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Abstract: In this paper, we construct for the first time, the Witten genus and elliptic
genera on noncompact manifolds with a proper cocompact action by an almost connected
Lie group and prove vanishing and rigidity results that generalise known results for
compact group actions on compact manifolds. We also compute our genera for some
interesting examples.
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Introduction

In 1970, Atiyah and Hirzebruch [4] proved a striking result, showing that if a compact
connected group of positive dimension acts non-trivially on a compact Spin manifold,
then the equivariant index of the Spin Dirac operator vanishes, and in particular, the A
genus of the compact manifold also vanishes. In 1980s, Witten studied two-dimensional
quantum field theories and the index of Dirac operator in free loop spaces. In [37], Witten
argued that the partition function of a type II superstring as a function depending on the
modulus of the worldsheet elliptic curve, is an elliptic genus. In [36], Witten derived a
series of twisted Dirac operators from the free loop space L M on a compact Spin man-
ifold M. The elliptic genera constructed by Landweber—Stong [19] and Ochanine [30]
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in a topological way turn out to be the indices of these elliptic operators. Motivated by
physics, Witten conjectured that these elliptic operators should be rigid. The Witten con-
jecture was first proved by Taubes [31] and Bott—Taubes [7]. In [22], using the modular
invariance property, Liu presented a simple and unified proof of the Witten conjecture.
In [23], continuing the Witten—Bott—Taubes—Liu rigidity theorem, Liu discovered vast
generalizations, in particular a profound vanishing theorem for the Witten genus under
the condition that the equivariant first Pontryagin class p1(M)q1 =n - 7*u?, which, as
observed by Dessai [11], when the S L_action is induced from an S3-action, is equivalent
to that the manifold is string, i.e. the free loop space is Spin [28]. Later Liu-Ma [24,25]
and Liu-Ma-Zhang [26,27] generalized the rigidity and vanishing theorems to the family
case on the levels of equivariant Chern character and of equivariant K -theory. On the
other hand, in algebraic geometry, Totaro [32] used the rigidity theorem for complex
elliptic genus to study the question of which characteristic numbers can be defined on
compact complex algebraic varieties with singularities.

In [13], Hochs and the second author extended the Atiyah-Hirzebruch theorem in
another direction, to the non-compact setting. More precisely, let M be a complete
Riemannian manifold of even dimension, on which an almost connected Lie group G
acts properly and isometrically. Suppose M /G is compact and M has a G-equivariant
Spin-structure. Suppose G/K 1is even dimensional and G-Spin, where K is a maximal
compact subgroup of G. Let

indexg (Ju) € Ko(CrG)

be the equivariant index of the associated Spin-Dirac operator. Here Ko(C}G) is the K -
theory of the reduced group C*-algebra of G, and index denotes the analytic assembly
map used in the Baum—Connes conjecture [6,16]. Atiyah and Hirzebruch’s vanishing
result generalises as follows in [13]. If there is a point in M whose stabiliser in G is not
a maximal compact subgroup of G (this condition is called properly nontrivial) and K
has positive dimension, then

indexg(@a) = 0 € Ko(C)G).

The following fact follows immediately from the theorem above and Theorem 6.12
proved by Wang in [34]. Under these hypotheses, one has

0 = 7, (indexg (F 1)) =/ c-AM), (0.1)
M

where ¢ € C2°(M) is a cutoff function, that is a non-negative function satistying

/ c(gflm) dg =1, 0.2)
G

and T : C}(G) — C denotes the von Neumann trace. The right hand side of (0.1)

is independent of the choice of cut-off function ¢ and can be viewed the “averaged A
genus”.

In this paper, we generalise the definitions of the Witten genus and elliptic genera
to the situation of proper cocompact Lie group actions on noncompact manifolds and
study their properties. In particular, we establish vanishing and rigidity properties of
the equivariant Witten genus and the equivariant elliptic genera respectively. We also
compute our genera for some interesting examples to illustrate the difference between
these noncompact genera and the usual genera.
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This would be a significant infinite dimensional generalisation of [13] and should
lead to significant advances. Atiyah and Hirzebruch’s vanishing theorem for the A genus
on compact Spin manifolds with a nontrivial action of a compact connected Lie group,
sparked widespread international interest, especially after Witten generalised their result
to the rigidity of elliptic genera and Liu’s discovery of vanishing theorem for Witten
genus, which can be viewed as infinite dimensional analogs of the Atiyah-Hirzebruch
theorem. Our vanishing and rigidity theorems in this paper is the first result of this type
in the noncompact world. The innovation in our paper is to significantly generalise the
method quantisation commutes with induction to cover the case of the Witten genus
and elliptic genera. More precisely, we establish quantisation commutes with twisted
induction diagrams, generalising quantisation commutes with induction theorems in the
literature.

Let G be an almost connected Lie group and suppose that G acts properly and
cocompactly on a smooth manifold M. Let K be a maximal compact subgroup of G. A
theorem of Abels [1] shows that M can be realised as a fibre bundle over G/K with fibre
a compact K-manifold N. Thatis, M = G xg N. Suppose G/K has a G-equivariant
Spin-structure and M has a G-equivariant Spin-structure, then by the 2 out of 3-lemma,
N has a K-equivariant Spin structure, and conversely. From now on, we will assume
that dim M and dim(G/K) are even. Let p be a complementary subspace for the Lie
algebra £ of K in the Lie algebra g of G that it is invariant for the adjoint action of K and
we endow p with a K -invariant euclidian metric. The above assumption means that the
homomorphism K — SO(p) lifts to Spin(p). Let R(K) be the complex representation
ring of K. Then one has the quantisation commutes with induction diagram [12,13]:

indexg

K (M) Ko(C}G) (0.3)
K—IndgT TD-Indg
Ké((N) index g R(K)

where KOG (M) denotes the equivariant K-homology of M, the left vertical arrow is
analytic induction from K to G and the right vertical arrow is the Dirac induction from
K to G. See [12,13] for the details.

Our proof of the vanishing of Witten genus essentially requires us to establish the
commutativity of the following diagram:

indexg (e ®O(TcM, 7))

K& (M) Ko(CFO)llqll , (0.4)
K —IndgT TD-Indﬁg
K(f (N) indexg (¢ ®O(TcN,7)) R(K)[[q]]

where D-IndlL‘g(o) = indexg (#g/xk ® O(pc, T) ® o) is aloop version of Dirac induc-
tion. Our proof of the rigidity of the elliptic genera essentially requires us to establish
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the commutativity of the following diagrams:

indexg (¢ @AY (TM)BA™ (TM))cRO(TcM,1))

1
K§ (M) Ko(C7G)llg2]]  (0.5)
K—Ind§ T TDI -Indf¢
KK(N) indexg (¢ QAY(TN)DA™(TN))cR®O1(TcN,T1)) R(K)[[q%]]
0
and
indexg (s ®O2(TcM, 7)) 1
KS (M) os =t Ko(Cr®llg>1 . (0.6)
K—Ind§ T TDZ-Indﬁg
indexg (o ®©,(TcN,1)) 1
KE V) L R(K)llg>1]

where D1-Ind£2 is a loop version of Dirac induction given explicitly by

indexg (Jg/x ® (AT (p) @ A™(P)c Q@ O1(pc, 7) ® o)
and D2-Indég is a loop version of Dirac induction given explicitly by

indexg (J6/xk ® @2(pc, T) ®@ o).

Here A*(TM) & A~ (T M) stands for the space of the spinor bundle and similarly for
T N and p. The constructions of ®, ®;, j = 1, 2 are given in in Sect. 2. These diagrams
generalise diagram (0.3) without g.

The paper is organized as follows. In Sect. 1, we give some preliminary concepts and
results used in the paper. In Sect. 2, we give the construction of the Witten genus and
elliptic genus for the proper actions, both the averaged version and the equivariant ver-
sion. We present our main results about these genera, including modularity, a miraculous
cancellation formula as well as vanishing and rigidity results. We also present the explicit
formula for the genera for a class of interesting examples related to G = SL(2, R) and
leave the computation to the last section. In Sect. 3, we give the proof of the vanishing
theorem. We prove the rigidity theorems in Sect. 4. In Sect. 5, we give the detailed com-
putation for the genera of the examples. In Appendix, we study noncompact equivariant
Witten genus and equivariant elliptic genera in the situation that G/K is not G-Spin.

1. Preliminaries

This section contains some preliminary concepts and results used in the paper.

Let G be a locally compact, almost connected Lie group. In this paper, we will use
the reduced C*-algebra of G, denoted C;(G), which is the completion in the operator
norm of the convolution algebra of integrable functions L'(G) with respect to a Haar
measure, viewed as an algebra of bounded operators on L%(G).

The K-theory of C}(G), denoted Ko(C}(G)), is by fiat the Grothendieck group
generated by stable equivalence classes of finitely generated modules over C(G).

If K is a compact connected Lie group, denote by R(K) the representation ring
of K, which is the free abelian group generated by equivalence classes of irreducible
representations of K. It is well known that R(K) = Ko(C}(K)).
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For example (cf. [33]), when G = SL(2, R), the reduced group C*-algebra C}(G),
is Morita equivalent to

Co(R/Za) P Co®) x Zo P C.

neZ\{0}

In the last term, there is a copy of C for each discrete series representation of G. Using
the fact that K-theory is Morita invariant and that the second term contributes a factor
of Z whereas the first term doesn’t contribute to K -theory, one has

Ko(C}(G)) = P zinl,

nez

where Z[n] = Z.

There is a canonical morphism, D-Indg : R(K) — Ko(C](G)) called Dirac
induction, defined as follows. Assume that G/K is G-Spin, which is always the case for
a double cover. Given a unitary representation p : K — U (V) of K, form the G-vector
bundle V, = G x¢ V — G/K over G/K. Let g,k denote the Dirac operator on
G/K. Then

D-Ind$ (p) = indexg (Jg,xk ® V) € Ko(C}(G)).

The central Connes-Kasparov conjecture (cf. [6,15]) states that the Dirac induction is an
isomorphism. It has been proved for reductive Lie groups by [17,18,35] and in general
by [8].

Let G act properly, cocompactly on a manifold M. By aresult in [29], for any almost
connected Lie group G, the equivariant K -theory K g(M ) is the Grothendieck group
generated by stable equivalence classes of finite dimensional G-vector bundles over
M. We will be assuming that M is either G-Spin or G-Spin®. In either case, there is a
Poincaré duality isomorphism in K -theory (cf. [12]),

K2(M) — K§(M), E— J®E,

where K 5; (M) denotes the equivariant K -homology of M, which is therefore generated
by twisted Dirac operators.

The equivariant index is defined by Kasparov using bivariant K -theory machinery.
Using induction to the twisted crossed product (cf. [16])

jc : K§ (M) — KKo(Co(M) x G, C}(G)),

and a cutoff function ¢ on M (see (0.2)), it defines an idempotent [c] € K Ko(C, Co(M) x
G), the equivariant index is by fiat the Kasparov intersection product (cf. [16]),

indexg (# ® E) = [c] ®cymyxc jo([F @ E]) € Ko(Cf(G)).

2. Witten Genus and Elliptic Genera for Proper Actions

In this section, we introduce the Witten genus and the elliptic genera for proper actions
and present the main results about them to be proved in the next sections.
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2.1. Witten genus and elliptic genera for proper actions: modularity. Let G be an almost
connected Lie group and suppose that G acts properly and cocompactly on a 4k dimen-
sional manifold M. .

If E is a complex vector bundle over M, set E = E — Ck(E) | Recall that for an
indeterminate ¢,

A(E)=Cly +tE+1*A*(E)+---, S{(E)=Cly+1E+t*S*(E)+---,(2.1)

are the total exterior and symmetric powers of E respectively. The following relations
between these two operations hold (c.f. [3]),

A(E—F) = M

S{(E) = =
t

) 2.2)
A_+(E)
Letg = ™ V=Tt with T € H, the upper half complex plane.
Introduce three elements ([36]) in K (M)[[q 3 1], which consist of formal power series
in q% with coefficients in the K-group of M:

o
O(TcM., 7) = Q) Sqr (TeM), (2.3)

n=1
o o oo o

O1(TeM, 1) = R) Sy (TeM) @ R) Agn (Te M), (2.4)
n=1 m=1
o . o0 o

O (TeM, 1) = (X) Sy (TeM) @ (X) A_ ey (Teh). (2.5)
n=1 m=1

One can formally expand these elements into Fourier series,

O(TcM, 1) = Wo(TcM) + Wi (TcM)g + - - -, (2.6)
O1(TeM, 7) = Ag(TeM) + A{(TeM)g? +-- -, 2.7)
©>(TcM, ©) = Bo(TeM) + By (TeM)gZ + - - - . (2.8)

Let VI'™ be a G-invariant connectionon T M and RTM = (VTM )2 be the curvature of
VTM Suppose E is a G-equivariant complex vector bundle over M, VE is a G-invariant
connection on E and RF is the curvature of V£.

Define
AC(M; E):/MC.A(M)ch(E), (2.9)
L(M; E) = /Mc.i(M)ch(E), (2.10)
where
gRTM

A(M) —det!/?| —84r —
sinh (“{‘—?RTM)
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and
V=1 pTM
= R

L(M)=det'? | — 2= —
tanh (4£7T]RTM)

are the Hirzebruch A-form and L-form respectively and

ch(E) =tr |:exp (gRE>:|

is the Chern character form.

A°(M; E) and L°(M; E) are independent of the choice of the cutoff function ¢ and
the connections [34].

The virtual bundles W;(Tc M), A; (Tc M) and B;(Tc M) carry connections induced
from VM,

Define the Witten genus of (M, G) by

95 (M, 1) = AS(M; ©(TcM, 1)) € Rl[q]]. @.11)
That is,
95 (M, T) = AS(M) + A(M; Wy (TcM))q + - - - € Rl[q]]. (2.12)

Define the elliptic genera of (M, G) by

¢ (M, 1) = L°(M; ©,(TcM. 7)) € R[[g2]], (2.13)
GS(M, 1) = A°(M: ©x(Tc M., 1)) € Rl[g?]]. (2.14)
That is,
OS(M, T) = LE(M) + LE(M; A\ (TcM))q? +- - € Rl[q?]]. (2.15)
GS(M, 1) = A°(M) + A°(M; By(TcM))gZ +- - € R[[q2]]. (2.16)

These genera can be viewed as “averaged Witten genus and averaged elliptic genera”
of M. To illustrate the difference between these averaged genera and the usual genera,
we explicitly compute them in the following examples.

Example 2.1. Let S' act on the complex projective space CP?~! by
Mzo, 21, -0 h 220-11 = [A%020, A% 21, oo, A 2], (2.17)

such that g;’s are distinct integers and Zizz:?)l a; is even.

Let S! be the subgroup of SL(2, R) of matrices of the form cos 6 —sind . Then
sinf cosf

M = SL(2,R) xg CP?"!

is a 4l-dimensional manifold with proper and cocompact SL(2, R) action.
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Consider the two-variable series

oo [ Ser) (o Zooe)

n=1

iﬂT e !
(=

las |
= _k21> [Th2 (1 = Alas=ailgny (1 — a~las=ajlgm)
(2.18)

As Z l= ! a; is even, it is not hard to see that in the above series the coefficient of each
q" is a Laurent polynomial of A with integral coefficients. Denote the above series by

PG a7 o aT LA g, (2.19)

Then the Witten genus of M is

oy (M, 1)
=P(..,—|—n|,—|—-n+1|,-1,0,—-1,...,—|lm — 1|, —|m|, ...; q) € Z[[q]],
(2.20)
i.e. the g-series obtained by replacing each A" with —|n — 1] in P.
For the elliptic genera, one has
¢(M,7) =0, p5(M,7)=0. (2.21)

The detailed computation will be given in the last section of this paper.

Let
ab
st = { (1)

as usual be the modular group. Let

s=(19) 7=(o1)

be the two generators of SL5(Z). Their actions on H are given by

a,b,c,d €7, ad—bc:l}

1
S:1T—>—, T:t—>1+1.
T

Let
ab
Fo(2) = { ( d> € SLy(Z)

r’Q) = {(j Z) c SLZ(Z)'bEO (mod 2)}

c=0 (mod 2)}

be the two modular subgroups of SL,(Z). It is known that the generators of ['g(2) are
T, ST?ST, while the generators of I'°(2) are ST S, T2ST'S (cf. [9]).
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Proposition 2.2 (Modularity).

(i) If the first G-invariant Pontryagin class pj G(TM) =0, then @y (M, T) is a modular
Sform of weight 2k over SLo(Z).

(ii) ¢{ (M, T) is a modular form weight 2k over T'o(2), while 5 (M, T) is a modular form
weight 2k over T'°(2). Moreover, the following identity holds,

c 1 2k
?1 (M,—;> Q)T ey (M, 7). (2.22)

Proof. The proof here essentially follows [21] with performing the modular transforma-
tions on the level of forms and taking care of the G-invariance and the cutoff function.

Recall that the four Jacobi theta-functions (c.f. [9]) defined by infinite multiplications
are

2

0(v. 1) = 2¢"* sin(rv) [J101 = ¢))(1 = 27V Toghy(1 — eV T0g)), (2.23)

]:

3

61(v, 1) = 2¢"/8 cos(rv) [ I(1 — g (1 + 2™V ogl) (1 + 72V Tog )], (2.24)

j=1
02(v.7) = [ [1(1 = g/)(1 = 2™Y7l0gi =12 (1 — 72V Tgd =12y (25
j=1
63(v. ) = 10 = /) (1 +2V10gI 712y (1 4 o727V Tug =12y (2.26)

]:

where g = eznﬁ’, T e H.

They are all holomorphic functions for (v, t) € C x H, where C is the complex plane
and H is the upper half plane.

One can express the Witten genus and the elliptic genera by using the theta functions
and curvature as follows (cf. [10,21])

RT™ ¢/(0, 1)
o5, (M, r):/ ¢ - det? ( AT 2.27)
% 4n? o(RTL 1)
™
: R™ ¢'0,7) 01(55. 1)
w?(M,r)zzz"/adet% ~ 200 A . (28
M A ok, ) 0100.7)
. RTM 0'(0,7) (55, 1)
¢3(M,r)=/ c-det? (TM” 2T (2.29)
M 4 e(Ij?,r) 62(0, 7)

The theta functions satisfy the the following transformation laws (cf. [9]),

1 T 172 J=T1 2
0(v, r+1)—e = 0(1) 7), Q(v,—l/t)zﬁ(ﬁ> VTV (v, 1)
(2.30)
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1/2
b T+1) =T 0,(v. 7). 6 (v,—l/t):(%) VT, (00, 1)

2.31)
r \'? 2
(v, T+1) =63(v, 1), 6 (v, —1/7) = (— TV Ty (2.32)
=)
r \!/? 2
O30, T+1) = 6>(v, 7), 63 (v, —1/7) = (d__1> TV g 2y 7). (2.33)

By applying the Chern root algorithm on the level of forms (over certain ring extension
(C[/\)%T*M 1 C R’ for each x € M, cf. [14] for details) and the transformation laws of
the theta functions, we have

‘ RTM)2 R™ 90, 1)
¢ (M. —1/7) = 2k/ R g —a . 34
Py ( /T)=1 MC e et 4n2 Q(RTM ( )

If p} G(TM) =0, then tr (47112 (RTM)Z) = dw for some G-invariant form w. Then

RTM RTM 9
[ e (a7 gord (K22 (ng>
M 4 9(R 7)

R™ 90,1
:r2kf ¢ det? (4 —R(TM ) ) (2.35)
M 9(471—2,7)
1 TM\2
" Kz ®2) =1 00, 7)
+7T /c-d w - . det? = RTM
M tr(m(RTMﬂ) 7 (85 )
tr ‘;Z(RTM)z 1 ,
Howeversincew~e<4l—> e 15‘71;4 Q(TOA;,T) is G-invariant and c is the cutoff
tr(m(RTMﬂ) AT SN

function, we see that the second term in the above formula is 0. So we have
oy (M, —1/7) = ¢l (M, 7). (2.36)
One also easily verifies that
oM, T +1) = ¢y (M, 7). (2.37)

Therefore (i) follows.
Similarly, one can show that

oS(M, —1/7) = QU)* S (M, T), ¢S(M, T+ 1) = ¢S(M, 7). (2.38)

Since the generators of I'g(2) are T, ST2ST, while the generators of rYw) are
STS, T?ST S, the modularity in (ii) follows. o
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Remark 2.3. In the above proposition, we use the Chern-Weil definition of G-invariant
the Pontryagin class p1G (T M). The total G-invariant Pontryagin form of a G-equivariant

vector bundle E with G-invariant connection V¥ is defined as (cf. [38])

G E L RF ?
p (E,V®) =det2 | I — 5) . (2.39)

Splitting by degrees, one has
pC(E, VE) =1+ pl(E, VE) + pS(E, VE) + ... pS(E, VE), (2.40)

such that piG (E,VE) € Q¥(M). The G-invariant Pontryagin classes pl.G (E) are the
G-invariant cohomology classes represented by piG (E, VE) in the G-invariant de Rham

cohomology Hi(M)C. Explicitly, plG(E, VEy =tr (#(REF) .
Following [21], there exists a miraculous cancellation formula on the form level,

(5]
(L) = 3" 23S A(M)eh(h (T M))) P, (2.41)
Jj=0

where each h;(TcM) € Kg M),0 < j < [’%] is an integral linear combination of
Bi(TcM), 0 < i < j, generalizing the celebrated Alvarez-Gaumé-Witten miraculous
cancellation formula [2] in dimension 12. Suppose M is G-Spin. Multiplying ¢ on both
sides, integrating over M and applying Wang’s index formula [34], we get the miraculous
cancellation formula for proper actions

1
T(indexg(Zu) = 3 2% e, (index (7, ")), (2.42)
j=0

where %)y is the signature operator.

2.2. Witten genus and elliptic genera for proper actions: vanishing & rigidity . In this

subsection, we introduce the equivariant Witten genus and the equivariant elliptic genera.

We will always assume that G is an almost connected Lie group that acts properly and

cocompactly on a 4kdimensional manifold Mwith a G -equivariant Spin structure.
Define the G-equivariant Witten genus by

ow,c(M, ) = indexg (I m ® O(TcM, 1)) € Ko(CF(G)q]]. (2.43)
That is,
ow,c(M, t) = indexg (dp) +indexg (I @ Wi(TcM))g +--- . (2.44)

Then 7, (<,0W,G(M)) = ¢y (M), where T : C(G) — C denotes the von Neumann trace
as above.
Define the G-equivariant elliptic genera as

¢1.6(M, 7) = indexg (% R) ©1(TcM. 1)) € Ko(CH(G)?]], (245
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92.6(M, 7) = indexi (I (R O2(TeM, 1)) € Ko(CHGNI* Tl (2.46)
That is,

01.6(M, 7) = indexg (By) + indexg (By @ A|(TeM))g? +---,  (2.47)

¢2.6(M.7) = indexg () +indexg (Fy ® Bi(TcM))g? +---.  (2.48)

Then T, ((pi’G(M, 1:)) = @{(M,7),i = 1,2, where T : C}(G) — C denotes the von
Neumann trace as above.
For the Witten genus, we conclude the following vanishing result.

Theorem 2.4 (Vanishing). Suppose G is simply connected and G /K has G-Spin struc-
ture with K being a maximal compact subgroup. If M is string and the G-action is
properly non-trivial, then the G-equivariant Witten genus vanishes, i.e. ow.c(M, 1) =
0 € Ko(C}(G))llg]l. By taking von Neumann trace, we see that the Witten genus van-
ishes, i.e. py,(M, T) = A°(M; &R BO(TcM, 1)) =0 € R[[q]].

For the elliptic genera, we obtain the rigidity results to be stated in the following.
Consider the g-series:

| — 1
(D)= 7+46) D dg" = +6q+6q7+ -, (2:49)
n=1 dn
d odd
Q- 1
— d i3 _ 2
81(r)_R+ZZ(—1)dq”_E—q+7q +ee (2.50)
n=1 din
1 > 1
82(T)=—§—3Z qu"/2=—§—3ql/2—3q—~-, (2.51)
n=1 dn
d odd
o0
e2(7) = Z Z B =q¢"?+8q+- . (2.52)
n=1 djn
n/d odd

Note that 451 (), 16e1(7), 852(7) and &3(7) are a_ll integral g-series.
For an integral g-series ag + alq% +---+ a,-qli +---, one can view it as an element
in R(K)[lq 1] as
1 i
aO'[(C]"'al .[C]q§+...+ai [C]q§+ ,
where C stands for the trivial representation of K.

Theorem 2.5 (Rigidity). Suppose G/K has G-Spin structure with K being a maximal

compact subgroup. Then in KO(C;“(G))[[q%]], ¢1,6(M, T) is an integral linear combi-
nation of

[Fe/x ® (A () & A~ (P)c ® O1(pc, T) ® ((481(2)* (1661 ()]
in Ko(Cf(G))[[q%]], 2.6 (M, ) is an integral linear combination of

[F6/x ® O2(pc, T) ® ((882(1))*(2(x)?)].
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3. Loop Dirac Induction: Proof of Vanishing

In this section, we give the proof of the vanishing theorem.

We will first need a technical lemma. Let  : K — SO(E) be a representation of K
on E. Complexifying E gives a Hermitian metric on E¢ and an induced representation
n : K — U(Ec). Using n, one can construct an Hermitian bundle £, = G xg ; Ec
over G/K.

Define the (E, n)-twisted Dirac induction

D-Ind§ . : R(K) = Ko(C}G) (3.1
by twisting the value of the Dirac induction map to be indexg(§g/xk ® E; ® o) €
Ko(C}(G)).

Letw : M — G/K be the projection. Let V be a K -equivariant bundle over N. Then
it is not hard to see that one can patch the K -equivariant bundle V to be a G-equivariant
bundle over M, which we denote by 7.

Lemma 3.1. The following identity holds,

D-Ind§ . (indexx ([} ]) = indexg ([71,>" ©)). (3.2)

Proof. Since M is a G-Spin manifold, every element of K(? (M) is represented by a
twisted G-equivariant Dirac operator, see Sect. 1. The Lemma is a consequence of
Sect. 2 as well as Proposition 22 and Remark 20 in [12]. O

Now we are ready to give the proof of the vanishing theorem.

Proof of Theorem 2.4. Note that after choosing a connection on the fiber bundle M —
G /K, we have the following decomposition

TeM = TEM & 7*(Te(G/K)), (3.3)

where TV M is the vertical tangent bundle.
As the Witten bundle ® is multiplicative and functorial, so we have

O(TcM, ) Z2O(TEM, 1) @ O(r*(Te(G/K)), 1)
= O(TEM, 1) @ ¥ (O(Te(G/K), 1)). (3.4)

Therefore
Wo(TeM) = @iy j—r Wi(TEM) ® W (Te(G/K)). (3.5)

It is not hard to see that Tc(G/K) is obtained by the adjoint representation p : K —
U (pc). This p in turn induces a series representations

pi : K= UW;(pc)),i=0,1,..., (3.6)

each corresponding to the virtual bundle W;(Tc(G/K)) over G/K.
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By Lemma 3.1, we have

indexg () "My

. ivj=r Wi (TAM *Wi(Tc(G/K
zlndeXG(aiJﬁ ((C )R ]( c(G/K)))

. f v * . G
Z deXG(aAVZ (TEM)RT*W; (T ( /K)) 3.7)
i+j=r

. Wi(TeN
= Z D—Indg’ Wj(pc)(mdexK(aN (TeNyy,

i+j=r

Assembled into g-series, one has

0 0
> indexg @y M)g" =3 (" Dnd§ o Gindexk (TN

r=0 r=0 i+j=r

Now K acts notrivially on N, and K is covered by conjugate classes of maximal torus
in it, maximal tori in K act nontrivially on N. Let T be a maximal torus. Since circles
are dense in T, there exists a S' in T acting nontrivially on N. If the S!-action has no
fixed points, then equivariant Witten genus of N vanishes by the Atiyah—Bott—Segal—
Singer—Lefschetz fixed point formula. Suppose that there are some fixed points. Let £ K
be the universal K -principal bundle over the classifying space BK of any topological
group K. We have the Borel fibre bundle

N5 N xx EK 5 BK.

By our assumption K is simply connected. As K is the deformation retraction of G,
K is also simply connected and hence BK is 3-connected and H*(BK,7Z) = 7. We
therefore see that there exists a commutative diagram

0 —— H*(BK) —"—> H*(N xx EK) —"> H4(N)

.

H*(BS'") —"= H*(N xg ES") T HA ),

such that the first row is exact, and maps to the second row by restricting the action to
st
When restricted to one slice, we have

TM|y =TN & pn, (3.8)

where py is the trivial vector bundle over N with fiber p. Since T M is string, TN is
also string. Therefore p; (T N) = 0. Hence by the exactness of the first row, one has
pI(TN)x =n-n*q, whereq € H*(BK, Z) = Zis the generator. Restricting to the sec-

ondrow,we get p1 (T N)g1 = n-*u?, where u? is the generatorofH4(BSl, 7). By The-

orem 61in [23], we have the S!-equivariant Witten genus Y 2o indexgi (ax" (TCN))qi =0,

in particular, we see that the Witten genus Y oo index(a]‘/\‘,}"(T‘CN))q" = 0. On the other

hand, if a circle in T acts trivially on N, then the equivariant Witten genus is a constant,
i.e. the Witten genus of N, which is equal to 0. Hence the circle equivariant Witten genus
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for circles in T are all 0. Since circles are dense in 7', we see that the T-equivariant Wit-

ten genus Y o, indexy (&}X‘//"(T‘CN ))qi = 0 and hence the K-equivariant Witten genus

Y indexg (75 "™)g! = 0 and consequently

indexg (7 "My =0, vr.

So

ow.c(M, 1) =Y indexg(#y "M)g" = 0 € Ko(C}(G))lIg]].
r=0

4. Loop Dirac Induction: Proof of Rigidity

In this section, we study the rigidity of the equivariant elliptic genera. To understand the
statement of Theorem 2.5 more clearly, let us look at the g-series with coefficients in
Ko(C}(G)):

Fi(7) := [fo/x ® (AT (p) ® A™(0))c ® O1(pc, ] € Ko(C7(G), (4.1
Fy(7) = [#6/k ® O2(pc, T)] € Ko(C/(G), (4.2)

which appear in Theorem 2.5. Explicitly, the first several terms are
O1(pc, 7)

=) Sgn(hc)A g2 (C) & Q) Agn (pc)S—gn (C?)

n=1 m=1
=(C+pcq +5%peg® +--)(Cpeg’ +---)
(C—Cl +A*Ci*+--H)(C=C%*+--)
(C+pcq + A*pcg® +--)(C+peg® +--+) 4.3)
(C—C% +8*Cl4%*+-- NC=Ci%+--)
=(C+2pcq + (pc ® pc + S*pc + A?pcM)g® + -+ )(C +2pcg” +---)
(C—2C% +(C?T@C+ 82C4 + A°Cg? +-- ) (C —2C%g% +--)
=(C+2pcq +2(pc +pc ® po)g” +---)(C =20 +2(CT @ C —CHg +---)
=C+2(pc — Cq +2[pc ® pc — 2d — Dpc +C/@ Vg +...

where the “ - - are the terms involving ¢/’s with j > 3. So

Fi(7)
=[Jc/xk ® (AT (p) ® A~ (p))cl+2[dc/x @ (AT(H) & A~ (p))c ® (pc — Ch1g (4.4)
+2[J6/x ® (AT (P) & A~ (P)c ® (pc @ pc — (2d — Dpc +CI4"Myjg? 4 ..
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where the “ - -~ are the terms involving ¢/’s with j > 3.
O (pc, 7)

o0 o
= (Xl) Sqn(pe)A g (CH @ X Ay GO)S ) (€D
n= m=1

1 (4.5)
=(C+pcg+--)C—Clq+--)(C—pcg? + A*pcg +---)
C+ qu% + Cd(d;l)q +--0)
ds 1 2 d(d—1)
=C—(pc—CHq2+(A%pc —(d —Dpc+C 7 )g+---
where the “ - -~ are the terms involving ¢/’s with j > % So
1
Fx(t) = [#6/k1 = [#6/x ® (pc — CHlg?
dd—1)
+d6/k ® (A’ — (d = Dpc+C ™7 lg+---, (4.6)
where the . - - are the terms involving ¢/’s with j > %

Proof of Theorem 2.5. Suppose the dimension of N is 4m. Denote the elliptic genera of
N by Pi(N, t) and P>(N, 7). It is known that P (N, t) is an integral modular form of
weight 2m over I'g(2); while P,(N, 1) is an integral modular form of weight 2m over
I'%(2). Moreover, the following identity holds,

Pi(N, —1/1) = 21)*" P,(N, 7). (4.7)
If T is a modular subgroup, let M (I") denote the ring of modular forms over I" with
integral Fourier coefficients. O

Lemma 4.1. (cf. [23]) One has that 61(t) (resp. €1(1)) is a modular form of weight
2 (resp.4) over I'g(2), 62(t) (resp. e2(1)) is a modular form of weight 2 (resp. 4) over
'%2) and moreover M(I'°(2)) = Z[88:(1), £2(z)]. Moreover, we have transformation
laws

1 ) 1 4
) —C)=T 81(2), &2(7) —C)=T e1(7). (4.8)
One can apply Lemma 4.1 to P,(N, 7) to get that
Py(N, 7) = ho(882())" + h1(882(r))" 2ea(t) + - - + hym (882(7)) " e2(1) 2 1(4.9)

where m = 0 if m is even and i = 1 if m is odd, and each 4, (TcM),0 < r < [F],is
an integer. Actually they are all indices of certain twisted Dirac operators on N.
By the above two relations, one has

Pi(N, 1) =22”’T%P2(N, ~1/7)
=22’"T%[h0(882(—1/r))m + 11 (882(—1/0))" Pea(—1/7) + - -
+hpy) (882(-1/) " (ea(=1/m) *] (4.10)
—2m [h0(881 ()" + 1 (881(1))" 261 (2) +- - + (83 (r))’hsl(r)l%l]

=23 o (481 (7)™ + 2% Oh (48, (1)) 2
(1681(1)) + -+ 23" UF (481 (1)) (1661 (1)) 2.
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By the similar steps in the proof of vanishing theorem 2.4, we have

. A (TeM)\ G . Ai(TcN)
indexc (%), ) = Z D-IndK’ A (OB (P)BA~ (P))e (index g (% ).
i+j=r
4.11)
So we have
v1.6(M, 7)
o .
= Z indexg (%X,,V’ (TCM))q 2
=0 (4.12)
o0
_ G : Ai(IcN)
=D-Indg (a+proa-pnesorme.n (Z indexx (By )> :
i=0
By the Witten—Bott—Taubes—Liu’s rigidity theorem, one sees that
0
> indexk (%3 M) = PV, 7) - [CIL.
i=0
Hence we have
v1.6(M, 7)
_A3 G
=2""ho D-Indg  ne )00 (9))c@0; (o0 (91(T)™) w13

3m—6 G -2
+ 27"y D-Ind s (oA~ (p))c00) (pe. ) (401(2)" (1661 (7))

3m—6[2] G 7 [5]
+o A 27 hp DeInd g (av(py@a- () c@0) (pe.r) (401" (1661 (2))127).

Similarly, we can show that

v.6(M, )
=ho D-Ind§ o, (. 1 (B82(1)™) +h1 D-Indg g, . o ((882(r)"™)(882(1))" *ea(T))
oot hpn DAY g, 00 ) (882(1)")(882(7)) e (1)1 7).
(4.14)

So the desired result follows.

5. Some Examples

In this section, we give the computation of the Witten genus and elliptic genera in
Example 2.1.
Now S! act on the complex projective space C P>~ by

Mzos 21, -+ 220—1] = [M20, A% 1, o AP 2], 5.1

such that g;’s are distinct integers and Zly:_ol a; is even.
Since a;’s are distinct from each, we see that this action has 2/ fixed points

[1,0,...,0],[0,1,0,...,0],...,[0,0,...,1].
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At the j-th fixed point, 0 < j < 2/ — 1, one has

20—1

Zlak—aﬂEZaiEO mod 2.

s£]j i=0

By [4], we know that the circle action preserves the Spin structure of C P>~
Therefore one can apply the Atiyah—Bott—Segal-Singer Lefschetz fixed-point for-
mula to find that the Lefschetz number of the S!-equivariant Witten genus is

Ind(fcpa-1 Q) OTcCP ™! 1))

=3} 20—1

=Huww42n0%” _ 1 s

" e A¥) T2, (1 — Alasailgny(1 — a~lasailgn)
(5.2)
In the g-expansion,
e .
Ind(@epa-1 @Q O(TcCP* ! 1)) = Y ai(hg', (53)
i=0
each coefficient a; (1) is an integral Laurent polynomial of A.
Let C[n] denote the representation of S' on C by A > A"-. Clearly
Cln]® Clm] = C[n +m].
Then in R[S'][[¢]], we must have
e .
Indgi (Fepa1 Q) O(TcCPH ™! 1)) = ) ai(Cl1Dg'. (54)

i=0

In SL(2, R), consider the circle subgroup

cosf —sinf
sin@ cos6 ’

The Lie algebra of this subgroup has generator

x=(17).

Let p be the orthogonal complement of R - X in s/(2, R). It is not hard to see that p¢ is

generated by
1 i 1 —i
E+:<i—1>’ E_:(—i—1>'

Simple computation shows that

[X,E+]=+£2iE4.
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This shows that the adjoint representation of S L on pc is isomorphic to C[2] & C[-2].
Therefore in ]R(Sl)[[q]], we have

O(pc, 7)
o o o0 )
=(X) S, (C12) ® ) Sgn (C[-2]) @ [ [(Cl0] - ¢™)®
n=1 n=1 n=1 (55)
= ® (( 2oCl2i1g" ) @ ( * Cl-2ilq )) ® ®((C[O]
By the proof of Theorem 2.4, we see that the SL (2, R)-equivariant Witten genus
ow,sL2,R) (M, T)
=D-In dif(j(ﬂj) (Indg1 (Fcpa-1 R) O(TcCP? ' 1))))
o0
=D-Ind} *®(@pc. ) ® Y @i (Cl1Dg)
i=0 (5 6)
=D-Ind‘;f‘(2’R)(® ((er20C12i10"™) @ (9724C1-211g" ) ) @ ®(<C[0] g

n=1

oo
® Y _a;(C[1])g").
i=0
Now we need the following theorem, which is extracted from Proposition 50 from
[12].

Theorem 5.1. Let G be a connected, semisimple Lie group with finite centre and K a
maximal compact subgroup, such that G/ K is Spin and even dimensional. Let 1 be the
highest weight of an irreducible representation V,, of K. Suppose u + p. is the Harish—
Chandra parameter of a discrete series representation of (H, ) of G. Then the formal
degree of (H, ) is given by

(l’l’+lo()7a)

o= (=Dt (ID-Ind((V, DD = [ ] o0

aedt

where T is the von Neumann trace of G with both sides vanishing when the class
D-Ind[V,.] € Ko(C}(G)) is not given by a discrete series representation. We have a
well-defined commutative diagram:

Ko(CF(G))

Ty

D-Ind R,

y

R(K)
where TIg ([V,]) = (—1)4/2 | w Here the Haar measure on G is nor-

malised by
vol K =vol M1/K;| =1,
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where My is a maximal compact subgroup of the universal complexification G€ of G
and K1 < G| a maximal compact subgroup of a real form G1 of G© (see [5] for more
details).

But we know that
Mg (Cln]) = —|n|. 5.7)
So we have

ow (M, 1)
=T (ow,sLe,R) (M, T))

=M (é ((erzoc2ilg”) @ (@ioCl-210")) ® é«cw} -¢"¥ ® iai (CliDg'

n=1 n=1 i=0

) (5.8)

=P(..,—|—n|,—|—n+1]|,—-1,0,—1,..., —|m = 1], —=|m|,...;q).

The desired formula follows. We summarize the above computation in the following
theorem.

Theorem 5.2. Let M = SL(2, R) x g1 CP?~! as in Example 2.1. Then the SL(2, R)-
equivariant Witten genus

ow,sL2,R) (M, T)

_ D-IndilL(z’R)(é ((@;?ioccni]q"f) ® (ea;?gOC[—zi]q”"))

n=1
o ) o0 )
® Q)(CI0] - ¢"® ® Y a;(Cl1Dg").
n=1 i=0
and the Witten genus

oy (M, 7) = t(pw,sLer) (M, 7))

oo oo o0
=g <® ((8Ci2i1g™ ) ® (872,C1-2114" ) ) © @(CI01 - 4" ® 3" ai (C[l])q")
n= n=1 i=0

=P(...,—|—n|,—|—n+1,-1,0,—1,..., —|m —1|,—|m|,...; q).
where P is the two-variable series shown in Example 2.1.

For the elliptic genera, by the Witten—Bott—Taubes—Liu’s rigidity theorem, we see
that the Lefschetz number of the S'-equivariant elliptic genera

Ind (A pa-1 ® O1(TcCP*~ 1, 1)) (),
Ind(fcpa-1 (R) O2(TcCP? ™!, 7)) (1) (5.9)

are both independent of A. However when A = 1, they are just the elliptic genera of
CP?~1, which are 0 since CP?~! has dimension 4/ — 2. Therefore

Ind(Bgpa-1 Q) ©1 (TcCPY ™, 1)) (1)
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and
Ind(fcpu-1 Q) O2(TcCP 1 1)) (1)
are constantly 0. So the S'-equivariant elliptic genera
Ind g1 (B pa-1 ® ©1(TcCP' !, 1))
and
Indgi (Fcpa-1 Q) O2(TcCP? ', 1))
are both 0 in R(Sl)[[q 1/21]. From the proof of Theorem rigidity, we see that

o1,sLR M, T), ¢25L0.R)(M, T)
are both 0 in Ko(C}(SL(2, R))). Taking von Neumann trace, we get
G(M. 1) =0, p§(M,7)=0. (5.10)
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Appendix

In this appendix, we study equivariant Witten genus and equivariant elliptic genera in
the situation that G/K is not G-Spin.

We first outline the quantisation commutes with loop Dirac induction diagrams when
G/K is even dimensional and not G-Spin, Assume now that the homomorphism K —
SO(p) does not lift to Spin(p). Let 7_: G — G be the Spin double cover and K =
7~ 1K) be the induced double cover K of K, such that the homomorphism K — SO(p)
lifts to a homomorphism K — Spin(p). Let A(p) = A*(p) @ A~ (p) denote the spinor
representation of Spin(p) (cf. Definition 5.11 in [20]). Then A(p) € R(K) and so is a
projective representation of K such that if u € ker(sr) is the non-trivial element, then u
acts non-trivially on A(p). In particular, the manifold G/ K does not have a G-equivariant
Spin structure.

Define

R(K)*P™ = {V € R(K) : u acts nontrivially on V} .

If V € R(K)*"", then A(p) ® V is a K -representation. Note that R(K) = R(K)*""" @
R(K), and denote by p_ : R(K) — R(K)SP" the projection.

Let {X;} be an orthonormal basis of p and ¢ the Clifford action by p on A(p). The
Dirac operator

D:ij@)c(xj)
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is projectively G-invariant. Let V € R(K)*’'", then the twisted Dirac operator
Dy=DQ®ly
is a G-invariant operator. The twisted Dirac induction map
DSpi“-Indg : R(K)*P'™ — Ko(C}(G))

defined as DSPi“-Indg(V) = indexg (Dy), is known to be an isomorphism when G is
an almost connected Lie group (cf. [8]).

Clearly, M = G x g N. Then by the quantisation commutes with induction diagram
[12,13], one has

indexg

K& (M) Ko(CH(G)) . (5.11)
K—IndgT TD—Indg
~ indexg ~
KE(N) R(K)

Choosmg aleft invariant measure on G, itinducesa left invariant measure on G. Consider

f € L'(G). One has f(g) = 5 (f(ug) + f(2)) + 5 (- f(ug) + f(g)). Then fi(g) =

5 (f(ug) + f(g)) satisfies fi(ug) = fi(g) and fz(g) 5 (—f(ug) + f(g)) satisfies
fr(ug) = — f2(g), so that we get the decomposition

LY (G) =L G)® LG, x)

where x is the nontrivial unitary character of ker(m) = Z; such that x (u) =
Recall that the reduced C*-algebra C *(G) is the operator norm closure of L (G)
acting on LZ(G) by convolution, and similarly for G, so we deduce that

CHG) = CHG) @ CH(G. ).

Let g, : C;k(é) — C}(G) denote the projection, and we denote by the same symbol
the projection in K-theory,

+ 1 Ko(C}H(G)) — Ko(CHG)).

Since the map D-Indg is constructed by tensoring with the spinor bundle G / K x I

A(p), on which u acts nontrivially, the projection p_ is mapped to the projection g..
Therefore we get the following commutative diagram,

Ko(C:(G)) e

D-Ind& T TDSPi“-Indg

R(K) - R(K)sPin

Ko(Cr(G)) (5.12)
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which in turn gives rise to the commutative diagram,

g+ (indexg)

K§ (M) Ko(CH(G)) . (5.13)

K~Ind& T TDSF’i"-Indg

p—(indexg)

k& R(K)P"

Using this, we can easily modify our earlier results to establish the commutativity of the
following diagram,

g+(indexg (e ®O(TcM,1)))

kG (M) KoCOlqll . .14
~ _(indexz (e RO(TCN, .
KKy —DEE SOUENDD _ p geyspingq)

where DSPi“-Indig(o) = indexg(Jg/k ® O(pc, T) ® ) is a loop version of Dirac
induction.
Similarly, we can also establish the commutativity of the following diagram,

g+(indexg (e ®O2(TcM,1)))

~ 1
K§ (M) Ko(CrO)llg2N (5.15)
K-ndG T TD;pi"—Indii
=~ _(index (e ®0O , .
K () LR BOTERID | pikyringigA)

i LG
where D;p "_Ind 1k 18 aloop version of Dirac induction given explicitly by
indexg (dg/xk @ O2(pc, T) @ o).

However a subtle point here is that there is not a “spin” version of D 1-IndIL‘§ like

i LG
spin
Dy -Ind LK

since in the Dirac induction given by
indexg (fo/x ® (A" () ® A™(P))c ® O1(pc, 1) ® o),

the operator dG/x ® ( AT (p) ® A~ (p))c is just the signature operator, an honest operator
rather than a projective operator on G/K and therefore the e should be in R(K )[[q%]]
rather than in R(K )" g 3 1]. So we will still use original commutative diagram,

indexg (e @AT(TM)DA™(TM))c®O1(TcM,T))

KS (M) Ko(C}G)llg2]] .(5.16)

K—Ind¢ T TDl—Indﬁﬁ

indexg (¢ @AT(TN)DA™(TN))c®O1(TcN,7))

K 1
KE W) R(K)llg21]
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Let M be Spin but not G-Spin. Define the equivariant Witten genus by

ow.c(M, 7) = g (index (ur R ©(TeM, 7)) € Ko(CFGDllall  (5.17)

and the equivariant elliptic genera by

¢1,6(M, 7) = indexg(Bum ®®1(T(CM, ) € Ko(CH(G))g?1l, (5.18)

02.6(M, ) = g (indexg (P (R ©2(TcM, 1)) € Ko(C;(GDllg?11. (5.19)

If 71(G) = Zy, then G is simply connected and therefore K is simply connected.
Applying the commutative diagram (5.14) similarly in the proof of Theorem 2.4, we
have

Theorem .3. (Vanishing) If M is string, m1(G) = Z; and the G-action is properly
non-trivial, then the G-equivariant Witten genus vanishes, i.e. opw c(M,t) = 0 €
Ko(CH(G)Ig]l.

Applying the commutative diagrams (5.16), (5.15) similarly in the proof of Theo-
rem 2.5 and noticing that p_(C) = 0, where C is a trivial representation of K, we have

Theorem .4. (Rigidity) In Ko(C} (G))[[q%]], ©1,6(M, ) is an integral linear combi-
nation of

Di-Indf§ ((461(0) (1681 (1" )

and ¢3,6(M. 1) = 0 € Ko(CF(G))llg 1)
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