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1. Introduction

In this paper, we study quantized vortex dynamics of the
nonlinear Schrodinger equation (NLSE) on the torus [1,2]:

i0;u®(x, t) — Au’(x, t)

1
+ = (@ 0P = 1)u'(x t)=0, xeT? t>0, (1.1)
€
with initial data
u(x,0) = uj(x), xeT?, (1.2)

where t is the time variable, T? = (R/Z) x (R/Z) is the unit
torus, ¥ = (x,y)" is the spatial coordinate, u® := u®(x,t) is a
complex-valued wave function or order parameter, 0 < ¢ < 1 is
a dimensionless parameter which is used to characterize the core
size of quantized vortices, and ug = ug(x) is a given initial data.
It is well-known that the NLSE (1.1) conserves the mass defined
as [3]

M(ué(t)) = / [u(x, t)]*dx = / |ug(x)|*dx := M(uf), t>0;
T2 T?
(1.3)
* Corresponding author.
E-mail addresses: zhu-yx18@mails.tsinghua.edu.cn (Y. Zhu),
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the momentum defined as [1,3,4]

QU (1) = f
'ﬂ‘Z

=Q(up) = Qq
and the energy defined as [1,3,4]

J(x, £))dx = / ()

T2

t>0; (1.4)

E(u(t)) :== / e(u®(x, t))dx = / e(ug(x))dx = E(ug), t=>0.
T2 T2
(1.5)

Here we adopt the notations, for any complex-valued function
v(x) : T? — C, its corresponding current j(v), energy density
e(v) and Jacobian J(v) are defined as

1 1
J) =Im@Vv), e(v):= 5|VU|2 + 472(1 — vy,

1
J(w) = EV - (Ji(v)) = Im (0,0 9yv),

where v and Im (v) denote the complex conjugate and imaginary
part of the function v, respectively, and J is a symplectic matrix
given as

=(21)

The NLSE (1.1), also known as the Gross-Pitaevskii equa-
tion (GPE) [5,6], has been widely used as a phenomenological

(1.6)
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model for superfluidity, such as liquid helium [3,7,8] and Bose-
Einstein condensation [6]. A key signature of superfluidity is
the appearance of quantized vortices which are particle-like or
topological defects. Quantized vortices in two dimensions are
those particle-like defects whose centers are zeros of the order
parameter or wave function, possessing localized phase singular-
ity with the topological charge (also known as winding number,
index, or circulation) being quantized. They have been widely ob-
served in many different physical systems, such as liquid Helium,
atomic gases, nonlinear optics and type-II superconductors [7,9,
10]. Their study remains one of the most important and funda-
mental problems since they were predicted by Lars Onsager in
1947 in connection with superfluid Helium.

Several analytical and numerical studies have dealt with quan-
tized vortex states of the NLSE (1.1) and their interactions as well
as the reduced dynamical laws of quantized vortex lattice when
& — 0 [11-13]. For results in the whole space R? or on bounded
domains with either Dirichlet or homogeneous Neumann bound-
ary conditions, we refer to [1,3-5,14-24] and references therein.
Based on mathematical analysis and numerical simulation re-
sults [12,24-26], for a quantized vortex with winding number
m, when m = =41, it is dynamically (or structurally) stable; and
when |m| > 1, it is unstable.

For the NLSE (1.1) on the torus, due to the periodic-type
boundary condition, there can exist several isolated and distinct
quantized vortices in the initial data ug := ug(x), while the wind-
ing number of each quantized vortex is either +1 or —1 [1]. It is
well-known in the literature that the total number of quantized
vortices in the initial data has to be an even integer and half
of them with winding number +1 and the other half of them
with winding number —1 [1]. We assume that in ug there are
2N(N € N) isolated and distinct quantized vortices whose centers
are located at a0, ad®, ..., ad¢ e T? with winding number

di,d,, ..., dyy € {£1}, respectively. Without loss of generality,
we assume
di=-=dyv=1,
dysr = =dw=-1, @ £a° 1<j#k=<2N.
(1.7)
Assume
a = slilréa?"’, 1<j<2N. (1.8)
Then one has
2N N N
Qo = lim Q(uf) = 27 > dia) =277 ) a - ay,
j=1 j=1 j=1
(1.9)

Under the assumption of the vanishing momentum of the
initial data, i.e.
@ #a, 1<j#k<2N, Q= 1in%Qg =0ecR? (1.10)
e—>
and

e—0T1

2N
JW§) == 7Y dis in WH(T?) = [WH(T)Y
J
j=1

(1.11)

with §(x) the Dirac delta function and 8, = 8,0(x) defined as
J J

S0(X) = 8(x — af) for 1 < j < 2N, Colliander and Jerrard [1]

established the reduced dynamical law of quantized vortex of

the NLSE (1.1) with (1.2) when ¢ — 0: for t > 0, there exists

the jth vortex path, denoted as aj?(t) satisfying af(O) = aj(.)’s, in
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the solution u®(x, t) of the NLSE (1.1) originated from aj(.)"g, for
j=1,...,2N. Denote

a; = a;t) = !iir(l)aj(t), j=1,...,2N,

t>0 1.12
a:=a(t) = (ay(t),...,an(t) e (T*), (112)

with
(T21N ={(a1, ..., an)" € (T*)"|

ay # ay forany 1 <k #m < 2N}. (1.13)
Then when ¢ — 0, a(t) satisfies the following reduced dynamical
law:

. 1 .
@ =—d—IVgW@)=2] 3 dVF@-a), 1<j<2N,

1=<k<2N, kj
(1.14)

with initial data

a0)=a’, 1<j<2N; (1.15)

where W(a) is the renormalized energy defined as

W@)=-7 Y didnFla,—ap), (1.16)

1<k#m<2N
with F € C23(T? \ {0}) N W' !(T?) the solution of
AF(x) = 27(8(x) — 1), x € T?, with /2 F(x)dx =0. (1.17)
T

By (1.9), the vanishing momentum assumption used in [1],
i.e. Qy, = 0, is equivalent to

2N N N
— a0 0 0
0= E dia; = E a; E ay.j-
j=1 j=1 j=1

Thus the vanishing momentum assumption is equivalent to the
assumption that the positive mass center is the same as the
negative mass center, i.e.

(1.18)

1 N 1 2N
af =a’, with  af = N Za}’, a® = N Z a.
j=1 j=N+1

(1.19)

From (1.10) and (1.19), one gets that N > 2, i.e. 2N > 4, since
a% # a° when N = 1. In other words, the reduced dynamical
law for the NLSE (1.1) obtained in Colliander and Jerrard [1] only
works for the case when the initial data uj admits 2N (N >
2, i.e. 4 or more) vortices with their centers satisfying proper
symmetry requirement as stated in (1.19). Clearly, the require-
ment (1.19) on the initial data ug excludes the non-vanishing
momentum initial data, i.e. Qy = lim,_o Qj # 0, which includes
two different cases: (i) N = 1, i.e. two vortices; and (ii) N > 2 and
a’ 3 a°. For the convenience of readers, Fig. 1 shows some typi-
cal initial data with vanishing momentum, while Fig. 2 illustrates
some typical initial data with non-vanishing momentum.

The main aim of this paper is to extend the reduced dynam-
ical law for quantized vortex dynamics of the NLSE (1.1) with
vanishing momentum initial data, i.e. Q; = 0 in (1.8), to non-
vanishing momentum initial data, i.e. Q; # 0. A key ingredient is
to construct a new canonical harmonic map to include the effect
of the non-vanishing momentum into the dynamics. To present
our main result, define

1 1
I(e)= inf / |:|Vv|2+2(|v|2—1)2:| dx, (1.20)
veH](B1(0) JB,(0) L 2 4e
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Fig. 1. Some typical vanishing momentum initial data uf = ,/p e So: Contour plots of |ug| with vortex center locations with +1 and —1 as their corresponding
winding numbers (top row), and contour plots of the phase functlon Sy (bottom row).
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Fig. 2. Some typical non-vanishing momentum initial data.

where the function space Hgl(Bl(O)) is defined as

X+ 1iy
x|

Hi(B:(0)) = {v € H'(B1(0)u(x) = glx) =
Define
y = lim (I(e) — m log 1) .

e—0 &

Introduce a renormalized energy on the torus as [27]
2

2N
Wia(a) = W(a) + 27 | ) dnan
m=1
= > didn Flay — ay)
1<k#m<2N
2N 2
+ 272 deam , ae (TN
m=1

and an e-dependent renormalized energy as
& 1 2\2N
W, (a) := 2N | 7 log 5 +vy | +Wp(a), ac(T9);".

Our main result is stated as follows:

forx € 831(0)} .

(1.21)

(1.22)

(1.23)

Theorem 1.1 (Reduced Dynamical Law For NLSE). Assume the initial
data ug in (1.2) satisfies (1.11) and

N N
. 0
;l_r)l‘(l] Q(ug) = Qg :=2m] Za Z ay.j|
j=1 j=1
llm 15up [E(ug) — Wi, (a®)] < 0. (1.24)

Then there exist a time T > 0 and 2N Lipschitz paths given in (1.12)
such that the solution u® of the NLSE (1.1) with (1.2) satisfies

e—07T

2N
Ty didagey in WI(T?),
=1

Ji(t)) — (1.25)

where a;(t) (1 < j < 2N) satisfy the following reduced dynamical
law:

2Q,
dy VE(

1
a = —dj;.,]IV,,jW(a) —
1<k<2N, k#j
with the initial data (1.15).

=2] (1.26)

2Q, >0,

a —a) —

We remark here that: (i) when Q, = 0, (1.26) collapses to
(1.14); and (ii) (1.26) is also equivalent to the following ordinary
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differential equations (ODEs)

) 1
a = —dj;JV,,j W (a)

=2] Y dVF(a—a)—4rqla), t>0, (1.27)
1<k<2N, k#j
where q(a) is defined as
2N
qa):=1) dnan, ae (T2, (1.28)
m=1

Since q(a) is a first integral of (1.27), and if a is the solution of
(1.27) with the initial data (1.15), we have

2N
1
q(a(t) = q(a(0)) = 1) _dnay = 5-Qo,  £20. (1.29)
m=1

The paper is organized as follows. In Section 2, we introduce
a new canonical harmonic map on the torus corresponding to 2N
vortex centers with non-vanishing initial momentum Q, # 0 and
show its properties. In Section 3, we prove the local existence
of 2N vortex paths in the solution of the NLSE and the conver-
gence of the corresponding current. In Section 4, we establish
the reduced dynamical law (1.27). In Section 5, we present some
first integrals and give several analytical solutions of the reduced
dynamical law with initial data with symmetry. Finally, some
concluding remarks are drawn in Section 6.

2. Canonical harmonic maps

To prove the reduced dynamical law (1.26) in Theorem 1.1,
similar to the proof in [1] for the case of vanishing initial momen-
tum, i.e. @, = 0, we introduce a new canonical harmonic map on
the torus which works for both non-vanishing initial momentum,
ie. Qp # 0, and vanishing initial momentum, i.e. Q, = 0, by
adopting a phase shift depending on Q.

2.1. A canonical harmonic map for a vortex dipole

For simplicity of notations, we first consider the most simple
case of a vortex dipole, i.e. N = 1, and assume the two vortex
centers are located at @; = (x1,y1)T # @y = (X2, ¥,) € T? with
winding number d; = 1 and d, = —1, respectively. Denote

2=[017  a=(a,a) (T?)7,
4,(a) = (q1, ¢2)" = J(a; — ay).

Using the known results on harmonic maps in Section 1.3 in [28],
there exists a complex-valued function H = H(x; @) € C22(£2 \
{a1, a}) N WL1(£2) that satisfies

J(Hx; @) = —IV(F(x — a1) — F(x — ay)),
IH(x; a)| = 1,

(2.1)

x e 2\ {ay, ay}. (2.2)

Unfortunately, H ¢ C(T?\ {aq, a})NW1(T?) due to a; —a, #
0[1,28].

Lemma 2.1 (A Canonical Harmonic Map for a Vortex Dipole). Define
a complex-valued function as

H; = Ho(x; @) = H(x; @)e*  2@D%  x ¢ T?\ {ay, a,}. (2.3)
Then Hy € C22(T?\ {a1, ax}) NW1(T?) satisfies |H,(x; @)| = 1 and
J(Ha(x; @)) = —JV(F(x — a1) — F(x — a3)) + 27 q,(a),

x e T\ {a, az}. (2.4)
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Proof. From H = Hx a) € CX(£2 \ {ay, a3}) N Wh1(£2) and
|[H(x; a)] = 1, noting (2.3), we know that Hy(x;a) € C2(£2 \
{a1,a}) N WL1(£2) and |Hy(x; @)] = 1. Combining (1.6), (2.3),

(2.1) and (2.2), we obtain

J(Ha(x; @)) = Im (Ha(x; a)VHy(x; a))
= Im (ﬁ(x; a)e i) X21i02 (@)X (T (x: q)

+ 27if(x; a)qz(a))) (255)

j(H(x: @) + 27 q,(a)
—JV(F(x —a1) — F(x — ay)) + 27 q,(a),

which immediately implies (2.4).
In order to show the periodicity of H,, noting |H,(x; a)| = 1,
we have

Hy(x;a) =%, xeT?\ {a},a), (2:6)

where ®(x) is the phase function. Combining (1.6), (2.6), (2.1) and
(2.4), we get

J(Ha(x; @) = Im (Hy(x; @)VHy(x; @) = Im (e “®eWiv o (x))
= VO(x) = —JV(F(x — a;) — F(x — @3)) + 2 q,(a).
(2.7)
F]rorrzl (2.7), (1.17) and (2.1), we get VO € CX(T? \ {a1, ax}) N
L'(T#).
Without loss of generality, we can assume x; < X3,y1 < ¥a.

For the case y; < y,, from (2.7) and noting that F is a function
defined on the torus in (1.17), we have

1
@(Ly)—@(o,y):f 56 (x. ) dx
0
1
=—f [0yF (x —x1,y — y1)
0
— 0F (X —x2,y —y2) | dx + 27

1
= [ F ey -y -3 F Gy -]
0
+ 27q,

/ 8Fds—i—z

= — —_— T

. on a1

= —/ AFdx + 27t (y1 — ¥2)
r

= —/ 2m(8(x) — 1)dx + 27 (y1 — y2)
r

— 0’

-] —2m,

where I' = [0, 1] x [y1, ¥2] and n is the unit outward normal
vector. For the case y; = y,, we have

y ¢ (ylvyz)s
Yy € (1, ¥2),

1
O(1.y)— 6(0,y) = / 8,6(x. y)dx
0
1
:_/ [0)F(x — X1,y — y1)
0
— WF(Xx — X2,y — y2)ldx + 27 q4

1
— / [0,F(x, ¥ — y1) — ByF(x. y — y,)ldx
0

+ 27(y1 —y2)=0.
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Combining the above two equalities, we get

=27, y€y1¥2)
(2.8)

1
@(l,y)—@(o,y):f 3,0 (x,y)dx:{ 0, ¥y &, y2),
0

Plugging (2.8) into (2.6), we get

i©(0.y)

Hy((1,y);a) =M =¢ =Hy((0,y);a@), O0<y<1.

Similarly, we can prove

! 0 X ¢ (x1,x2)
@(x,l)—@(x,O):/ 0,0 (x,y)dyz{ 2;1 1, X2),
0 P

X € (X1,%2),
(2.10)
and
Hol(x, 1); @) = e°0) = 900 = Hy((x, 03 @), 0<x<1.
(2.11)
Taking the gradient of (2.6), we have
VH,(x; a) = i Hy(x; a)VO(x). (2.12)

Combining (2.6), (2.12), (2.9) and (2.11), and noting VO €
C2(T? \ {ay, ax}) N L'(T?), we obtain immediately H, € CX2(T? \
{ay, a;}) NWHY(T?). O

2.2. A canonical harmonic map for N vortex dipoles and its proper-
ties

For 2N vortex centers @;,...,a@y € T?> and @ = (ay, ...,
asy)! € (T2)2N, we can divide a into N vortex dipoles: (aj, ay11)",
., (ay, ayy)T. Then, we define the canonical harmonic map as

H:=H(x; a) = | [ Ha(x; (aj, an))"). (2.13)

—.

j=1

Similar to (2.5),

J(H) = Z; Ha(x

we have

(@, an)"))

N
=> [ —IV(F(x — @) — F(x — ay4))) + 27q,((a;. aN+j)T)]
j=1
2N
=_J Z d;VF(x — a;) + 27 q(a).
j=1

(2.14)

As shown in Lemma 2.1, we have Hx(x; (@, ay4;)") € C2(T? \
{a;, ay,;}) "W (T?) and
[Ha(x, (@;, an)T)| = 1, which implies

He GUTAa)nW"(T?),  |Hx a) =1, (2.15)
with
T2 (@) =T\ {a, ..., @} (2.16)

We then introduce some notations. For z, Z € C, we define

(z,Z) = %(zz +27).
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And for two complex vectors z = (z1,2),Z = (Z1,2,)" € C?,

we define
(2,Z) = (21,Z1) + (22, L2} .

In particular, if z, Z € R? C C?,
(z,Z)=2z-Z.

We denote

2N
=) dF(x—a),
j=1

and for0 < p <« 1

(2.17)

T2(a) == T \ U;B,(a)). (2.18)

In the following, we use Hess(n) to denote the Hessian matrix of
a function 7.
We then derive some simple properties of H defined in (2.14):

Lemma 2.2. For the H = H(x; a) given in (2.13), we have

2N
Hy=7) " dis
j=1

/j(H)dx:an(a), e (TN, (2.19)
'H*Z

and for 0 < p <« 1
1
/ e(H)dx = 2Nm log — + Wp2(a)+ 0 (p°), a e (T*)N.
T (a) P

(2.20)

Proof. Via direct calculation of V - j(H) and J(H), noting (1.6),
(2.14) and that F € W1 1(T?) satisfies (1.17), we have

2N
V - j(H(x; a)) = — > diIVF(x—a) | =0, (2.21)
j=1
1 2N
JHE @) = V- (WHE o) =~V - | 1) GIVEx —a)

j=1

1 2N 2N
j=1 j=1

(2.22)
Integrating j(H) over T? and noting (2.14), we obtain
/ :—JZd/ VFx—a])dx-i—Zn/ q(a)dx
T2 T2
=-J Zd / x)dx + 27q(a) = 27 q(a). (2.23)
Combining the above three equalities, we obtain (2.19).
Noting |H(x; @)] = 1, we can assume H(x; @) = €™, Similar
to (2.7) and (2.12), we have
j(H)=Ve, VH=iHV0 = iHj(H). (2.24)
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Then plugging |[H| = 1,(2.24), (2.14) and (2.17) into the definition
of e(H) in (1.6), and integrating e(H) over 'H‘f)(a), we have

1 1
/ e(H)dx = f/ |[VH|?dx = f/ li(H))?dx
2(a) 2 Jr2(a) 2 Jr2(a)

1
= 7/ | — IVW + 2nq(a)®dx
2 Jra

1
= f/ |Wf|2dx—2n/ q(a) - (JVW)dx
2 Jr2(a) T2(a)

+ 27%q(a)*> + 0(p?). (2.25)

Similar to Lemma 12 in [4], the first term on the right-hand side
of (2.25) can be estimated by

1 1
- / |VW 2dx = W(a) + 2N log — + 0(p?). (2.26)
2 J12(a) Jo

For the second term on the right-hand side of (2.25), we define

vi(x) = ¥(x) — djlog |x — aj|. (2.27)

Then ¥; € Cl(Bp(aj)). Noting that Jq(a) is constant with respect to
x and substituting (2.27) into the second term on the right-hand
side of (2.25), we have

/ qa)- (JV¥)dx = —f (Jq(a)) - Vwrdx
T2(a) T2(a)

2N

=> / n - (Jq(a))¥ds
j=1 0B, (a;)
2N

=Z/ (d;log x — aj]
=1 Y B,(a)

+ ¥i(x))(Jq(a)) - nds

2N
=3 (dtogo [ ata- nas
j=1 BBﬂ(aj)

+ [ vue. (Jq(a))dx)
Bp(aj)

=0(p?). (2.28)

Substituting (2.26), (2.28), (1.22) and (1.28) into (2.25), we imme-
diately obtain (2.20). O

Lemma 2.3. Suppose that n € C?(T?) is linear in a neighborhood
of @; and supp (n) N {a, ..., ayv} = {a;}. Then we have

/ (Hess(n)i(H), Jj(H)) dx = —Vn(a;) - (JVq,Wr2(a)). (2.29)
T2

Proof. Denote

Jo=-IVv. (2.30)
Then (2.14) and (2.17) imply

J(H) =jo + 2 q(a). (2.31)

Plugging (2.31) into the left hand-side of (2.29), we get
| wesstnien, e
T2
= [ Hesstnio + 2ata). i + 2rata) d
T

= / (Hess(n)io, Jjo) dx + 27 / (Hess(n)jo, Jq(a)) dx
T2

T2

Physica D 453 (2023) 133812
+271/ (Hess(n)q(a), Tj,) dx
'H‘Z
+ 4n? / (Hess(n)q(a), Iq(a)) dx. (2.32)
TZ

For the first term on the right hand-side of (2.32), Lemma 2.3.1
in [1] implies that

f (Hess(n)io, Jjo) dx
T2

=dVn(@)- |27 )

1<k<2N, k#j

d(JVF(a; — ay)) (2.33)

Applying integration by parts to the second, third and fourth
terms on the right hand-side of (2.32), we have

/ (Hess(n)q(a), Jq(a)) dx = 0, (2.34)
T2

/ (Hess(in)io. Ja(@)) dx = — / V -o (Vn, Jq(a) dx = 0,
T2 T2

/ (Hess(n)q(a). o) dx = — / V- (Wio) (V1. g(a) dx
TZ 2

T

__ f q(a) - YV - (Jjio)d
T[*Z

2N
= -2 /1;2 q(a) . VT) Z dk5a,<dx

k=1

= —2mq(a) - (d;Vn(a)). (2.36)
In the above equalities, we have used supp (n) N {a, ..., @} =
{a;} and
2N
Vijo=0, V-(Jig)=27 Y d, (2.37)

j=1

which are direct corollaries of (2.31), (1.6) and (2.19).
Substituting (2.33)-(2.36) into (2.32), we obtain

/ (Hess(n)i(H). Ji(H)) dx
T2

=—27dVn@) (- >

1<k<2N, k#j

dy(JVF(a; — ai)) + 2 q(a)

(2.38)

Taking the gradient of Wy defined by (1.16) and (1.22) with
respect to a;, we have

VoWnr(@)=—27 Y
1<k=<2N, k#j

ddjVF(a; — ay) — 47’d;Jq(a).  (2.39)

Then substituting (2.39) into (2.38), we obtain (2.29). O

3. Vortex paths and current of the NLSE (1.1)

In this section, we will first derive local existence of 2N vortex
paths by proving

2N

Jwt) >« Z dj(Sbj([) inW~1(T?) for some Lipschitz paths b;s,
j=1

(3.1)
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then prove the convergence of j(u®) and " T and finally give

iw®)

some estimates of [?>-norm of V|uf| and I j(u,) with
u.(x, t) = H(x; b(t)), (32)
where b := b(t) = (by(t), ..., bon(t))" and H(x; b(t)) is the

canonical harmonic map given by (2.13). Similar to the proofs
in [1,16], the proof of our main result relies on these results.

3.1. Local existence of vortex paths

Lemma 3.1 (Local Existence of Vortex Paths As ¢ — 0). If the initial
data ug satisfies (1.11) and (1.24), then the NLSE (1.1) with (1.2) has
a weak solution u®(x, t) € H'(T? x R) for each ¢ > 0. Moreover,
after passing to a subsequence ¢ — 07, still denoted by &, there exist
aT > 0and 2N Lipschitz paths b; : [0, T) — T? with b;(0) = a? for
j=1,2,...,2N, such that (3.1) holds for all t € [0, T). Moreover,
T satisfies

T =inf{t > 0/31 <j < k < 2N such that |b;(t) — b(t)| = 0}.

(3.3)

Proof. For the local well-posedness of Problem (1.1) with (1.2)
for each ¢ > 0, one can see [29] for details and thus they are
omitted here for brevity. The proofs of the existence of b; and
(3.3) are essentially the same as the proof of Theorem 1.4.1in[1],
since the proof of Theorem 1.4.1 in [1] does not depend on the
vanishing momentum assumption Q, =0. O

3.2. Convergence of current density

Lemma 3.2. Assume u®, ug, b; are the same as in Lemma 3.1. Then
there exists a subsequence ¢ — 0, which is still denoted by ¢, such
that forany To < T

J() = j(u,) in L'(T% x [0, To)), (3.4)
and
J|(58|) = j(u,) in Lig (T3(b(6)) x [0, Tol), (3.5)

where T2(b(t)) is defined by replacing a by b(t) in (2.16).

Proof. We first prove (3.4). Lemma 3.1 implies that for & small
enough, we have for t < Ty,

2N
& 7TT'b
7 3 iy~ (0) < o (3.6)
= w—1.1(T2)
where

~ min{ b0
r, = — minj|b;(t) —
b= g j
The energy conservation (1.5), the energy bound of initial data
given in (1.24) and the definition of W;z (1.23) imply that there
exists a positive constant C such that

bi(t)1<j<k=<2N,0 <t <To}.

E(u®(t)) = E(u§) < 2N7 1og§ +C. (3.7)

Then, it follows from (1.4.26) in [1] that forany 0 < p <1,

|U(u8)”L1(’H‘2><[O.T0]) =C

which implies that there exist a subsequence of u® and j, €
LY(T? x [0, To]) such that

x [0, Tol). (3.9)

||VU ”LZ(TZ(I) <C, (38)

j@) —j, inL}(1?
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In addition, the mass conservation (1.3) and the energy bound
(3.7) yield

9 |u|?

a 2

For any ¢ € Cgo(

To
‘/ / jw®)- dexdt‘
0 T2

(3.10)

V), P - 1||fz(Tz) < C&*|logsel.

x [0, Tp]), noting (3.10), we have
To
|, Lo
To £12 _ 1
~|- f / watdedt
o Jr2 2
To 12 _ 1
- / f poy =1 dxdt‘
o Jm2 2

<Ce/|10g &ll19:V || 212 x 0,74 )-

Letting ¢ — 0 on both sides of (3.11), we obtain

“)dxdt ‘

(3.11)

To To
/ / J«-Virdxdt =0, which implies / / YV.j,.dxdt = 0.
0 T2 0 T2

Since v is arbitrary, we have

V-j,=0. (3.12)
Similarly, we can prove
V- li(x 1) = lim V- (L (x, £))) = 2 lim j(u"(x, 1))
2N
=27 ) didoy (%) (3.13)
k=1
Similar to (1.9), (3.13) implies
2N
/sz*(x, t)dx = !gr(l) sz(ug(x, t))dx =2n] ]:Z] d;b;(t)
= 27 q(b(t)). (3.14)
Combining (3.2), (2.19) and (3.14), we have
[zj(u*(x, t))dx = 2w q(b(t)) = /Zj*(x, t)dx. (3.15)
T T

Define V = j, —j(u,). Combining (2.19), (3.12) and (3.13), we see
that

V-V =Vyj,—Viju,)=0 V-(V)=V-(Jj)-V-(Lu)) = 0.

Thus, V(x, t) = g(t) for some g : [0, To] — R? and g € L!([0, To])
since j,,j(u,) € L'(T? x [0, T]). Then, (3.15) implies that for any
t1, & € [0, To],

fzg(t)dt=f2/ V(x, t)dxdt
3} ty JT?
=/ /(i*(x t)
ty JT?

— j(u.(x, t)))dxdt =

which implies V(x,t) = g(t) = 0. Hence, j, —j(u,) =V =0,
which together with (3.9) implies (3.4).
Then we give the proof of (3.5). Noting
ey (2 ey (2
u
v = v 4 B0 ) (3.16)
u®| u®|

(3.8) implies that forany 0 < p < r,,

To To
f / dxdt</ / [Vu®|? dxdt < C To,
T3 (b(t)) T3 (b(t))

(3.17)
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ie. "(”ﬂ) is uniformly bounded in L*(T2(b(t)) x [0, Tol). Hence,

there exists a function j, € L2(’]1‘2(b(t)) x [0, To]) such that up
to a subsequence
J?)
|u®|
Then (3.10) 1mp11es [u*| — 1in L*(T? x [0, To]). As a result,
jw) = Ju® |]\uF\ converges weakly to j, in L'(T%(b(t)) x [0, To]).
Hence.]* = j(u,) by (3.4), which together with (3.18) implies that
i) s j(u,) in L*(T%(b(t)) x [0, To]). Noting that 0 < p < 1, is

[u*]

arbitrary, we obtain (3 5). O

— J,. in 2(T3(b(t)) x [0, To]). (3.18)

3.3. Estimates of L?>-norm of V|u?| and Jluf —j(uy)

Lemma 3.3. Assume that uf,ug, b;, u, are the same as in
Lemma 3.2, and 0 < p < 1. Then there exists a positive constant C
such that for any [ty, t;] C [0, T), we have
2
dxds

limsup/ / |: s)|) + Jurs)
e=0 T2 (b(s))
(3.19)

()
sc/ | Wi2(a®) — Wy (B(s))|ds.

t

—J(u.(s))

Proof. By Lemma 3 in [4], we have for 0 < ¢ < p,

/ e(u’)dx — ()/ + 7 log 3) > —Xq(e),
B, (Bj(s)) €

where
= C;\/EJr ;II](U) = 70 8py(s) llw =118, (by(s)))-

Combining (3.20), (1.5) and (1.24), we obtain

2N
f e(u®)dx = E(u®(s)) —
T3(b(s))

> / e(uf(s))dx
-1 B/J(bj(s))
E(ug) — 2N (y + 7 log g) + X4(¢)

(3.20)

Xi(e) (3.21)

J

IA

IA

W, (@) — 2N (y + 7 log 3) + 5i(e)
&

1
= 2N log — + Wi2(a®) + Zy(e). (3.22)
0

Combining (2.20) and (3.22), we get

f (e(t) — e(u))dx < Wya(a®) — Wy (B(s)) + 0(p>) + E1(e).
(b(s))

(3.23)
Noting that
1 licue 2 ;e
e(u)—e(u.) = e(|u )+ ‘]|(ue|) ) +j(u*)-<’|(;|) —j(u*)),
(3.24)
(3.23) implies
1 Py 2
/ (e(|u€|)+2 ) _ ) )dx
2 (b(s)) [ue|
< Wia(a®) — Waa(b(s))| + 0(p) + 5i(e)
- j(u*)-<’(“:)—j(u*)> dx (325)
T3 (b(s5)) [u?|
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Integrating both sides of (3.25) with respect to s over [tq, t2], we

obtain
2
) dxds

g 1)
/ / e<|u8|)+2‘ D )
1 JT2(b(s) [ue|

5/ |Wr2(a®) — Wra(b(s))lds + 0(0?) + (t2 — t1) Z1(e)

/ / ( jw) j(u*)) dxds. (3.26)
T,%(b(s)) u?|
By (3.5), letting ¢ — 0 on both sides of (3.26), we obtain
e 2
lim sup/ / ‘J(u ) —j(uy)| ) dxds
£—0 T3 (b(s)) [u?]
< / |Wi2(a®) — Wia(b(s))|ds 4 O(p?). (3.27)
f
Here, we have used
J(u) € L (T2B(L)) x [t1, 1), (3.28)

which is a direct corollary of (3.2), (2.14) and F € Cf(’)ﬁ(Tz \ {0}).
Since the estimate above works for any p’ < p and Ti,(b(s)) D

T2(b(s)), we have
2
lim sup/ f e(Ju®l) + u,)| | dxds
e—>0 2(b(s) | £|
< llmsup/ / e(Jul) + = ‘ Jjluy)| | dxds
e—0 ,(b(s)) | 6‘|
(3.29)

5/ Wi (a®) — W (B(s))Ids + O(('2).

5]

Letting p’ — 0, we obtain (3.19). O
4. Proof of our main result and its extension

In this section, we prove the main result Theorem 1.1 and then
discuss its extension to torus with arbitrary length and width.

4.1. Proof of our main result

Proof of Theorem 1.1. Recall a is the solution of (1.27) and b, T
were obtained in Lemma 3.1. Define

T; = inf{t > 0/31 <j < k < 2N such that |a;(t) — a,(t)| = 0},
Z Ibi(t) — a;(t t>0. (4.2)

For any T < T,, Lemma 3.1 and the definition of a (1.27) imply
that both b(t) and a(t) are Lipschitz on [0, T] Hence, there exists
a constant C, such that

la(t) — a(0) + [b(t) — b(0)| = Ct, (4.3)
which together with (4.2) implies that
[¢(t) — ¢(0)] < 2NCit. (4.4)

Lemma 3.1 and the definition of a (1.27) imply that b(0) =
a’, a(0) = a°. Hence, (4.2) implies

£(0) =) |bj(0) — a;(0)| = > |a) — a)| = 0. (45)
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Then, combining (4.4) and (4.5) we have

r r
, for0<t<t=—-, (4.6)

¢(t) < 1 8NC,

with

1
r=; min {|a;(t) — a(t)], |b(t) —
0<t<T}. (4.7)

bi(t)[|1 <j <k <2N,

We first prove b(t) =
[0, 7ol
Substituting (1.27) into the derivative of ¢(t), we have

2N
<Y |at) -
j=1
N
=2
j=1

a(t), which is equivalent to ¢(t) = 0 on

2N

IEDS

j=1

) .
1V Wra(a(t)) = bi(t)

1 1
—dj—IVa,Wr2(a(t)) + dj— IV W2 (b(t))
v b

’ .
—dj— VW2 (b(0)) — bi(0)

Jj=1
2N 2N
=Y B(t)+ Y _A0), (4.8)
=1 =
where
. 1
Aj(t) = |bj(t) + dj;JVbjWTz(b(t)) , (4.9)
1 1
Bi(t) = | —dj— IV Wrz(a(t)) + djnJVbjWTz(b(t))‘ . (4.10)

Substituting (2.39) into the definition of B; in (4.10), we have

Bj(f) < 2

> dJVF(a(t) — a(t)

1<k=<2N, k#j

_ Z koVF(bj(t)—bk(t))'

1<k<2N, k#j

2N 2N
—47] ) dia(t) +4m 1y dibi(t)
k=1 k=1
<2 Z |dkJVF(aj(t) — a(t)) — deJVF(bi(t) — by(t))|
1<k<2N, k#j
+ 87NZ(t)
< 20(0) Y IFlcammgo-non +8TNCE).  (411)

1<k<2N, k#j

In the above, we have used the following inequality by noting
(4.2) and (4.6)

(@ —a) — (bj — by)| < |bj —aj| + |b —a| < ¢ <,
1<j#k<2N.

Since B, (b;(t)—by(t)) C T2\ Bs,(0), there exists a positive constant
C such that ||F||Cz(3r(,,j(t),,,k(t < C. Hence, (4.11) implies

Bi(t) < (4NC + 8 N)z(t). (4.12)

For Aj(t), we can find a smooth function n € Co(B:(bj(t)))
satisfying

n = n(x) = v - x in Bz 4(b;(t)),
where v € S! satisfies

. 1
Aj(t) = dj V- (bj(l') + dj;JVbjWTz(b(f))> . (4.13)
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By (2.1.9) in [1] and (3.1), we know
. 1
djv-bi(t) = rllir% djv- —(bj(t + h) — bj(t))

= lim lim —/ [ (U (x, t + h)) — n(x) (U’ (x, £))] dx

h—0e—0 7rh

1 t+h
= lim lim —/ (Hess(n)Vu®, JVu®) dxds.  (4.14)
TZ

h—0e—0 Th ¢

Lemma 2.3 together with (3.2) implies
1 1
g (dj;w,,jwww(t))) — / (Hess(nj(u1.(1)). T, () dx

t+h
= —lim — / (Hess(n)i(u«(s)), Jj(u«(s))) dxds. (4.15)
h—0 nh

Combining (4.13), (4.14) and (4.15), and noting

(axusv 8xu£) = ‘uzp U](UE))Z + (3x|u8|)2s
(ocus, dyue) = ﬁh(ug)jz(ua) + Oluf| oy |uf], (4.16)
<8yu£’ ayu$> = ‘ué ‘2 (’2( )) + (ay|u£|)2’
which is a corollary of
vie = Xy S (4.17)
[u®] lue| |u®|
one gets
t+h
Aj(t) =lim lim —/ f (Hess(n)Vu®, JVu®)
h—0e—0 7Th
(Hess(n)j(u,), Jji(u,)) | dxds
=Li(t) + Ki(t) = Li(t) 4 K (t) + Kpo(t) + Kjs(t), (4.18)
where
t+h
Li(t) =lim llm—/ / (Hess(n)V|u®|, JV|u®|) dxds, (4.19)
h—0e—0 Th T2
t+h ]
Kj(t) = lim lim —/ / |:< ](u , B )>
h—0e—0 7h |uE| |ug|
- (HESS(ﬂ)i(u*),JJ'(U*)>i|dXdS, (4.20)
t+h )
=gyt 2z [ (st (5 —s0).
J <’|(:' |) - j(u*)>>dxcls, (421)
t+h (
Kio( )—Am}) lll‘%;/ / <Hess(n)1 Uy), J( | ](u*)>>dxds,
(4.22)
t+h )
Kj3(t) —Ag});g;f /Tz <H655(n ( ] (u*)> ,JJ(U*)> dxds.
(4.23)

Noting (3.28) and Hess(n) € Co(B;(bj(t))\Bs/a(bj(t))), substituting

(3.5) to (4.22) and (4.23), we obtain
Kp(t)=0, Kj3(t) = 0. (4.24)

Thus, it only remains to estimate L;j(t) and Kj;(t). By definition
(4.19) and (4.21),

J@w)
[u®]

—0e—0 Th

1 t+h
K1 (£)] + [Li(t) < C llm lim —/ ’

L2(T3(b(s)))

&
+ ”vlu |||L2(’]1‘%)(b(s)))> ds.
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Then by Lemma 3.3, we have

1 t+h
Kn(O1+ 1501 = C fim [ Waa(a®) — Wea(bis)lds
Waa(B(0)1

Noting (1.22) and (1.27), differentiate Wi2(a(t)) with respect to
t:

< E|wT2(a°) — (4.25)
T

aj(t)

r(a(t))

Z Ve, W2 (a(t)

= Vg Wr2(a) - (—;djﬂvaiwrﬂ-z(a)) =0. (4.26)

This implies that Wi2(a(t)) = Wr2(a®). As a result, (4.25) gives

C
K (O] + L] = —[Wra(a(t)) — Wrz(b())] < CL(E).

Combining (4.8), (4.12), (4.18), (4.24) and (4.27), we obtain
2N 2N
£) <Y B0+ Y (L(t) + Kja(£) + Kn(t) + Kis(£)) < Ce (1),
j=1 j=1
which implies ¢(t) = 0 on [0, 1p] together with (4.5). Hence,
b(t) a(t) on [0, 7o), Recall the definition of 7o in (4.7). 1o is
a constant whenever T is chosen. Hence we can repeat the above
proof on [z, 27g], [270, 370] and so on. Then we have b(t) = a(t)
for any t € [0, T]. Since T < T, is arbitrary, we have b(t) = a(t)
for any t € [0, Ty). Then (3.3) and (4.1) imply that T = T’ =
T. Noting (3.1) and the equivalence between (1.26) and (1.27),
b(t) = a(t) both satisfy (1.25) and (1.26) on [0, T). O

(4.27)

4.2. Extension to torus with arbitrary length and width

We can extend our result to the case of the nonlinear
Schrodinger equation on torus with arbitrary length and width

T2, = (R/IZ) x (R/wZ) with [ > 0 and w > 0:
1
iU (x, ) — Au'(x. t) + — (Ju'(x. 0))> — 1) u(x. 1)
&
=0, x¢ 'H‘,w, t>0, (4.28)
with initial data
u(x,0) = uj(x), xeT? (4.29)

Define the renormalized energy W, on T,zw fora = (ay, ...,
an)" € (T, N with a; # ax(j # k) by

Z dydp Fro, (ay

1<k#m=<2N

2

Wlw(a) =T

)

(4.30)

with Fy,, the solution of

1
AF, (%) = 27 (8(x) — —) on T,zw, with / Fp,(x)dx = 0.

hw
Then we can repeat the proof of Theorem 1.1 with some adjust-
ments to prove the following result:

Corollary 4.1 (Reduced Dynamical Law For The NLSE On torus With
Arbitrary Length and Width). Assume there exist 2N distinct points
a,....a5 € T} and a® = (a}, ..., aS,)" such that the initial
data ug in (4.29) satisfies

Jus) = Zda o in WII(T2)),

j=1

10
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11m

e—>0

2N
| dluy()dx = Qo = 21 > da, (4.31)
Tluv

j=1

1
lim sup / e(ug(x))dx — 2N (7‘[ log — + y) — Wi(a®) | <o0.
e—0 leur &
(4.32)
Then there exist a time T > 0 and 2N Lipschitz paths a; : [0, f) —

12w forj=1,...,2N, such that the solution u® of the NLSE (4.28)
with (4.29) satisfies
ot
Jwe ) =% Zd Saey in WI(T2), (4.33)
j=1
and a; (1 < j < 2N) satisfy the following reduced dynamical law:
1
= _dj*JValew(a)
v
2
=1l2 ) ‘dkwlw(aj —a)| - —~Qo >0, (434)
1<k<2N, k#j

with the initial data a;(0) = a) for 1 <j < 2N.
5. Some properties of the reduced dynamical law

In this section, we show some first integrals of the reduced
dynamical law (1.26) (or (1.27)) and present analytical solutions
for several initial setups with symmetry.

5.1. First integrals

Define

1
fa)=5 Y ddda—al,

1<j#k<2N

ac (T?)2N. (5.1)

Then we have

Lemma 5.1. Let @ = a(t) = (ay(t),..., an(t)) € (T?)?N be
the solution of the reduced dynamical law (1.26) (or (1.27)) with
(1.15). Then q(a), Wy2(a) and &(a) defined in (1.28), (1.22) and
(5.1), respectively, are three first integrals, i.e.

1
q(a) := q(a(t)) = q(a(0)) = q(a°) = EQO» (5.2)
Wpa(a) := Wea(a(t)) = Wea(a(0)) = Wpa(a®),  t>0, (5.3)
£(a) = &(a(t)) = £(a(0)) = £(a®). (54)

Proof. Differentiating (1.28) with respect to t, noting (1.27), (1.7),
(2.39), and that F is an even function, we have

d
—q(a(t))

2N
=2) dJ
j=1

) Z‘ didy VF(a;(t) — ay(t))

d,VF(aj(t) — a(t))

2

1<k<2N, k#j

2N
— 27 Z dray(t)
k=1

1<j#k<2N
2N 2N
+ar [ 4 (Z dkak(t))
j=1 k=1
=0, t>0,

which immediately implies (5.2). Plugging (5.2) into (1.27), we
obtain (1.26) immediately. From (4.26), we get (5.3). Finally,
combining &(a) = —|q(a)|* with (5.2), we get (5.4). O
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5.2. Analytical solutions for several initial setups with symmetry

Lemma 5.2. When N = 1in (1.26), the analytical solution of (1.26)
with (1.15) is given as

a(t)=al +pt,  ay(t)=ad+pt, (5.5)
with
p = —2JVF(a$ — ad) — 2Q, (5.6)

Proof. Clearly, (5.5) implies that a(t) = (ay(t), ay(t))" satisfies
the initial data of (1.26) and

t> 0. (5.7)

Noting that F is an even function and substituting (5.7) into (1.26),
we have that the right hand-side of (1.26) is equal to (j = 1,2
respectively)

a;(t) — a(t) = af — aj,

2d,JVF(ay(t) — ay(t)) — 2Qo = —2IVF(a] — a3) —2Q, = p,

2d1JVF(ay(t) — ay(t)) — 2Q = 2IVF(—(af — a3)) — 2Q,
= —2JVF(a} —ad) - 2Q, =p
(5.8)
Differentiating a;'s defined by (5.5) with respect to t, we have
a;(t) =p, a(t) = p, (5.9)

which are equal to the right hand-side of (1.26). By the unique-
ness of the solution of (1.26), (5.5) is the solution of (1.26) when
N=1 0O

Lemma 5.3. Take N = 2 in (1.26) and the initial data (1.15) as

aj = (0.5,0.5)" — (o, Bo)" .

a3 =(0.5,0.5)" — (Bo, &),
(5.10)

with 0 < By, «o < 1 such that Q, = 0, then the analytical solution
of (1.26) with (1.15) is given as

a) = (0.5,0.5)" + (g, Bo)'
a3 = (0.5,0.5)" + (Bo, ao)',

(t) = (0.5,0.5)" + (a(t), B(t)),

ay(t) = (0.5,0.5)" — (a(t), B(1))", (5.11)
(t)=(0.5,0.5)" + (B(t), a(t))",

as(t) = (0.5,0.5)" — (B(t), a(t))",

where («a(t), B(t)) is the solution of

@ =2 (—dF(a— B, B —a)+ dFQ2a,2B) — ,F(a+ B, a + B)).

B =2(0F(a — B, B — ) — &F(2a, 2B) + 0F(c + B, . + B)),
(5.12)
with the initial data
a(0) =ap,  B(0) = Bo. (5.13)

Proof. By the symmetry of (1.17), we have that F satisfies
F(x,y) = F(—=x,y) = F(x, —=y) = F(y, x). (5.14)

Then, owing to the symmetry of the initial data (5.10) and the
symmetry of Eq. (1.26), we can take the ansatz that the solution
a = (ay, ay, a3, a,)' satisfies (5.11). Substituting (5.11) into (1.26)
and noting that

Qo =27J(ad + a5 —a}—a}) =0, (5.15)
we have
a, = 2J(—VF(a—B, B—a)+VF(2a, B)—VF(a+p, a+B)). (5.16)
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Noting @; = (¢, B), we obtain (5.12). O
Similar to Lemma 5.3, we can prove the following lemmas:
Lemma 54. Take N = 2 in (1.26) and the initial data (1.15) as

— (a0, Bo)',
(a()! _ﬂO)T7
(5.17)

=(0.5,0.5)" + (ap, o),
ad = (0.5,0.5)" + (g, — o)’

ad = (0.5,0.5)"
al =(0.5,0.5)"

with 0 < Bo, g < 1 such that Q, = 0, then the analytical solution
of (1.26) with (1.15) is given as

a,(t) = (0.5,0.5)" + (a(t), B(1))',
ay(t) = (0.5,0.5)" — (a(t), B(1)) g (5.18)
a3(t) = (0.5,0.5)" + (a(t), —B(1))",
ay(t) = (0.5,0.5)" — (a(t), —B(1))",
where («(t), B(t)) is the solution of
@ =2 (0,F(2e, 2B) — 0,F(0,2B)) , (5.19)
B = 2(—3F(2a, 28) + 3,F(2a, 0)), ‘

with the initial data (5.13).

Lemma 5.5. Take N = 2 in (1.26) and the initial data (1.15) as

(0, Bo)'

— (a0, =o',
(5.20)

with 0 < Bo, g < 1 such that Q4 # 0, then the analytical solution
of (1.26) with (1.15) is given as

ad = (x,0.25)" —
a3 = (x,0.75)"

a3 = (%, 0.25)" + (o, Bo)",
a3 = (x0,0.75)" + (a0, —Bo)",

ai(t) = (x0, 0.25)" + (a(t), A1) — 2tQ,,
ay(t) = (x0.0.25)" — (a(t), ()" — 2tQ,,
; (5.21)
as(t) = (x0.0.75)" + (a(t), —B(1))" — 2tQ,.
ay(t) = (x0.0.75)" — (a(t), —B(1))" — 2Q,.
where («(t), B(t)) is the solution of
@ =2 (0yF(2, 2B) — 9,(0,28 — 0.5)) , (5.22)

B = 2(—3F(2a, 2B) + d,F(2at, 0.5)),
with the initial data (5.13).

To illustrate the solution of (1.26) with the initial data (1.15)
for a few special setups, we solve it numerically by adopting the
fourth-order Runge-Kutta method with time step At = 1074
Fig. 3 plots the solutions of (1.26) with N = 1 and different
initial datum in (1.15), i.e. different Q, to illustrate the dynamics
described in Lemma 5.2; and Fig. 4 shows the solutions of (1.26)
with N = 2 and different initial datum in (5.10) to illustrate
the dynamics described in Lemma 5.3, in (5.17) to illustrate the
dynamics described in Lemma 5.4, and in (5.20) to illustrate the
dynamics described in Lemma 5.5.

6. Conclusion

A new reduced dynamical law for quantized vortex dynam-
ics of the nonlinear Schodinger equation (NLSE) on the torus
with non-vanishing momentum was established when the vor-
tex core size ¢ — 0. It is governed by a Hamiltonian flow
driven by a renormalized energy on the torus and it collapses
to the reduced dynamical law obtained in [1] for NLSE on the
torus with vanishing momentum. The key step is to adopt a
new canonical harmonic map on the torus to include the effect
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Fig. 3. Trajectories of the reduced dynamics law (1.26) with N = 1 and different initial datum in (1.15), i.e. different Q,, for: (i) a? =(0.5,0.4)" and ag =(0.5,0.6)"

with Qo = (—0.47,0)" (left), (ii) a =

(0.4,0.4)" and a = (0.6,0.6)" with Qy = (—0.4r,0.47)" (middle), and (iii) @} = (0.6,0.4)T and a3 = (0.4,0.6)" with

Qo = (—0.47, —0.47)" (right). Here and in the below, we use + and x in the pictures to denote vortices with winding numbers +1 and —1, respectively.

Lemm - .
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Fig. 4. Trajectories of the reduced dynamics law (1.26) with N = 2 for different initial datum: (i) in (5.10) with o9 = —0.25 and By = 0 (left), (ii) in (5.17) with
ap = —0.1 and By = 0.1 (middle), and (iii) in (5.20) with xo = 0.15, &g = —0.075 and By = 0 (right).

of the non-vanishing momentum into the dynamics. Extension
of the reduced dynamical law for NLSE on torus with arbitrary
length and width was discussed. Finally, three first integrals of the
reduced dynamical law were presented and analytical solutions
were obtained with several initial setups with symmetry.
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