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0. Introduction

In [13], we introduced exotic twisted T-equivariant cohomology for the loop space LZ of a smooth manifold Z via the
invariant differential forms on LZ with coefficients in the (typically non-flat) holonomy line bundle £? of a gerbe with
connection, with differential an equivariantly flat superconnection Ve~ i + H in the sense of [18,20] (c.f. Section 7.1
in [1]), where K is the rotation vector field on LZ and H is a degree 3 circle-invariant form on LZ that is completely
determined by H, the curvature of the gerbe, cf. [13].

This exotic twisted T-equivariant cohomology theory has two applications.

Firstly, we introduced in [13] the twisted Bismut-Chern character form, generalizing [2], which is a loop space
refinement of the twisted Chern character form in [4] and represents classes in the completed periodic exotic twisted
T-equivariant cohomology h3(LZ, vEer H) of LZ. See also [11,12,16,21,22] for other interesting interpretations and
extensions of the Bismut-Chern character. More precisely, we define these in such a way that the following diagram
commutes,

K*(Z, H) B ha(Lz, V£ : H) (0.1)

Chy res
H*(2(2)[[u, u™"]],d + u~'H)
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where res is the localization map, degree(u) = 2.

Secondly, in [13] we established a localization theorem (about the map res) for the completed periodic exotic twisted
T-equivariant cohomology for loop spaces and apply it to establish T-duality in a background flux in type II String Theory
from a loop space perspective. Continuing along these lines, we recently used in [14] the exotic twisted T-equivariant
cohomology to enhance T-duality on twisted differential forms on circle bundles, where we also showed that T-duality
exchanges winding and momentum in a background flux for the first time in the model of [5,6]. For an alternate approach
to T-duality on loop space using the twisted chiral de Rham cohomology instead, see [17]. See [7] for a review of T-duality.

There are several approaches in the literature to the K-theory of loop spaces, and we mention two of them here.
The first is [9], who considers Virasoro equivariant (infinite dimensional) vector bundles E over loopspace such that the

restriction to the constant loops E| decomposes as a direct sum €D, E, under the action of the infinitismal generator of
M

the rotation group, where each E,, is a finite rank vector bundle and E, = 0 for n < ng for some ny. The second is related
to Chas-Sullivan string topology, cf. [15].

In this paper, we introduce exotic twisted T-equivariant K-theory, K2(LZ, Ve G), for the loop space LZ, where G is the
weak T-invariant gerbe on LZ whose Dixmier-Douady class is H. We also define the exotic twisted T-equivariant Chern
character,

Chyco g+ K21LZ. VE" 1 G) — heen(1z, V<° - H)
that makes the following diagram commute along the solid arrows (see Remark 3.5):

KoLz, V£ : g) (0.2)

B
res v£ED g

H*(2(2)[[u, u='1],d + u~'H)

It follows that the exotic twisted T-equivariant K-theory is the correct version of K-theory that corresponds via a Chern
character map to the exotic twisted T-equivariant cohomology as defined in [13]. However we would like to point out
that the map BChy does not make the upper triangle of Diagram (0.2) commutative (see Remark 3.6).

The plan of this paper is as follows.

In Section 1, we introduce the concept of weak T-invariant gerbes and study the coupling of them to T-equivariant
line bundles on possibly infinite dimensional good T-manifolds. A pair consisting of coupled weak T-invariant gerbe and
T-equivariant line bundle will be the initial input data for an exotic twisted T-equivariant K-theory (see Section 3).

In Section 2, we establish the correspondence between the exotic twisted T-equivariant cohomology, concerning
differential forms on M with coefficients in a complex line bundle &, and certain cohomology theory concerning differential
forms on S&, the circle bundle of & over M (see Theorem 2.3). Such a transition from M to S¢ is crucial: when we attempted
to develop the exotic twisted T-equivariant K-theory, we realized that it is difficult to define it on M itself, instead one
needs to work on the circle bundle S&. The circle bundle is much larger than M and allows us more room to construct
the correct K-theory, which possesses a Chern character landing into the exotic twisted T-equivariant cohomology.

In Section 3, we introduce exotic twisted T-equivariant K-theory for possibly infinite dimensional T-manifolds, and the
exotic twisted T-equivariant Chern character that lands into exotic twisted T-equivariant cohomology. We also establish
the transgression formulae in this context, using a new version of Chern-Simons forms. The odd degree analogue of the
theory is also established in this section.

1. Coupling of T-equivariant line bundles and weak T-invariant gerbes

Let M be a (possibly infinite dimensional) T-manifold. We call M a good T-manifold if M has an open cover {U,} such
that all finite intersections Ungay-ap = Ugg NUy; - Uy, have trivial T-equivariant homotopy groups, for j = 0 and j > 2.
Let K be the Killing vector field of the T-action. Denote by Ly, tx the Lie derivative and contraction along the direction K
respectively.

Definition 1.1. The system ({U,}, H, By, Aup) is called a gerbe on M, if
H e 2°(M), By € 2*(Us), Aup € 2'(Uap),
‘l . .
such that 5 -H has integral period,

H = dB, onU,,

1.1
B, — Bﬁ = dAaﬂ on Ua[j, ( )
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and there exist Cog, € C*(Uypy, U(1)) such that
Aaﬂ + Algy — Aay =dIn Caﬂy.
It is easy to see that different choices of Cyp, differ by a U(1)-valued constant scalar on each connected component of

Uspy -

Remark 1.2. Our definition of a gerbe here is slightly more general than the gerbe in the usual sense. We do not require
Cﬁng;;sCaﬁaC‘;;y = 1 on each nonempty intersection U, N Ug N U, N Us.

Definition 1.3. A gerbe ({U,}, H, By, Ayg) is called a weak T-invariant gerbe on M if
(i) H, By, Aqp are all T-invariant;
(ii) tkAap + tkAap — tkAay takes values in 27i - Z on each connected component of Ugg,,.
Remark 1.4. The second condition is equivalent to

LKCotﬁy = ZninCa/gy
for some n € Z on each connected component of U,g, . Actually we have

LKAaﬁ + LKAaﬂ - LKAay =g (C;;VdCaﬁy) = Coj/;yu(dcaﬁy = C(;/f;lyLKCaﬂy-

If all the n is equal to 0, i.e. Cyp,’s are T-invariant, we call it a T-invariant gerbe.

Let £ be a T-equivariant complex line bundle over M equipped with a T-invariant connection V¥,

Definition 1.5. The T-equivariant line bundle (£, V¢) and the weak T-invariant gerbe ({U,}, H, By, Aqp) are said to be
coupled on M if under some local basis {s,} of &|y,,

(i) —tx By is the connection 1-form of V¢ on U, for each «;

(ii) e~4s8 is the transition function of £ on Uyp for each a, B.

Lemma 1.6. If the T-equivariant line bundle (£, V&) and the weak T-invariant gerbe ({U,}, H, By, Aup) are coupled on M,
then the equivariant super connection V& — uix + u~'H on £ is equivariantly flat, i.e.

(VE —ug +u""HY 4 ul§ =0. (12)

Proof. The proof is similar to the proof of Lemma 1in [13]. O

We provide some examples of coupled T-equivariant line bundles and weak T-invariant gerbes.

Example 1. Let Z be a smooth manifold. Let {U,} be a Brylinski open cover of Z, i.e. {U,} is a maximal open cover of Z with
the property that H'(Uy,) = 0 for i = 2, 3 where Uy, = (), Us;» | < 00. Then the free loop space LZ is good T-manifold
with the open cover {LU,}, where the T-action is the loop rotating action.

Let
T 2°U,) — 2°7Y(LU,,) (1.3)

be the transgression map

T = / e'(E). & e 2 (Uy). (14)
T

Here ev is the evaluation map
ev:TxLZ—Z:(t,y)— y(t). (1.5)
Let w € £2/(Z). Define &5 € 2¥(LZ) for s € [0, 1] by

DX, X)) = 0| X ) (16)
for y € LZ and Xj, ..., X; vector fields on LZ defined near y. Then one checks that das = dws. The i-form, averaging w on
the loop space,

1
o= / wsds € 2Y(LZ) (1.7)
0

is T-invariant, that is, Ly (w) = 0. Moreover t(w) = (x@. We call @ the average of w.

3
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Let ({Uy}, H, By, Aup) be a gerbe on Z. Associated to this gerbe, there exists a pair of coupled T-equivariant line bundle
and weak T-invariant gerbe on LZ.

The holonomy of this gerbe is a T-equivariant line bundle £8 — LZ over the loop space LZ, whose construction is
detailed in Section 6.2.1 in [10]. £B has T-invariant local sections {o,} with respect to {LU,} such that the transition

1 1
functions are {e~ Jo tchay e ™Map)) je. oy = € Jo tchay op. £B comes with a natural connection, whose definition with
respect to the open cover {LU,} is

vE —d— B, =d — 7(B,). (1.8)

For more details, cf. 6.2 in [10].
On the other hand, averaging the gerbe ({U,}, H, By, Asp) gives rise to a gerbe

({LUq}, H, Bo, Aup)
on LZ. First it is not hard to see that ﬁl:l still has integral periods. It is evident that

H =dB, on LU,

Bu— By = dAus on LUsp. (19)
If on Uygy,

Aup +Agy —Ayy =dInCypy, (1.10)
then

tAup + tkAp, — kA, = T(dInCyp,) € 27iIZ (1.11)
on each connected component of LUyg, . By (1.11), if X is a fixed loop in Uyg, and x is any loop in Uyg,, then

olioPap+Asy —Aay) (1.12)

does not depend on the choice of paths from xo to x in LU,g,,. By (1.10), it is not hard to see that fx);(;\a,g +/_\ﬂy _Aw) is
pure imaginary. Then we further have

- - — X (72 1 a2
Aup + Ag, — Agy = dln e er Aoy ~her), (1.13)
where efoes sy 7A"f) is an U(1)-valued function on LU, . Therefore ({LUy}, H, B, Aqp) is a gerbe on LZ.

It is obvious that H, By, Ay are all T-invariant. Combining (1.11), we see that the gerbe ({LUy}, H, By, Ayg) is a weak
T-invariant gerbe on LZ.

As with the T-invariant local sections, the local connection 1-form of ([LB, V£B> is
—7(By) = —tx By,

and the transition function of 28 is

1 -
— Jo kA —tgA
e Jo “p = e~ KAap

we see that (LB, V‘B) and ({LU,}, H, By, Aqg) are coupled on LZ.

Example 2. In [5,6], T-duality in a background flux has the following settings. There is a principal circle bundle T — Z 50X
with a T-invariant connection @ and a background T-invariant flux H, which is a T-invariant closed 3-form on Z. Let {U,}
be a good cover of X. The cover {7 ~!(U,)} makes Z a good T-manifold.

The T-dual space T > 7253 Xisa principal circle bundle with a f-invariant connection @ and a background
T-invariant flux H. The cover {#~!(U,)} makes Z a good T-manifold.

Denote v, 9 the Killing vector field on Z,Z respectively. The gerbe ({7 ~'(Uy)}, H, By, Aqpg) On Z and the gerbe
{71 (UL}, A, ﬁa, ;\aﬂ) onZ satisfy the following relations

e—wAaﬁ — gaﬂv —,B, = ﬁa’ t,H = Fé (114)
and
e vhap = gu 1By = 4, t3H = FO, (1.15)

where g,z is the transition functions of the bundle Z, 7 is the local connection 1-form of 6 on U,, F © is the curvature
2-form of ® on X and the similar meaning for the notations without hats on the dual side.

4
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In the setting, B, Ayp are all chosen to be T-invariant. Moreover ase A = g 5, we conclude that 1,Ayp+tyAup —toAay
takes values in 27i - Z on each Uaﬂy Therefore ({7 ~( Uy}, H, By, Ayp) is a weak T-invariant gerbe on Z. Similarly
({ft*]( )} H Ba, Aaﬂ) is a weak T-invariant gerbe on Z.

(Z @) and the standard representation of the circle on complex plane give rise to a complex line bundle with
connection (5 Vé) on X. Dually, there is a similar (£, V¥) on X coming from (Z, ©). As

e—lv b = gotﬂv —,By = nou
the T-equivariant line bundle (ﬂ*é, ﬂ*Vé) and the weal T-invariant gerbe ({7 ~1(Uy)}, H Ba,Aa,g) are coupled on Z.
Dually, the ’f[‘—equivariant line bundle (7#*&, #*V¥) and the T-invariant gerbe ({77 '(U,)}, H Ba, Aaﬂ) are coupled on Z.

2. Exotic twisted equivariant cohomology and U(1)-bundles

Let M be a good T-manifold. Let ¢ — M be a T-equivariant Hermitian line bundle over M equipped with a T-invariant
Hermitian connection V¢. Let H € .Qf,(M ) be a T-invariant closed 3-form such that the equivariant super connection
V¢ — uix + u~'H is equivariantly flat, i.e.

(V& — g +u""H)? +uLl, =0, 2.1)

where u is a degree 2 indeterminate.

In the previous section, we have seen examples that satisfy these settings.

Let 7 : S& — M be the principal U(1)-bundle of £. Let v be the vertical tangent vector field on S&, i.e. the Killing vector
field of the U(1)-action.

It is clear that S& also admits the induced T-action. As the action of T on the fibres of & is linear, i.e. g(A - v) =
A-g(v),Vg € T, A € U(1), one deduces that the T-action and the U(1)-action commute. Therefore we have

[K,v] =0. (2.2)
The condition (V¥ — utx 4+ u~'H)? + uL}, = 0 is equivalent to the following three equalities,
o =Ly —[VE, (]l =Li — Vi =0
(V¥ —iH =0 (2.3)
dH =0

Let © be the connection 1-form on S£ for (&, V¥%).

Lemma 2.1.

w® =0, [x® =0 (24)
and

d® = n*H. (2.5)

Proof. Let {U,} be a T-cover of M. Choose a T-invariant local basis s, of & on U,. Let 5, be the connection 1-form
corresponding to s,. By the first relation in (2.3), we have

0= sg(sa) = (L — [V, 1)) = (K Na)) ® Sar,
and therefore we have
ke = 0. (2.6)

As s, is T-invariant, we get a local T-equivariant diffeomorphism ¢, : U, x S' — 7 ~!(U,) such that on the left hand
side, T only acts on U,. Then as ¢3(0 )|y, xs1= N« + d6, we deduce that

L[(@ = 0, LK(") =0.

By the second relation in (2.3), we get

de + %@2 —wr*H=0
or
d® = xn*H. O
Consider the C°°(M)-module

Q*(S€) = {w € 2*(SE)|tyw =0, Liw = —w). (2.7)
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Theorem 2.2.
(Z(Se)" I, w11 d — v — utg + 6 + u~'7*H)

is a chain complex.

Proof. We need to show that:
(i) if w € £2*(S&)T, then

(d—1t, —ug + O +u'n*H)w € 2*(SE)";
(ii)
(d—1t, —ug +6 +u'n*H? +ulg = 0.
(i) holds as we have following three equalities,
[d—t, — g+ O +u'7*H, 1,]
=L, — [ty, t,] — Ut + 6,0 +u" 1, (7*H)

L 40O (2.8)
=0 on £2*(S¢);
[d—t, —ug + O +u"'n*H, L]
=[d, L,] — o] — Uk ,01 + Lu® + u” 'Ly (w*H) (2.9)
=0;
and
[d—t, —uk + 6O +u"'n*H, L]
=[d, Lg] — tjo.x) — Uiy + Le® + u'Lg(r*H) (2.10)

=0.
To show (ii), we have
(d—t, —wg + O +u'n*H)?
=(d —t, —u ) +(d —t, —ug)O +u" T H) + (@ + u"'7*H)>?
=—1L,—ulx +dO — 1,0 — 7*1xH (2.11)
=(—L, — ,0)+ (dO — (x7r*H) — ulg
= — uly on 2*(S¢). O

Let 7*& be the pull back bundle of & on S&. Clearly this is a trivial bundle which has a canonical global nowhere
vanishing section

y:(xy)—>y, xeM,yen '(x).
Consider the map
f:2%M, &) — 2%S¢), oy 1 7to. (2.12)

Let {U,} be an T-cover of M. Let s, be a T-invariant local basis of the & on U,. Suppose w|yo= wy ® S,. Then on
1 ~ 1
U, =U, xS,

0w = 7 (W) @ T (Se), v =2 -7 (sy), v=20,,
where z is the complex coordinate on S'. Therefore on 7 ~'U, = U, x S,

1

ylnte =27 ¥ (wy)

and
Ly mtw) =0, Ly ' nte)= -y nto.
Hence we see that
Im(f) = 2%(S¢), ker(f) = {0}
and therefore get an isomorphism of C°°(M)-modules:

f: 25 M, &) — 2%(S¢). (2.13)
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Since y is a T-invariant global section of 7*£, we see that f sends T-invariant invariant parts to T-invariant invariant
parts. Hence we get an isomorphism of C°°(M)-modules, which we still denote by f:

f:24(M, &) — 2%(se)". (2.14)
Theorem 2.3.
fo(2 M, ), u ', VE —uge +um'H) — (2758w, u™"1,d — 1, — ug + O +u”'7*H) (2.15)

is a chain map and induces an isomorphism on cohomology
f*r h(M, VE D H) — HY (2%(SE) [w. u™ "1l d — ¢, — ug + © +u”'n*H) (2.16)

where hi(M, V¢ : H) is the completed periodic exotic twisted T-equivariant cohomology [13].

Proof. Let w € 2*(M, £)"[[u, u~']]. We have
(d—t, —ug + 60 +u'7*H)(f(w))
=(d—t,—ux+6O0+uln*H)y ! 1*w) (2.17)
(d—ug+O)y ' m*w)+u 'n*H(y ! 7m*w).

Let {U,} be an T-cover of M. Let s, be a T-invariant local basis of the & on U,. Suppose w|yy= wy ® Sq.
Then

diy ! n*w)
zd(ﬂ*wa : ()/71 : JT*Sa)) (2.18)
=7T*(dwa)(7/71 STTSe) — N*(a)a)d(V7] TT*Se ).

Therefore locally, we have
dy ' n*e)+ 6y ! rtw)

:ﬂ*(dwa)(7/71 . 7'[*501) - n*(wa)d(V7] : 7[*501) + @(n*wa)(y7] . T[*Sa)

B B B B B (2.19)
=1 (dog)(y ™" sa) = (@ )ly T )@ = (y T wre) d(y T )]
=[7*(dwa) — 75 (@a Moy " - 7¥50),
where 5, = @ — (y ! - w*w) 'd(y ' - w*s,) is connection one form for the basis s, of the connection V¢ on U,,.
Moreover, we have
wly ™ o)
=t (m*(wa )y ™" - Sy)) (2.20)
=i @)y " 7 5a).
Therefore,

diy ' m*o)+ 0y ' 7*0)+ w(y ™!

=1*(dwy + wulle — Utkwe )y~ - T*Se)

=y ' [(dwa + walle — UtkWa) @ S (2.21)
=y 'V — uk)elly,

=f((V® — g )o)ly, -

And so we have

o)y,

(d—1, —ug + O +u 'w*H)f(0) = F(VE —ug +u 'H)w). O (2.22)
3. Exotic twisted equivariant K -theory and the Chern character
3.1. Gerbe modules and twisted K-theories

A geometric realization of the gerbe ¢ = ({Uy}, H, By, Aag) 00 M is {(Lyg, Véﬂ)}, a collection of trivial line bundles
Lyp — Uyp with connections VE p = d+ Ayp such that on Uy, there are connection preserving isomorphisms

Lup ®@ Lgy = Ly (3.1)
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Note that as here we are using slightly more general version of gerbe (see Definition 1.1 and Remark 1.2), the
isomorphisms L,g ® L, = L, are not uniquely fixed, but may differ by a multiplication by a locally constant U(1)-valued
scalar. Then we have

(Vep)? =Fay =By — Bs. (3.2)

o

Let E = {E,} be a collection of (infinite dimensional) Hilbert bundles E, — U, whose structure group is reduced to
U;, which are unitary operators on the model Hilbert space § of the form identity + trace class operator. Here J denotes
the Lie algebra of trace class operators on $). In addition, assume that on the overlaps U,z that there are isomorphisms

Gup i Lap @ Eg = Ey, (3.3)
which are consistently defined on triple overlaps because of the gerbe property (3.1). More precisely, one has

(Lup ® Lgy) ®E, = Ly ®E, = E,, (3.4)
and

Lup ® (Lgy ®E,) = Lyg @ Eg = E,. (3.5)

Then {E,} is said to be a gerbe module for the gerbe {L,g}. A gerbe module connection VE is a collection of connections
{VE} is of the form VE = d + AE where A € 2'(U,) ® 3 whose curvature F£ on the overlaps Uy satisfies

Gop (F* )pop = FP1 4 FF5. (3.6)
Using Eq. (3.2), this becomes
Gop (Bal + FL)pap = Bpl + F. (3.7)

It follows that exp(—B)Tr (exp(—FF) —I) is a globally well defined differential form on M of even degree. Notice that
Tr(I) = oo which is why we need to consider the subtraction.

Let E = {E,} and E’ = {E, } be a gerbe modules for the gerbe {L.,z}. Then an element of twisted K-theory K°(M, G) is
represented by the pair (E, E’), see [4]. Two such pairs (E, E’) and (G, G') are equivalent if E® G @K = E & GHK as
gerbe modules for some gerbe module K for the gerbe {L,5}. We can assume without loss of generality that these gerbe
modules E, E’ are modelled on the same Hilbert space §, after a choice of isomorphism if necessary.

Suppose that VE, VE are gerbe module connections on the gerbe modules E, E’ respectively. Then we can define the
twisted Chern character as

Chy : K°(M, G) — H®"*"(M, H),
Chy(E, E') = exp(—B) Tr (exp(—FE) — exp(—FF )) )

That this is a well defined homomorphism is explained in [4,19]. To define the twisted Chern character landing in
(2°(M)[[u, u_l]])(d+u—1H)—cl' simply replace the above formula by

Chy(E, E') = exp(—u~'B)Tr (exp(—u‘1FE) - exp(—u‘lFE/)> )

The above theory can be extended to equivariant setting with a compact group action on all the data [19].

3.2, Exotic twisted equivariant K-theory

Let M be a good T-manifold with an T-invariant cover {U,}. Let £ — M be a T-equivariant Hermitian line bundle
over M equipped with a T-invariant Hermitian connection V%. Let = : S¢ — M be the principal U(1)-bundle of &. Let
G = ({Uy}, H, By, Aqp) be a weak T-invariant gerbe on M and {(Lyg, Véﬂ)} a geometrization of G. Assume that (£, V¢) and
({U«}, H, By, Ayp) are coupled on M. Denote this system by {M, g, (£, V).

Associated to the system {M, G, (&£, V¢)}, we will introduce a version of twisted K-theory and twisted Chern character
in this section.

It is clear that the open cover {7 ~!(U,)} makes S& a good (T x U(1))-manifold. Here to distinguish the two circle
actions, we denote by T the circle acting on the base M and by U(1) the circle acting on the fibres. R

Denote G¢ := ({w~'(U,)}, 7*H, *By, *Aqp), Which is a (T x U(1))-invariant gerbe on S&. Let {(Lyg, Vs = d-+7*Ayp)}
be the system of (T x U(1))-line bundles with (T x U(1))-invariant connections on U, x U(1), which is the geometrization
of the gerbe G¢.

Let v be the vertical tangent vector field on S&, i.e. the Killing vector field of the U(1)-action. Let K be the Killing vector
field of the T-action. Let u be a degree 2 indeterminate.
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Definition 3.1. E = {E,, VEe«} is called a (T x U(1))-equivariant gerbe module with horizontal connection for the gerbe

{Lap} if
(a) the (T x U(1))-invariant connections VE«’s vanish on the vertical direction, i.e. Vl’fa =0;
(b) there are (T x U(1))-equivariant isomorphisms

¢ot/3 : z401/3 ®E/S = Ea’
that define a gerbe module and which respect the connections.

Note that the isomorphisms {¢,s} are consistently defined on triple overlaps because of the type (3.1) property of the
gerbe {(Lyp, Vieb = d + 7*Aqp)).
_ Let (E, E') and (G, G') be two pairs of (T x U(1))-equivariant gerbe modules with horizontal connections for the gerbe
{Lyp}. We say they are equivalent, denoted by

(E,E')~(G,G)
if there exists some K, a (T x U(1))-equivariant gerbe modules with horizontal connection, such that
E®RGCOAK=ZE ®dGChHK

as (T x U(1))-equivariant gerbe modules with horizontal connections. Clearly this is an equivalence relation. As usual, we
define

KoM, V¥ : g) == {(E, VE,E', VE)}/{~}. (3.8)

If the horizontal gerbe module connections are forgotten, one defines the exotic twisted T-equivariant K-theory of
{M, G, (&, V¥)}, denoted as KO(M, V¢ : G), by

K2(M, V& : G) = {(E, E")}/{~}. (3.9)

Let E = {E,, VE} be a (T x U(1))-equivariant gerbe module with horizontal connection for the gerbe {I:mf;}. For the
equivariant curvatures along the direction v + uk, we have

_ i i, E
B (B 1% 0bap = (B 4Ly o+ (B ), (3.10)
where u stands for the moment. However
Flo# = 7By — *B,, (3.11)
1P e = (g 4 U )T Ay = Ut T Ay = 27iUy — 27iuf,, (3.12)

where 6, (resp. 6g) are the vertical coordinates of 7~ Y(U,) (resp. n‘l(Uﬂ)). So we have

G (F 4 e+ "By + 26, g = F# + 1 + 707 By + 2miut. (3.13)
Therefore the forms

exp(—u~'n*B, — 27i6,) Tr (exp(—u_1(FE“ + b)) — I)

v+uk

can be glued together as a glopal differential form in £2*(S&)[[u, u~']]. Now let E’ = {E/,} be another (T x U(1))-equivariant
gerbe module for the gerbe {L,g}. Similar to E = {E,, VEe}, the forms

exp(—u~'n*B, — 27if,) Tr (exp(—u‘l(FEA + /Li“i‘H,K)) — 1)
can be glued together as a global differential form in £2*(S&)[[u, u~']]. Then we see that

exp(—u~'w*B, — 2mi6, ) Tr (exp(—u‘l(FE“ + ,uﬁiu,()) — exp(—u~(Ffe + Miiuk))) (3.14)
glues to a global differential form in £2*(S&)[[u, u~']]. Simply denote this form by

chye.o(VE, VE') = exp(—u~'7*B — 27i0) Tr (— exp(u™"(FF + uf ) — exp(—u~'(FE' + ,uﬁ;u,())) ) (3.15)
Theorem 3.2. (i) The following equalities hold,

LyChye.g(VE, VE) =0, Lychye.g(VE, VE') = —chye.4(VE, VE), (3.16)

(d — 1, — g + O + u” ' H)chge.o(VE, VE) = 0. (3.17)
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(ii) If (VE, VE'), (VE, VE') are two horizontal gerbe module connections, then there exists cs(VE, VE'; VE, VE') e 2%(S§)
[[u, u~'1] such that

chyt.o(VE, VE') = chye.o(VE, VE) = (d — 1, — ux + O +u'*H)cs(VE, VE ; VE, VE), (3.18)

Proof. (i) Consider the local expression

chye.(VE, VE) -1,

= exp(—u~"7 "By — 2t ) Tr (exp(—u™'(F% + ) — exp(—u™"(F% + u% ) .
Obviously, ¢,7*B, = 0. On the other hand, as V%« is horizontal connection, we have VE« = 0, but this is equivalent to
[VE 1] = L.
Therefore
W(FR) = [, (VEP] = (L, — Vi)V — VE(L, —, VE) = [V5 L] = 0,
as VE is T x U(1)-invariant. Similarly, ¢,(F5) = 0. We therefore have
tuChye.g(VE, VE)|21y,)= 0.

This shows the first equality in (3.16).
As VE« is T x U(1)-invariant, clearly L,(Ff¢) = 0. The moment is

Ey »
Mytux = Lyjyux — [totuk % 1.
Since [v, K] = 0, it is easy to see that
Eo _
Lopuk = 0.
Now L,7*B, = 0 and L,e 2" = —e?7i% e have
Luchvs:g(vE, VE )|7771(Ua): _Chvs:g(vE, VE )ln—](uu)-

This shows the second equality in (3.16).
At last, as (&, V¢) and ({U,}, H, B, Aqp) are coupled on M, one has

27'[1'00( — 7T*L1(Ba = @|7T_](Ua)’
where © is the connection 1-form on S&. Hence
(d — tp — e )chge g(VE, VE) 1=
=(d — 1, — u)
—1_x . 1/ pEq Eq —1/pE, Eqy
[exp(—u m*B, — 2mif, ) Tr (exp(—u (F 4 k) — exp(—u™ (F« + MU+L,K)))]
= [exp(—u~"n*B, — 27mi6, (—u~ ' *dB, — 27idOy + 1k By )]
_ 1, pE E!
- Tr (_ exp(u ](FEO( + Mf;fi—ul()) - exp(—u I(FE(X + Mviul()))
= [—u_]ﬂ*H — (2mif, — H*LKB(,)]
. [exp(—u‘ln*Ba — 27id6,) Tr (— exp(u”(FF« 4 ,uﬁ‘fH‘K)) — exp(—u~(Ffe + Miiuk)))]
= (—u"'w*H — ©) chye.6(VE, VE) . 14,)s
and therefore
(d — t, — utg + O + u”'7*H)chye.o(VE, VE)|, -1y,)= 0.
(i) Let
VE=(1—t)VE 4+ tVE, VE = (1 - )VE +¢vF

(3.19)

and FE, FE', i, uF’ be the corresponding curvatures and momentums.
Let

Eo _ voka Eq Fo _ Fa E'y
Afe = v _ gl g — yEe _ gEe
We have
_ 1, pEy - _ . _1,.E E, _ .
bop (—UT (FE + it e ) — U By — 270 )pap = —u (Fy” + ) ) — U By — 27ty

10
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and
(b;](—u_lAE" )¢c{ﬁ — _u—]AEﬁ .

Similar equalities hold for E’.
Therefore we have

exp(—u~'m*By — 27ib,)
(3.20)

!

1
. /; Tr (—u’1AE" exp(—u~'(Ff* + /Lg‘fH,K,[)) + u~ AR exp(—u”(FtE‘; + ,ui‘iu,(,t))> dt
can be glued together as a global differential form in £2*(S&)[[u, u~"]]. Denote this form by cs(VE, VE'; VE, VE'), Since
1,AFe = 0, L,Af* = 0, similar to proof of (i), we have
Les(VE, VE VE, VEY =0, Lyes(VE, VE; VE VE) = —cs(VE, VE; VE, V)
and therefore
cs(VE, VE; VE, VE') € 2*(S&)[[u, u™ 1.
Moreover, by the standard Chern-Simons transgression, we have

(d — 1, — ui)

1
_ _ — U — E! E!
/ Tr (™A% exp(—u ™ (FE o 1l ) ™ A% expl—u” (R + ) de
0 . o g (3.21)
=Tr (exp(—u™"(Ff* + 1% 1) = expl—u (" + 1% 1)

— Tr (exp(—u (R + 10 0)) — exp(—t (g + %)
Then similar to (3.19), we see that
(d—t, —ug + O +u"'w*H)es(VE, VE'; VE, VE') = chye o(VE, VE) — chye o(VE, VE). D
This theorem shows that chyz.g(VE, VEYis (d—ty — utg + © +u~'w*H)-closed in £2*(S&)"[[u, u~']]. Theorem 2.3 then

tells us that f~! (chvg:g(VE, VE/)) is (V& — utx + u~'H)-closed in 22*(M, &)"[[u, u~1]].
We call

CS(VE, VE s VE V) i= 1 (es(VE, V8 VE VE)) € 27 (M. ©)llu,u )
the exotic twisted equivariant Chern-Simons transgression term. By (3.20) and Theorem 2.3 (formula (2.22)), one has
Chye.g(VE, VE') = Chye.o(VE, VE') = (V& — uie + u™"H)CS(VE, VE'; VE, VE). (3.22)
We define the exotic twisted equivariant Chern character to be:
Chye.g : KO(M, V¥ : G) — hi(M, V* @ H),
Chye.g(E.E') = [f’l (chvgjg(vf, VE’))] .
Remark 3.3. A natural question is whether the exotic twisted equivariant Chern character is a rational isomorphism.
However in the (untwisted) equivariant case, the equivariant Chern character
ChC : KL(M) — HL(M)

where H{;(M ) is the even equivariant cohomology for j = 0 and the odd equivariant cohomology for j = 1, is not a rational

isomorphism, as Hé(M )= K’G(M ) ®rc) R%°(G). These results are due to Block [3] and Brylinski [8]. We do not explore this
further in our context as it is not central to our investigations.

Remark 3.4. Assume that the system {M, G, (£, V¥)} is trivial, i.e., the T-action is trivial and the line bundle £ is trivial
with trivial connection V¢ = d. Then a (T x U(1))-equivariant gerbe module with horizontal connection for the gerbe
{iaﬂ} on S& = M x S! in Definition 3.1 can be identified with a gerbe module with connection for the gerbe G on M.
Therefore for the trivial system {M, G, (&, V¥)}, we have

KM, V¢ : G) = K°(M, g). (3.23)

11
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Remark 3.5. Let us apply the constructions of exotic twisted equivariant K theory and exotic twisted equivariant Chern
character to the concrete system {LZ, H, (L&, V‘B)} is Example 1. Leti: Z — LZ be the embedding. One sees that when
restricting to the fixed point submanifold Z in LZ, the T-action as well as the honolomy line bundle £B become trivial and
i*H = H. By Remark 3.4,

Koz, V" H) = K%z, H). (3.24)

On the other hand, the triviality of the T-action and the line bundle on Z imply that the moments p,yk’s in (3.14) all
disappear and all the 6,’s are the same, denote it by 6. Clearly exp(—2mif)®s = y~', where s is the global identity section
of the trivial circle bundle Z x S'. Then in view of (2.12), we see that when restricted to Z, the exotic twisted equivariant
Chern character degenerates to the usual twisted Chern character. This shows us that the diagram (0.2) is commutative.

Remark 3.6. In Diagram (0.2), let 0 # & € K2(LZ, v£? . G) be in the kernel of res, that is res(®) = 0 € K°(Z, H). Then
BChy(res(®)) = 0, but Chy s, () # 0.

3.3. The odd case: gerbe modules

Let G = {(H, By, Ayg)} be a gerbe with connection on M as above. Let E = {E,} be a U; gerbe module with module
connection VE = {VE}. Let ¢ = {¢ : Ex — E,} be an automorphism of the gerbe module E that respects the U
gerbe module structure, that is, ¢, € U5(E,) = {I + A, € U(E,), Ay a trace class operator}. We also need a compatibility
condition on overlaps, ¥4 0 ¢y © Y, ﬂl = ¢p. Here ¥ : Ly ® Eg = E,, satisfying associativity by the gerbe condition.

Then odd twisted K-theory K'(M, G) is the abelian group generated by such pairs (E, ¢) with relations,

(1) If0 - E; — E; — E3 — 0 is an exact sequence of gerbe modules such that the following diagram commutes,

0 Eq E; E; 0
ldﬁ lm l% (3.25)
0 E E, E; 0.

then one has
(Ez, ¢2) = (E1, ¢1) + (Es, 3).
(2)
(E, @10 ¢2) = (E, ¢1) + (E, ¢2).

Then ¢~ 'VE¢ is another module connection for E. As explained in [19],

(¢ "F* ¢ + By ) — (F* + By)* (3.26)
are differential forms with values in the trace class endomorphisms of E, and
Tri(¢, 'F* o + B ) — (F* + B, )] (327)

patch together to be an even degree differential form on M. Denote it by Tr[(¢~'FE¢ + B)* — (FF + B)].
Let VE(s) = s¢~1VEQ + (1 — 5)VE be a path joining ¢~ 'VE¢ and VE. Let

Alp)(s) = 8 VE(s) = ¢~ 'VEg — VE,
which satisfies
AD)a(s) = Yoy AD)s()Wrap- (3.28)

Following [19], one defines the odd Chern character form
1
Chy(VE, ¢) = —exp(—B) / ds Tr[A(¢) exp(—FE(s))]. (3.29)
0

3.4. The odd case: exotic twisted equivariant K'-theory

Let M be a good T-manifold with an T-invariant cover {U,}. Let £ — M be a T-equivariant Hermitian line bundle over
M equipped with a T-invariant Hermitian connection V&. Let ¢ = ({U,}, H, By, Aqp) be a weak T-invariant gerbe on M.
Assume that (£, V¢) and ({U,}, H, B, Aqp) are coupled on M.

Associated to the system {M, G, (£, V¢)}, we will introduce a version of twisted K'-theory and odd twisted Chern
character in this section. Adopt the same notations as in Section 3.2.

12
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Definition 3.7. The pair (E, ¢) with E = {E,, Vf} a U, gerbe module and ¢ = {¢, : E, — E,} a automorphism of
the gerbe module respecting the U, structure, is said to be a (T x U(1))-equivariant odd gerbe module with horizontal
connection for the gerbe {Lg} if

(a) the (T x U(1))-invariant connections V£¢’s vanish on the vertical direction, i.e. Vfa =0;

(b) there are (T x U(1))-equivariant isomorphisms

Iﬂaﬂ . Laﬂ ®E/3 = Ea,
which respect the connections.

Note that tl3e isomorphisms {4} are consistently defined on triple overlaps because of the type (3.1) property of the
gerbe {(Lup, Vieb = d + 7*Aqp)).
One defines the exotic twisted T-equivariant K'-theory of {M, G, (£, V¥)}, G, denoted as K} (M, V¢ : G), by
Ki(M, V* : G) = ((E, $)}/{~}, (3.30)

where the equivalence relation ~ is analogous to the description in Section 3.3.
Similar to (3.20), the forms

1
exp(—u~' "B, — 27if,) - / dsTr (—u’lA(qb)a(s)exp(—u’1(FsE“ + Mﬁiu,{,s))) (3.31)
0
can be glued together as a global differential form in £2*(S&)[[u, u~']]. Simply denote this form by
1
chye.(VE, ¢) = exp(—u~'7*B — 2ni6’)/ dsTr (—u™'A(g)(s) exp(—u~'(Ff + il s)) - (3.32)
0
Then similar to the proof of Theorem 3.2, one can prove that
LvChVS:g(VEa ¢$)=0, LvChvE;g(vE’ )= _Chvé;g(vE’ ?), (3.33)
and
(d -ty — ug + O +u" ' H)chye.g(VE, ) = 0. (3.34)

Therefore chye.g(VE, ¢) is (d — 1, — ug + © + u~'w*H)-closed in 2*(S&)™[[u, u="]]. Theorem 2.3 then tells us that
f7 (chge.g(VE, $)) is (V& — utk 4+ u~"H)-closed in £2*(M, &)"[[u, u~"]]. Denote

Chye.g(E, ) = [f " (chye.g(VE, $))] € Wa(M, V¥ : H).

Similar to Proposition 5.1 in [19], one can show that Chy: (E, ¢) is independent of the choice of module horizontal
connection VE on E and choice of automorphism ¢ of E. We define the exeotic twisted equivariant odd Chern character
to be

Chye.g : Kp(M, V5 : G) — hi(M, V& : H).
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