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T-DUALITY WITH H-FLUX FOR 2d σ-MODELS

FEI HAN AND VARGHESE MATHAI

Abstract. In this paper, we establish graded T-duality for 2d σ-models with H-flux after
localization. This establishes the most general version of T-duality for Type II String Theory.
The graded T-duality map, which we call graded Hori morphism, is compatible with the
Jacobi property of the graded fields, that was earlier studied in [16]. Also included are some
open problems/conjectures.
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Introduction

T-duality in string theory can be realised as a transformation acting on the worldsheet
fields in the two-dimensional nonlinear sigma model [17]. In [20, 18], T-duality is studied with
supersymmetry in the target space of the sigma model. This realisation is straightforward
when there is an abelian isometry of the target space which at the same time is a symmetry
of the worldsheet action. One finds the transformation on the worldsheet fields as well
as Buscher’s rules [11] which yield the dual background. The duality transformation is
symmetric in the sense that one can start from either theory (the original or the dual one)
and obtain the other one via the same gauging process [1]. A relevant account of the sigma
model is in [26].

This paper proves T-duality for two-dimensional sigma models on circle bundles with H-
flux, after localization. To be more precise, given a T-dual pair (see Section 3.1 for details)
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(Z,A,H) (Ẑ, Â, Ĥ)

X

π π̂

it was shown in [7, 8] that the Hori map

T : (Ω•(Z)T, d+H) → (Ω•+1(Ẑ)T̂,−(d+ Ĥ))

ω 7→
∫

T

ω ∧ e−Â∧A,

is a chain map isomorphism between the twisted, Z2-graded complexes. One can also define
the dual Hori map

T̂ : (Ω•(Ẑ)T̂, d+ Ĥ) → (Ω•+1(Z)T,−(d+H))

ω 7→
∫

T̂

ω ∧ e−Â∧A,

and T-duality can be stated as

(0.1) T ◦ T̂ = −Id, T̂ ◦ T = −Id.
In particular, this induces an isomorphism on the twisted cohomology:

T : H•
d+H(Z) → H•+1

d+Ĥ
(Ẑ).

The Chern class is exchanged with the H-flux. So in general the topologies of Z and the

T-dual Ẑ are different.
To prove T-duality with H-flux in the 2d sigma models, we will develop the following

theory. Let M be a smooth manifold carrying a flux H . Let C∞(T 2,M) be the double
loop space of M , namely the space of smooth maps from T 2 = S1 × S1 to M . Let K1, K2

be the two commuting vector fields on C∞(T 2,M) obtained by rotating the first circle and
second circle respectively. Let H be the upper half plane. For each τ ∈ H, we will construct
a line bundle LH,τ with a connection ∇LH,τ on C∞(T 2,M)H , the total space of a principal
circle bundle over the double loop space C∞(T 2,M) natually arising from the H-flux (see
the definitions in Section 1.2). We call LH,τ the average τ-holonomy line bundle. Now
consider Ω•

bas(C
∞(T 2,M)H ,LH,τ)[[u, u

−1]], where Ω•
bas(C

∞(T 2,M)H ,LH,τ) denotes the space
of basic differential forms on C∞(T 2,M)H with values in the average τ -holonomy line bundle
LH,τ and u is an indeterminate of degree 2. We will show that there is an odd operator QH,τ

acting on Ω•
bas(C

∞(T 2,M)H ,LH,τ )[[u, u
−1]] such that (Theorem 1.1)

(0.2)
1

2
[QH,τ , QH,τ ] = Q2

H,τ = −uLLH,τ

K1+τK2
, [QH,τ ,−uLLH,τ

K1+τK2
] = 0,

where L
LH,τ

K1+τK2
is the Lie derivative along the direction K1 + τK2. So the odd operator

Q = QH,τ and the even operator P = −uLLH,τ

K1+τK2
obey the relations

1

2
[Q,Q] = P, [Q,P ] = 0
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of the superalgebra considered in Witten’s celebrated paper [25]. Next we will prove that
the restriction map gives a quasi-isomorphism between complexes (Theorem 2.1)

(0.3)
(
Ω•

bas(C
∞(T 2,M)H ,LH,τ)

K1+τK2[[u, u−1]], QH,τ

)
7→
(
Ω•(M)[[u, u−1]], d+ u−1H

)
.

We would like to emphasize that such a Borel-Witten type localization theorem does not
hold when τ are reals. Our method to prove the localization is motivated by [19] as well as
our earlier work [14]. See Section 2 for details.

Applying the theory to the situation of T-duality, we get the following picture:

(LH,τ ,∇LH,τ ) (LĤ,τ ,∇L
Ĥ,τ )

C∞(T 2, Z)H C∞(T 2, Ẑ)Ĥ

C∞(T 2, X)

LLπ LLπ̂

With respect to the T-action on Z and T̂-action on Ẑ respectively, we deduce that
(
Ω•,T

bas(C
∞(T 2, Z)H ,LH,τ )

K1+τK2[[u, u−1]], QH,τ

)

and (
Ω•+1,T̂

bas (C∞(T 2, Ẑ)Ĥ ,LĤ,τ)
K1+τK2 [[u, u−1]],−QĤ,τ

)

are quasi-isomorphic after localization. This proves T-duality for 2d sigma models on circle
bundles with H-flux.

In [16], inspired by the theory of elliptic genus, we considered a graded version of T-duality
of [7]. Namely we assembled various levels of the T-duality with fluxmH,m ∈ Z, constructed
the graded Hori map and showed that the compositions of the two way graded Hori maps
are equal to the Euler operator, moreover the graded Hori maps preserve the Jacobi property
of graded differential forms.

Motivated by the elliptic sheaves introduced by Berwick-Evans in [3], our results in [16]
can be summarized and recapped concisely as follows. For the pair (Z,H), define a sheaf
(G(Z,H), DH) on H of commutative differential graded algebras that to U ⊂ H assigns the
graded complex of O(U)-modules

(0.4) (G(Z,H)(U), DH) :=
⊕

m∈Z

(
O(U ; Ω•,T(Z)[[u, u−1]]) · ym, d+ u−1mH

)
,

where y is a variable to indicate the grading. Dually, we can define the sheaf (G(Ẑ, Ĥ), DĤ).
Passing to cohomology, we get the sheave G(Z,H), or more precisely, define G(Z,H) by

(0.5) G(Z,H)(U) :=
⊕

m∈Z
O(U ;H(Ω•,T(Z)[[u, u−1]], d+ u−1mH)) · ym.

Similarly one has the sheaf G(Ẑ, Ĥ) on the dual side. In [16], we showed that the graded
twisted Chern character of the Witten gerbe modules arising from a gerbe module pair
(E,E ′) give global sections of the sheaf (G(Z,H), DH). Such global sections are the ex-
pansions at y = 0 of Jacobi forms of index 0 of the two variables (τ, z) ∈ H × C (with

3



y = e2π
√
−1z) over certain lattices when the degree 4 component of the twisted Chern char-

acter Ch
[4]
H (E,E ′) is vanishing and u = 1 (see Section 3.2 for details). In this framework,

the graded Hori maps introduced in [16] become the graded Hori morphisms between
the sheaves

(0.6) GHor∗ : (G(Z,H), DH) → (G(Ẑ, Ĥ), DĤ), GHor : G(Z,H) → G(Ẑ, Ĥ).

(0.7) ĜHor∗ : (G(Ẑ, Ĥ), DĤ) → (G(Z,H), DH), ĜHor : G(Ẑ, Ĥ) → G(Z,H).

The graded T-duality theorem in [16] states that

(0.8) ĜHor∗ ◦GHor∗ = −y ∂
∂y
, GHor∗ ◦ ĜHor∗ = −y ∂

∂y
,

(0.9) ĜHor ◦GHor = −y ∂
∂y
, GHor ◦ ĜHor = −y ∂

∂y
,

and the graded Hori morphisms send a global section with Jacobi property to a global section
with Jacobi property on the dual side. Restricted to m = 1, on recovers the T-duality in
(0.1).

In view of the Borel-Witten type localization (0.3), in this paper, we introduce sheaves us-
ing double loop spaces. Namely for the pair (Z,H), define a sheaf (G(C∞(T 2, Z)H ,LH),QH)
on H of commutative differential graded algebras that to U ⊂ H assigns the graded complex
of O(U)-modules
(0.10)

(G(C∞(T 2, Z)H ,LH)(U),QH) :=
⊕

m∈Z

(
O(U ; Ω•,T

bas(C
∞(T 2, Z)H ,L⊗m

H,τ )[[u, u
−1]]K1+τK2) · ym, QmH,τ

)
,

where O(U ; Ω•,T
bas(C

∞(T 2, Z)H,L⊗m
H,τ )[[u, u

−1]]K1+τK2) means i.e for each τ ∈ U , one assigns to

it an element in Ω•,T
bas(C

∞(T 2, Z)H ,L⊗m
H,τ)[[u, u

−1]]K1+τK2. Dually, one can also define the sheaf

(G(C∞(T 2, Ẑ)Ĥ ,LĤ),QĤ). Passing to cohomology, we get the sheaves G(C∞(T 2, Z)H,LH)

and G(C∞(T 2, Ẑ)Ĥ ,LĤ). The localisation theorem tells us that the restriction maps

(0.11) res : G(C∞(T 2, Z)H ,LH) → G(Z,H), r̂es : G(C∞(T 2, Ẑ)Ĥ ,LĤ) → G(Ẑ, Ĥ)

are isomorphisms of sheaves. Therefore we define the graded Hori morphisms for 2d
σ-models by

GHorσ := r̂es
−1 ◦GHor ◦ res : G(C∞(T 2, Z)H ,LH) → G(C∞(T 2, Ẑ)Ĥ ,LĤ),

ĜHor
σ
:= res−1 ◦ ĜHor ◦ r̂es : G(C∞(T 2, Ẑ)Ĥ ,LĤ) → G(C∞(T 2, Z)H ,LH),

(0.12)

and assemble them into the following commutative diagram,

G(C∞(T 2, Z)H ,LH) G(C∞(T 2, Ẑ)Ĥ ,LĤ)

G(Z,H) G(Ẑ, Ĥ)

GHorσ

res∼=

ĜHor
σ

r̂es∼=

GHor

ĜHor

4



Combining (0.9), we obtain the following,

Theorem 0.1 (Theorem 3.9, graded T-duality with H-flux for 2d σ-models). One has

(0.13) ĜHor
σ
◦GHorσ = −y ∂

∂y
, GHorσ ◦ ĜHor

σ
= −y ∂

∂y
.

We would like to remark that when the torus degenerate to a circle, say, when the second
circle in T 2 = S1 × S1 degenerate to a point and consequently K2 = 0, the theory in (0.3)
degenerates to the holonomy line bundles and completed periodic exotic twisted equivariant
cohomology for (single) loop spaces developed in our earlier paper [14], see also [15] and [19].
The theory there is for 1d σ-model, while the theory in this paper is for 2d σ-model.

Fix a spinor bundle S on T 2 and a Riemannian metric on M . The space of fields for the
N = (0, 1) sigma model with source T 2 and target M , denoted ΦT 2,M consists of

(0.14) (x, ψ) ∈ ΦT 2,M , x : T 2 →M, ψ ∈ Γ(T 2, S̄⊗ x∗TM),

where x is a smooth map and ψ is a (anti-chiral) spinor valued in the pullback tangent
bundle. Let

(0.15) ev : C∞(T 2,M)× T 2 →M

be the evaluation map. Let p1 : C
∞(T 2,M)×T 2 → C∞(T 2,M) and p2 : C

∞(T 2,M)×T 2 →
T 2 be the obvious projection maps. Then the space of fields

ΦT 2,M = Γ
(
C∞(T 2,M)× T 2, p∗2S̄⊗ ev∗TM

)
.

The classical action is the function on fields

(0.16) ST 2(x, ψ) =
1

2

∫

T 2

(
〈∂x, ∂̄x〉+ 〈ψ, ∂∇ψ〉

)
, ST 2 ∈ C∞(ΦT 2,M),

where ∂∇ is the ∂-operator on T 2 twisted by the pullback of the Levi-Civita connection ∇ on
TM . Quantizing this classical field theory in the path integral formalism gives the famous
Witten genus (c.f. [3]).

Let p : C∞(T 2,M)H → C∞(T 2,M) be the circle bundle naturally arising form the flux H
constructed in Section 1.2. Then we have p × id : C∞(T 2,M)H × T 2 → C∞(T 2,M) × T 2.
Still denote by p1 : C

∞(T 2,M)H × T 2 → C∞(T 2,M)H and p2 : C
∞(T 2,M)H × T 2 → T 2 the

obvious projection maps. A natural interesting question is if we consider the fields, that are
global sections in

ΦT 2,M,H,τ = Γ
(
C∞(T 2,M)H × T 2, p∗1LH,τ ⊗ p∗2S̄⊗ (ev ◦ (p× id))∗TM

)
,

what is the expression for the action functional for the corresponding sigma model? This
would be useful for Duistermaat-Heckman type localization (cf. [12]), which is not considered
here.

We conjecture that with respect to the T-action on Z and T̂-action on Ẑ respectively, that
(
Ω•,T

bas(C
∞(T 2, Z)H ,LH,τ)

K1+τK2 , QH,τ

)

and (
Ω•+1,T̂

bas (C∞(T 2, Ẑ)Ĥ ,LĤ,τ )
K1+τK2,−QĤ,τ

)

are quasi-isomorphic without using the localization. This would prove a stronger version of
T-duality for 2d sigma models on circle bundles with H-flux. The difficulty in proving this

5



is that the putative Hori map in this context involves “integration on double loop space”.
Results in this paper give evidence for this conjecture.

We mention that the sequence of ideas leading up to this paper is motivated in part by
Witten [25], Atiyah [2] and Bismut [4]. Atiyah, working out an idea of Witten, revealed the
remarkable fact that the index of the Dirac operator on the spin complex of a spin manifold
can be formally interpreted as an integral of an equivariantly closed (with respect to the
standard circle action on the loop space) differential form over loop space. A formal appli-
cation of the localisation formula of Duistermaat-Heckman [12] leads to the index theorem
of Atiyah-Singer for the Dirac operator. Bismut extended this approach to a Dirac operator
twisted by a vector bundle with connection. In doing so, for a vector bundle with connection,
he constructed an equivariantly closed form on the loop space, lifting the Chern character
form of the vector bundle with connection to the loop space.

Acknowledgements. Fei Han was partially supported by the grant AcRF R-146-000-218-112
from National University of Singapore. Varghese Mathai was supported by funding from the
Australian Research Council, through the Australian Laureate Fellowship FL170100020. He
thanks Kentaro Hori for suggesting this problem in a personal communication.

1. Average τ-holonomy line bundles and exotic theory on double loop

spaces

1.1. Some basics about double loop spaces. Let M be a smooth manifold and T 2 =
S1 × S1 the 2-dimensional torus. For simplicity, denote by LLM = C∞(T 2,M), the double
loop space of M , namely the space of smooth maps from T 2 to M . Let K1, K2 be the vector
fields on LLM obtained by rotating the first circle and second circle respectively. Clearly
[K1, K2] = 0.

Let {Uα} be an open cover of M . When the open cover {Uα} has some nice property,
{LLUα} can be an open cover of LLM . For instance, if {Uα} is a maximal open cover of M
with the property that H i(UαI

) = 0 for i ≥ 3 where UαI
=
⋂

i∈I Uαi
, |I| <∞, then {LLUαI}

is an open cover of LLM . In fact, let x : T 2 →M be a smooth loop in M and Ux a tubular
neighbourhood of x inM . Then {LLUx, x ∈ LLM} covers LLM . We call such a cover {Uα}
a double loop Bryinski cover for M .

Let ev is the evaluation map

(1.1) ev : LLM × T 2 → M : (x, s, t) 7→ x(s, t).

There are several operations constructed from the evaluation map. First we have the double
transgression map

(1.2) µ1,2 : Ω
•(UαI

) −→ Ω•−2(LLUαI
)

defined by

(1.3) µ1,2(ξI) =

∫

T 2

ev∗(ξI), ξI ∈ Ω•(UαI
).

Another operation that we have is the averaging after transgression map

(1.4) µ1
2 : Ω•(UαI

) −→ Ω•−1(LLUαI
)

6



defined by

(1.5) µ1
2(ξI) =

∫

S1

(∫

S1

ev∗(ξI)

)
dt, ξI ∈ Ω•(UαI

),

i.e. integrate ev∗(ξI) along the first circle and then average along the second circle. Similarly,
one has

(1.6) µ2
1 : Ω•(UαI

) −→ Ω•−1(LLUαI
).

Let ω ∈ Ωi(M). One also has the double loop averaging map

ω :=

∫

T 2

ev∗(ω)ds ∧ dt ∈ Ωi(LLM).

Clearly LKi
ω = 0, i = 1, 2. Moreover it is not hard to see that

dω = dω, µ1,2(ω) = ιK2
ιK1

ω.

In addition to evaluation map (1.1), there are also two partial evaluation maps

(1.7) ev1 : LLM ×S1 → LM, (x, s) 7→ x(s, ∗), ev2 : LLM ×S1 → LM, (x, t) 7→ x(∗, t).

Let

(1.8) πi : LLM → LM, i = 1, 2

be defined by π1 = ev2|t=0, i.e restriction to the first circle and π2 = ev1|s=0, i.e restriction
to the second circle.

1.2. Construction of the average τ-holonomy line bundles and the exotic τ-cohomology
theory. Suppose M carries a gerbe [10] with connection (H,Bα, Fαβ, (Lαβ ,∇Lαβ)), with
H ∈ Ω3(M), Bα ∈ Ω2(Uα) and (Lαβ ,∇Lαβ) being a complex line bundle over Uαβ = Uα ∩Uβ

such that

H = dBα on Uα,

Bβ − Bα = Fαβ =
(
∇Lαβ

)2
on Uα ∩ Uβ ,

(Lαβ ,∇Lαβ)⊗ (Lβγ ,∇Lβγ)⊗ (Lγα,∇Lγα) ≃ (C, d) on Uα ∩ Uβ ∩ Uγ.

(1.9)

For any double loop x ∈ LLUα ∩ LLUβ , i.e. x : T 2 → Uαβ , denote the holonomy of the
∇Lαβ along the K1-direction of by hol1, which is a function of t; and the holonomy of the
∇Lαβ along the K2-direction by hol2, which is a function of s. Consider the function on
LLUα ∩ LLUβ

(1.10) gαβ := e
lnhol1αβ

2

· eτ lnhol2
1

αβ .
7



Note here for ln hol1, it is continuously defined for t ∈ [0, 1), and for ln hol2, it is continuously
defined for s ∈ [0, 1). It is not hard to see that

LK1+τK2
gαβ

=LK1+τK2

(
e
lnhol1αβ

2

· eτ lnhol2
1

αβ

)

=e
lnhol1αβ

2

· eτ lnhol2
1

αβ [LτK2
ln hol1αβ

2
+ LK1

τ ln hol2
1

αβ
]

=e
lnhol1αβ

2

· eτ lnhol2
1

αβ [τK2 ln hol1αβ

2
+ τK1 ln hol2

1

αβ
]

=e
lnhol1αβ

2

· eτ lnhol2
1

αβ τ [ιK2
d lnhol1αβ

2
+ ιK1

d ln hol2
1

αβ
]

=e
lnhol1αβ

2

· eτ lnhol2
1

αβ τ

[
ιK2

ιK1
Fαβ

1
2

+ ιK1
ιK2

Fαβ
2
1
]

=e
lnhol1αβ

2

· eτ lnhol2
1

αβ τ
[
ιK1

ιK2
Fαβ + ιK2

ιK1
Fαβ

]

=0,

(1.11)

where we have used the Brylinski’s result (Proposition 6.2.2 in [10]) on the differential of
logarithm of holonomy function on loop space of a line bundle with connection. So gαβ is
(K1 + τK2)-invariant.

Denote

(1.12) hαβγ := gαβgβγgγα.

From (1.9), it is not hard to see that on the triple intersection LLUα ∩ LLUβ ∩ LLUγ ,
holiαβhol

i
βγhol

i
γα = 1, i = 1, 2. Hence ln holiαβ + ln holiβγ + ln holiγα ∈ 2πiZ. As ln hol’s are

continuously defined, one must have

(1.13) hαβγ = e2πimαβγτ

for some mαβγ ∈ Z, where {mαβγ} forms the Čech cocycle representing π∗
2(c1(LH)) in

H2(LLM,Z) with c1(LH) being the first Chern class of the holonomy line bundle LH on
LM arising from the H on M (c.f. [14] for details).

As c1(LH) is nonzero, one cannot hope hαβγ = 1, or in other words, {gαβ} do not form the
gluing data of a line bundle. Nevertheless, if we pull back the line bundle LH to the circle
bundle of itself, it becomes trivial and consequently the pull back of the first Chern class is
0. This motivates us to work on the circle bundle. Let p : SH → LM be the circle bundle
of the line bundle LH → LM . Then p∗LH is a trivial line bundle over SH . Hence the class
p∗(c1(LH)) be 0 on SH . Therefore π̃

∗
2 ◦p∗(c1(LH)) is 0 on p∗SH , the pulled back circle bundle

over LLM .

(1.14) p∗SH
π̃2 //

p̃

��

SH

p

��
LLM π2

// LM

8



For simplicity, in the sequel we will denote the total space p∗SH by LLMH , which car-
ries the induced T 2-action arising from LLM . By abusing notations, still denote the two
Killing vector fields on LLMH by K1, K2. As {mαβγ} forms the Čech cocycle representing
π∗
2(c1(LH)), the pulled back cochain p̃∗{mαβγ} must be exact on LLMH . Let p̃−1(LLUα)

be covered by the two open sets p̃−1(LLUα)
+, p̃−1(LLUα)

− by removing the two opposite
points on the fiber circles (with reference to the standard local Brylisnki basis of SH).
Then U = {p̃−1(LLUα)

+, p̃−1(LLUα)
−} form a good cover of LLMH , which is a refine-

ment of the cover {p̃−1(LLUα)}. As p̃∗{mαβγ} is exact, there is a Čech 2-cochain f such that
(δf)(Vα ∩Vβ ∩Vγ) = mαβγ , where Vα = p̃−1(LLUα)

±. Therefore the function p̃∗(gαβ) verifies

(p̃∗(gαβ)e
−2πif(Vαβ)τ ) · (p̃∗(gβγ)e−2πif(Vβγ)τ ) · (p̃∗(gγα)e−2πif(Vγα)τ ) = 1.

We construct a complex line bundle LH,τ on LLMH , which we call average τ-holonomy
line bundle as follows

(1.15) LH,τ =

(∐

α∈I
Vα × C

)/
∼,

where

(1.16) (β, x, w) ∼ (α, x, (p̃∗(gαβ)e
−2πif(Vαβ)τ ))(x) · w), ∀α, β ∈ I, x ∈ Vαβ, w ∈ C.

Denote by sα = (x, 1) the local section of LH,τ on Vα. Clearly sα’s are (K1+ τK2)-invariant.
Still using the Brylinski’s result (Proposition 6.2.2 in [10]) on the differential of logarithm

of holonomy function on loop space of a line bundle with connection, and Bβ −Bα = Fαβ in
(1.9), we have

d ln[p̃∗(gαβ)e
−2πif(Vαβ)τ ]

=ιK1
p̃∗Fαβ + τιK2

p̃∗Fαβ

=
(
−ιK1+τK2

p̃∗Bα

)
−
(
−ιK1+τK2

p̃∗Bβ

)
.

(1.17)

Therefore, we see that {−ιK1+τK2
p̃∗Bα}, as connection 1-forms under the local basis {sα},

patch together to be a connection on LH,τ , which we denote by ∇LH,τ . This connection is
(K1 + τK2)-invariant.

Denote by Ω•
bas(LLM

H ,LH,τ) the space of basic differential forms on LLMH with values
in the average τ -holonomy line bundle LH,τ . Here basic form means that contracted with
vertical tangent vectors gives 0. Let u be an indeterminate such that deg u = 2. Consider
the odd operator

(1.18) QH,τ := ∇LH,τ − uιK1+τK2
+ u−1p̃∗H

which acts on Ω•(LLMH ,LH,τ )bas[[u, u
−1]].

Theorem 1.1. One has

(1.19) Q2
H,τ + uL

LH,τ

K1+τK2
= 0.

Proof. On Vα, under the basis sα (which is (K1 + τK2)-invariant), the operator

∇LH,τ − ιK1+τK2
+ p̃∗H

9



can be written as

d− ιK1+τK2
p̃∗Bα − ιK1+τK2

+ p̃∗H.

We have

(d− ιK1+τK2
p̃∗Bα − ιK1+τK2

+ p̃∗H)2

=− dιK1+τK2
p̃∗Bα − ιK1+τK2

p̃∗H − (dιK1+τK2
+ ιK1+τK2

d)

=− dιK1+τK2
p̃∗Bα − ιK1+τK2

p̃∗dBα − LK1+τK2

=LK1+τK2
p̃∗Bα − LK1+τK2

=− LK1+τK2
.

(1.20)

The desired equality follows. �

This theorem shows that QH,τ is an equivariantly flat superconnection (in the sense of
Quillen [24, 22]) on Ω•

bas(LLM
H ,LH,τ)

K1+τK2 [[u, u−1]]. Therefore, we obtain a family of
chain complex

(1.21) (Ω•
bas(LLM

H ,LH,τ)
K1+τK2 [[u, u−1]], QH,τ )

parametrized the τ ∈ H. We call them completed periodic exotic twisted equivariant τ -
complex over double loop spaces and their cohomology completed periodic exotic twisted equi-
variant τ -cohomology over double loop spaces.

2. Localisation

The T 2-action on LLMH has the fixed point set M ×S1. On the fixed point set, the map
p̃ becomes the projection p :M × S1 →M , and the complex

(Ω•
bas(LLM

H ,LH,τ)
K1+τK2 [[u, u−1]], QH,τ )

becomes the complex (
Ω•

bas(M × S1)[[u, u−1]], d+ u−1p∗H
)
.

The purpose of this section is to establish the following Borel-Witten type localisation the-
orem.

Theorem 2.1. Let i :M × S1 → LLMH be the inclusion map. Then the restriction map

i∗ :
(
Ω•

bas(LLM
H ,LH,τ)

K1+τK2[[u, u−1]], QH,τ

)
→
(
Ω•

bas(M × S1)[[u, u−1]], d+ u−1p∗H
)

=
(
Ω•(M)[[u, u−1]], d+ u−1H

)

(2.1)

is a quasi-isomorphism, ∀τ ∈ H.

We will prove a theorem under the setting as follows. Let Y be a (possibly infinite
dimensional) T 2-manifold and ξ a T 2-equivariant complex line bundle over Y . Let ∇ξ be a
(K1+ τK2)-invariant connection on ξ and χ ∈ Ω3

cl(Y ) a closed T 2-invariant 3-form such that

(∇ξ − uιK1+τK2
+ u−1χ)2 + uL

ξ
K1+τK2

= 0,

where K1, K2 are the two Killing vector fields resulted from the actions of the two factor
circles in T 2. Denote by

10



(2.2) h•τ (Y,∇ξ : χ) := H•(Ω•(Y, ξ)K1+τK2[[u, u−1]],∇ξ − uιK1+τK2
+ u−1χ),

the cohomology of the complex.
Further assume that Y is strongly T 2-regular, i.e. the T 2-fixed point set F is a smooth

submanifold, which has a T 2-invariant neighbourhood N such that
(i) N has an invariant good cover {Wα}, i.e. each Wα is T 2-homotopic to a point;
(ii) there exists a projection p : N → F and an equivariant homotopy

g : N × I → N,

(I = [0, 1]) with the properties that

g0 = i ◦ p, g1 = id,

p(gt(x)) = g0(x), ∀x ∈ N, t ∈ I,

where i : F → N is the embedding.

Theorem 2.2. If Y is a strong regular T 2-manifold, then

(2.3) i∗ : h•τ (Y,∇ξ : χ) ∼= H(Ω•(F, i∗ξ)[[u, u−1]], i∗∇ξ + u−1i∗χ).

is an isomorphism, where for simplicity, we also denote the embedding of F into Y by i.

Note that the double loop space LLM as well as LLMH are such strongly T 2-regular
manifolds. To prove Theorem 2.1, we will just need to take Y = LLMH and use a “basic”
form version of Theorem 2.2, which is not hard to show by slighltly modifying the following
proof of Theorem 2.2.

Now we prove the localization theorem 2.2. We first establish some properties of the
theory in the following lemmas.

Lemma 2.3. Let Y be a T 2-manifold and ξ be an T 2-equivariant complex line bundle over
Y . Let ∇ξ be an (K1 + τK2)-invariant connection on ξ and χ ∈ Ω3(Y ) be a T 2-invariant
3-form such that

(∇ξ − uιK1+τK2
+ u−1χ)2 + uL

ξ
K1+τK2

= 0.

Suppose the T 2-action has no fixed points, then

h•τ (Y,∇ξ : χ) = 0.

Proof. Choose a T 2-invariant metric on TY and extend it to be a Hermitian metric on
TY ⊗ C. Let θ be the one form dual to the vector field K1 + τK2 with respect to the
Hermitian metric. Note that θ is T 2-invariant. Then we have

(d− uιK1+τK2
)θ

=dθ − u〈K1 + τK2, K1 + τ̄K2〉
=dθ − u(|K1 + aK2|2 + b2|K2|2)

=− u(|K1 + aK2|2 + b2|K2|2)
(
1− dθ

u(|K1 + aK2|2 + b2|K2|2)
,

)
(2.4)

where τ = a + b
√
−1, with a, b ∈ R, b > 0 (noting b 6= 0 implies that |K1 + aK2|2 + b2|K2|2

must be nonzero when Y does not have T 2-fixed points).
11



Let

γ = ((d−uιK1+τK2
)θ)−1 = −u−1(|K1+aK2|2+b2|K2|2)−1

∞∑

i=0

(
dθ

u(|K1 + aK2|2 + b2|K2|2)

)i

.

As γ((d − uιK1+τK2
)θ) = 1, applying d − uιK1+τK2

on both sides and using the fact that
LK1+τK2

θ = 0, we have (d− uιK1+τK2
)γ = 0.

Define ω = θγ, an odd degree form. Then (d− uιK1+τK2
)ω = ((d− uιK1+τK2

))γ = 1.
∀x ∈ Ω•(Y, ξ), we have

(∇ξ − uιK1+τK2
+ u−1χ)(ω · x) + ω · ((∇ξ − uιK1+τK2

+ u−1χ)x)

=(∇ξ − uιK1+τK2
)(ω · x) + (u−1χω) · x+ ω · ((∇ξ − uιK1+τK2

)x) + (u−1ωχ) · x
=(∇ξ − uιK1+τK2

)(ω · x) + ω · ((∇ξ − uιK1+τK2
)x)

=((d− uιK1+τK2
)ω) · x− ω · ((∇ξ − uιK1+τK2

)x) + ω · ((∇ξ − uιK1+τK2
)x)

=x.

(2.5)

This homotopy tells us that h•τ (Y,∇ξ : χ) = 0.
�

Next we will establish the Mayer-Vietoris property. Suppose Y = U ∪ V , with U, V being
open. Assume that U, V and U ∩V are all T 2-invariant submanifolds. We have the following
exact sequence,

0 → Ω•(Y, ξ)K1+τK2[[u, u−1]]
r→ Ω•(U, ξ)K1+τK2[[u, u−1]]⊕ Ω•(V, ξ)K1+τK2[[u, u−1]]

e→ Ω•(U ∩ V, ξ)K1+τK2 [[u, u−1]] → 0,

(2.6)

where r(η) = (η|U , η|V ), e(η1, η2) = η2 − η1. The exactness can be seen from the following.
Take any f ∈ Ω•(U ∩ V, ξ)K1+τK2, let {ρU , ρV } be a partition of unity subordinate to the
open cover {U, V }. We can assume that ρU , ρV are both T 2-invariant, otherwise, simply
average them over T 2. Then (−ρV f, ρUf) ∈ Ω•(U, ξ)K1+τK2 ⊕ Ω•(V, ξ)K1+τK2 maps onto f .

Lemma 2.4. The short exact sequence (2.6) induces a long exact Mayer-Vietoris sequence
in cohomology,

(2.7) hevτ (Y,∇ξ : χ) // hevτ (U,∇ξ : χ)⊕ hevτ (V,∇ξ : χ) // hevτ (U ∩ V,∇ξ : χ)

D∗

��

hoddτ (U ∩ V,∇ξ : χ)

D∗

OO

hoddτ (U,∇ξ : χ)⊕ hoddτ (V,∇ξ : χ)oo hoddτ (Y,∇ξ : χ)oo

Proof. Let ω ∈ Ωev(U ∩ V, ξ)K1+τK2[[u, u−1]] such that (∇ξ − uιK1+τK2
+ u−1χ)ω = 0. Let

{ρU , ρV } be a partition of unity subordinate to the open cover {U, V } such that ρU , ρV are
both T 2-invariant. Define the coboundary operator by

(2.8) D∗([ω]) =

{
[−(∇ξ − uιK1+τK2

+ u−1χ)(ρV ω)] on U
[(∇ξ − uιK1+τK2

+ u−1χ)(ρUω)] on V

which is easily seen to be an element in hoddτ (Y,∇ξ : χ) and is independent of choices in this
construction. Similarly one can define the coboundary operator on hoddτ (U ∩ V,∇ξ : χ).

It is not hard to check the exactness of the sequence. �
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In the following two lemmas, we will establish homotopy properties of the theory.

Lemma 2.5. Let Y be a T 2-manifold and ξ be a T-equivariant complex line bundle over Y .
Let ∇ξ be a (K1 + τK2)-invariant connection on ξ and χ ∈ Ω3(Y ) be a T 2-invariant 3-form
such that

(∇ξ − uιK1+τK2
+ u−1χ)2 + uL

ξ
K1+τK2

= 0.

Let i0 : Y → Y × I,m 7→ (m, 0) be the inclusion and π : Y × I → Y be the projection. T 2

acts on Y × I in the obvious way. We have

h•τ (Y × I, π∗∇ξ : π∗χ) ∼= h•τ (Y,∇ξ : χ).

Proof. It is clear that i∗0 ◦ π∗ = id : Ω•(Y, ξ) → Ω•(Y, ξ).
We will show that π∗ ◦ i∗0 is homotopic to identity on Ω•(Y × I, π∗ξ).
Choose an atlas {Uα} for Y , then {Uα× I} is an atlas on Y × I. Let {sα} be local basis of

ξ on {Uα} and {gαβ} be the transition functions. Then {π∗sα} are local basis for the bundle
π∗ξ on {Uα × I} and {π∗gαβ} are the transition functions.

For any ω ∈ Ω•(Y × I, π∗ξ), define K0ω ∈ Ω•(Y × I, π∗ξ) in the following way. Let
ω = ωα ⊗ (π∗sα) on Uα × I. If ωα is of the form (π∗ψ)f(x, t), set K0(ω)|Uα×I = 0; if ωα is

of the form (π∗ψ)f(x, t)dt, set P0(ω)|Uα×I = ((π∗ψ)
∫ t

0
f(x, t)dt)⊗ (π∗sα). As the transition

function from π∗sα to π∗sβ is π∗gαβ , it is not hard to see that P0(ω)|Uα×I patch together to
give P0(ω) ∈ Ω•(Y × I, π∗ξ).

By ([5], Sec 4), we know that on Uα × I, (for simplicity, we also denote by P0 the similar
operator on Ω•(Y × I)),

(2.9) (1− π∗ ◦ i∗0)ωα = (−1)p(ωα)−1(dP0 − P0d)ωα.

Since the connection π∗∇ξ on π∗ξ is horizontal, we have

(2.10) (1− π∗ ◦ i∗0)ω = (−1)p(ω)−1((π∗∇ξ) ◦ P0 − P0 ◦ (π∗∇ξ))ω.

Moreover, as ιK1+τK2
and π∗χ are both horizontal, they both commute with P0 and there-

fore,
(2.11)
(1−π∗◦i∗0)ω = (−1)p(ω)−1((π∗∇ξ−uιK1+τK2

+u−1π∗χ)◦P0−P0◦(π∗∇ξ−uιK1+τK2
+u−1π∗χ))ω.

The isomorphism therefore follows.
�

Lemma 2.6. Let Y be a T 2-manifold with an invariant good cover {Wα}. T acts on Y × I

in the obvious way. Let ξ be an T 2-equivariant complex line bundle over Y × I equipped with
a (K1 + τK2)-invariant connection ∇ξ and χ ∈ Ω3

cl(Y × I) a closed T 2-invriant 3-form on
Y × I such that

(∇ξ − uιK1+τK2
+ u−1χ)2 + uL

ξ
K1+τK2

= 0.

Let i0 : Y → Y × I,m 7→ (m, 0) and i1 : Y → Y × I,m 7→ (m, 1) be the inclusions. We have

h•τ (Y, i
∗
0∇ξ : i∗0χ)

∼= h•τ (Y, i
∗
1∇ξ : i∗1χ).

Proof. Let {sα} be local (K1+τK2)-invariant basis of i
∗
0ξ on {Wα} and {gαβ} be the transition

functions. Let Θα be the basis of bundle ξ on Wα × I such that

(2.12)

{
∇ξ

∂
∂t

Θα = 0

Θα|Y×{0} = sα.
13



Let π : Y × I → Y be the projection. Since π∗gαβ are horizontal, we can see that {π∗gαβ}
are transition functions of the local basis {Θα}. Let {θα} be the connection one form of ∇ξ

with respect to the local basis {Θα}. Obviously, they are horizontal forms. Also as sα are
invariant sections and ∇ξ is an invariant connection, Θα are also local invariant basis of ξ
with respect to the cover {Wα × I}.

Take any ω ∈ Ω•(Y, i∗0ξ). Let ω = ωα ⊗ sα on Wα. Define

Q(ω)|Uα×I = (π∗ωα)⊗Θα.

It is clear that Q(ω)|Wα×I patch together to give Q(ω) ∈ Ω•(Y × I, ξ).
Define

(2.13) ρ01 : Ω
•(Y, i∗0ξ) → Ω•(Y, i∗1ξ)

ω 7→ e−u−1P0χQ(ω)|Y×{1},

where P0 is defined as in the proof of Lemma 2.5.
Suppose (i∗0∇ξ − uιK1+τK2

)ω = −u−1(i∗0χ) · ω. Locally this means that

(2.14) (d+ i∗0θα − uιK1+τK2
)ωα = −u−1(i∗0χ) · ωα.

Then if we compute (∇ξ − uιK1+τK2
)(e−u−1P0χQ(ω)), locally under the basis Θα, we have

(d+ θα − uιK1+τK2
)(e−u−1P0χπ∗(ωα))

=e−u−1P0χ(−u−1d(P0χ))π
∗ωα + e−u−1P0χπ∗(dωα)

+ (θα − π∗i∗0θα)e
−u−1P0χπ∗(ωα) + e−u−1P0χπ∗(i∗0θαωα)

+ e−u−1P0χ(ιK1+τK2
P0χ)π

∗(ωα)− ue−u−1P0χπ∗(ιK1+τK2
ωα)

=e−u−1P0χ[(−u−1d(P0χ)− u−1π∗ ◦ i∗0χ) + (θα − π∗ ◦ i∗0θα + ιK1+τK2
P0χ)]π

∗ωα.

(2.15)

However by homotopy formula, we have χ− π∗ ◦ i∗0χ = dP0χ− P0dχ = dP0χ. So

dP0χ+ π∗ ◦ i∗0χ = χ.

Moreover, by homotopy formula, θα − π∗ ◦ i∗0θα = dP0θα − P0dθα. As θα is horizontal,
P0θα = 0. So θα − π∗ ◦ i∗0θα = −P0dθα.

But (∇ξ − uιK1+τK2
+ u−1χ)2 + uL

ξ
K1+τK2

= 0 tells us that dθα − ιK1+τK2
χ = 0. Noticing

that K1 + τK2 is horizontal, so ιK1+τK2
P0 = P0ιK1+τK2

. Therefore we have

(2.16) θα − π∗ ◦ i∗0θα + ιK1+τK2
P0χ = −P0dθα + P0ιK1+τK2

χ = −P0dθα + P0dθα = 0.

So

(2.17) (d+ θα − uιK1+τK2
)(e−u−1P0χπ∗(ωα)) = −u−1χ(e−u−1P0χπ∗(ωα)),

which gives

(2.18) (∇ξ − uιK1+τK2
)(e−u−1P0χQ(ω)) = −u−1χ(e−u−1P0χQ(ω)).

This shows that ρ01 gives us a homomorphism

(2.19) ρ01 : h
•
τ (Y, i

∗
0∇ξ : i∗0χ) → h•τ (Y, i

∗
1∇ξ : i∗1χ).

It is easy to see that we can define the inverse ρ10 in a similar manner. Just need to replace

the operator P0 by P1 with replacing (π∗ψ)
∫ t

0
f(x, t)dt by (π∗ψ)

∫ 0

t
f(x, t)dt in the definition

of P0. �
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Remark 2.7. We would like to point out that there exist T 2-manifolds with invariant good
covers. For instance, the T 2-invariant tubular neighborhoods of a finite dimensional manifold
in its double loop space.

Now we are ready to prove Theorem 2.2.
Pick an invariant tubular neighbourhood of N of F such that there exists a projection

p : N → F and a T 2-equivariant homotopy

g : N × I → N,

with the property that

g0 = i ◦ p, g1 = id,

p(gt(x)) = g0(x), ∀x ∈ N, t ∈ I.

As i ◦ p = id, we have

i∗p∗ = id : h•τ (F, i
∗∇ξ, i∗χ) → h•τ (N, p

∗i∗∇ξ, p∗i∗χ) → h•τ (F, i
∗∇ξ, i∗χ).

As p(gt(x)) = g0(x), ∀x ∈ N, t ∈ I, we have i ◦ p ◦ g = i ◦ p ◦ π. So
(2.20) g∗p∗i∗(ξ) = π∗(p∗i∗(ξ)), g∗p∗i∗(χ) = π∗(p∗i∗(χ)).

By Lemma 2.5, we have

(2.21) h•τ (N, p
∗i∗∇ξ : p∗i∗χ) ∼= h•τ (N × I, g∗p∗i∗(∇ξ) : g∗p∗i∗(χ)).

Suppose i0 : N → N × I,m 7→ (m, 0) and i1 : N → N × I,m 7→ (m, 1) be the inclusions.
Since i ◦ p = g ◦ i0, we have

(2.22) i∗0g
∗ = p∗i∗ : h•τ (N, p

∗i∗∇ξ : p∗i∗χ) → h•τ (F, i
∗∇ξ, i∗χ) → h•τ (N, p

∗i∗∇ξ : p∗i∗χ).

By Lemma 2.5, i∗0 and i∗1 are both inverse to

π∗ : h•τ (N, p
∗i∗∇ξ : p∗i∗χ) → h•τ (N × I, g∗p∗i∗(∇ξ) : g∗p∗i∗(χ)).

So

p∗i∗ = i∗1g
∗ = (g ◦ i1)∗ = id : h•τ (N, p

∗i∗∇ξ : p∗i∗χ) → h•τ (N, p
∗i∗∇ξ : p∗i∗χ).

Therefore we have

(2.23) h•τ (F, i
∗∇ξ : i∗χ) ∼= h•τ (N, p

∗i∗∇ξ : p∗i∗χ).

On the other hand, g∗ξ, g∗(∇ξ), g∗(χ) have the property that

g∗χ ∈ Ω3
cl(N × I), (g∗∇ξ − uιK1+τK2

+ u−1g∗χ)2 + L
g∗ξ
K1+τK2

= 0.

Also

i∗0g
∗ξ = p∗i∗ξ, i∗0(g

∗(χ)) = p∗i∗(χ),

i∗1g
∗ξ = ξ, i∗1(g

∗(χ)) = χ.

Then by Lemma 2.6, we have

(2.24) h•τ (N, p
∗i∗∇ξ : p∗i∗χ) ∼= h•τ (N,∇ξ : χ).

So we can see that

(2.25) h•τ (F, i
∗∇ξ : i∗χ) ∼= h•τ (N,∇ξ : χ).
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Note that Y = (Y \ F ) ∪N and Y \ F , (Y \ F ) ∩N = N \ F are fixed point free. Then
Lemma 2.3 and Lemma 2.4 (the Mayer-Vietoris sequence) as well as the above isomorphism
give that

i∗ : h•τ (Y,∇ξ : χ) ∼= h•τ (N,∇ξ : χ) ∼= h•τ (F, i
∗∇ξ : i∗χ)

is an isomorphism.

3. Graded T-duality for 2d σ-models

3.1. Review of T-duality. Let Z be a smooth manifold endowed with an H-flux which is
a presentative in the degree 3 Deligne cohomology of Z, that is H ∈ Ω3(Z) with integral
periods (for simplicity, we drop the factor of 1

2π
√
−1

).

Here we briefly review topological T-duality arising for the case of principal circle bundles
with a H-flux. For such a case, one begins with a principal circle bundle π : Z → X

whose first Chern class is given by [F ] ∈ H2(X,Z), along with a H-flux given by some
[H ] ∈ H3(Z,Z). The aim is to then determine the corresponding data arising after an
application of the T-duality transformation.

One method for determining the T-dual data is by focusing on the Gysin sequence asso-
ciated to the bundle π : Z → X , given by:

· · · H3(X,Z) H3(Z,Z) H2(X,Z) H4(X,Z) · · ·π∗ π∗ [F ]∧

Letting [H ] ∈ H3(Z,Z), define [F̂ ] = π∗([H ]) ∈ H2(X,Z), and make the choice of some

principal circle bundle π̂ : Ẑ → X with first Chern class [F̂ ]. Having made such a choice, we

then consider the Gysin sequence associated to the bundle Ẑ over X ,

· · · H3(X,Z) H3(Ẑ,Z) H2(X,Z) H4(X,Z) · · ·π̂∗ π̂∗ [F̂ ]∧

Now using exactness, and the fact that [F ] ∧ [F̂ ] = [F ] ∧ π∗([H ]) = 0, there exists an

[Ĥ ] ∈ H3(Ẑ) such that [F ] = π̂∗([Ĥ]). The following theorem gives a a global, geometric
version of the Buscher rules [11].

Theorem 3.1 ([7]). Let π : Z → X denote a principal circle bundle whose first Chern class
is given by [F ] ∈ H2(X,Z), and let [H ] ∈ H3(Z) denote a H-flux on Z.

Then there exists a T-dual bundle π̂ : Ẑ → X whose first Chern class is denoted [F̂ ] ∈
H2(X,Z) and a T-dual H-flux on this bundle given by [Ĥ] ∈ H3(Ẑ,Z), satisfying

[F̂ ] = π∗([H ]),

[F ] = π̂∗([Ĥ]).

Furthermore, letting Z×X Ẑ = {(a, b) ∈ Z× Ẑ|π(a) = π̂(b)} and considering the following
commutative diagram of bundle maps
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Z ×X Ẑ

Z Ẑ,

X

p p̂

π π̂

then if the two H-fluxes, [H ] and [Ĥ ], satisfy

p∗([H ]) = p̂∗([Ĥ ]),

the T-dual pair is unique up to bundle automorphism, and thus defines the T-duality trans-
formation.

Theorem 3.2 ([7]). Let A, Â denote connection forms on Z and Ẑ respectively, choose

an invariant representative H ∈ [H ] and Ĥ ∈ [Ĥ], and let
(
Ω∗(Z)S

1

, d + H
)
denote the

H-twisted, Z2-graded differential complex of invariant differential forms.
Then the following Hori map:

T : (Ω∗(Z)S
1

, d−H) → (Ω∗+1(Ẑ)Ŝ
1

,−(d+ Ĥ))

ω 7→
∫

S1

ω ∧ e−Â∧A,

is a chain map isomorphism between the twisted, Z2-graded complexes. Furthermore, it
induces an isomorphism on the twisted cohomology:

T : H∗
d+H(Z) → H∗+1

d+Ĥ
(Ẑ).

3.2. Graded T-duality for 2d σ-models. The purpose of the subsection is to establish
the graded T-duality with H-flux for 2d sigma models.

In [16], we introduced graded T-duality. Let us first recap the main results in [16] using
the language of sheaves, motivated by the elliptic sheaves introduced by Berwick-Evans in
[3].

Let M be a smooth manifold carrying a gerbe with connection (H,Bα, Fαβ, (Lαβ ,∇Lαβ)).

Definition 3.3. Define a sheaf (G(M,H), DH) on H of commutative differential graded
algebras that to U ⊂ H assigns the graded complex of O(U)-modules

(3.1) (G(M,H)(U), DH) :=
⊕

m∈Z

(
O(U ; Ω•(M)[[u, u−1]]) · ym, d+ u−1mH

)
,

where y is a variable to indicate the grading.

Remark 3.4. In [16], we constructed global sections of (G(M,H), DH), which have the Jacobi
properties.

Let Γ be a subgroup of SL(2,Z) of finite index. Let L be an integral lattice in C preserved
by Γ. Denote H the upper half plane. A (meromorphic) Jacobi form (c.f. [13, 21]) of
weight s and index l over L⋊ Γ is a (meromorphic) function J(z, τ) on C×H such that
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(i) J
(

z
cτ+d

, aτ+b
cτ+d

)
= (cτ + d)se2π

√
−1l(cz2/(cτ+d))J(z, τ);

(ii) J(z + λτ + µ, τ) = e−2π
√
−1l(λ2τ+2λz))J(a, τ), where

(λ, µ) ∈ L,

(
a b

c d

)
∈ Γ.

A slight extension of the above definition of Jacobi forms was adopted in [16], namely, (i)
we will allow J(z, τ) to take values in the differential forms on a manifold M ; (ii) as J(z, τ)
takes values in differential forms, we don’t require the singular points be poles but only remain
undefined.

A gerbe module over (M, (H,Bα, Fαβ, (Lαβ ,∇Lαβ))) consists of the following data:
(i) E = {Eα} is a collection of (infinite dimensional) separable Hilbert bundles Eα → Uα

whose structure group is reduced to UI, which are unitary operators on the model Hilbert
space H of the form identity + trace class operator. Here I denotes the Lie algebra of UI,
the trace class operators on H.
(ii) on the overlaps Uαβ there are isomorphisms

(3.2) φαβ : Lαβ ⊗Eβ
∼= Eα,

which are consistently defined on triple overlaps because of the gerbe property.
A gerbe module connection ∇E is a collection of connections {∇E

α} of the form ∇E
α =

d+ AE
α , where A

E
α ∈ Ω1(Uα)⊗ I whose curvature FEα on the overlaps Uαβ satisfies

(3.3) φ−1
αβ(F

Eα)φαβ = FLαβI + FEβ .

Let E = {Eα} and E ′ = {E ′
α} be gerbe modules for the gerbe {Lαβ}. Then an element

of twisted K-theory K0(M,H) is represented by the pair (E,E ′), see [6]. Two such pairs
(E,E ′) and (G,G′) are equivalent if E ⊕ G′ ⊕K ∼= E ′ ⊕ G⊕K as gerbe modules for some
gerbe module K for the gerbe {Lαβ}.

Given a gerbe module pair (E,E ′), motivated by the theory of elliptic genus, in [16], we con-
structed the Witten gerbe module pairs {Θ2(E),Θ2(E

′)}, which are elements in ⊕m∈ZK(M,mH)[q1/2],

where q = e2π
√
−1τ . Assembling the twisted Chern character ChH introduced in [6, 23] for

gerbe modules, in [16], we introduced the graded twisted Chern character GChH and showed

that when the degree 4 component Ch
[4]
H (E,E ′) is vanishing,

(3.4)

GChH

(
Θ2(E)

Θ2(E ′)

)
= det

(
θ2(z + u−1(B + FE), τ)

θ2(z + u−1(B + FE′), τ)

)
∈
⊕

m∈Z
Ωev(M)(d+mH)−cl[[q

1/2, u, u−1]]·ym

when u = 1, is the expansion at y = 0 of a Jacobi form of index 0 of the two variables (τ, z)

(with y = e2π
√
−1z) over Z2⋊Γ0(2), where Γ0(2) is an index 2 subgroup of SL(2,Z). Therefore

the expansion of GChH

(
Θ2(E)
Θ2(E′)

)
at y = 0 gives a global section of the sheaf (G(M,H), DH)

with Jacobi property. For details as well as other types of Witten gerbe modules, we refer to
[16].

Back to the situation of T-duality, we will require our data to respect the T and T̂ actions
on the fiber directions.
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Definition 3.5. For the pair (Z,H), define a sheaf (G(Z,H), DH) on H of commutative
differential graded algebras that to U ⊂ H assigns the graded complex of O(U)-modules

(3.5) (G(Z,H)(U), DH) :=
⊕

m∈Z

(
O(U ; Ω•,T(Z)[[u, u−1]]) · ym, d+ u−1mH

)
.

Dually, we can define the sheaf (G(Ẑ, Ĥ), DĤ). Passing to cohomology, we get the sheave
G(Z,H) more precisely, define G(Z,H) by

(3.6) G(Z,H)(U) :=
⊕

m∈Z
O(U ;H(Ω•,T(Z)[[u, u−1]], d+ u−1mH)) · ym.

Similarly one has G(Ẑ, Ĥ) on the dual side.

One can define the graded Hori morphisms as follows. For m ∈ Z, define the level m
Hori map by

(3.7) T∗,m(G) =

∫

T

e−mA∧ÂG,

for G is an T-invariant form on Z and (d−mH)G = 0. As we have

(3.8) mĤ = mH + d(mA ∧ Â),
it is not hard to see that T∗,mG is a T̂-invariant form on Ẑ and

(d+mĤ)(T∗,m(G)) = 0,

similar to the m = 1 case. Define the graded Hori map

(3.9) GHor∗(U) :
⊕

m∈Z
O(U ; Ωk̄,T(Z)[[u, u−1]]) · ym →

⊕

m∈Z
O(U ; Ωk+1,T̂(Ẑ)[[u, u−1]]) · ym

by

(3.10) GHor∗(U)

(∑

m∈Z
ωmy

m

)
=
∑

m∈Z
T∗,m(ωm)y

m,

where
∑

m∈Z ωm · ym, with ωm ∈ O(U ; Ωk̄,T(Z)[[u, u−1]]) and k̄ denotes the parity of k. It
is not hard to see that GHor∗(U) is a chain map. Therefore {GHor∗(U)} gives a sheave
morphism

(3.11) GHor∗ : (G(Z,H), DH) → (G(Ẑ, Ĥ), DĤ),

which we call graded Hori morphism. Passing to cohomology, we have the graded Hori
morphism

(3.12) GHor : G(Z,H) → G(Ẑ, Ĥ).

One can similarly define the graded Hori morphism on the dual side,

(3.13) ĜHor∗ : (G(Ẑ, Ĥ), DĤ) → (G(Z,H), DH),

and

(3.14) ĜHor : G(Ẑ, Ĥ) → G(Z,H).

The main result in [16] can be stated as the following graded T-duality with H-flux
theorem,
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Theorem 3.6.

(3.15) ĜHor∗ ◦GHor∗ = −y ∂
∂y
, GHor∗ ◦ ĜHor∗ = −y ∂

∂y
.

(3.16) ĜHor ◦GHor = −y ∂
∂y
, GHor ◦ ĜHor = −y ∂

∂y
.

Using double loop spaces, we also construct the following sheaves,

Definition 3.7. For the pair (Z,H), let C∞(T 2, Z)H = LLZH be the total space of the circle
bundle over C∞(T 2, Z) as defined in Section 1.2 and define a sheaf (G(C∞(T 2, Z)H ,LH),QH)
on H of commutative differential graded algebras that to U ⊂ H assigns the graded complex
of O(U)-modules
(3.17)

(G(C∞(T 2, Z)H ,LH)(U),QH) :=
⊕

m∈Z

(
O(U ; Ω•,T

bas(C
∞(T 2, Z)H ,L⊗m

H,τ )[[u, u
−1]]K1+τK2) · ym, QmH,τ

)
,

where

(3.18) QmH,τ := ∇L⊗m
H,τ − uιK1+τK2

+ u−1mp̃∗H.

Dually, one can define the sheaf (G(C∞(T 2, Ẑ)Ĥ ,LĤ),QĤ). Passing to cohomology, we

get the sheaves G(C∞(T 2, Z)H,LH) and G(C∞(T 2, Ẑ)Ĥ ,LĤ).

By Theorem 2.1 (using the T and T̂ invariant versions), we have

Theorem 3.8. The restriction maps

(3.19) res : G(C∞(T 2, Z)H ,LH) → G(Z,H), r̂es : G(C∞(T 2, Ẑ)Ĥ ,LĤ) → G(Ẑ, Ĥ)

are isomorphisms of sheaves.

Denote by

GHorσ := r̂es
−1 ◦GHor ◦ res : G(C∞(T 2, Z)H ,LH) → G(C∞(T 2, Ẑ)Ĥ ,LĤ),

ĜHor
σ
:= res−1 ◦ ĜHor ◦ r̂es : G(C∞(T 2, Ẑ)Ĥ ,LĤ) → G(C∞(T 2, Z)H ,LH),

(3.20)

which we call graded Hori morphisms for 2d σ-models. We assemble them into the
following commutative diagram,

G(C∞(T 2, Z)H ,LH) G(C∞(T 2, Ẑ)Ĥ ,LĤ)

G(Z,H) G(Ẑ, Ĥ)

GHorσ

res∼=

ĜHor
σ

r̂es∼=

GHor

ĜHor

By Theorem 3.6, we obtain the following graded T-duality with H-flux for 2d σ-
models

Theorem 3.9.

(3.21) ĜHor
σ
◦GHorσ = −y ∂

∂y
, GHorσ ◦ ĜHor

σ
= −y ∂

∂y
.
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(colloquium in honor of Laurent Schwartz, Vol. 1, Palaiseau, 1983). MR0816738 (document)
[3] D. Berwick-Evans, Supersymmetric localization, modularity and the Witten genus, J. Diff. Geometry, to

appear. [arXiv:1911.11015] (document), 3.2
[4] J-M. Bismut, Index theorem and equivariant cohomology on the loop space, Comm. Math. Phys. 98

(1985), no. 2, 213-237. MR0786574 (document)
[5] R. Bott and L. Tu, Differential forms in algebraic topology, GTM 82. MR0658304 2
[6] P. Bouwknegt, A. Carey, V. Mathai, M. Murray and D. Stevenson, Twisted K-theory and K-theory of

bundle gerbes, Comm. Math. Phys. 228 (2002) 17-49, MR1911247 [arXiv:hep-th/0106194]. 3.4
[7] P. Bouwknegt, J. Evslin and V. Mathai, T-duality: Topology Change from H-flux, Comm. Math. Phys.

249 (2004) 383-415, MR2080959 [arXiv:hep-th/0306062]. (document), 3.1, 3.2
[8] P. Bouwknegt, J. Evslin and V. Mathai, On the Topology and Flux of T-Dual Manifolds, Phys. Rev.

Lett. 92 (2004) 181601, MR2116165 [arXiv:hep-th/0312052]. (document)
[9] P. Bouwknegt and V. Mathai, Review of T-duality (in progress).

[10] Jean-Luc Brylinski, Loop spaces, characteristic classes and geometric quantization, Progress in Mathe-
matics, 107, Birkhauser Boston, Inc., Boston, MA, 1993. MR1197353 1.2, 1.2, 1.2

[11] T. Buscher, A symmetry of the string background field equations, Phys. Lett. B 194 (1987), no. 1, 59-62.
(document), 3.1

[12] J. Duistermaat and G.J. Heckman, On the variation in the cohomology of the symplectic form of the

reduced phase space, Invent. Math., 69 no.2 (1982) 259-268. MR0674406 (document)
[13] M. Eichler and D. Zagier, The Theory of Jacobi Forms, Progress in Mathematics, vol. 55. Birkhäuser
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