarly for p0: If there is no confusion
possible about the dual pair under consideration, we will omit the subscript and
write yðpÞ ¼ p0; etc.

If p is an irreducible admissible representation of G; let pn denote the

contragredient representation. (Notice that if G ¼ Spðp; qÞ; then pn ¼ p:) The
following result is due to Przebinda ( [18, Theorem 5.5]).

Lemma 3.32. Let p be an irreducible admissible representation of Onð2nÞ: Then

yp;qðpÞn ¼ yq;pðpnÞ:

Let V1 and V2 be H-hermitian or H-skew-hermitian spaces. Then V ¼ V1"V2

will be a space of the same type. This defines natural embeddings Spðp; qÞ �
Spðr; sÞ-Spðp þ r; q þ sÞ and Onð2nÞ � Onð2mÞ-Onð2ðn þ mÞÞ; so that any repre-
sentation of Spðp þ r; q þ sÞ is a representation of Spðp; qÞ � Spðr; sÞ by restriction.
Similarly for Onð2ðn þ mÞÞ:
If p; q; and n are non-negative integers, we denote the oscillator representation for

the dual pair ðSpðp; qÞ;Onð2nÞÞop;q;n (this is a representation of fSpSpð2nðp þ qÞ;RÞ).
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Lemma 3.33. Let p; q; r; s; n; and m be non-negative integers. Then

1. op;q;n#or;s;nDopþr;qþs;n as representations of Spðp; qÞ � Spðr; sÞ � Onð2nÞ; with

Onð2nÞ acting diagonally on the left-hand side; and

2. op;q;n#op;q;mDop;q;nþm as representations of Spðp; qÞ � Onð2nÞ � Onð2mÞ; with

Spðp; qÞ acting diagonally on the left-hand side.

Proof. If W1 and W2 are symplectic spaces with isometry groups Sp1 and Sp2
respectively, then W ¼ W1"W2 is a symplectic space, and this defines an
embedding

Sp1 � Sp2-Sp ¼ SpðWÞ: ð3:34Þ

By Corollary 5.6 of [19], this embedding lifts to a map b : fSpSp1 � fSpSp2-fSpSp

of the metaplectic covers so that for the corresponding oscillator representations,
we have

o1#o2Do 3 b ð3:35Þ

as representations of fSpSp1 � fSpSp2:
Let V1;V2 be hermitian spaces over H; and let V 0 be a skew-hermitian space. Let

GðViÞ and GðV 0Þ be the corresponding isometry groups. Write

W ¼ ðV1"V2Þ#V 0DðV1#V 0Þ"ðV2#V 0Þ ¼ W1"W2 ð3:36Þ

(as vector spaces over R). Then we get corresponding embeddings

GðV1Þ � GðV2Þ � GðV 0Þ-fSpSp ð3:37Þ

and

GðV1Þ � GðV 0Þ � GðV2Þ � GðV 0Þ-fSpSp1 � fSpSp2:

The action of GðV 0Þ on ðV1"V2Þ#V 0 corresponds under isomorphism (3.36) to the
diagonal action on ðV1#V 0Þ"ðV2#V 0Þ: Restricting o1#o2 and o in (3.35) to
these subgroups now yields the first part of the lemma. The second part is
similar. &

The next result rules out that a representation of Onð2nÞ lifts to more than one
group of the form Spðp; qÞ with p þ qpn; so that our result in Theorem 5.1 indeed
gives us all such occurrences.

Proposition 3.38. Let pA dOnð2nÞOnð2nÞ: Suppose yp;qðpÞa0 and yr;sðpÞa0: Then either

(a) p � r ¼ q � s; i.e., Spðp; qÞ and Spðr; sÞ are in the same Witt Tower; or

(b) p � raq � s; p þ sXn and q þ rXn; and in particular, p þ q þ r þ s > 2n:
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Proof. Assume yp;qðpÞa0 and yr;sðpÞa0: By Lemma 3.32, ys;rðpnÞa0 as well. So p
and pn are quotients of op;q;n and os;r;n; respectively. By Lemma 3.33(1), p#pn; and

therefore the trivial representation 1 of Onð2nÞ is a quotient of opþs;qþr;n; i.e.,

ypþs;qþrð1Þa0: So the trivial K-type must occur in the space of joint harmonics for

the dual pair ðSpðp þ s; q þ rÞ;Onð2nÞÞ: The conditions on p; q; r; s given in the
proposition now follow from Lemma 3.4. &

4. The induction principle

We formulate the induction principle, which is due to Kudla [13] (see also

[1,2,16,17]), for the dual pairs Spðp; qÞ;Onð2nÞð Þ:
Let D ¼ H with the standard involution.
Let V (resp. V 0) be a right (resp., left) vector space over D equipped with a

hermitian form ð; Þ (resp. a skew-hermitian form ð; Þ0). Denote by GðVÞ (resp. GðV 0Þ)
the isometry group. Then W ¼ V#DV 0 is a real symplectic space with the

symplectic form trðð; Þ#ð; Þ0Þ; where tr is the reduced trace map from D to R:
Furthermore ðGðVÞ;GðV 0ÞÞ is a reductive dual pair in SpðWÞ:
Suppose that

V ¼ Vþ"V0"V�; ð4:1Þ

V 0 ¼ V 0
þ"V 0

0"V 0
�; ð4:2Þ

where Vþ; V� (resp. V 0
þ; V 0

�) are totally isotropic subspaces and are dual to each

other with respect to ð; Þ (resp. ð; Þ0).
Let W0 ¼ V0#V 0

0; and let W0 ¼ X0"Y0 be a complete polarization. Then W

admits the following complete polarization:

W ¼ X"Y ; ð4:3Þ

where

X ¼ ðV#V 0
þÞ"ðVþ#V 0

0Þ"X0; ð4:4Þ

Y ¼ ðV#V 0
�Þ"ðV�#V 0

0Þ"Y0: ð4:5Þ

Let PV ¼ PðVþÞ (resp. PV 0 ¼ PðV 0
þÞ) be the stabilizer of Vþ in GðVÞ (resp.

V 0
þ in GðV 0Þ). We have the Levi decomposition

PV ¼ MV NV ; PV 0 ¼ MV 0NV 0 ; ð4:6Þ

where

MVDGLðVþÞ � GðV0Þ; MV 0DGLðV 0
þÞ � GðV 0

0Þ: ð4:7Þ
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Define the real symplectic space

WM ¼ ðV�#V 0
þÞ"ðVþ#V 0

�Þ"W0: ð4:8Þ

Then ðMV ;MV 0 Þ is a dual pair in SpðWMÞ:Note that WM has the following complete
polarization:

WM ¼ XM"YM ; ð4:9Þ

where

XM ¼ ðV�#V 0
þÞ"X0; ð4:10Þ

YM ¼ ðVþ#V 0
�Þ"Y0: ð4:11Þ

The oscillator representation o associated to the dual pair ðGðVÞ;GðV 0ÞÞDSpðWÞ
may be realized on the Schwartz space SðYÞ; and the oscillator representation oM

associated to the dual pair ðMV ;MV 0 ÞDSpðWMÞ may be realized on the Schwartz
space SðYMÞ (see [19]).
Let r: SðYÞ-SðYMÞ be the obvious restriction map.
Denote d ¼ dimR D ¼ 4; and d0 ¼ dimRftADj%t ¼ �tg ¼ 3:
We set

m0 ¼ dimD V0; n0 ¼ dimD V 0
0; k ¼ dimD Vþ; l ¼ dimD V 0

þ: ð4:12Þ

For AAMk�kðDÞ; let detðAÞ be the usual determinant of A realized as an element

of unð2kÞCM2k�2kðCÞ: (If k ¼ 1 then this is the reduced norm as in Section 2.2.)
Let x be the following character of GLðVþÞ � GLðWþÞ:

xðh; h0Þ ¼ detðhÞðn0þlÞd
detðh0Þðm0þkÞd ; ðh; h0ÞAGLðVþÞ � GLðV 0

þÞ: ð4:13Þ

By comparing the actions of the groups involved in the mixed models of o and oM

(c.f. [17] for the case D ¼ C), we have

Proposition 4.14. The restriction map r is a surjective PV � PV 0 equivariant map

o-oM#x: ð4:15Þ

Let nV (resp. nV 0 ) be the Lie algebra of NV (resp. NV 0 ), and let rðnV Þ (resp. rðnV 0 Þ)
be half the sum of the roots of nV (resp. nV 0) with respect to a Cartan subgroup of
MV (resp. MV 0). Then rðnV Þ (resp. rðnV 0 Þ) exponentiates to a character rV of PV

(resp. rV 0 of PV 0 ). Notice that N ¼ NV and N 0 ¼ NV 0 admit exact sequences

1-ZN-N-HomðV0;VþÞ-1; ð4:16Þ

1-ZN 0-N 0-HomðV 0
0;V 0

þÞ-1; ð4:17Þ
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where ZN and ZN 0 are the centers of N and N 0; respectively. Furthermore,
ZNDBðV�Þskew; the space of skew-hermitian forms on V�; and ZN 0DBðV 0

�Þherm;
the space of hermitian forms on V 0

�:We therefore see that the characters rV and rV 0

are given by

rV ðh; g0; nV Þ ¼ detðhÞ
1
4
ðm0dþðk�1Þdþ2d0Þ ð4:18Þ

for hAGLðVþÞ; g0AGðV0Þ; nVANV and

rV 0 ðh0; g0
0; nV 0 Þ ¼ detðh0Þ

1
4
ðn0dþðlþ1Þd�2d0Þ ð4:19Þ

for h0AGLðV 0
þÞ; g0

0AGðV 0
0Þ; nV 0ANV 0 : They are the modulus functions of PV

and PV 0 :
We now state the Induction Principle which follows from Proposition 4.14 using

Frobenius Reciprocity.

Theorem 4.20. Let pA dGðV0ÞGðV0Þ; p0A dGðV 0
0ÞGðV 0
0Þ; sA dGLðVþÞGLðVþÞ; and s0A dGLðV 0

þÞGLðV 0
þÞ: Suppose

that p2p0; and s2s0 in the correspondence of dual pairs ðGðV0Þ;GðV 0
0ÞÞ

and ðGLðVþÞ;GLðV 0
þÞÞ: Let wV and wV 0 be the characters of GLðVþÞ and GLðV 0

þÞ
given by

wV ðhÞ ¼ detðhÞ
1
4
ððn0þl�m0�kþ1Þd�2d0Þ; hAGLðVþÞ; ð4:21Þ

wV 0 ðh0Þ ¼ detðh0Þ
1
4
ððm0þk�n0�l�1Þdþ2d0Þ; h0AGLðV 0

þÞ: ð4:22Þ

Then there is a non-zero GðVÞ � GðV 0Þ-map

C : o-Ind
GðVÞ
PV

ðp#s#wV Þ#Ind
GðV 0Þ
PV 0 ðp0#s0#wV 0 Þ: ð4:23Þ

The following theorem is the extended induction principle which is due to Adams
and Barbasch [1].

Theorem 4.24. Let C be as in Theorem 4.20, G ¼ GðVÞ; G0 ¼ GðV 0Þ; M ¼ MV ; and

M 0 ¼ MV 0 ; and let K and K 0 be maximal compact subgroups of G and G0; respectively.
Suppose m is a K-type and l is a (K-MÞ-type such that the following conditions are

satisfied:

(1) l occurs and is of minimal degree in p#s:
(2) m occurs and is of minimal degree and of multiplicity one in IndG

PV
ðp#s#wV Þ:

(3) m and l have the same degree, and the restriction of m to K-M contains l:
(4) There exist characters a and a0 of M and M 0 which are trivial on K-M and

K 0-M 0; such that ðp#s#aÞ#ðp0#s0#a0Þ is a quotient of oM ; and

IndG
PV
ðp#s#a#wV Þ is irreducible.
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Let m0 be the K 0-type which corresponds to m in the space of joint harmonics. Then

m#m0 is in the image of C:
The statement of the theorem is also true with the roles of V and V 0 reversed.

We are going to apply these theorems to the following situation: GðVÞ ¼ Spðp; qÞ;
GðV 0Þ ¼ Onð2nÞ; M ¼ Spðp � 1; q � 1Þ � GLð1;HÞ; and M 0 ¼ Onð2ðn � 2ÞÞ �
GLð1;HÞ: The characters wV and wV 0 then become wV ðhÞ ¼ detðhÞn�p�q�1

2; and

wV 0 ðhÞ ¼ detðhÞpþq�nþ1
2; so that wV 0 ¼ wnV : Notice that in our parametrization of

Section 2.2, wV ¼ sð1; 2ðn � p � qÞ � 1Þ and wV 0 ¼ sð1; 2ðp þ q � nÞ þ 1Þ:
We will need to know something about the correspondence for the dual pairs

GLðn;HÞ;GLðm;HÞð Þ: We first describe the space of joint harmonics.

Proposition 4.25. Let npm: The correspondence of SpðnÞ- and SpðmÞ-types in the

space H of joint harmonics for the dual pair ðGLðn;HÞ;GLðm;HÞÞ is given as follows.

If s ¼ ða1;y; anÞ is an SpðnÞ-type, then s occurs in H; and s2s0; where

s0 ¼ ða1;y; an; 0;y; 0Þ: The degree of s and s0 is
Pn

i¼1 ai:

Proof. Consider the diamond dual pairs (see [10])

Onð4nÞ SpðmÞ
= \ = \

GLðn;HÞ Uð2nÞ GLðm;HÞ Uð2mÞ
\ = \ =

SpðnÞ Onð4mÞ

ð4:26Þ

Recall that any two groups positioned at corresponding corners of the two
diamonds are a dual pair in Spð8nm;RÞ: Using the known correspondence of K-

types for the three dual pairs ðOnð4nÞ;SpðmÞÞ; ðUð2nÞ;Uð2mÞÞ; and ðSpðnÞ;Onð4mÞÞ
and the theory of [10, Section 3], the correspondence for ðGLðn;HÞ;GLðm;HÞÞ may
now easily be obtained. &

Proposition 4.27. Let s ¼ sðm; nÞ be an irreducible representation of GLð1;HÞ
(see Section 2.2). Then s occurs in the correspondence for the dual pair

ðGLð1;HÞ;GLð1;HÞÞ; and yðsÞ ¼ sn; i.e., yðsÞ is sðm;�nÞ: The corresponding

SUð2Þ-type has degree m� 1:

Proof. Occurrence follows from the results of [1] by considering the see-saw
dual pairs

GLð2;CÞ GLð1;HÞ
�

GLð1;HÞ GLð1;CÞ:
ð4:28Þ
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Let k ¼ ðm; 0Þ; z ¼ ðn; 0Þ; and let Lðk; zÞ be the representation of GLð2;CÞ
determined by k and z as in Section 1 of [1]. Recall that Lðk; zÞ is the unique
irreducible quotient of an induced representation Ind

GLð2;CÞ
P ðwk;zÞ; where P ¼ MN is a

parabolic subgroup of GLð2;CÞ with Levi factor GLð1;CÞ � GLð1;CÞ and wk;z is the

character of GLð1;CÞ � GLð1;CÞDðC�Þ2 given by wk;zðr1eiy1 ; r2e
iy2Þ ¼ rn1e

imy1 : Then

Lðk; zÞ occurs in the correspondence with GLð1;CÞ (it lifts to Lð�m;�nÞA dGLð1;CÞGLð1;CÞ).
Since the restriction of Lðk; zÞ to GLð1;HÞ contains s as a constituent, s occurs in
the correspondence for the dual pair ðGLð1;HÞ;GLð1;HÞÞ: The theta lift can be
determined by looking at the way the members of the dual pair are embedded in
Spð8;RÞ (see [6]): Write W ¼ X"Y a complete polarization of the eight-
dimensional symplectic space W : Think of X and Y as two-dimensional complex

vector spaces, and identify GLð1;HÞ with Unð2ÞCGLð2;CÞ: If ðg; hÞAGLð1;HÞ �
GLð1;HÞ and ðx; yÞAW ; then ðg; hÞ � ðx; yÞ ¼ ðgxh�1; hxg�1Þ: Consequently, the
two factors will act by contragredients. The degree of the SUð2Þ-type with highest
weight ðm�1

2
;�m�1

2
Þ (this is the Spð1Þ-type with highest weight ðm� 1Þ) is given by

Proposition 4.25. &

5. The main theorems

5.1. The cases p þ q ¼ n or n � 1

We are now ready to state and prove our main theorem.

Theorem 5.1. Let p0 ¼ pðr; l;C; m; nÞ be an irreducible admissible representation of

G0 ¼ Onð2nÞ: Let p ¼ pðlÞ þ r; and q ¼ qðlÞ þ r (so that p þ q ¼ n or n � 1), and let

p ¼ pðr;Gl;GC; m; nÞ; a representation of G ¼ Spðp; qÞ (see Definition 3.6). Then

1. yp;qðp0Þ ¼ p:
2. The lowest K 0-types of p0 are of minimal degree in p0 and correspond in H to the

lowest K-types of p:
3. If p0 and q0 are integers so that p0 þ q0 ¼ n or n � 1 and ðp0; q0Þaðp; qÞ then

yp0;q0 ðp0Þ ¼ 0; i.e., part 1 completely describes the duality correspondence for the dual

pairs ðSpðp; qÞ;Onð2nÞÞ with p þ q ¼ n or n � 1:

Remark 5.2. The algorithm of Definition 3.6 is easy to reverse, and it follows that if
p þ q ¼ n then every irreducible admissible representation of Spðp; qÞ has non-zero
theta lifts to both Onð2nÞ and Onð2n þ 2Þ Theorem follows.

Proof. To prove Part 1, we use induction on n; the rank of Onð2nÞ: The base case is
when p0 is a discrete series. Part 1 in this case follows from Theorem 6.2 of [15], and
Part 2 from Lemma 3.10 and Theorem 3.15.
So now assume that p0 is not a discrete series representation. Then there are a

representation p00 of Onð2ðn � 2ÞÞ and a representation s of GLð1;HÞ such that p0 is a
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lowest K 0-type constituent of I 0 ¼ IndG0

P0 ðp00#sÞ; where P0 ¼ M 0N 0 is a parabolic
subgroup of G0 with Levi factor M 0DOnð2ðn � 2ÞÞ � GLð1;HÞ: We can choose s (if
necessary replace by its contragredient) so that p0 is a quotient of the induced
representation. Let p0 ¼ yp�1;q�1ðp00Þ (by the induction hypothesis). (For the cases
n ¼ 2 and n ¼ 3 we formally define the correspondences for the dual pairs

ðSpð0; 0Þ;Onð0ÞÞ and ðSpð0; 0Þ;Onð2ÞÞ to be 121; here 1 is the trivial representation
of the appropriate group.) Then it is easy to compare Langlands parameters and see

that p is a lowest K-type constituent of I ¼ IndG
P ðp0#snÞ; where P ¼ MN is a

parabolic subgroup of G with Levi factor MDSpðp � 1; q � 1Þ � GLð1;HÞ: (Recall
from Section 2.2 that if n0 is obtained from n by changing some of the signs of the
coefficients, then pðr; l;C; m; n0ÞDpðr; l;C; m; nÞ). By Theorem 4.20 and Proposition
4.27, there is a non-zero G � G0 map F from the oscillator representation o for the
dual pair ðG;G0Þ to I#I 0: By Theorem 3.15, we know that every lowest K 0-type Z0 of
p0 is of minimal degree in I 0 and corresponds in H to a lowest K-type Z of the
standard module XðgdÞ induced from discrete series which contains p as a lowest K-
type constituent. Moreover, Z0 has multiplicity one in I 0: To prove Part 1, we will use
Theorem 4.24, with the roles of G and G0 interchanged, to show that Z#Z0 is in the
image of F; and then show that Z is a lowest K-type of p: Since Z then has
multiplicity one in I ; p#p0 must then be a quotient of I#I 0; and hence of o: This
will also finish the proof of Part 2.

Write g0 ¼ ðC;G0; %g0Þ and g00 ¼ ðC0;G0
0; %g

0
0Þ for the final limit characters for p0 and

p00 respectively, and let t0 and t0 be compact Cartan subalgebras of Onð2nÞ and
Onð2ðn � 2ÞÞ; respectively, with t0Ct0: If

%g0jt0 ¼ ða1;y; a1
zfflfflfflfflffl}|fflfflfflfflffl{m1

;y; ak;y; ak

zfflfflfflfflfflffl}|fflfflfflfflfflffl{mk

;�ak;y;�ak

zfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflffl{nk

;y;�a1;y;�a1
zfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflffl{n1

Þ ð5:3Þ

or with one zero in the middle, then s will be of the form ð2aj; zÞ for some j and some

complex number z; and

%g00jt0 ¼ða1;y; a1
zfflfflfflfflffl}|fflfflfflfflffl{m1

;y; aj;y; aj

zfflfflfflfflffl}|fflfflfflfflffl{mj�1

;y; ak;y; ak

zfflfflfflfflfflffl}|fflfflfflfflfflffl{mk

;

�ak;y;�ak

zfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflffl{nk

;y;�aj;y;�aj

zfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflffl{nj�1

;y;�a1;y;�a1
zfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflffl{n1

Þ ð5:4Þ

or with one zero in the middle. Let Z0 be a lowest K 0-type of p0; and let z be the
ðK 0-M 0Þ-type with highest weight equal to the restriction of (the highest weight of)
Z0 to t0: Write (as in the proof of Theorem 3.15)

Z0 ¼ ðp � q;y; p � qÞ

þ ðb1;y; b1
zfflfflfflfflffl}|fflfflfflfflffl{m1

;y; bk;y; bk

zfflfflfflfflfflffl}|fflfflfflfflfflffl{mk

;�ck;y;�ck

zfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflffl{nk

;y;�c1;y;�c1
zfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflffl{n1

Þ; ð5:5Þ
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or with one zero in the middle, and with the bi and ci as in (3.19). Then it is easy to
see that z ¼ bþ x; where

b ¼ðp � q;y; p � qÞ þ ðb1;y; b1
zfflfflfflfflffl}|fflfflfflfflffl{m1

;y; bj;y; bj

zfflfflfflfflffl}|fflfflfflfflffl{mj�1

;y; bk;y; bk

zfflfflfflfflfflffl}|fflfflfflfflfflffl{mk

;

�ck;y;�ck

zfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflffl{nk

;y;�cj;y;�cj

zfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflffl{nj�1

;y;�c1;y;�c1
zfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflffl{n1

Þ ð5:6Þ

or with one zero in the middle, and x ¼ ð2aj�1
2

;�2aj�1
2

Þ is the highest weight of the
SUð2Þ-type of s: Notice that b is a lowest Uðn � 2Þ-type of p00; hence by Theorem
3.15 of minimal degree in p00: Also, x is clearly of minimal degree in s since s contains
only one SUð2Þ-type. So Z0 and z will play the roles of m and l in Theorem 4.24. We
can read the degrees of Z0 and b off formulas (5.5) and (5.6), and using (3.19) and
Proposition 4.25 we have

degreeðZ0Þ � degreeðbÞ ¼ bj þ cj ¼ 2aj � 1 ¼ degreeðxÞ: ð5:7Þ

Consequently, Z0 and z satisfy parts (1) through (3) of Theorem 4.24. For part (4),

notice that if we choose a to be a character of GLð1;HÞ of the form ðdetÞw for some

complex number w; and a0 ¼ an; then a and a0 will be trivial on K-M and K 0-M 0;
and if r and r0 are representations of M and M 0 so that r#r0 is a quotient of oM ;
then ðr#aÞ#ðr0#a0Þ will be a quotient of oM as well. It remains to show that w

can be chosen so that IndG
P ðp#s#aÞ is irreducible. But this follows from [21].

Now let Z be the K-type which corresponds to Z0 in H: To finish the proof of the
theorem, we must show that Z is a lowest K-type of p: If p0 is a limit of discrete series
representation, then this follows from Lemma 3.10. If not, then we may assume that
our representation s ¼ sð2aj ; zÞ satisfies the following condition: za0 or 2aj is odd.

(This is the non-parity condition of Section 2.2.) In this case, the induced
representation I has only one lowest K-type constituent, namely p: Since (as is
easily checked) Z is a lowest K-type of the standard module XðgdÞ induced from
discrete series which has p as a constituent, and the constituents of I are also
constituents of X ðgdÞ; Z must be a lowest K-type of p: This completes the proof of
Parts 1 and 2. Part 3 follows from Proposition 3.38. &

5.2. Going up the Witt towers

Starting from the correspondence for the dual pairs ðSpðp; qÞ;Onð2nÞÞ with p þ
q ¼ n; n � 1; we can determine the correspondence for all cases p þ qpn; as well as
for some of the cases nop þ q; by moving up one Witt tower at a time, using the
induction principle in a one-sided way.

Theorem 5.8. Let p0 ¼ pðr; l;C; m; nÞA dOnð2nÞOnð2nÞ; p ¼ pðlÞ þ r; and q ¼ qðlÞ þ r

(so that p þ q ¼ n or n � 1). Let p ¼ yp;qðp0Þ ¼ pðr;Gl;GC; m; nÞA dSpðp; qÞSpðp; qÞ be as in

J.-S. Li et al. / Journal of Functional Analysis 200 (2003) 71–100 91



Theorem 5.1. Write m ¼ ðm1;y;mrÞ and n ¼ ðn1;y; nrÞ: Let s be a non-negative

integer. Then

ynþ2sðpÞ ¼ p0s ¼ pðr þ s; l;C; ms; nsÞ; ð5:9Þ

where ms ¼ ðm1;y:mr; 1;y; 1|fflfflffl{zfflfflffl}s

Þ; and

ns ¼
ðn1;y; nr; 1; 5; 9;y; 4s � 3Þ if p þ q ¼ n;

ðn1;y; nr; 3; 7; 11;y; 4s � 1Þ if p þ q ¼ n � 1:

(
ð5:10Þ

Proof. We use induction on s: The base case s ¼ 0 is Theorem 5.1. So assume s > 0

and ynþ2s�2ðpÞ ¼ p0s�1: By Theorem 4.20, there is a nonzero Spðp; qÞ � Onð2ðn þ 2sÞÞ
map from the oscillator representation for the dual pair ðSpðp; qÞ;Onð2ðn þ 2sÞÞÞ to

p#Ind
Onð2ðnþ2sÞÞ
P0 ðp0s�1#sÞ; ð5:11Þ

where P0 ¼ M 0N 0 is a parabolic subgroup of Onð2ðn þ 2sÞÞ with Levi factor

M 0DOnð2ðn þ 2s � 2ÞÞ � GLð1;HÞ; and s is the character of GLð1;HÞ given by
ð1; 4s � 3Þ if p þ q ¼ n; and ð1; 4s � 1Þ if p þ q ¼ n � 1: Consequently, ynþ2sðpÞ is a
constituent of this induced representation I 0: The representation p0s is the unique
lowest K 0-type constituent of I 0: Let Z be a lowest K-type of p: Then by Theorems 5.1
and 3.1, Z is of minimal degree in p: Therefore, if we show that Z corresponds inH to
a lowest K 0-type Z0 of p0s; then we have proved that ynþ2sðpÞ ¼ p0s (since Z0 has
multiplicity one in I 0).
Let g0 ¼ ðC0;G0; %g0Þ and g0s ¼ ðC0

s;G
0
s; %g

0
sÞ be the final limit characters of p0 and p0s

respectively, and let t0 and ts be compact Cartan subalgebras of the Lie algebras of

Onð2nÞ and Onð2ðn þ 2sÞÞ; respectively, with t0Cts: Write

%g0jt0 ¼ ða1;y; a1
zfflfflfflfflffl}|fflfflfflfflffl{m1

;y; ak;y; ak

zfflfflfflfflfflffl}|fflfflfflfflfflffl{mk

;�ak;y;�ak

zfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflffl{nk

;y;�a1;y;�a1
zfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflffl{n1

Þ ð5:12Þ

or with one zero in the middle. Then the lowest K-types of p (which by Theorem 5.1
correspond in H to the lowest K 0-types of p0) are of the form

Z ¼ ðb1;y; b1
zfflfflfflfflffl}|fflfflfflfflffl{m1

;y; bk;y; bk

zfflfflfflfflfflffl}|fflfflfflfflfflffl{mk

; c1;y; c1
zfflfflfflfflffl}|fflfflfflfflffl{n1

;y; ck;y; ck

zfflfflfflfflffl}|fflfflfflfflffl{nk

Þ; ð5:13Þ

with the bj and cj as in (3.19). Now

%g0sjts ¼ða1;y; a1
zfflfflfflfflffl}|fflfflfflfflffl{m1

;y; ak;y; ak

zfflfflfflfflfflffl}|fflfflfflfflfflffl{mk

; 1
2
;y; 1

2

zfflfflffl}|fflfflffl{s

;

�1
2
;y;�1

2

zfflfflfflfflfflffl}|fflfflfflfflfflffl{s

;�ak;y;�ak

zfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflffl{nk

;y;�a1;y;�a1
zfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflffl{n1

Þ ð5:14Þ
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or with one zero between the 12’s and the �1
2’s. Let Z

0 be a lowest K 0-type of p0s: First,
assume that aka1

2
: Then

Z0 ¼ ðp � q;y; p � qÞ þ ðb1;y; b1
zfflfflfflfflfflffl}|fflfflfflfflfflffl{m1

;y; bk;y; bk

zfflfflfflfflfflffl}|fflfflfflfflfflffl{mk

; z;y; z
zfflfflffl}|fflfflffl{s

;

�w;y;�w
zfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflffl{s

;�gk;y;�gk

zfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflffl{nk

;y;�g1;y;�g1
zfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflffl{n1

Þ ð5:15Þ

or with an extra coordinate y between the z’s and the �w’s, where

bj ¼ aj þ Rj � Sj � 1
2
ðmj � nj þ 1Þ � p þ q þ e0j ;

gj ¼ aj � Rj þ Sj � 1
2
ðnj � mj þ 1Þ þ p � q � e0j ð5:16Þ

with the Rj and Sj as in (2.14), and e0j ¼ 0 or 71
2
so that bj and gj are integers. Also,

z ¼ 1
2þ ðRk þ sÞ � ðSk þ sÞ � 1

2ðs � s þ 1Þ

� p þ q þ d ðd ¼ 0 or 71
2
as for e0j aboveÞ

¼ d since Rk � Sk ¼ p � q

¼ 0 since z must be an integer: ð5:17Þ

Similarly, w ¼ 0 and y ¼ 0:

If ak ¼ 1
2
; then mk ¼ nk since 1

2
cannot be a coefficient of a discrete series

parameter, so

Z0 ¼ ðp � q;y; p � qÞ

þ ðb1;y; b1
zfflfflfflfflfflffl}|fflfflfflfflfflffl{m1

;y; bk�1;y; bk�1
zfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflffl{mk�1

; bk;y; bk

zfflfflfflfflfflffl}|fflfflfflfflfflffl{mkþs

;

�gk;y;�gk

zfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflffl{nkþs

;�gk�1;y;�gk�1
zfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflffl{nk�1

;y;�g1;y;�g1
zfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflffl{n1

Þ ð5:18Þ

or with one y in the middle, where the bj and gj are as above if 1pjpk � 1; and

bk ¼ 1
2
þ ðRk þ sÞ � ðSk þ sÞ � 1

2
ðmk þ s � ðnk þ sÞÞ � p þ q þ d

¼ 0 since Rk � Sk ¼ p � q; mk ¼ nk; and bkAZ: ð5:19Þ

Similarly, gk ¼ 0 and y ¼ 0:
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In either case, using Lemma 3.4, we see that Z0 corresponds in H to a K-type
Z0 which differs from Z at most in the choice of the ej’s, so Z0 is a lowest K-type

of p: &

Corollary 5.20. For p þ qpn; every irreducible admissible representation of Spðp; qÞ
occurs in the theta correspondence for the dual pair ðSpðp; qÞ;Onð2nÞÞ:

Because of Theorem 5.1, we can assign to each irreducible admissible

representation p0 of Onð2nÞ a well-defined signature and rank.

Definition 5.21. (a) We let sgnðp0Þ ¼ ðp; qÞ if yp;qðp0Þa0 and p þ q is minimal subject

to that condition.
(b) If sgnðp0Þ ¼ ðp; qÞ we define rankðpÞ ¼ p þ q:

Notice that rankðp0Þpn for all p0: Theorem 5.8 now permits us to read the signature

of a representation p0 of Onð2nÞ off the Langlands parameters, and we get the
following:

Corollary 5.22. Let p0 ¼ pðr; l;C; m; nÞ be an irreducible admissible representation of

Onð2nÞ; and let e equal the number of zeros in l (so e ¼ 0 or 1). Let l be the largest

integer with 0plpr such that up to permutations of indices, m ¼ ð1;y; 1; mlþ1;y; mrÞ
and n ¼ ð1þ 2e; 5þ 2e;y; 4l � 3þ 2e; nlþ1;y; nrÞ: Then sgnðpÞ ¼ ðp; qÞ ¼ ðpðlÞ þ
r � l; qðlÞ þ r � lÞ; and yp;qðpÞ ¼ pðr � l;Gl;GC; m0; n0Þ; where m0 ¼ ðmlþ1;y; mrÞ and

n0 ¼ ðnlþ1;y; nrÞ:

Starting from the case p þ q ¼ n; n � 1; we can use the one-sided induction
principle again to obtain the correspondence for p þ q > n in the Witt tower
determined by sgnðpÞ:

Theorem 5.23. Let p0 ¼ pðr; l;C; m; nÞA dOnð2nÞOnð2nÞ; p ¼ pðlÞ þ r; and q ¼ qðlÞ þ r (so

that p þ q ¼ n or n � 1). Let p ¼ yp;qðp0Þ ¼ pðr;Gl;GC; m; nÞA dSpðp; qÞSpðp; qÞ be as in

Theorem 5.1. Write m ¼ ðm1;y;mrÞ and n ¼ ðn1;y; nrÞ: Let s be a non-negative

integer. Then

ypþs;qþsðp0Þ ¼ ps ¼ pðr þ s;Gl;GC; ms; ns
0Þ; ð5:24Þ

where ms ¼ ðm1;y; mr; 1;y; 1|fflfflffl{zfflfflffl}s

Þ; and

ns
0 ¼

ðn1;y; nr; 3; 7; 11;y; 4s � 1Þ if p þ q ¼ n;

ðn1;y; nr; 1; 5; 9;y; 4s � 3Þ if p þ q ¼ n � 1:

(
ð5:25Þ

Proof. Very similar to the proof of Theorem 5.8; we omit the details. &
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5.3. Applications

Finally, we comment on the applications mentioned near the end of the
introduction. By [14], the theta correspondence takes unitary representations of

Spðp; qÞ to unitary representations of Onð2nÞ whenever p þ qpn=2: Thus starting from
well-known unitary representations of Spðp; qÞ (e.g. the trivial representation, tempered
representations, unitary representations with non-zero cohomology, etc.), Theorem 5.8
describes the Langlands parameters of the corresponding unitary representations of

Onð2nÞ which are much less familiar. Indeed, many of them are rather exotic.
Going in the other direction, the theta correspondence takes unitary representa-

tions of Onð2nÞ to unitary representations of Spðp; qÞ whenever p; qXn: From well

known unitary representations of Onð2nÞ (e.g. the unitary lowest weight modules),
Theorem 5.23 describes the Langlands parameters of the corresponding unitary
representations of Spðp; qÞ; for those p; q with p; qXn and ðp; qÞ in the appropriate
Witt tower.

We also know [14] that any irreducible unitary representation of Onð2nÞ with rank
ro½n=2 must be a theta lift from some unitary representation of Spðp; qÞ with p þ
q ¼ r: Now suppose nX8: Then all irreducible unitary representations of Onð2nÞ
with rankp3 are theta lifts from some Spðp; qÞ with p þ qp3: Since the unitary dual
of any Spðp; qÞ with minðp; qÞp1 is known [3] Theorem 5.8 gives rise to a

classification of all irreducible unitary representation of Onð2nÞ with rank p3:

6. The dual pairs ðGLðm;HÞ;GLðn;HÞÞ

For the sake of completeness, we describe the correspondence for the dual pairs
ðGLðm;HÞ;GLðn;HÞÞ: First, we adapt the induction principle of Section 4 to these
type II dual pairs; similar calculations may be found in [1]. Recall that GLðm;HÞ and
GLðn;HÞ are embedded in Spð8mn;RÞ as follows (see [6]). Let U1 and U2 be right
vector spaces of dimension m and n over H; respectively, and let W ¼
HomHðU1;U2Þ"HomHðU2;U1Þ; considered as a real vector space. Define a
symplectic form /;S on W by /ðS1;T1Þ; ðS2;T2ÞS ¼ trðS1T2 � S2T1Þ; with trð�Þ
the reduced trace over R on EndHðU2Þ: Then GLðU1Þ � GLðU2Þ acts on W by

ðg1; g2ÞðS;TÞ ¼ ðg2Sg�11 ; g1Tg�1
2 Þ: This action preserves /;S; and this defines an

embedding of ðGLðU1Þ;GLðU2ÞÞDðGLðm;HÞ;GLðn;HÞÞ as a dual pair into
SpðWÞDSpð8mn;RÞ:
For i ¼ 1; 2; let Ui ¼ Vi"Wi; direct sums of H vector spaces, with dimH Vi ¼ ki

and dimH Wi ¼ li; so that m ¼ k1 þ l1 and n ¼ k2 þ l2: Then W admits the following
complete polarization:

W ¼ X"Y ; ð6:1Þ

where

X ¼ HomHðV1;U2Þ"HomHðU2;W1Þ
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and

Y ¼ HomHðU2;V1Þ"HomHðW1;U2Þ:

The oscillator representation for the dual pair ðGLðU1Þ;GLðU2ÞÞ may be realized
on the Schwartz space SðY Þ; with the action of the Siegel parabolic
PS ¼ StabSpðW ÞðX Þ ¼ MSNS given by simple formulas (see [19]). For i ¼ 1; 2; let

Pi ¼ PðWiÞ be the stabilizer of Wi in GLðUiÞ: Then Pi ¼ MiNi; where
MiDGLðViÞ � GLðWiÞ; and NiDHomHðVi;WiÞ: Notice that Pi preserves X hence
is contained in PS: Define the symplectic space WM with the following complete
polarization:

WM ¼ XM"YM ; ð6:2Þ

where

XM ¼ HomHðV1;V2Þ"HomHðW2;W1Þ

and

YM ¼ HomHðV2;V1Þ"HomHðW1;W2Þ:

Then ðM1;M2Þ is a dual pair in SpðWMÞ: The associated oscillator representation
oM may be realized on SðYMÞ: As in Section 4, let r : SðYÞ-SðYMÞ be the
obvious restriction map.
For i ¼ 1; 2; let xi be the following character of Mi ¼ GLðViÞ � GLðWiÞ:

x1ðg1; h1Þ ¼ ðdetðg1ÞÞ�l2ðdetðh1ÞÞk2 ;

x2ðg2; h2Þ ¼ ðdetðg2ÞÞ�l1ðdetðh2ÞÞk1 for ðgi; hiÞAGLðViÞ � GLðWiÞ: ð6:3Þ

By comparing the actions of the groups involved in the mixed models of o and oM ;
we have

Proposition 6.4. The restriction map r is a surjective P1 � P2-map

o-oM#x1#x2: ð6:5Þ

A calculation as in Section 4 yields the modulus functions r1 and r2 of P1 and P2

to be given by

r1ðg1; h1; n1Þ ¼ ðdetðg1ÞÞ�l1ðdetðh1ÞÞk1 ;

r2ðg2; h2; n2Þ ¼ ðdetðg2ÞÞ�l2ðdetðh2ÞÞk2 ð6:6Þ

for giAGLðViÞ; hiAGLðWiÞ; and niANi: We obtain the induction principle for the
dual pair ðGLðU1Þ;GLðU2ÞÞ:
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Theorem 6.7. For i ¼ 1; 2; let piA dGLðViÞGLðViÞ; siA dGLðWiÞGLðWiÞ; and suppose that p12p2 and

s12s2 in the correspondence for the dual pairs ðGLðV1Þ;GLðV2ÞÞ and

ðGLðW1Þ;GLðW2ÞÞ: Let w1 and w2 be the characters of GLðV1Þ � GLðV2Þ
and GLðW1Þ � GLðW2Þ given by

w1ðg1; h1Þ ¼ ðdetðg1ÞÞl1�l2ðdetðh1ÞÞk2�k1 ;

w2ðg2; h2Þ ¼ ðdetðg2ÞÞl2�l1ðdetðh2ÞÞk1�k2

for ðgi; hiÞAGLðViÞ � GLðWiÞ: ð6:8Þ

Then there is a non-zero GLðU1Þ � GLðU2Þ equivariant map

C : o-Ind
GLðU1Þ
P1

ðp1#s1#w1Þ#Ind
GLðU2Þ
P2

ðp2#s2#w2Þ: ð6:9Þ

Theorem 6.10. The extended induction principle (Theorem 4.24) holds in the setting of

Theorem 6.7 as well (see [1]).

Now we describe the representations of G ¼ GLðn;HÞ: Let KDSpðnÞ be a
maximal compact subgroup of G: Realize G as

Unð2nÞ ¼
X � %Y

Y %X

 !					X ;YAglðn;CÞ
( )

-GLð2n;CÞ: ð6:11Þ

There is only one conjugacy class of theta stable Cartan subalgebras of g0 ¼ unð2nÞ;
whose centralizer is MADGLð1;HÞnDSUð2Þn � Rn: An irreducible representation s
of MA is a tensor product of n irreducible representations of GLð1;HÞ; hence may be
specified by an n-tuple of positive integers m ¼ ðm1;y; mnÞ and an n-tuple of complex
numbers n ¼ ðn1;y; nnÞ: If P ¼ MAN is a parabolic subgroup of G with Levi factor

MA; let Iðm; nÞ ¼ IndG
P ðsÞ: Then Iðm; nÞ has a unique lowest K-type constituent

tðm; nÞ (independent of the choice of P). Two such representations tðm; nÞ and tðm0; n0Þ
are equivalent if and only if ðm0; n0Þ is obtained from ðm; nÞ by simultaneous
permutation of the coordinates, and every irreducible admissible representation of G

is of the form tðm; nÞ for some choice of m and n:
The infinitesimal character of tðm; nÞ is ðm1þn1

2
;y; mnþnn

2
; �m1þn1

2
;y; �mnþnn

2
Þ; and the

unique lowest K-type of tðm; nÞ has as its highest weight the dominant Weyl group
conjugate of m� 1 ¼ ðm1 � 1; m2 � 1;y; mn � 1Þ: For example, the trivial representa-
tion is tðm; nÞ with m ¼ ð1;y; 1Þ and n ¼ ð2n � 2; 2n � 6;y;�2n þ 2Þ and has

infinitesimal character r ¼ ð2n�1
2
; 2n�3

2
;y; �2nþ1

2
Þ:

Theorem 6.12. Suppose mpn; and let d ¼ n � m: The duality correspondence for

the dual pair ðG1;G2Þ ¼ ðGLðn;HÞ;GLðm;HÞÞ is given as follows. Let t ¼ tðm; nÞ
be an irreducible admissible representation of GLðm;HÞ: Then t occurs in

the correspondence, and yðtÞ ¼ t0 ¼ tðm0; n0Þ; where m0 ¼ ðm1;y; mm; 1;y; 1Þ and
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n0 ¼ ð�n1;y;�nm; 2d � 2; 2d � 6;y;�2d þ 2Þ: In particular, the correspondence for

the dual pairs ðGLðn;HÞ;GLðn;HÞÞ is given by t2tn; with all representations of

GLðn;HÞ occurring. Moreover, the lowest K-types of t and t0 are of minimal degree

and correspond in the space of joint harmonics.

The proof of Theorem 6.12 proceeds along the same lines as that of Theorem 5.1.
We first prove two facts which will help us apply Theorem 6.10.

Lemma 6.13. Let t be an irreducible admissible representation of GLðn;HÞ; with

lowest K-type Z ¼ ða1;y; anÞ: Then Z is of minimal degree in t:

Proof. By Frobenius Reciprocity, every SpðnÞ-type of t contains the weight
ða1;y; anÞ; hence its highest weight is of the form ða1;y; anÞþ a sum of positive
roots. Since the degree of any SpðnÞ-type is given by the sum of the coefficients of its
highest weight, and the positive roots are those of the form 2ei and ei7ej; the result

follows easily. &

Lemma 6.14. Let n ¼ k þ l; and let p ¼ tðm; nÞ and p0 ¼ tðm0; n0Þ be irreducible

admissible representations of GLðk;HÞ and GLðl;HÞ; respectively. Let P be a maximal

parabolic subgroup of GLðn;HÞ with Levi factor MDGLðk;HÞ � GLðl;HÞ; and let

I ¼ Ind
GLðn;HÞ
P ðp#p0Þ: Then I has a unique lowest K-type d: Let Z and Z0 be the unique

lowest K-types of p and p0; respectively. Then the restriction of d to SpðkÞ � SpðlÞ
contains Z#Z0; and the degree of d equals the degree of Z#Z0:

Proof. Using induction by stages, we know that I contains (as its lowest

K-type constituent) the representation s ¼ tðm0; n0Þ of GLðn;HÞ; where m0 is

obtained from m and m0 by concatenation, and similarly for n0; n; and n0: Now s
has a unique lowest K-type whose highest weight (Weyl group conjugate to)

m0 � ð1;y; 1Þ is also the highest weight of Z#Z0: So the restriction of d to
SpðkÞ � SpðlÞ contains Z#Z0; and the statement of the degrees follows from
Proposition 4.25. &

Proof of Theorem 6.12. We start with the case m ¼ n; using induction on m; with the
base case m ¼ 1 given by Proposition 4.27. If mX2; we let k1 ¼ k2 ¼ m � 1 and
l1 ¼ l2 ¼ 1 to get P1; P2; and the map r of Proposition 6.4. Let t ¼ tðm; nÞ be an
irreducible admissible representation of GLðm;HÞ ¼ G1: If P is a minimal parabolic

subgroup of G1 (with Levi factor MDGLð1;HÞm) which is contained in P1; we
can rearrange the indices of m and n so that Re n is dominant with respect to P:

Then t is the unique irreducible quotient of IndG1

P ðsðm1; n1Þ#?#sðmm; nmÞÞ;
and, by Frobenius reciprocity, of IndG1

P1
ðt1#sðmm; nmÞÞ; where t1 ¼ tðm0; n0ÞAdGLðm � 1;HÞGLðm � 1;HÞ; and m0 and n0 are obtained from m and n by removing the

last coordinate. By the inductive hypothesis and Theorem 6.7, we have a
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non-zero map

C :o-IndG1

P1
ðt1#sðmm; nmÞÞ#IndG2

P2
ðtn1#sðmm;�nmÞÞ ð6:15Þ

(taking p#s ¼ t1#sðmm; nmÞ#wn1). The result now follows using Theorem 6.10,

Proposition 4.25, Lemmas 6.13 and 6.14, analogously to the proof of Theorem 5.1.
For the case n > m we apply Theorem 6.7 to the case k1 ¼ k2 ¼ m; l1 ¼ 0; l2 ¼ d;

and p ¼ t#wn1 to get a nonzero map

C :o-t#IndG2

P2
ðtn#1Þ: ð6:16Þ

The representation t0 is the unique lowest K-type constituent of the induced
representation in 6.16. The theorem now follows from the fact that the lowest
K-types of t and t0 correspond in the space of joint harmonics (see
Proposition 4.25). &
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