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Abstract Sparsity-driven image recovery methods assume that imagesof interest can be sparsely approximated
under some suitable system. As discontinuities of 2D imagesoften show geometrical regularities along image edges
with different orientations, an effective sparsifying system should have high orientation selectivity. There have been
enduring efforts on constructing discrete frames and tightframes for improving the orientation selectivity of tensor
product real-valued wavelet bases/frames. In this paper, we studied the general theory of discrete Gabor frames for
finite signals, and constructed a class of discrete 2D Gabor frames with optimal orientation selectivity for sparse
image approximation. Besides high orientation selectivity, the proposed multi-scale discrete 2D Gabor frames also
allow us to simultaneously exploit sparsity prior of cartoon image regions in spatial domain and the sparsity prior of
textural image regions in local frequency domain. Using a composite sparse image model, we showed the advantages
of the proposed discrete Gabor frames over the existing wavelet frames in several image recovery experiments.
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1 Introduction

Many types of signals can be sparsely approximated in some transform domain. In recent years, sparse approxima-
tion has been an indispensable tool in signal recovery. The success of the sparsity-driven signal recovery methods
largely depends on whether the chosen transform can effectively sparsify input signals. For years, real-valued or-
thogonalwavelet bases[12] was prevailing in signal processing as they can effectively model 1D piece-wise smooth
signals. Another advantage of orthogonal wavelet bases is that its decomposition process (wavelet transform) and
reconstruction process (inverse wavelet transform) are very computationally efficient via the implementation of 1D
filter banks. For sparsity-based signal recovery, over-complete systems are usually preferred as they introduce the
redundancy helpful to better sparse approximation. Particularly, wavelet tight frames, e.g un-decimal Daubechies
wavelet systems [10] and spline framelets [13, 37], are often chosen as the preferred redundant systems, owing to
the same fast decomposition and reconstruction processes.

For 2D signals like images, the often used 2D wavelet tight frames (or bases) are generated via the tensor product
of two 1D wavelet tight frames (or bases) along the horizontal and vertical axes. One advantage of a tensor product
real-valued wavelet tight frame lies in the computational efficiency of the associated decomposition and reconstruc-
tion processes, which can be implemented using 1D filters banks along two axes. Such computational efficiency
is important to most sparsity-based image recovery methods, since they iterate a back-and-forth process between
image domain and frame coefficient domain. The disadvantageof tensor product real-valued wavelet tight frames is
that their orientation selectivity is limited to only two directions. Different from 1D piece-wise smooth signals, real
images often contain both cartoon parts and texture parts. Cartoon parts show piece-wise smooth content, whose
discontinuities (edges) have geometrical regularity along the edge directions. Texture parts are highly non-smooth,
but show small elements displaying either random or periodic patterns. Therefore, the design of a good redundant
system for sparsity-based image recovery should be able to effective characterize both directional regularity of image
edges and texture components with local periodicity and have efficient decomposition and reconstruction processes.

Many real-valued frames or tight frames have been proposed to improve orientation selectivity, includingcurvelets
[7], bandlets[30], composite wavelet[22], shearlets[25], among many others. Most of these frames/tight frames
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introduce additional orientations via replacing isotropic scaling matrices used in tensor product 2D wavelets by iso-
isotropic scaling matrices. For example, together with parabolic matrices, shearing matrices are used in shearlets
and composite wavelets for gaining additional orientations, and rotating matrices are used in curvelets for gaining
additional orientations. Despite the improvement on orientation selectivity, the existing implementations of these
frame systems are much less efficient than the 1D filter bank based implementation of tensor wavelet tight frames.

Another promising approach to gain orientation selectivity without sacrificing computational efficiency is using
complex-valued systems. Different from real-valued functions, the real/imaginary part of the tensor product of two
1D complex-valued functions is not separable by itself. Thus, a 2D complex-valued tensor system can have better
orientation selectivity using carefully chosen 1D real andimaginary functions. For wavelet systems, the so-called
dual-tree complex wavelet transform[39] used two different discrete orthogonal wavelet bases to produce a 2D
tensor complex-valued wavelet tight frame whose real part and imaginary part have up to six orientations, which
still leaves the room for increasing orientation selectivity. In addition, wavelet systems cannot model well texture
regions that display periodic local patterns. For Gabor systems, the local Fourier analysis based systems, e.g. lo-
cal discrete cosine transform(DCT), are introduced in the literature for modeling such regularly textured regions.
However, same as real-valued 2D tensor wavelet frames, real-valued 2D local DCT also lacks orientation selectivity
which makes it less effective when expressing texture regions with varying oriented periodicity. Complex-valued
bi-orthogonal windows Fourier bases are proposed in [31] to do local time-frequency analysis for textured images
with strong orientation selectivity. Such bi-orthogonal windows Fourier bases lack some important properties for
image recovery, e.g., the system redundancy for artifacts suppression in image recovery, zero DC offset of high-pass
filters, and fast implementation of signal decomposition/reconstruction. Also, the combination of both Gabor system
and wavelet system, e.g., a wavelet frame and a local DCT was proposed for sparsifying natural images with both
cartoon regions and textured regions ( [3,44]).

1.1 Motivation

Fig. 1 Illustration of 2D tensor product Gabor functions with different orientations. The real parts of Gabor functions are shown in the
top row and the imaginary parts are shown in the bottom row.

In this paper, we are interested in studying discrete framesthat are suitable for sparsity-based image recovery
with the following three properties: 1) high orientation selectivity; 2) powerful expressiveness for both cartoon re-
gions and texture regions; and 3) fast decomposition and reconstruction processes. The advantage of complex-valued
tensor product functions on orientation selectivity leadsus to consider Gabor functionsg(x)e2πiωx defined by the
modulation of a Gaussian-like window functiong . 2D tensor product Gabor functionsg(x1)g(x2)e

2πi(ω1x1+ω2x2)

can provide arbitrary orientation selectivity by choosingdifferent frequency pairs(ω1, ω2). In other words, different
modulations gives different orientations of 2D Gabor functions; see Fig.1 for an illustration.

In addition, 2D Gabor functions can effectively model both cartoon regions and texture regions by using the
window functions with different supports. In image processing, when using a window function of small support, the
imaginary part of a Gabor function (sine function) often is understood as a first-order partial differential operator,
and its real part (cosine function) is understood as a second-order partial differential operator. For example, the
discrete high-pass filters with support3× 3 in our construction has real part[−1,2, 1] and imaginary part[1,0,−1]
up to a constant. Thus, it can measure local image gradients of multiple orders for cartoon regions with piece-wise
smoothness. For texture regions with sparse local frequencies, the Gabor function with Gaussian-like window func-
tions of sufficiently large support, is well-known for its optimality on local time-frequency analysis byHeisenberg
Uncertainty Principle.

The advantages of 2D Gabor functions on orientation selectivity and local time-frequency analysis make them
a very good tool for image analysis. Daugmann [14] showed that simple cells in the visual cortex of mammalian
brains can be modeled by a wavelet system generated by the translations and dilations of Gabor functions with
varying frequency orientations. Continuous Gabor wavelettransforms have been widely used in texture analysis
and segmentation, whose discrete version is usually done via directly sampling the function on a discrete grid. The
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(a) Real(gℓ1 ,ℓ2 ) (b) Imag(gℓ1,ℓ2 ) (c) | ̂Real(gℓ1,ℓ2 )| (d) | ̂Imag(gℓ1,ℓ2 )|

Fig. 2 Real and imaginary part of filter bank of a 2D tensor product Gabor frame constructed in Example1 with size7 × 7, and their
discrete Fourier transforms. A filter is oriented in spatialdomain if it is concentrated on a line in frequency domain.

system generated by such a simple discretization lacks someimportant property needed for sparsity-based image
recovery methods, such as the fast numerical algorithm for exact reconstruction process. There is certainly the need
to study the general theory of discrete version of Gabor systems from the very beginning.

In summary, the advantages of 2D Gabor functions on orientation selectivity, as well as powerful expressiveness
on both cartoon image regions and texture image regions, motivated us to study the general theory of the discrete
systems that are generated by the translations and modulations of a window functiong ∈ R

N . Such systems are
indeed the so-called discreteGabor (Weyl-Heisenberg) systems defined by

{g[(m− ak) mod N ]e−2πiℓbm : m = 0, 1, ..., N − 1}k∈K,ℓ∈L, (1)

wherea, 1b ∈ Z denote the shift parameters andK,L ⊂ Z denote the integer lattices in finite time-frequency plane.
2D discrete Gabor systems are obtained via the tensor product of two 1D Gabor systems along each axis. Same
as wavelet tight frames, the Gabor tight frames of the form (1) also have fast decomposition and reconstruction
processes using 1D filter banks. However, the high-pass filters of its related filter banks have non-zero DC offsets
which will cause un-desired artifacts in the results in applications. Thus, we also discussed the discrete Gabor
frames whose associated high-pass filters have zero offsetswhile still having fast decomposition and reconstruction
processes.

1.2 Outline of the work

The goal of this paper is to construct discrete Gabor frames that meet the needs from sparsity-based image recovery
methods. Based on duality principle, a class of discrete Gabor frames with high orientation selectivity is constructed
in this paper; see Fig.2 for an illustration. In addition, the constructed discreteGabor frames have fast implemen-
tation of both decomposition and reconstruction processesusing 1D filter banks and the associate high-pass filters
have zero DC offsets.

This paper is divided into two parts and they are organized asthe following. The first part presents some results
on Gabor frames forCN which are used for constructing Gabor frames suitable for image recovery. More specifi-
cally, based on theduality principlederived from the Gramian and dual Gramian analysis for discrete Gabor frames
for CN , we presented a sufficient and necessary condition for discrete Gabor tight frames, and used them to construct
two classes of discrete tight Gabor frames. However, the proposed discrete tight frames cannot be directly used in
sparsity-based image recovery methods, as the associated high-pass filters have non-zero DC offsets. Therefore, a
new class of discrete Gabor frames with closed-form dual frames are derived which remove the non-zero DC offsets
of all high-pass filters of tight Gabor frames.

The second part is about applying the constructed discrete Gabor frames to solve various image recovery prob-
lems. Using the constructed discrete Gabor frames, we presented anℓ1-norm relating regularization model applicable
to many image restoration tasks, which reads the input imageas the composite of multiple layers, and each layer
represents one image component that satisfies the analysis-based sparse prior under a discrete Gabor frame. At last,
the experiments are carried on several sample images to illustrate the advantages of the proposed tight Gabor frames
over some existing frames.

2 Related work and our contributions

We first introduce some definitions and notations related to Gabor systems and frames. Let〈·, ·〉 and‖ · ‖ denote the
usual inner product and2-norm of the Hilbert spaceH. {vn}n∈I ⊂ H is called aBessel sequenceif there exists a
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positive constantB such that ∑

n∈I

|〈f, vn〉|2 ≤ B‖f‖2, ∀ f ∈ H.

A Bessel sequence becomes aframefor H if there also exists a positive constantA such that

A‖f‖2 ≤
∑

n∈I

|〈f, vn〉|2 ≤ B‖f‖2, ∀ f ∈ H.

A/B is called the lower/upper frame bound. A frame{vn}n∈I is calledtight framewhenA = B = 1. A sequence
{vn}n∈I is called aRiesz sequenceif there exist two positive constantsC1, C2 such that

C1

∑

n∈I

|cn|2 ≤ ‖
∑

n∈I

cnvn‖22 ≤ C2

∑

n∈I

|cn|2, ∀ {cn}n∈I ∈ ℓ2(I).

whereℓ2(I) denotes the space of square summable sequences with indexI. WhenC1 = C2 = 1, the Riesz sequence
{vn}n∈I becomes anorthonormal sequence. The Riesz sequence (orthonormal){vn}n∈I is aRiesz (orthonormal)
basisfor H if its linear span is dense inH.

For a Bessel sequence{vn}n∈I for H, its synthesisoperator,T : ℓ2(I) → H is defined by

Tc =
∑

n∈I

cnvn ∀ c ∈ ℓ2(I) (2)

and its adjoint operator, calledanalysisoperatorT ∗ : H → ℓ2(I) is defined by

T ∗f(n) = 〈f, vn〉, n ∈ I. (3)

The frameoperatorS : H → H is then defined byS = TT ∗. Given a frame{un}n∈I for H, the sequence{vn}n∈I

is called its dual frame if
f = TvT

∗
uf = TuT

∗
v f, ∀ f ∈ H. (4)

A frame{un}n∈I and its dual{vn}n∈I are calledbi-framesfor H. Given a frame{vn}n∈I for H, its dual frame
is not unique and the so-calledcanonicaldual frame is given by{(TT ∗)−1vn}n∈I . Two sequences{un}n∈I and
{vn}n∈I are calledbi-orthogonalsequences if

〈un, vm〉 = δm−n, ∀m,n ∈ I.

In 1946, D. Gabor [21] proposed the localized time-frequency analysis to decompose signals inL2(R) over the
so-called Gabor or Weyl-Heisenberg system that is generated by the translation and modulation of a given window
function g: {gm,n(x) = g(x − na)e2πimbx}m,n∈Z, wherea, b ∈ R denote the shift parameters in time-frequency
plane. The window functions originally proposed by Gabor are the Gaussians that have a minimal spread in time-
frequency plane. Since then, most efforts have been devotedto the study of Gabor theory for function spaceL2(Rd)
(see e.g. [8,12,23,38]) and for the infinite dimensional discrete spaceℓ2(Z) or ℓ2(Zd) (see e.g. [11,28,32]). While
the results onℓ2(Z) are also applicable to discrete Gabor systems for the space of finite signals by viewing finite
signals as the sequences inℓ2(Z), there are also studies of Gabor systems for the space of finite signalsRN or CN ,
which is usually defined by (1):

X = (K,L)g = {gk,ℓ[m] = g[(m− ak) mod N ]e−2πiℓbm,m = 0, 1, . . . , N − 1}k∈K,ℓ∈L.

Here,K,L ⊂ Z are the pair of integer lattices of finite time-frequency plane. In the next, we give a brief review on
the existing results of Gabor theory forCN and outline our contributions.

2.1 Characterizations and constructions of discrete Gabor(tight) frames

For discrete Gabor systems forCN defined by (1), there have been various characterizations presented in the past
for discrete Gabor frames and tight Gabor frames. A necessary condition on the frame property of a discrete Gabor
system forCN or ℓ2(Z) is ab ≤ 1 to ensure the cardinality of the system is no less thanN . The so-called Wexler-
Raz duality condition forCN ( [29,46]) gives a necessary and sufficient condition on Gabor bi-frames on specific
finite time-frequency lattices. Many fundamental facts of tight Gabor frames and Gabor frames forC

N are provided
in Feichtinger et al. [20], which uses twisted group algebras as main tools. Feichtinger et al. [20] studied Gabor
frames for finite signals over a finite Abelian group generated by an arbitrary lattice in finite time-frequency plane,
and it covers many existing results on Gabor analysis for both product lattices and non-product lattices, including
the duality principle [36, 38] which relates frame properties of a Gabor system to that of its adjoint system. In
[19], the duality principle was generalized to the abstract Hilbert space for one single system, and further in [18],
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the conclusion was extended to bi-systems. The studies for Gabor systems inℓ2(Z) andCN can be seen as their
specialization.

In this paper, we use the Gramian and dual Gramian analysis first developed in [38] for function spaces as
the main tools to relate all frame properties of discrete Gabor systems to the analysis of the eigenvalues of their
corresponding Gramian and dual Gramian matrices. Once the Gramian and dual Gramian analysis are established,
the derivations of many existing results on discrete Gabor frames become straightforward, including the duality
principle. The simplicity of such an approach comes from thefiberization technique introduced in [38]. While the
frame properties of Gabor frames for function space requires almost all fibers have such frame properties, the frame
properties of discrete Gabor frames only requires a given set of fibers have such frame properties. Therefore, one
may sample a Gabor frame forL2(R) to get a discrete Gabor frame forℓ2(Z). In fact, this is what many existing
schemes have done for constructing discrete Gabor frames for the space of finite signals; see e.g [24, 33, 41]. The
main difference among these methods lies in the conditions used in the discrete sampling to generate a frame. For
example, it is shown in [24] that the certain regularization condition should be imposed on the window function in
order to form a frame forℓ2(Z) by sampling a Gabor frame forL2(R) with integer shift parameters. Moreover, it is
shown in [24] that if the inner product of window function and its time-frequency shift has some decay, the minimal
energy dual window can be sampled as well, preserving the duality and minimality.

Other existing approaches to construct the discrete Gabor bi-frames is either implicitly using the duality principle
for bi-frames, i.e. the bi-orthogonality condition of the adjoint frame and its dual, or using the definition of canonical
dual frame which is done either by solving a linear system or by using unitary matrix factorization of frame operator.
Interesting readers are referred to [26,32,34,35,46] for more details. The discrete Gabor frames constructed bythese
methods usually do not have closed-form dual frames. Thus itneeds to solve a linear system to find its dual which
could be troublesome when the dimension of signals is very high. Using the fact that the Zak transform diagonalizes
the analysis operator of a Gabor system whenab is 1 or reciprocal of an integer, an effective computation scheme
is proposed in [1] for calculating a dual frame of a Gabor frame by using the Zaktransform and the inverse Zak
transform. A class of orthogonal and bi-orthogonal windowed Fourier bases, brush bases, are proposed in [31] for
local time-frequency analysis. The focus of [31] is on the design of smooth positive window function, and the
discrete version is done by sampling the systems in discretegrid. There have been few approaches for constructing
discrete tight Gabor frame. In [11], a discrete Gabor tight frame is expressed from the viewpoint of a filter bank
and thus the construction of tight Gabor frames is equivalent to the construction of paraunitary polyphase matrices,
whose involved computation is non-trivial.

Using the duality principle, we first derive a necessary and sufficient condition for Gabor systems with non-
negative window function to form tight frames forCN , followed by the constructions of two classes of tight Gabor
frames generated by sampling two types of window functions satisfying the property ofpartition of unity: the square
root of B-splines and the Fourier transform of scaling functions of Meyer wavelets. It is noted that partition of unity
has also been used for constructing Gabor frames of functionspaces; see e.g. [9]. However, the constructed Gabor
tight frames are not suitable for image recovery, as the associated high-pass filter bank has non-zero DC offsets, i.e.,
the mean value of each atom is not zero. Therefore, a new classof Gabor frames is proposed by removing the DC
offsets of all high-pass filters. Although the new discrete Gabor frames are not tight, their associated decomposition
and reconstruction processes remain as simple as Gabor tight frames.

2.2 Sparse model based image recovery

In recent years, by assuming images of interest can be sparsely approximated under a frame or tight frame, sparsity-
prompting functional (e.g.ℓ1 norm) based regularization has been used in many image recovery tasks; see e.g.
shift-invariant Daubechies wavelet system for image denoising [10], splines wavelet frame based image restoration
methods [2, 5, 6] and curvelet based image recovery methods [42, 43]. Several approaches have been proposed
for utilizing the sparse approximation of images, including synthesis approach, analysis approach and balanced
approach. Interesting readers are referred to [16,40] for more details. There exist deep connections between wavelet
frames based regularization method and the widely used total variation based regularization. Indeed, it is shown
in [4] that the wavelet frame based analysis approach can be seen as sophisticated discretization of minimizations
involving the total variation penalty.

Natural images are often composed of both cartoon and texture parts. Thus, a more efficient approach is viewing
such images as the composite of multiple layers with different characteristics. Two-layer models are considered
in [6,17] for image inpainting, in which one layer represents cartoon parts that are sparse in the domain of transforms
such as wavelet, curvelet, ridgelets or contourlets, and the other layer represents texture parts that are sparse in the
domain of transforms such as local DCT, Gabor or wavelet packets. The proposed discrete Gabor frames have their
origins from local time-frequency analysis. Thus, they candeal with both cartoon parts and textural parts by using
the window functions of varying supports.

To demonstrate the benefits of the discrete Gabor frames constructed in this paper for image recovery, we devel-
oped a multi-scale Gabor frame based regularization methodfor solving ill-posed linear inverse problem in image
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recovery. Our regularization model follows the idea proposed in [6] for image inpainting, i.e., the image is read as
the composite of multiple layers, and each layer representsimage parts that can be sparsely modeled by the discrete
Gabor frame with a particular scale. More specifically, consider the following signal recovery problem:

f = Hu+ n, (5)

wheref is the degraded observation of true imageu, H is the degradation matrix andn denotes noise. LetT ∗
i denote

the analysis operator of the discrete Gabor frame with respect to theith scale. Then, we proposed the following
regularization model for solving the linear inverse problem (5):

{ui}ni=1 := argmin{vi}n
i=1

n∑

i=1

λi‖T ∗
i vi‖1 s.t. ‖H(

n∑

i=1

vi)− f‖2 ≤ ǫ, (6)

whereλi, i = 1, . . . , n denote some pre-defined regularization parameters. The recovered resultu is then given by
u =

∑n
i=1 ui.

3 Constructions of discrete Gabor (tight) frames for image recovery

3.1 Gramian and dual Gramian analysis, fiberization and duality principle

Before the discussion, we first introduce some notations anddefinitions related to Gramian and dual Gramian analy-
sis for Gabor systems. Letg ∈ R

N denote a window function with the length of supportp ≤ N , and let(a, b) denote
two shift parameters in finite time-frequency plane with both a andb−1 being positive integers. Consider a Gabor
system defined by

X = (K,L)g = {gk,ℓ[m] = g[(m− ak) mod N ]e−2πiℓbm,m = 0,1, . . . , N − 1}k∈K,ℓ∈L, (7)

whereK,L ⊂ Z are two lattices in finite time-frequency plane. The densityof X is defined asdenX = |K||L|
N

where| · | denotes the cardinality of a set.X is clearly a Bessel sequence ofCN , as well as a frame sequence ofCN .
Thepre-Gramianof X defined in this paper, denoted byJX , is anN-by-|K||L| matrix given by

JX [m, j(k, ℓ)] = gk,ℓ[m], 0 ≤ m < N, 0 ≤ j(k, ℓ) < |K||L|, (8)

which collects all elements ofX column-wise. It is consistent with the definition of pre-Gramian defined in [18]
and [19] using canonical orthonormal basis ofCN . After defining the pre-Gramian, we define theGramian matrix
of X by GX = J∗

XJX and thedual Gramian matrixby G̃X = JXJ∗
X . For two Gabor systemsX, Y , we define

their mixed Gramian matrixby GX,Y = J∗
XJY , and theirmixed dual Gramian matrixby G̃X,Y = JY J∗

X .
For a systemX, its frame properties are closely related to the eigenvalues of its GramianGX and dual Gramian

G̃X . Indeed, from the definition of pre-Gramian given in (8), it can be seen thatJX is exactly the synthesis operator
TX defined as (2) and the analysis operatorT ∗

X is the conjugate transpose ofTX . Thus, the frame properties ofX
can be described by the eigenvalues ofGX andG̃X . Letλ(G) denotes the set of all eigenvalues of a matrixG. Then,

(i) X is a frame forCN if and only if all eigenvalues of̃GX are non-zero.
(ii) X is a tight frame forCN if and only if all eigenvalues of̃GX equal to1.

(iii) X andY are bi-frames forCN if and only if G̃X,Y = G̃Y,X = I.
(iv) X is a Riesz sequence ofCN if and only if all eigenvalues ofGX are non-zero.
(v) X is an orthogonal sequence ofC

N if and only if GX = I.
(vi) X andY are bi-orthogonal sequences ofC

N if and only if GX,Y = GY,X = I.

Clearly, the frame properties of a systemX can be completely characterized from the eigenvalues ofGX andG̃X .
Recall that the columns ofJX are the elements ofX. Consider another systemX∗ defined by all rows ofJX up

to unitary equivalence, i.e.JX∗ = V1J
∗
XV2 whereV1 andV2 are two unitary matrices. Such a systemX∗ is called

anadjoint systemof X in [18] and [19], as the dual Gramian matrix̃GX of X is the Gramian matrixGX∗ of X∗

up to unitary equivalence. In other words, all frame properties of a systemX (e.g. frame property, frame bound and
tight frame property) determined by its dual Gramian matrixG̃X now can be also derived from the Gramian matrix
GX∗ of X∗. Such a connection is the essential ingredient of the so-called duality principle ( [18, 19, 36, 38]). In
general, for a Gabor system, the adjoint system defined as above is not a Gabor system. In the next, we will consider
another type of adjoint systems which are Gabor systems themselves.

For the simplicity of discussion, we consider that the length of signalN can be divided exactly by two shift
parametersa andb−1. Then an often seen lattice set{K,L} of a Gabor systemX = (K,L)g is given as follows,

K := N
N/a = {0, 1, . . . , N/a− 1}, andL := N

1

b = {0, 1, . . . , b−1 − 1}. (9)
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Before discussing its adjoint Gabor system and the duality principle, we introduce a fiberization technique which
can greatly simplify the analysis of the Gramian matrix and dual Gramian matrix of a Gabor system. The fiberization
matrices of the pre-GramianJX , denoted byJX (m) ∈ C

bN×N
a , is defined by

JX(m)[ℓ∗, k] = b−
1

2 g[(m− b−1ℓ∗ − ak) mod N ], 0 ≤ ℓ∗ ≤ bN − 1,0 ≤ k ≤ N/a− 1, (10)

for m = 0, 1, . . . , N − 1. Then, the fiberization matrices for the GramiansGX , G̃X , GX,Y , G̃X,Y is defined by
{
GX(m) = JX(m)∗JX (m), G̃X (m) = JX(m)JX(m)∗;
GX,Y (m) = JX (m)∗JY (m), G̃X,Y (m) = JY (m)JX(m)∗,

for 0 ≤ m < N. (11)

Then, a direct extension of the fiberization technique introduced in [38] for continuous setting to the discrete setting
leads to the following proposition.

Proposition 1 Let X = (K,L)g denote a Gabor systems defined on the lattices(K,L) given by(9). Then there

exist two unitary matricesV1 ∈ C
N
ab

× N
ab andV2 ∈ C

N×N such that
{
V1GXV ∗

1 = diag(GX(0),GX(1), . . . , GX (b−1 − 1));

V2G̃XV ∗
2 = diag(G̃X(0), G̃X(1), . . . , G̃X (b−1 − 1)).

(12)

whereGX(m), G̃X(m),m = 0, . . . , b−1 − 1 are fiberization matrices given by(11).

Proposition1 shows that up to unitary equivalence, the Gramian matrixGX and dual Gramian matrix̃GX can be re-
written as block diagonal matrices of fiberization matrices. Thus, all frame properties ofX now can be determined
by analyzing the union of the eigenvalues of1

b fiberization matrices of small size:GX(m) ∈ C
N
a
×N

a , G̃X(m) ∈
C
Nb×Nb, m = 0, . . . , 1

b − 1, which is easier to analyze than the big matricesGX andG̃X .
Moreover, by a direct calculation, it can be seen that the transpose of fiberization matricesJX(m) defined by

(10) is indeed the fiberization matrices of another Gabor systemX∗ (up to a constant), i.e.,

JX∗ (m) = (ab)
1

2 JX(m)∗, m = 1, 2, . . . , N − 1, (13)

whereX∗ = (L∗,K∗)g is the Gabor system defined by the same window functiong but with different shift param-
eters and different lattices:

L∗ = N
Nb = {0, 1, . . . , Nb− 1}, and K∗ = N

a = {0, 1, . . . , a− 1}. (14)

Thus, by the definition (11) of fiberization for Gramian and dual Gramian, there exists aconnection between the
dual GramianG̃X of X = (K,L)g and the GramianGX∗ of X∗ = (L∗,K∗)g given by (14). In other words, the
Gabor systemX∗ = (L∗,K∗)g is an adjoint system ofX, which is connected toX via duality principle as stated
in the following proposition.

Proposition 2 LetX = (K,L)g andY = (K,L)g̃ be two Gabor systems forCN defined on the lattices given by
(9). LetX∗ = (L∗,K∗)g andY ∗ = (L∗,K∗)g̃ be the corresponding adjoint systems defined on the latticesgiven
by (14). Then we have

(i) X is a frame forCN if and only(ab)−
1

2X∗ is a Riesz sequence ofC
N .

(ii) X is a tight frame forCN if and only if(ab)−
1

2X∗ is an orthonormal sequence ofCN .
(iii) X andY are bi-frames forCN if and only if(ab)−

1

2X∗ and(ab)−
1

2 Y ∗ are bi-orthogonal sequences ofC
N .

The connection betweenX and its adjoint Gabor systemX∗ stated in Proposition2 shows that the construction of
a Gabor tight frameX can be done via constructing a Gabor systemX∗ which is orthonormal sequence. Often,
the construction and the analysis of orthonormal sequencesare easier and simpler than that of tight frames. The
advantages by working on the adjoint systemX∗ are exploited when deriving frame bounds of discrete Gabor
frames, as well as a sufficient and necessary condition for Gabor tight frames with non-negative window functions.

Remark 1Fiberization matrices for Gabor systems can also be defined in frequency domain. Similar to the case of
functional space [38], we define

Ĵ(ω)[k∗, l] = a−
1

2 ĝ(ω/N +
k∗

a
+ bℓ) k∗ ∈ K∗, l ∈ L,

for ω ∈ Z
N . Then,X andX∗ have the same relationship as (13) via Ĵ(ω):

ĴX∗ (ω) = (ab)
1

2 ĴX (ω)∗ ω ∈ ZN .

Let F denote the discrete Fourier transform given byF [ω,m] = e−2πimω
N , ω,m ∈ ZN . Define a block-wise

diagonal matrixÛ = diag(Ûl)l∈L with thel-th block given by

Ûl[ω, k] = e−2πiak( ω
N

+bl), ω, k ∈ K.

Then,
√
a

N ÛJ∗
XF ∗ is the same as the block diagonal matrixĴ∗ = diag(ĴX(ω)∗)0≤ω<N/a, up to permutations. As√

a
N Û and 1√

N
F are both unitary matrices, the duality principle is established.



8 Hui Ji et al.

3.2 Construction of discrete Gabor tight frames

Many fundamental results of discrete Gabor frames can be easily obtained using the duality principle stated in
Proposition2. Corollary 1 and Corollary2 listed below are essentially the results presented in [38] for function
space in the discrete setting. For the self-containedness,we still provide the results and the proofs in this section.

Corollary 1 LetX be a Gabor frame forCN . Then the frame boundsA,B of X satisfy

A

‖g‖22
≤ denX ≤ B

‖g‖22
.

In particular, the windows function of a Gabor tight frame for CN satisfies‖g‖22 = (denX)−1 = ab.

Proof Given a Gabor frameX for CN , its adjoint systemX∗ is then a Riesz sequence by Proposition2. Let A∗

andB∗ denote its frame bounds. Then we haveTX∗e0 = g wheree0 denote the unit vector with first entry being1.
Thus,A∗ ≤ ‖TX∗e0‖22 ≤ B∗ which givesA∗ ≤ ‖g‖22 ≤ B∗.

X is a frame forCN and its frame boundsA andB are characterised by the smallest and largest eigenvalues of
GX . From Proposition1,

{
A = minm∈L{minλ λ(GX(m))} = minm∈L{minλ λ(G̃X(m))},
B = maxm∈L{maxλ λ(GX(m))} = maxm∈L{maxλ λ(G̃X(m))};

Similar relation is true forA∗, B∗ and eigenvalues ofGX∗(m), G̃X∗(m).
By checking the entries ofGX , we have for anym ∈ L,

GX(m)[k′, k] = GX(m+ b−1)[k′, k], 0 ≤ k′, k ≤ N

a
− 1,

and
G̃X(m)[l∗′, l∗] = G̃X(m+ b−1)[(l∗′ + 1) mod bN, (l∗ + 1) mod bN ], 0 ≤ l∗′, l∗ ≤ bN − 1.

Thus, for eachm ∈ L, GX(m) andGX(m+ b−1) are exactly the same, and̃GX (m) andG̃X (m+ b−1) are also
the same, up to the multiplication of some permutation matrix. Therefore,

{
∪m∈Lλ(GX(m)) = ∪m∈ZN

λ(GX(m)),

∪m∈Lλ(G̃X(m)) = ∪m∈ZN
λ(G̃X(m)).

(15)

The similar conclusion holds true forX∗. Notice thatG̃X∗(m) = abGX(m) for m ∈ ZN . Therefore, we obtain
{
∪m∈K∗λ(G̃X∗(m)) = ab ∪m∈L λ(GX(m)),

∪m∈K∗λ(GX∗(m)) = ab ∪m∈L λ(G̃X(m)),
(16)

which impliesA∗ = (denX)−1A andB∗ = (denX)−1B. We have then

A

denX
= A∗ ≤ ‖g‖22 ≤ B∗ =

B

denX
.

Thus,A ≤ denX‖g‖22 ≤ B.

Suppose that the window functiong is non-negative with its support on a finite interval, which usually holds true
in practice. Then, using the statement (iii) in Proposition2, we have the following sufficient and necessary condition
for X to form a tight frame forCN .

Corollary 2 Suppose thatg ∈ RN is a non-negative vector with support[0, p − 1]. Then, the Gabor systemX =
(K,L)g is a tight frame forCN if and only if the following two conditions hold true:

(i) b ≤ p−1; and (ii)

N/a−1∑

k=0

(g[(· − ak) mod N ])2 ≡ b.

Proof Suppose thatX is a tight frame forCN . Then,X∗ is an orthogonal sequence by the duality principle (Propo-
sition 2). By contradiction, suppose thatb > p−1, then consider the following two elements inX∗: {g[m]} and
{g[(m− 1

b ) mod N ]}. Then their inner product

N−1∑

m=0

g[m]g[(m− 1

b
) mod N ] ≥

p−1∑

m=1/b

g[m]g[m− 1

b
] > 0,
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sinceg is non-negative andg[m] > 0 for 0 ≤ m ≤ p− 1, which contradicts the assumption thatX∗ is an orthogonal
sequence. Thus, we haveb ≤ p−1. Moreover, by the definition of tight frame, we haveI = TXT ∗

X . Notice that for
0 ≤ m,n ≤ N − 1,

(TXT ∗
X)[m,n] =

∑

k∈K,ℓ∈L

g[(m− ak) mod N ]g[(n− ak) mod N ]e2πiℓ(n−m)b

=

{
1/b

∑
k∈K(g[(m− ak) mod N ])2, m = n;

0, m 6= n.

Recall that(TXT ∗
X)[m,m] = I[m,m] = 1, which gives

∑
k∈K(g[(· − ak) mod N ])2 ≡ b. Conversely, suppose

that both conditions hold true. It can be seen that(TXT ∗
X)[m,n] = 1 if m = n and0 otherwise. Therefore,X is a

tight frame forCN .

It can be seen from Corollary2 that the construction of tight Gabor frames forCN is simplified to finding a non-
negative functiong which satisfies the so-calledpartition of unitproperty, provided thatb is set to be no larger than
1/p. There are actually many such window functions with good regularity.

Example 1Let Ba
n denote the B-spline of ordern with the knots{0, a, . . . , an}. Then, it is known ( [15]) that the

functionBa
n is a non-negative function with support[0, an] and satisfies

∑

k∈Z

Ba
n(t− ak) = 1, ∀ t ∈ R,

which leads to
∑

k∈Z
Ba
n(j − ak) = 1 for any integerj. Define the vectorg by g(m) =

√
bBa

n(m) for m =

1, 2, . . . , an − 1. Then it can be seen that
∑N/a−1

k=0
|g[(· − ak) mod N ]|2 = b. Thus, the Gabor system(K,L)g

generated byg with b ≤ 1
an−1 is a tight frame forCN .

Example 2Let φ denote the scaling function of Meyer wavelets defined by

φ̂(ω) =





1, |ω| ≤ 2π
3 ;

cos
[
π
2β

(
3
2π |ω| − 1

)]
, 2π

3 ≤ |ω| ≤ 4π
3 ;

0, otherwise,

whereβ is a function satisfyingβ(x) + β(1− x) = 1 for x ∈ [0, 1]. For example, the one used in [12] is given by
β(x) = x4(35− 84x+ 70x2 − 20x3). It can be seen that

∑

k∈Z

|φ̂(ω − 2kπ)|2 = 1, ∀ω ∈ R.

Let φ̂a(ω) = φ̂( 2πωa ). Then,
∑

k∈Z
|φ̂a(· − ak)|2 = 1. Define the window functiong by g[m] =

√
b|φ̂a[m]|. Then,

a non-negative window function with partition of unity property is obtained, which leads to a tight frame(K,L)g
for CN if settingb ≤ 1

p . For example, whena = 4, the vectorg is given byg = [1/
√
2, 1,1, 1, 1/

√
2].

3.3 Construction of discrete Gabor frames for image recovery

The discrete tight frames constructed in the aforementioned section are not suitable for image recovery, as the
associated filter banks have non-zero DC offsets. Thus, in this section, we derive a class of Gabor frames with zero
DC offset and with closed-form dual frames.

3.3.1 Decomposition and reconstruction by filter banks

Discrete Gabor systemsX = (K,L)g are closely connected to filter banks; see e.g. [1,11]. For a signalf ∈ C
N , let

↓a denote the down-sampling operator and↑a denote the up-sampling operator defined by

f↓a
[n] = f [an], n = 0, 1, . . . , Na − 1;

f↑a
[an] = f [n]; n = 0,1, . . . Na − 1, and all other elements off↑a

are zero.

For a filterh ∈ CN , there are two essential operators: one is theanalysisoperatorWh : CN → CN/a defined by

(Whf)[j] = (h(−·) ∗ f)↓a
[j] =

N−1∑

k=0

f [k]h[(k − aj) mod N ].



10 Hui Ji et al.

and the other is thesynthesisoperatorW ∗
h : CN/a → C

N defined by

(W ∗
hc)[j] = (h ∗ c↑a

)[j] =

N
a
−1∑

k=0

c[k]h[(j − ak) mod N ].

The analysis operatorTX and the synthesis operatorT ∗
X of a Gabor systemX = (K,L)g given by (7) can be

expressed in terms of the set of analysis operators{Wgℓ}gℓ∈G and the set of synthesis operators{W ∗
gℓ}gℓ∈G , where

G is a filter bank defined by

G = {gℓ[m] = g[m]e−2πimbℓ}0≤ℓ≤1/b−1.

More specifically, letD ∈ C
N
ab denote the diagonal unitary matrix defined by

D = diag(D0, D1, . . . , Db−1−1), (17)

whereDℓ = diag(1, eiω0ℓ, . . . , eiω0ℓ(
N
a
−1)) with ω0 = 2πab. Then a direct calculation shows that the analysis

operatorT ∗
X and the synthesis operatorTX can be re-written as

T ∗
X = DWX ; TX = W ∗

XD∗, (18)

whereWX : CN → C
N
ab denotes the analysis operator defined by the filter bankG:

WXf = {c0 = Wg0
f, c1 = Wg1

f, . . . , c 1

b
−1 = Wg 1

b
−1

f}, ∀ f ∈ C
N . (19)

andW ∗
X : C

N
ab → CN denotes the synthesis operator defined byG:

W ∗
Xc =

1/b−1∑

ℓ=0

W ∗
gℓcℓ, ∀c ∈ C

N/ab. (20)

It can be seen from (18) that the operatorTX (T ∗
X ) defined byX is the same as the operatorWX (W ∗

X ) defined from
the filter bankG, up to a diagonal matrixD with phase factors. It is noted that the phase factors only impact the
phases of transform coefficients but keep their magnitudes unchanged. Thus, it will not impact the outcome when
manipulating coefficients by a soft or hard thresholding operator. Therefore, adding or removing matrixD in the
system does not have any impact in existing sparsity-based image recovery methods, as they only involve linear
operations and thresholding operations on frame coefficients. Thus, in the remaining of this section, we focus on the
analysis operatorWX and synthesis operatorW ∗

X .
The analysis operatorW decomposes a signalf into multiple frequency sub-band channels, whereWg0

f rep-

resents the low-frequence sub-band component and all othercomponents{Wgℓf}
1

b
−1

ℓ=1 are high-frequency sub-band
components. The filters{gℓ}ℓ 6=0 are windowed sinusoids that are only the approximation to high-pass filters, as
none of their DC offsets (the summation of filter) are zero. Asa result, the sub-band component decomposed by
gℓ 6=0 contains a small percentage of low-frequency sub-band component, whose magnitude may be significant as
image intensities are always non-negative. As natural images have sparse coefficients in high-frequency sub-bands
but not in low-frequency sub-band, the effectiveness of sparse approximation underX could be noticeably degraded
owing to non-zero DC offsets of these high-pass filters{gℓ}ℓ 6=0 ⊂ G.

Take the tight Gabor frames constructed in Example1 for instance. Consider the tight Gabor frames constructed
from cubic B-spline with nodes[0,1, 2,3, 4] anda = 1, b = 1/3. Then, we have three filters with support 3:

g0 =

√
2

6
[1,2, 1]; g1 =

√
2

12
[2,−2,−1] + i

√
6

12
[0,−2,1]; g2 =

√
2

12
[2,−2,−1] + i

√
6

12
[0,2,−1]. (21)

It can be seen that the two high-pass filtersg1 andg2 have non-zero DC offsets. The same holds true for other
tight frames in Example1 and Example2. It is observed in the experiments that when using these high-pass filters
with non-zero DC offset in sparsity-based image recovery, the results often show strong artifacts, especially in those
smooth regions.
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3.3.2 Gabor frames with filters of zero DC off-sets

Motivated by the needs from sparsity-based image recovery,we proposed a modified version of tight Gabor frames
to remove the DC offsets of the corresponding high-pass filters. Although the resulting Gabor frames are not tight
anymore, there exist closed-form dual frames with simple structures. The modification is done by keeping the low-
pass filterg0 and modifying high-pass filters{gℓ}ℓ 6=0 as the following:̊gℓ = eiθℓgℓ−µℓg0, for ℓ = 1, 2, . . . , b−1−1,

whereeiθℓ andµℓ are chosen such that
∑

m g̊ℓ(m) = 0. In our implementation,{eiθℓ}ℓ 6=0 and{µℓ}ℓ 6=0 are given
by

eiθℓ =
∑

m

gℓ(m)/|
∑

m

gℓ(m)|; andµℓ = |
∑

m

gℓ(m)|/
∑

m

g0(m). (22)

Denoteθ0 = µ0 = 0. It can be seen that the systemY corresponding to these modified high-pass filters are

Y = {̊gk,ℓ}k∈K,ℓ∈L = {eiθℓgk,ℓ − µℓe
−2πiakbℓgk,0}k∈K,ℓ∈L. (23)

Although the new Gabor systemY derived fromX is no longer a tight frame, it has a closed-form dual frame with
well-posed frame bounds. By the definition of{̊gℓ}ℓ∈L,

WY = MWX . (24)

and the analysis operatorT ∗
Y of Y is then

T ∗
Y = DMWX , (25)

whereM ∈ RN× N
ab is given by

M =




IN
a

0 . . . 0

−µ1IN
a

e−iθ1IN
a

...
. ..

−µ 1

b
−1IN

a
e
−iθ 1

b
−1IN

a




,

and hereIN
a

denotes theNa × N
a identity matrix. The matrixM is a sparse matrix with a sparse inverse:

M−1 =




IN
a

0 . . . 0

eiθ1µ1IN
a

eiθ1IN
a

...
. ..

e
iθ 1

b
−1µ 1

b
−1IN

a
e
iθ 1

b
−1IN

a




.

Define the system̃Y = {g̃k,ℓ}k∈K,ℓ∈L by

g̃k,0 = gk,0 +
∑

ℓ 6=0,ℓ∈L µle
2πiakbℓ+iθℓgk,ℓ, k ∈ K;

g̃k,ℓ = eiθℓgk,ℓ, k ∈ K, ℓ ∈ L\{0}.
(26)

Then, the systhesis operator defined byỸ which leads toT
Ỹ

= W ∗
XM−1D∗ and gives

T
Ỹ
T ∗
Y = W ∗

XM−1D∗DMWX = I.

Thus,Y andỸ form dual frames forCN . It can be seen that the computational cost of the analysis operatorT ∗
Y and

the synthesis operatorT
Ỹ

is nearly the same asT ∗
X andTX .

Proposition 3 Suppose thatX is a discrete Gabor tight frame forCN defined as(7). Then,Y and Ỹ derived from
X by (23) and (26) are dual frames forCN .

Example 3Consider the tight Gabor frame constructed from B-spline oforder3 whose three filters are listed in
(21). The corresponding filters of the Gabor frameY and its dual̃Y are now





g0 =
√
2
6 [1,2, 1];

g1 =
√
2
8 [−1,2,−1] + i

√
6

12 [1,0,−1];

g2 =
√
2
8 [−1,2,−1] + i

√
6

12 [−1,0, 1],

and





g̃0 =
√
2
8 [1,4, 1];

g̃1 =
√
2

12 [−1,4,−1] + i
√
6

12 [1,0,−1];

g̃2 =
√
2
8 [−1,4,−1] + i

√
6

12 [−1,0,1].

(27)

It can be seen that the filtersg1 andg2 are both high-pass filters with zero DC offset. The frame bounds areA =
0.8000 andB = 1.0000. The redundancy is3N/N = 3.
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(a) Gabor atom of frame (b) Gabor atom of dual frame

Fig. 3 Gabor atoms of discrete Gabor frame constructed in Example4 with respect to low-pass filters

Example 42D discrete Gabor frames can be generated by the tensor product of two 1D discrete Gabor frames along
two axes. Consider the 1D Gabor tight frame constructed in Example1 by using the B-spline of order4 and setting
a = 2, b = 1/7. LetY denote the corresponding 1D Gabor frame after removing non-zero DC offsets in all high-pass
filters. Then, the frame bounds of the resulting 2D discrete Gabor framesY ⊗ Y areA = 0.5443 andB = 1.0069.
The redundancy is( 7N2 )2/N2 = 12.25. The support of all associated filters is7 × 7. The concentrations of the
Gabor atoms associated with low-pass filters are illustrated in Fig.3 for both frame and dual frame. The associated
high-pass filters have good orientation selectivity as shown in Fig.2.

3.4 Analysis of orientation selectivity

The orientation selectivity of 2D discrete filters are usually characterized by the peaks of their discrete Fourier
transforms; see e.g. [31, 39]. Consider a continuous functionf(x, y) ∈ L2(R2) of particular orientationθ that is
expressed as

f(x, y) = h(x cos θ − y sin θ)κ(x, y),

whereh ∈ L2(R) andκ ∈ L2(R2) is the isotrophic separable regularizer forf ∈ L2(R2) satisfyingκ(x, y) =

g(x)g(y), e.g. Gaussian functiong(t) =
√
2πσe−

t2

2σ2 . Then, we have

f̂(ωx, ωy) =

∫

R

∫

R

h(x cos θ − y sin θ)κ(x, y)e−i(ωxx+ωyy)dxdy

=

∫

R

∫

R

h(x)κ(x cos θ + y sin θ,−x sin θ + y cos θ)e−i(ωx(x cos θ+y sin θ)+ωy(−x sin θ+y cos θ))dxdy

=

∫

R

∫

R

h(x)κ(x, y)e−i(ωx(x cos θ+y sin θ)+ωy(−x sin θ+y cos θ))dxdy (isotrophy)

=

∫

R

∫

R

h(x)g(x)g(y)e−i(ωx(x cos θ+y sin θ)+ωy(−x sin θ+y cos θ))dxdy (separability)

= (ĥ ∗ ĝ)(ωx cos θ − ωy sin θ)ĝ(ωx sin θ + ωy cos θ).

Suppose that̂g decays fast when going away from origin, e.g., Gaussian functions. It can be seen that magnitude of
f̂(ωx, ωy) also decays fast when(ωx, ωy) is away from the lineωx sin θ + ωy cos θ = 0. Thus, the orientation of a
functionf is closely related to the peaks of its Fourier transform. To be specific, the peaks of the Fourier transform
of an oriented function forms a line in frequency domain and its orientation is complementary to that of the function.

Motivated by the property of an oriented continuous function in frequency domain discussed above, the ori-
entation selectivity of a discrete high-pass filter can alsobe defined in terms of the peaks of its discrete Fourier
transform. For simplicity, consider an odd-length high-pass filterg ∈ C

p×p. LetZp ×Zp denote the discrete grid of
its DFT withZp = {− p−1

2 ,− p−1
2 + 1, ..., 0, ..., p−1

2 }. Then a high-pass filterg is considered having perfect/strong
selectivity with respect to the orientationθ if its DFT satisfies the following two conditions:

(1) all maximum points of|ĝ| are on the lineωx cos θ + ωy sin θ = 0 in frequency domain;
(2) the values of the points away from the lineωx cos θ + ωy sin θ = 0 are zero (perfect) or negligible (strong).

Clearly, the high-pass filters derived from both real part and imaginary part of 2D DFT have perfect orientation
selectivity as the non-maximum points of their DFTs vanish outside the line. See Fig.4 for an illustration. Similar
to that from DFT, the high-pass filters derived from the proposed Gabor frames also have very strong orientation
selectivity as the values of non-maximum points of their DFTs are much smaller than the maximum; see Fig.2 for
a comparison.
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(a) Real(fj1 ,j2 ) (b) | ̂Real(fj1,j2 )|

Fig. 4 Real part of 2D discrete Fourier basis{fj1,j2}0≤j1 ,j2≤6 of size7× 7 and their Fourier spectrum.

(a)5× 5 (b) 7× 7

Fig. 5 All feasible orientations of 2D filters of size5× 5 and size7× 7.

In addition, the orientation selectivity of the high-pass filters from 2D DFT or from the proposed Gabor frames
is optimal in the sense that they cover all possible orientations in finite discrete grid. One orientation is feasible for
a finite discrete grid only if the line with such orientation can intersect the gridZp × Zp, which makes the number
of all feasible orientations limited. It can be seen that for2D filters of size5 × 5, the total number of possible
orientations is 8, and for 2D filters of size7 × 7, the total number is 16; see Fig.5 for an illustration. Indeed, by
induction, the total number of feasible orientations for 2Dfilters of odd sizep × p is 4Φ( p−1

2 ), where the function
Φ(·) is the summation function of the Euler’s totient functionϕ(·) which counts the positive integer up tok that are
relatively prime tok, i.e.Φ(n) =

∑n
k=1 ϕ(k). The derivation is quite straightforward. It can be seen that the number

of all feasible orientations doubles that of the first quadrant of the grid with lengthp−1
2 . The possible candidates of

additional feasible orientations in the first quadrant fromk = p − 1 to k = p are those come from the boundary
points the grid. For such a point, if its x-coordinate ory-coordinate is relatively prime top−1

2 , then it induces a new
orientation. Thus, the number of new feasible orientationsinduced fromk = p − 1 to k = p in the first quadrant is
2φ( p−1

2 )), and the total number is then4φ( p−1
2 ). By induction, the proof is done.

4 Image recovery using discrete Gabor frames

A 2D image is a 2D array that can be understood as a vector inR
N whereN is the total number of image pixels.

Then the decomposition operatorW of a 2D Gabor frame and the reconstruction operatorW̃ of its dual can be
viewed as matrices inC

N
ab

×N and inCN× N
ab respectively. Image recovery is about solving a linear inverse problem:

f = Hu+ n, (28)

wheref denotes the observed degraded image,u denotes the original image for recovery andn denotes noise. The
operatorH is the measuring matrix that varies in different image recovery problems. For image deblurring,H is a
convolution operator with a low-pass filter. For image denoising,H is an identity matrix. For image in-painting,H
is a diagonal matrix whose diagonal element is1 when the corresponding pixel value is available and0 otherwise.
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4.1 Regularization models and numerical algorithms

For an input image composed of both cartoon parts and textural parts, we propose a sparsity-based multi-layer
composite model which is based on multiple discrete Gabor frames generated by the window functions of different
sizes. More specifically, we assume that the input image is composed of multiple layers in which each layer can be
sparsely approximated under a discrete Gabor frame with a different window size. Based on such a sparsity-based
multi-layer composite model of images, we propose the following regularization model for solving (28):

min
{u1,...,um}⊂RN

m∑

k=1

λk‖WYk
uk‖1, s.t. ‖H(

m∑

k=1

uk)− f‖2 ≤ ǫ, (29)

whereWYk
denotes the decomposition operator of the Gabor systemYk, ǫ denotes the tolerance determined by noise

level andλk denotes the pre-defined regularization parameter. The recovered imagêu is then synthesized byuks via
û =

∑m
k=1 uk. A more compact form of (29) is given by

min
u∈RmN

‖Wu‖1, s.t. ‖H̃u− f‖2 ≤ ǫ, (30)

whereu = [u⊤1 , . . . , u⊤m]⊤ ∈ RmN , H̃ = [H,H, . . . ,H] ∈ RN×mN andW = diag(λ1WY1
, . . . , λmWYm

) ∈
R

mN
ab

×mN . The minimization problem (30) is an ℓ1 norm related convex problem which has been extensively
studied in recent years. It can be efficiently solved by the split Bregman iteration or equivalently the ADMM method
via the following iteration:





(H̃⊤H̃ + µW ∗W )uk+1 = H̃⊤(f − ck) + µW ∗(dk − bk)

dk+1 = T 1

µ
(Wuk+1 + bk),

bk+1 = bk +Wuk+1 − dk+1,

ck+1 = ck + H̃uk+1 − f,

(31)

whereTδ(w) = [tδ(w1), tδ(w2), . . .]
⊤ is the soft thresholding operator, withtδ(wi) = wi

|wi| max{0, |wi| − δ}
if wi 6= 0 and tδ(0) = 0. Interesting readers are referred to [6] for more details. In our implementation, the
conjugate gradient method is called for solving the linear system in the first step of the iteration. It is noted that
althoughW is a complex-valued operator, all intermediate variablesuk+1, ck+1 are real-valued. The reason is that
the filters corresponding to the proposed Gabor frames always appear as conjugate pairs. In other words, the Gabor
frame coefficients also appear as conjugate pairs. In addition, for any conjugate pair of coefficients, the thresholding
operatortδ either set both to 0 or keep them remaining as a conjugate pair. Thus, all intermediate variables are
real-valued.

4.2 Image recovery and experimental evaluation

In this section, we apply multi-scale discrete Gabor framesbased regularization model (29) to solve three typical
image recovery problems: image denoising, image inpainting and image de-convolution. The implementation of the
regularization method (29) is done as follows. The multi-scale discrete Gabor frames are composed of two Gabor
systems constructed in Section3.3.2with two different scales. One Gabor frame is the discrete Gabor frame of the
form (23) modified from the tight frame in Example1 using the B-spline of order4 with the nodes[0,2, 4, 6,8].
Two shift parameters of the lattices area = 2 andb = 1. Another Gabor system is the large-scale version of the first
one by sampling the same B-spline function of order4 but with the nodes[0,4, 8, . . . , 16]. Two shift parameters of
the lattices area = 4 andb = 1. The filter size of the filter banks associated with these two systems arep = 7 and
p = 15 respectively.

To illustrate the benefit of discrete Gabor frames constructed in Section3.3.2for sparsity-based image recovery,
the results are compared to that from several otherℓ1 norm based regularization methods which are based on different
systems for sparsifying images. The first one is the popular TV based image restoration method (see e.g. [45])
that regularizes the image recovery by minimizing the totalvariation of the result. The next one is wavelet frame
based method [6] which uses the same analysis model (30) and use linear spline tight wavelet frame [13,37] as the
sparsifying system. Also, a two-system based method is proposed in [6] for image denoising, which also uses the
analysis model (30) but considers two systems: local DCT and linear spline wavelet frame. The third one is using the
same regularization model (30) but the sparsifying system is the dual-tree complex wavelet (DT-CWT) [39] whose
associated filter bank has up to six orientations. In the implementation of DC-CWT, near Symmetric(13,19) tap
filters are chosen in the lowest level and Q-Shift(10,10) tap filters are chosen in two higher levels to gain the optimal
performance. The last one also used the regularization model (30) but considered a different system, the extended
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(a) Barbara (b) Bowl (c) Cameraman (d) Fingerprint (e) Lena

Fig. 6 Visualization of five tested images

Table 1 PSNR values of inpainted images

image TV
framelet

DTCWT DST18
Gabor

+LDCT size:15,7
Barbara512 31.14 33.77 32.16 33.07 35.55
Bowl256 33.06 35.71 34.36 35.43 36.24

Cameraman256 28.81 29.83 29.70 29.50 30.79
Fingerprint512 25.26 28.30 29.76 29.76 29.29

Lena512 34.41 35.28 36.32 36.08 36.90

Table 2 PSNR values of denoised images

image σ TV
framelet

DT CWT DST18
Gabor

+LDCT size:15,7

Barbara512

20 26.84 29.25 28.90 29.55 30.39
30 24.82 27.14 26.61 27.37 28.23
40 23.87 25.78 24.91 25.94 26.71
50 23.22 24.40 23.78 24.69 25.40

Bowl256

20 29.24 30.15 29.43 30.35 30.58
30 27.63 28.51 27.50 28.54 28.84
40 26.76 27.42 26.42 27.42 27.81
50 26.15 26.68 25.64 26.48 26.80

Cameraman256

20 28.83 29.00 28.94 28.91 29.26
30 26.83 27.18 26.92 26.96 27.43
40 25.53 25.73 25.29 25.66 26.00
50 24.50 24.55 24.06 24.61 25.03

Fingerprint512

20 26.60 27.79 28.01 28.05 28.31
30 24.31 25.75 26.04 26.08 26.16
40 22.91 24.08 24.65 24.83 24.63
50 21.71 22.81 23.37 23.76 23.47

Lena512

20 30.71 31.10 31.49 31.91 31.74
30 29.30 29.43 29.62 30.02 29.97
40 28.09 27.78 28.20 28.45 28.55
50 27.24 27.14 27.31 27.75 27.61

discrete shearlet transform1 which uses 18 directions (DST18) [27]. The parameters involved in these methods are
rigorously tuned up to achieve the best average performanceover tested images. The performance of image recovery
is measured in terms of the PSNR value given by

PSNR= −20 log10
‖u− ũ‖
255N

,

whereN denotes the number of pixels,u andũ denote the truth and the result.
In the experiments of image inpainting, the observed imagesare synthesized by man-made masks without noise

on five tested images shown in Fig.6. The parameters of inpainting is uniformly set for all images: λ1 = 0.001;
λ2 = 0.002 andµ = 0.005. See Table1 for the summary of the PSNR values of the results inpainted bydifferent
methods and Fig.7 for the visual illustration of one sample image.

In the experiments of image denoising, the noisy images are synthesized by adding i.i.d. Gaussian white noise
with different standard deviations:σ = 20,30,40,50 on five tested images shown in Fig.6. The parameters of
denoising is uniformly set for all images by the empirical formulation:λ1 = σ2

80 − σ
5 + 13; λ2 = − σ2

400 + 7σ
5 − 10

andµ = 1
2σ. See Table2 for the summary of the PSNR values of the results denoised by different methods. It can be

seen that the performance of the proposed Gabor frame based method is overall better than the other four methods
on tested images. The improvement in terms of PSNR value is also consistent with the improvement in terms of
visual quality; see Fig.8 for a visual illustration of the results obtained by different methods.

In the experiments of image deconvolution, the tested images are synthesized by first blurring the images by
a blur kernel and then adding i.i.d. Gaussian white noise afterward. Together with two noise levelsσ = 3, 5, four
types of blur kernel are tested: 1) disk kernel of radius3 pixels, 2) linear motion blur kernel of length15 pixels
and of orientation30◦, 3) Gaussian kernel of size15× 15 pixels and standard derivation 2, and 4) averaging kernel

1 http://www3.math.tu-berlin.de/numerik/www.shearlab.org/software
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(a) image with missing data (b) TV (c) framelet and Local DCT

(d) DT-CWT (e) shearlet (f) discrete Gabor frame

Fig. 7 Visual illustration of image inpainting. (a) observed image with missing pixels and noise levelσ = 0; (b)-(f) inpainted results by
five different methods.

(a) noisy image (b) TV (c) framelet and Local DCT

(d) DT-CWT (e) shearlet (f) discrete Gabor frame

Fig. 8 Visual illustration of image denoising. (a) noisy image with noise levelσ = 20; (b)-(f) denoised results by five different methods.
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Table 3 PSNR values of deblurred results for blurred images with noise levelσ = 3 and5

image blur kernel
σ = 3 σ = 5

TV framelet DT-CWT DST18
Gabor

TV framelet DT-CWT DST18
Gabor

size:15,7 size:15,7

Barbara512

disk 24.77 25.17 25.15 25.27 25.65 24.28 24.41 24.37 24.52 24.78
motion 24.64 24.97 25.00 25.11 25.70 24.06 24.13 24.18 24.20 24.48

Gaussian 24.13 24.14 24.19 24.12 24.21 23.96 23.99 24.01 23.94 24.02
average 23.99 24.03 24.07 24.07 24.27 23.67 23.67 23.72 23.73 23.87

Bowl256

disk 28.73 28.92 28.99 28.94 29.35 28.01 28.08 28.25 28.14 28.48
motion 28.88 29.08 29.15 29.31 29.67 27.68 27.92 27.93 27.93 28.36

Gaussian 27.96 27.82 28.32 28.27 28.66 27.47 27.35 27.61 27.65 27.81
average 28.73 28.84 28.94 28.99 29.25 27.84 27.75 28.10 28.25 28.44

Cameraman256

disk 26.31 26.83 26.22 25.98 27.01 25.40 25.62 24.99 24.97 25.60
motion 26.18 27.14 26.35 25.98 26.93 24.89 25.36 24.77 24.59 25.41

Gaussian 24.96 24.84 24.73 24.62 25.04 24.55 24.43 24.34 24.23 24.61
average 25.08 25.12 25.00 24.74 25.55 24.25 24.07 24.11 23.88 24.57

Fingerprint512

disk 27.71 27.38 28.19 28.02 28.24 26.69 26.43 27.25 27.01 27.21
motion 25.40 24.66 26.35 26.16 26.03 23.95 23.36 24.88 24.65 24.44

Gaussian 27.15 27.07 27.37 27.20 27.49 26.23 26.20 26.51 26.39 26.56
average 24.16 23.84 24.85 24.76 24.76 23.07 22.81 23.79 23.76 23.63

Lena512

disk 32.05 32.17 32.25 31.87 32.53 31.13 31.26 31.27 30.68 31.42
motion 30.86 30.49 31.21 30.93 31.43 29.54 29.53 29.86 29.25 29.93

Gaussian 31.34 31.26 31.59 31.18 31.74 30.60 30.58 30.77 30.38 30.83
average 30.10 29.96 30.21 29.95 30.36 29.27 29.13 29.37 29.03 29.48

(a) blurred image (b) TV (c) framelet

(d) DT-CWT (e) Shearlet (f) discrete Gabor frame

Fig. 9 Visual illustration of image deconvolution. (a) image blurred by motion kernel and added by noise with noise levelσ = 3; (b)-(f)
deblurred results by different methods.

of size9 × 9 pixels. Through the experiments, the parameter of (31) is uniformly set for all images as follows:
λ1 = λ2 = σ2

5 +3σ− 1 andµ = σ
10 . See Table3 for the summary of PSNR values of results deblurred by different

methods. It can be seen that the proposed method generally outperformed other methods used for comparison. The
same improvement also holds in terms of visual quality; see Fig. 9 for an illustration.

4.3 Conclusions

In this paper, we studied the discrete Gabor frames for finitesignals from the need of sparse image modeling As
shown in the experiments, compared to the existing wavelet frames often seen in many sparsity-based image recovery
methods, the discrete Gabor frames proposed in this paper have their advantages on orientation selectivities and
on the flexibilities of modeling both image edges and local textures. In future, we would like to investigate other
construction schemes of discrete Gabor tight frames for further performance improvement in image recovery.
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