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IMPROVED UNIFORM ERROR BOUNDS OF THE
TIME-SPLITTING METHODS FOR THE LONG-TIME
(NONLINEAR) SCHRODINGER EQUATION

WEIZHU BAO, YONGYONG CAI, AND YUE FENG

ABSTRACT. We establish improved uniform error bounds for the time-splitting
methods for the long-time dynamics of the Schrédinger equation with small
potential and the nonlinear Schrédinger equation (NLSE) with weak nonlin-
earity. For the Schrodinger equation with small potential characterized by a
dimensionless parameter € € (0, 1], we employ the unitary flow property of the
(second-order) time-splitting Fourier pseudospectral (TSFP) method in L2-
norm to prove a uniform error bound at time t. = t/e as C(t)C(T)(R™ + 72)
up to te < T, = T/e for any T > 0 and uniformly for € € (0, 1], while h is the
mesh size, T is the time step, m > 2 and C(T') (the local error bound) depend
on the regularity of the exact solution, and C(t) = Co + Cit grows at most
linearly with respect to ¢ with Cp and C7 two positive constants independent
of T, e, h and 7. Then by introducing a new technique of regularity compen-
sation oscillation (RCO) in which the high frequency modes are controlled by
regularity and the low frequency modes are analyzed by phase cancellation and
energy method, an improved uniform (w.r.t €) error bound at O(h™ =1 + ¢72)
is established in H!'-norm for the long-time dynamics up to the time at O(1/¢)
of the Schrodinger equation with O(e)-potential with m > 3. Moreover, the
RCO technique is extended to prove an improved uniform error bound at
O(h™~1 4+ ¢272) in Hl-norm for the long-time dynamics up to the time at
O(1/€?) of the cubic NLSE with O(e?)-nonlinearity strength. Extensions to
the first-order and fourth-order time-splitting methods are discussed. Numer-
ical results are reported to validate our error estimates and to demonstrate
that they are sharp.

1. INTRODUCTION

The (nonlinear) Schrédinger equation arises in various physical phenomena, such
as quantum mechanics, Bose-Einstein condensates, laser beam propagation, plasma
and particle physics [2,20,B1,[32,[47]. In this paper, we consider the following
Schrédinger equation

(1.1) Oh(x,t) = —AY(x,t) + eV (x)(x,1), x €Q, t >0,
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and the nonlinear Schrédinger equation (NLSE)

(1.2) i0p)(x, 1) = —A(x,t) £ 2|P(x, 1) [*(x,t), x €Q, t >0,
with the initial data

(1.3) P(x,0) =to(x), x€Q,

where ) = H?zl(ai,bi) C R? (d = 1,2,3) is a bounded domain equipped with
periodic boundary conditions. Here, t is time, x = (z1,---,24)T € R? is the
spatial coordinate, ¥(x,t) € C is the complex order parameter/wave function,
V(x) € R is a given external potential, € € (0, 1] is a dimensionless parameter. In
the Schrodinger equation (III), the amplitude of the potential is characterized by
the parameter € € (0,1]. In the NLSE ([2), the strength of the nonlinearity is
O(g?) — NLSE with weak nonlinearity — and the dynamics of the NLSE ([2) with
O(1)-initial data is equivalent to the NLSE with O(1)-nonlinearity and O(e)-initial
data — NLSE with small initial data, e.g. by setting ¢(x,t) = ey(x,t), the NLSE

(2 with ([I3)) becomes

i01p(x,t) = —Ap(x,t) £ |p(x, )2 (x,t), x € Q, t >0,
B(x,0) = b (x) == ¢po(x) = O(e), x€ Q.

In the past two decades, many accurate and efficient numerical methods have
been proposed and analyzed to simulate the (nonlinear) Schrédinger equation in-
cluding the finite difference time domain (FDTD) methods [I[3,28], the expo-
nential wave integrator Fourier pseudospectral (EWI-FP) method [21127[40], the
time-splitting Fourier pseudospectral (TSFP) method [13[I842]52], etc. Among
these numerical methods, the TSFP method preserves a set of geometric proper-
ties and performs much better than the other numerical approaches regarding the
stability, efficiency, accuracy and spatial/temporal resolution [2,[10,[11]. However,
convergence analysis for the TSFP method applied to the (nonlinear) Schrodinger
equation is normally valid up to the finite-time dynamics at O(1) and we refer to
[10,13][32,38,[42,[50] and references therein.

Recently, long-time behaviors of the (nonlinear) Schrédinger equation on com-
pact domains have received a great deal of attention [16,[19.30,32H34]. Along the
analytical front, the existence of the solution, the asymptotic behavior and con-
servation laws have been well studied in the literature [14}[17,26][39,[48]. From
the viewpoint of numerical analysis, the stability of the plane wave solutions and
long-time preservations of the actions and energy for the TSFP method have been
shown for the NLSE with the help of Birkhoff normal form and the modulated
Fourier expansion [25,33LB85H37]. For the long-time error estimates of the numer-
ical schemes, improved error bounds for time-splitting methods have been proven
under the constraint that the time step 7 is an integer fraction of the period of the
principal linear part [22]. Due to the usage of the properties for the periodic func-
tion, extensions of the improved error bounds to higher dimensions require that the
aspect ratio of the domain is rational. In addition, error estimates of the splitting
methods have been established with the error bound growing linearly in time for
the Maxwell’s equations [23}24] and the Schrodinger equations [41] (semi-discrete-
in-time case). However, such linear growth of the fully discrete TSFP error bound
for the Schrodinger equation has not been reported.

The aim of this work is to establish the improved uniform error bounds for the
TSFP method for the long-time dynamics of the Schrodinger equation with small

(1.4)
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potential and the NLSE with weak nonlinearity, removing the previous assumptions
on the periodicity of the free Schrédinger evolutionary operator and the integer
fraction time steps. First, we prove a uniform error bound in L?-norm for the
TSFP method applied to the Schédinger equation with the constant in the error
bound growing linearly with respect to the time ¢. Based on this error bound, for
a given accuracy tolerance dp and time step 7, we could obtain the computational
time within the accuracy &y by using the TSFP method is O(dy/72) for € = 1, i.e.,
with the smaller time step 7, the longer dynamics for the Schrodinger equation can
be calculated! Then by introducing a new technique of regularity compensation
oscillation (RCO) in which the high frequency modes are controlled by regularity
and the low frequency modes are analyzed by phase cancellation and energy method,
an improved uniform error bound in H'-norm for the Schrédinger equation with
O(e)-potential up to the time O(1/¢) is carried out at O(h™~! +e72 + 77"~ !) with
m > 3 depending on the regularity of the exact solution and 7y € (0,1) a parameter
fixed. In addition, the technique of RCO is extended to the proof of an improved
uniform error bound for the cubic NLSE with O(e?)-nonlinearity strength up to
the time at O(1/2) with the error bound in H'-norm at O(h™ ! + 272 4+ 77"~ 1).

Here, we briefly explain the idea of our analysis. For sufficiently regular solution,
we use the smoothness of the exact solution to control the high frequency modes (>
1/70) as 7" ~! where 7y is a chosen frequency cut-off parameter. The low frequency
modes (< 1/7p) will be treated by the RCO technique for sufficiently small 7 and
non-resonant 7, which basically asserts that the error of the low frequency part
behaves much better (satisfies the improved error bounds) as long as the time
step size 7 is non-resonant or resolves the frequency. The regularity compensation
oscillation (RCO) comes from the facts that the high modes are bounded by the
regularity of the exact solution and an order of & could be gained by noticing that
10, + A = O(ey) from (L)), and respectively, an order of &2 could be gained
by 10y + Ay = O(e2|p|*4)) from (D), i.e., a suitable combination of higher order
derivatives could compensate the wave oscillation of magnitude O(g)/O(g?).

The rest of this paper is organized as follows. In Section 2] the uniform er-
ror bound for the TSFP method in L?-norm for the Schrédinger equation with
O(e)-potential up to the final time 7. = T/e is proven and the error is shown
to grow linearly with respect to T. Then, the improved uniform error bound in
H'-norm is rigorously established with the help of a new technique of regularity
compensation oscillation (RCO). In Section Bl the RCO technique is extended to
analyze the improved uniform error bound in H'-norm for the cubic NLSE with
O(g?)-nonlinearity strength up to the final long-time at O(1/¢%). In Sections
and [3] extensive numerical results are reported to validate our error estimates and
demonstrate that they are sharp. Finally, some conclusions are drawn in Section [l
Throughout the paper, the notation A < B is used to represent that there exists a
generic constant C' > 0, which is independent of the mesh size h, time step 7 and
e such that |A| < CB.

2. IMPROVED UNIFORM ERROR BOUNDS FOR THE SCHRODINGER EQUATION

In this section, we adopt the time-splitting Fourier pseudospectral (TSFP)
method to numerically solve the Schrodinger equation () and rigorously establish
the uniform error bound in L?-norm and improved uniform error bound in H'-norm
using RCO. For the simplicity of presentation, we only carry out the analysis in
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one dimension (1D) and generalizations to higher dimensions are straightforward
(see also Remark for discussion). In 1D, the Schréodinger equation (ILII) with
the initial data (I3]) and periodic boundary conditions on the domain Q = (a,b)
can be written as

i0(z,t) = —AY(x,t) + eV (x)p(z,t), a<z<b, t>0,
(2.1) P(a,t) = p(b1), Outp(a,t) = O21p(bt), t =0,
Y(x,0) =vo(x), x € Ja,b].
2.1. The TSFP method. By the splitting technique [42[43][49], the Schrédinger
equation ([2) can be decomposed into two subproblems. The first one is
10 (x,t) = —Ap(z,t), x€Q, t>0,
(2.2) Y(a,t) = ¢(b,t), duip(a,t) = dptp(b,t), t 20,
P(2,0) = o(x), = € [a,0],
which can be solved exactly in phase space
(2.3) U( 1) = e"Peo(), t>0.
The second one is to solve
(. t) = eV(x)p(x,t), €8, t>0,
{1#(95,0) =o(x), x € la,b],

which can be integrated exactly in time, for = € [a, b], as

(2.5) (z,t) = e TV @y (), t>0.

(2.4)

Choose 7 > 0 as the time step size and t,, = n7 for n = 0,1, ... as the time steps.
Denote 1 (x) to be the approximation of ¢ (x,t,) for n > 0, then a second-order
semi-discretization of the Schrodinger equation (21) via the Strang splitting can

be given as [46]:
(2:6) PIrt(e) = S (pI) = €52 TV R Ay (1), 2 € O,
with 1% (z) = o ().

In space, we discretize the Schrodinger equation (2.1]) by the Fourier pseudospec-

tral method. Let NN be an even positive integer and choose the spatial mesh size
h = (b—a)/N, then the grid points are given as

(2.7) zji=a+jh, je€Ty={jlj=01,...,N}.

Denote Xy = {u = (ug,u1,...,un)? € C¥* | vy = uyn} with the [*-norm in
X given as

(2.8) [l = o NAX lujl, uweXn.

Define Cpe;(Q2) = {u € C(Q) | u(a) = u(b)} and
. — N N
YNZ—SpaH{EZHl(Ia),.IEQ,ZETN}7TN—{Z|Z——5,...,5—1},

where gy = 2L For any u(z) € Cyer(Q) and a vector u € Xy, let Py : L2(Q) —
H b—a p

Yy be the standard L2-projection operator onto Yy, Iy : Cper(2) = Yy or Iy :
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Xn — Yy be the trigonometric interpolation operator [45], i.e

*y

Pyu = Z et (E=a) Ty = Z wet(E=a) e,
leTn leTn
where

10 ; 1= ,
oo —i(z—a) g = emtu(i—a) ] e
Uy /a u(z)e T, U= ]E:O uje , TN,

b—a

with u; interpreted as u(x;) when involved.

Let 97 be the numerical approximation of ¢ (z;,t,) for j € T2 and n > 0, and
denote Y™ = (Y7, 7, ..., %) € Xn as the solution vector. Then, the time-
splitting Fourier pseudospectral (TSFP) method for discretizing the Schrodinger
equation (2] can be given for n > 0 as

¢(1) Z e wn Wl(ﬂcj—a)7

l€TN
(2.9) Y = —Z‘”V“jw(” jETR,
n+1 Z e—zT N iul(wj—a)’
leTN

where 99 = tho(x;) for j € Ty.

Remark 2.1. The second-order Strang splitting is used for discretizing the
Schrodinger equation (2]). Tt is straightforward to design the first-order scheme via
the Lie splitting and higher order scheme via a higher order splitting method, e.g.,
the fourth-order compact splitting method or partitioned Runge-Kutta splitting
method [12,[4350].

2.2. Local truncation error for the TSFP method. For proving the (im-
proved) uniform error bounds, we give some results for the local truncation error
in this subsection.

We assume the exact solution 1(z,t) of the Schrodinger equation (ZI]) up to the
time T, = T'/e for any T > 0 satisfies

(A) ||1/J($,t)||Lx([o,TE];H;gr) f, 1, ||3t1/)($ t)HLoo( [0, T.;Hy ) SJ 1,
and the potential satisfies
(B) V(x)e Hper, m” = max{m, 5},

where m describes the regularity of the exact solution. Here, H: () = {¢ €

m(Q)|0Fp(a) = OEp(b), k = 0,1,...,m — 1}, with the equivalent H™-norm on

1/2

HJL(Q) given as [|¢||gm = (Z(l —|—,ul2)m|¢l|2) . In the rest of this paper, we
l€Z

may write (t) = ¢(z,t), i.e. omit the spatial variable, when there is no confusion.

The following estimates of the local truncation error for the semi-discretization (2.0])

hold.

Lemma 2.2. Under assumptions (A) and (B) with m > 3, for 0 < e <1, the local
truncation error of the TSFP (Z9) for the Schrédinger equation with O(g)-potential
at time t,, can be written as (0 <n <T./T—1)

(2.10) E™(x) := PNS;(Pnt(tn)) — PNY(tns1) = PnF(PyvY(tn)) + Ry,
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where

(2.11) F(Pn(ty)) = —teT (%) + ie/ f"(s) ds,
0

with f™(s) = e/T=)AV A Pyah(t,,), and the following error estimates hold
(2.12) | F(Pnota)llar S e, |Rollae S2r® +erh™ %, k=0,1.
In addition, £E"(x), R, (z) € Yn and the L?-estimates in (Z12) hold for m > 2.

Proof. The proof is standard following [411[42], and we sketch the procedure to
emphasize the effects of spatial discretization and the parameter €. By the Taylor
expansion for e 7" we have

Py (S-(Pxy(tn))) = €™ Pnip(t,) — ieTPy (€'22V e 28 Py (ty,))
1
— 272 Py (/ (1-— e)ei%Ae—iE”TVVzei%APN@b(tn)da) .
0
On the other hand, by repeatedly using the Duhamel’s principle, we can write

PNw(tnqu) = Py (e”Aw(tn)) —iePyn </T ei(Ts)AveiSA¢(tn)ds>
0

— 2Py </ / TRy s WAY Y (1, 4 w)dwds> .
o Jo

Recalling assumptions (A) and (B), applying Fourier projections, we have
Ptlta) = ™ Pri(tn)  ie [ Py (67IAVEB Pyi(r,)) ds
0
_ 62/ / PN (ei(Tfs)Avei(Sf’LU)AVPNQ/}(tn + w)) dwds — TZI;
o Jo

with || (2)|| 2 < erh™ and |7} (z)|| g2 S eTh™ L. Introducing f"(s) as in Lemma
and

B" (S,U}) _ PN (ei(T—S)AVei(s—’w)AVeiwAPN,(/)(tn)) ,

the local truncation error can be written as [42]

527'2 T T T s
E" = PnF(Pyv(ty)) — —B" (=, = —1—52//3" s, w) dwds
WF(Pxiltn) = 5B (55) < [ B (s w)

+ 2 + %l + 1y,
where F(Pyt(t,)) is given in ([2I1]) and
1
. —72/ (1— 0)Py (35(c=07Y — 1)V2e 52 Pyai(t,)) db,
0

. /OT /Os (PN (ei(T_S)AVei(S_w)AVPNl/J(tn + w)) — B" (s,w)) dwds.

Since €™ preserves the H*-norm and [|(e~%%™V — 1)V?||;n < e70||V[|3,1, we have

Il S e IV I 19 ()l < 27,
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The following estimates are standard (cf. [42]),

2l S ET‘Q'IIVIIle VYOl Lo (0,7151) S €77

H—?B / / (s,w) dwds

Finally, for the major part of the local truncation error can be estimated by the
midpoint quadrature rule as [42]

(213)  FPxota))llm < e 1A A, VIIPN ()l S IV s [0 lare,
where [A|[A, V]] is the double commutator. Thus, by setting

S IV o) < 7°

2. 2
(2.14) Rn:—egB +€ / / B™ (s,w) dwds + £*r} + 2y + 1y,
we obtain the estimates in Lemma O

2.3. Uniform error bounds in L?-norm. In this subsection, we adopt the uni-
tarity of the numerical solution flow in L?(2) to establish the uniform error bound
in L?-norm with linear growth in ¢ up to the time t < T, = T/e. We remark that
the uniform estimates are standard, while the linear growth of the error only holds
in the L2-norm. The reason is that TSFP (2.3) only preserves the L?-norm.

Theorem 2.3. Let Y™ be the numerical approximation obtained from the TSFP
@39). Under assumptions (A) and (B) with m > 2, for any 0 < e <1, we have

7/c

T

(2.15)  |[¥(z,tn) — INY"|| 12 < (Co + Ciet,)C(T) (R +72), 0<n<
where Cy and Cy are two positive constants independent of h, 7, n, € and T, C’(T)
depends on ||9|| o o, 11;mm) and ||[V]| gm= .

Proof. Noticing that

(2.16) INY™ = (tn) = INY"™ = Pn(¥(tn)) + Pn($(tn)) — ¥(tn),

under assumptions (A) and (B), we get from the standard Fourier projection prop-

erties [45]

(217) 1IN Y" = Y(t)ll e < INY™ = Py (®(tn))ll 2 + C2h™, 0 <n <
Thus, it suffices to consider the error function e” € Yy at t,, as

7/c

T

T/e

T

(2.18) e" =e"(x) = INY" — PnY(t,), 0<n<

and HeOH 12 < C3h™ implied by the standard projection and interpolation results.
From the local error (2.I0) in Lemma 22 we have the error equation for e™ (0 <
T/e
n< ey,
- T

(2.19) "t = Iy — Pyt(tng1) = INY™T — PyS-(Pyi(tn)) + €™
Noticing the fully discrete scheme [29) and S, ([Z8)), i.e.
Iny" = e 22 (Iny @), In(p@) = In(e V@) Inyp® = e 22 [yym,
Py (S ((tn))) = B2 (Pyyp®), & = etV @yl gl = 52 Pyy(t,),
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in view of the facts that Iy and Py are identical on Yy and ei™2/2 preserves the

HF*-norm (k > 0), using Taylor expansion e~ 7V () =1 —jerV (x f e~ 0TV () 49
and assumptions (A) and (B), we have

(2.20)  [[Inv"™ T = PnS-(Pnt(tn))|lzz = I — Pytp®|| e,

1
‘|pN¢(2) _ IN'(/J<2>||L2 - ET(pN —1Iy) (V(a:)/ o eV () d91/}<1>)
0

(2.21) < CyeTh™,
where C is obtained from Fourier interpolation and projection properties together
with H(V(x) i emitmV (@) d@¢<1>) o < CUV )t |l In addition, by

direct computation and Parseval’s identity, we can derive

L2

N—1
1n @ — In® |2 = |2 Y [P — @) (a))[2 = th R ARICHI

§=0
= [y ® = Iny |2 = || Iyv" — PNwtn)HLz
(2.22) — "Iz
Taking the L?-norm on both sides of ([219) and combining ([2.20),(Z.21]) and (Z.22))
together, in view of Lemma [Z.2] we obtain for 0 < n < TT/S -1,

le" 22 < €™ 12 + 1w 9™ = Pyyp® ||

< NEMze + IIne®™® = Int® |2 + || Pyyp® — Iny® |2

(2.23) < |le"||zz + C5 (eTh™ +e7?) .
Thus, the following estimates hold

T/e
(2.24) lle" 12 < Csetpir (K™ +72) + Csh™, 0<n< T/e )
-
and the conclusion of Theorem 23] by taking Cy = Cy + C3 and C; = C5 in view
of TT). Tt is easy to verify all the constants appearing in the proof only depend

on V and . O

Remark 2.4. Regarding the estimate (ZI5) in Theorem 23, C(T) comes from the
local truncation error, which depends on the growth of the Sobolev norm w.r.t. T'
in the assumption (A). Based on previous analytical results, C(T) usually has a
polynomial growth in 7' [I5], and C(T) could be uniformly bounded w.r.t. T for
certain type of potential function V(z) [51].

Remark 2.5. According to Theorem 2.3 the uniform error bound for the TSFP
method in L2-norm at time t. = t/e for the Schrodinger equation linearly grows
with respect to ¢, and the results can be generalized to other splitting methods.
In fact, given an accuracy bound §p > 0, the time (for simplicity, assume ¢ = 1
here) for the second-order splitting method to violate the accuracy requirement
8o is O(80/7?%). For the first-order and fourth-order splitting methods, the time is
O(80/7) and O(dp/7%), respectively. In other words, higher order splitting method
performs much better in the long-time simulations not only regarding the higher
accuracy but also longer simulation time to produce accurate solutions. For the
L?-estimates in Theorem 2.3 the regularity requirements on the potential V(x)
can be weakened. In addition, extensions to 2D/3D are straightforward.
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Remark 2.6. By the similar procedure (or formally letting h — 07), we could
establish uniform error bounds for the semi-discretization. Let 1! be the numerical
approximation obtained from the Strang splitting (Z.6). Under assumptions (A)
and (B) with m > 3, for any 0 < ¢ < 1, we have

T/e
(2.25) [, ta) — 9112 < Coetur®, 0<n< L5,

-

where Cj is a positive constant independent of 7, n and . Such linear growth of
the error constant w.r.t. ¢, in (220 has been previously reported in [41].

2.4. Improved uniform error bounds in H'-norm. In this subsection, we show
improved uniform error bounds in H!-norm for the Schrédinger equation with O(¢)-
potential up to the time 7. = T/e under assumptions (A) and (B) with m >
3, where we will work with H'-estimates for the nonlinear case also to control
the nonlinearity in 1D. It is worth noticing that in higher dimensions (2D/3D),
H?-estimates would be enough. The improved estimates rely on the cancellation
phenomenon of non-resonant oscillating frequencies, for which we shall require the
time step size 7 to satisfy certain non-resonant conditions. In the fully discrete
case, for the Fourier modes || < [%1 (10 € (0,1), [-] is the ceiling function), we
impose the Diophantine type condition [29,44]: there exists a constant Cy > 0 such
that

. Cyr
(2.26) }1—6”1‘%‘2( oF 0<|K|<Ko=[1/n]% Kez,

pEK )=’
where v € [0,1], v > —1, and the bound |K| < [1/79]? corresponds to the inter-
action between potential V(z) and the solution v (z,t). In particular, we consider
the following cases of time step sizes: for a given constant a € (0, 1), the time step
size T satisfies

2
2.27 rel0,a——-——=72),
(227 (00T r)
or the Diophantine type step condition [44]
(2.28)
2lm A

€l amn = >0:|1— > JKleZ, 0< |K| <Ky, 0Z1;,

T e {T TR | EKP K=t }
242v3
amp]

where \ = and vz > 0. (Z28)) is adapted from a general form in [44],

4 § 1/kttvs
K=

c=1
and it is direct to observe that

02/ e = U {renamay:fs

0<I<K,1<K<Kj

where the Lebesgue measure of RHS is bounded by ar/(2u3) and 1, o -, N[0, 27/ u3]

has measure greater than 3w/2u3. Moreover, if 7 € I, or, T + 2k7 € Ly a.m
(k> 0,k € Z) and large time step sizes are admissible in ([Z28]).

Now we can verify that (Z27) fulfills (Z26]) with v; = 1,15 = —1,Cy = %,
while 228) fulfills 226) with 11 = 0,12 = 1 4+ v3,Cy = Cy,a (Cy, a constant
depending on vs, see also ([Z53). (Z27) corresponds to the typical choice of time
step size 7 allowing 7 — 07 and ([Z28) allows ¢ dependent large time step size
which is well suited for the long-time dynamics of Schrédinger equation (IIl). We
remark here that similar non-resonance condition was used for establishing uniform

2l
piK

A
(WK |* s |7
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error bounds of time-splitting methods for the (nonlinear) Dirac equation in the
nonrelativistic regime [7}[8]. We refer to Remark 211 for more discussions on the
non-resonance condition ([2:26]).

Under the non-resonance condition (Z26]), we have the following improved esti-
mates.

Theorem 2.7. Let Y™ be the numerical approximation obtained from the TSFP
@9). Under the assumptions (A) and (B) with m > 3, for any € € (0,1] and a
fized 19 € (0,1), when T satisfies Z27) or Z28) (m > 5+ 2v5 for 223) case),

we have the estimates

(2.29) (z,tn) = INY™ | gp SA™ e+ 771, 0<n< -

In particular, if the exact solution is smooth, i.e. ¢(z,t) € H3,, the ot part
error would decrease exponentially in terms of 79 and can be ignored in practical
computation when 1o is taken as 75* (small but fized, only depends on v and the
logarithm of the machine precision), thus the improved error bounds for sufficiently
small T could be stated as

T/e
(2.30) lb(z,tn) — INU"™||jp SE™ 42, 0<n< —/.
T

Remark 2.8. Before the presentation of the proof, some observations are marked.

(1) First, 1/79 > 1 serves as a cut-off mode, i.e. the modes |I| > 1/7y are
treated by Fourier projection, and the modes |I| < f%} will be treated by the RCO
technique for non-resonant 7 in (Z27)—-(228]).

(2) For (Z27)), the requirement is that the step size 7 resolves the largest os-
cillatory frequency of the free Schrodinger operator below the cut-off modes as

22 2

lw)? = (‘élg)z ~ (b:lg)%g’ ie. 7|m|? < 27. In turn, the error constant in front
of 72 depends on the parameter o € (0,1) (scales like %) Thus, the intro-
duced parameter 7y can be either fixed, or any other choices satisfying the condition

T < aﬁﬂ?, eg. Ty = % \/T. To serves as a Fourier projection parameter,
1

similar to the role of the spatial mesh size h. Alternatively, we can also choose
7o = 2/N such that the last term in (Z29) could be controlled by the first term,
and the requirement (Z.27) on 7 becomes a CFL type condition 7 < h2.

(3) For the larger non-resonance step size 7 in (228)), Theorem 27] implies that
for a given accuracy dg, 7 can be chosen as O(y/3g/+/€) large, which is particularly
superior for ¢ <« 1. We notice that (Z28) requires higher regularity for deriving the
improved error bounds.

(4) For general non-resonance time step sizes satisfying (2:26), the improved error
estimates (Z29) hold by the similar arguments with slightly different regularity
assumptions on the exact solution ¢ (x,t). Moreover, the error constant in front of
the 72 term depends on Cj in ([2.26) as ~ 1/Cp.

(5) For 2D/3D extensions, the improved error bounds can be directly estab-
lished for the step sizes in (2.27) and non-resonance step sizes as (2.28)) in higher
dimensions. See Remark for more details.

Proof. Following the proof of Theorem 2.3, we only need to estimate the error e”
in 2I]) for 0 <n < TT/S First, using the fact that Py = Iy when it is restricted
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: T/e
on Yy, we can write for 0 < n < -,

(2.31) INY"™ = PyS,(Pyi(ta)) = €72 (INg" — Pyib(ta)) + Q" (2),
where Q" (x) € Yy is given by

1
Q" (x) = —ieTe'zA (IN (V(gg)/ e~ €07V (z) d(gw(l)))
(2.32) 4 jerelzt (pN (V(ac)/ o107V (x) d9¢<1>>) _
0

Using Parseval’s identity and finite difference operator (cf. [3l[]), by similar esti-
mates (Z20), (221I) and Z22)) for the L?-norm case, we can control Q™ as

(2.39) Q" S e (" e ) . 0 <m< 1L
From (Z31) and (2I9), we could derive that for 0 < n < TT/E -1,
(234) e’ﬂJrl _ ZTA em 4 Qn( ) + 8”’

which implies

(235) entl — z(n+1 )TA e + Zez(n k)TA (Qk:( )_’_gkr) )

Step 1 (Identifying the leading error term). Using the local truncation error repre-
sentation (Z.I12)) in Lemma 2.2] we have

(2.36) Z eln=hTAgk = Z /T (PN F(Prib(ty)) + Re),
k=0
and
(2.37) in—k)TA R, S(n+1) (527-3 + EThm_l) < Ter? + Th™ L,
H1
(2.38) AR @) Ser D [|eF] A
H1 k=0

Combining above estimates and ||e°|| 71 < h™~1, we obtain for 0 < n < TT/E -1,

n
le" ™ g S h™ e +er Z ¥ || 1
k=0

> e TRTA Py F(Prip(ty)
k=0

(2.39)

Hl

Recalling Lemma 2.2 we have || F(Pyv(tg))||z: < 72, which implies [e" ||z <
72 + h™~1. Thus, to prove the improved error estimates, we need analyze the
last term in (Z39) carefully, i.e., treat the sum > ;_, ¢! 72 Py F(Pyip(ty)) in
a proper way. To gain an order of O(e) from the sum, we shall introduce the
regularity compensated oscillation (RCO) technique. From (1], we find
O (z,t) —iAp(z,t) = O(e), and it is natural to introduce the ‘twisted variable’ as

(2.40) Bz, t) = e Bz, t), t>0,
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and ¢(t) := ¢(x,t) satisfies the equation

(2.41) 10 p(x,t) = ce A (V ()™ (x,t)), t>0.
It is direct to see that ¢(z,t) enjoys the same H* (k > 0) bounds as ¢(z,t), while
(2.42) 10:p (W)l prm S &2 0 <E<T/e,

The RCO approach would then perform a summation-by-parts procedure in the
S € MTRITA PG F(Pyip(ty)) to force 0:¢(t) appear with a gain of order O(e),
where 7 is small to control the accumulation of the phase (frequency) of the type
e!(m=K)TA " Gince the number N of the spatial grid points could be very large, we
shall introduce a cut-off parameter 79 € (0,1), where the high frequency modes
(7] > %) will be controlled by the smoothness of the exact solution and the Fourier
projections, and the low frequency modes (|| < %) will be dealt with the RCO
technique.

Cut-off parameter. Choose 19 € (0,1), and let Ny = 2[1/7] € Z* with
1/790 < No/2 < 1+ 1/79, then only those Fourier modes with —% <l < % -1
in F(Pnt(tr)) would be considered. Based on the Fourier projections and the
assumption (A), we have || Py, (z,t) — Pni (2, )| Loo (jo, 1/ H1) S pml —l—Ng_m <
Rt 47"t and for 0 < n < TT/‘E -1,

(2.43) 1P F(Prot(tn)) = PN F(Pnt(ta)) g S e (™71 + 75"

Indeed, since Pyt (tr) € Y, we could actually assume the choice of 7o such that
Ny < N, but here we work without this condition for the convenience of extension
to the semi-discretization-in-time case.

Based on (2:39), (Z40) and (Z.43), recalling the unitary properties of €2, we
find for 0 <n < 75 1,

(2.44) He"HHH1 <At per? 4 ETZ HekHH1 + [|R™ || 711,
k=0
(2’45) Ze i(k+1) TAP ]:( ztkA(PN ¢(tk)))
k=0

Step 2 (Analysis via RCO). Let ¢(t) = Zlez gbl( Jet(@=a) (+ > 0), and we have
Pn,o(t) = ZleTN d)l( Jei(z=a) where ¢l( ) is the [-th Fourier coefficient of ¢(z, t).

For | € Ty, , introduce the multi-index set Il 0 associated with [ as
(2.46) IV = {(li,l) | h+la=1, 11 €Z, 13 € Tn, } -

According to the definition of F in Lemma [2.2] we have the expansion

e—i(k-i—l)TAPNO (ei(T_S)AVeiSAPNow(tn)> _ Z Z Grits, L(s)e iy (z— a)

L€TNG (14,12)e)0
where G 1.1, 1,(s) (I,12 € Tn,) is a function of s as

(2.47) Gt 1p () = €TV, G (t), B10y = 00— b1y, 0 = pif.
Then, the remainder term R"™(z) in (Z44) reads

(2.48) R"(x) = z’ezn: Z Z Nty 1y €1 (@4,

k=0 lETNO (11712)61:[1\{0
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where the coeflicients Ay ; 1,1, are given by

T

(2.49)  Nedids = —TGk 1,1, (T/2) +/ Gk t.ty 1z (8) ds = 11,2 0 11, 1,
0

and

Chlly iy = ﬁ1$l2 (tx),

IR

(250) T, = —Te' T2 _|_/ €0tz (g :O(T3(51112)2).
0

The key observation from (Z50) is: if d;;, = 0, 71, = 0 and the term Ay, 1,
in ([2:49) vanishes. Thus, in the discussion below, we shall assume that ¢;;, # 0.
Based on the RCO, we will go through the detailed structure of (2-48]) and exchange
the order of summation (sum over index k first), which will result in the terms like
d(tr) — (tp1) = O(T0rd) = O(eT) to gain an order of e.

First, for | € Ty, and (I1,12) € IIN‘)7 we have

47%(1 4 79)? B p3(1+79)?
2(b—a)? e ’
which implies the following estimates for the case (Z27) (0 < 7 < aﬁnﬁ

1
with @ € (0,1) and 7 € (0,1))

(2:51) |010,] < Ongj2 = 1%y 2 = (TN0)? /(b — a)? <

.
(2.52) §|5l,l2‘ < am,
and for the case (Z.28]), we have
T A 1001017 1001, |T
2.53 —|0 —k“>—7 = [—27, =2 -1,
( ) 2| l,lz| ™ Z 2|6l,l2|1+1j3 ’— o —I |— ot —I
A . A A . .
where 3o, TPV < & < g and sin (2‘51712““3) > 2577 775 (sin(s) > 5 if s €
(0,7/3)).
n .
Denoting Sy, 11, = etz (n > 0) and using summation-by-parts, we find
k=0
from (2.49) that
n n—1
(254) > Metints =ity Y Skotts (Chti by = Chitiiin) + Snbs TLis Cnlly ls
k=0 k=0
and
(2.55) iy ,ds — Cht1,Llnls = Vi (¢12 (tx) — du, (tk+1)) :
For the step size (Z271), we know from (Z52]) that
2 1 C

2.56 Sl < : S . Yn >0,
B30 el S T T G =
where we have used the fact % is bounded (decreasing) for s € [0,an) and
C= Siiﬁ:ﬂ) (noticing the case d;;, = 0 is trivial and d;,, is assumed to be nonzero

here). Combining (Z50), [254), (Z53) and (250, we have
(2.57) ’Z Nty 1
k=0

5 T2|5l712 ‘ Vll

Ti ’ab (tx) = o1, (tk+1)’ + ‘512 (tn)
k=0

] |
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We note that ([2.57) is the key for the refined estimate, where we shall gain an order
of ¢ from the ¢(tx) — P(tr41) terms (see [242)). Of course, the condition (Z52)
is also important to exclude the resonance case where S, could be unbounded,
i.e., Z52) makes the estimate ([257]) available. For the non-resonance step size

1+4v.
[228), we can similarly obtain |S, ;| < 1/sin(\/2[d;,[*T72) < % =
C|614,|172 /a for some constant C' > 0. Then, by noticing |r;;,| = O(728;,,),
the simialr estimates in (2571) hold as

n

Z Ak lly L
k=0

Since the rest arguments are almost the same for both step sizes (Z27) and (2:28)

(regularities are different), we shall only treat the case [Z27]) below.

< 73000, [P

‘/}ll’

’% t) — bi, (thr1) ’ ‘@2

Step 3 (Improved estimates). Now, we are ready to give the improved estimates.
For I € Tn, and (I1,12) € IZN“, simple calculations show (I =1y + I3)

(2.58) T4pd <A+ pd)Q+pd), (0] < (L4 pd)(1+pd).

Based on ([2.48)), (Z57) and ([2358)), using Cauchy inequality, we now estimate the
remainder term in (2:44]),

(2.59)
IR™ ()71
n
=2 Z (1 + ulz) | Z Z Ak,l,ll,b |2
1€ (l1.12) €7y k=0
2 2
{ Z < Z "/21 ¢l2 3/2)
l€TN, (I lg)GINO j:1

1, (tr) — 1, (thi1) ‘H 1+ uf) 3/2) }}

To estimate each term in (Z.5J), we use the auxiliary function {(z) = >, (1 +
u?)3/? }qﬁl( n)‘ e (@=a) where £(x) € HT:3(Q) implied by the assumption (A) and

—i—nZ{Z( > ’Vll

L€TN ~ (1h,12)ez)0

per
(@) s S ||o(tn)l|gs+s (s < m —3). Similarly, introduce the function U(x) =

a4 )2 || eitae=0), where U() € HZ,,
Expanding

implied by the assumption (B).

D=3 5 L0 [ ] e

I€EZ l1+12=lj=1

By (tn

we could obtain

> (% [alfelIasnre)

L€TNg ™ (14,12)ez)]Y0 =
(2.60) < NU@)E@) 72 SNV (@) alloti) s S 1,
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which together with (2:42]) implies (applying the same trick to the rest terms) for
T/e

)

n—1
IR (@) |7 S 5274(|¢(tk)||§,3 +ny |[otr) — ¢(tk+1)llifs>

k=0
(2.61) S et 0t 0,0 (x, 2o o2y S e*rt,
Combining ([2:44) and (Z61), we have
- T
(2.62) e g SAmT 4 4er? —|—€TZ ¥l g, 0<n< T/e _ 1.
T
k=0

Discrete Gronwall’s inequality would yield [|e" || g1 < h™ ' 4er? 47" (0 <n <
TT/E — 1), and the proof for the improved uniform error bound (ZI3]) in Theorem
2.7 is completed. O

Remark 2.9. From the proof, the key steps of RCO are the cut-off ([243]) to sep-
arate the high/low Fourier modes, sufficiently small time step size 7 (2217) (or
non-resonance step size ([2:28))) to compensate the growth of errors at low Fourier
modes via expansion (cf. (252),[256) and ([257))), and the estimates of the Fourier
coefficients (cf. (261))). Here, the special structure of the Fourier functions is
important, e.g. e (x=a)gink(r—a) — cimik(r—a) Baged on above observations, it
is straightforward to extend the RCO analysis to higher dimensions (2D/3D) in
rectangular domain with periodic boundary conditions for the sufficiently small
time step sizes ((Z2Z1) type), as the higher dimensional tensor Fourier basis enjoys
the same properties ensuring the Fourier expansion for products of periodic func-
tions. Notice that in 2D/3D for rectangular domains with irrational aspect ratios,
the higher dimensional version of the non-resonance step size (228) is difficult to
check, while the ([Z27]) type condition always holds for sufficiently small 7.

Remark 2.10. In the proof, (252), [Z50) and ([Z57) suggest the two order spatial
regularity is regained from the summation-by-parts process indicated by 1/(7d;,,)
(01,1, is roughly A). Usually, such gained regularity will be lost when considering
the other term of the summation-by-parts, i.e. the terms corresponding to ¢(tx) —
d(tk+1) = O(701$), where 9, term will compensate the regularity gain from §;,.
However, as we have chosen a particularly designed twisted variable ¢(t), there will
be no regularity loss in ¢(tx) — ¢(tk+1), but with a gain of order e.

Remark 2.11. Passing h — 07 in Theorem 2.7, we can recover the estimates in
the semi-discrete-in-time case, and it would be interesting to derive the estimates
involving 7 and h only, i.e. O(h™~!+e72) without the parameter 75. The following
two cases are included:

(1) Non-resonance 7. Since the free Schrodiner operator e**2 is periodic in ¢, we
could impose the following Diophantine condition [29/[44]: there exist v > 0 and
v > 1 such that

itA

.2
1— ez‘r;LIK v

>
= |K|V7

(2.63) VK €Z, K #0,

T
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which is a common choice allowing 7 — 07. In particular, one can choose 7 similar

to (Z28) as [44]
2l A

(2.64) {T €(0,1): |7 — >
PR | I K|

where 77 € [—1,1] and 77 + Uy > 2, and A > 0 is a small constant. The above set
[284) is nowhere dense and hence not easy to verify in practice for a particular
choice of 7. Once the non-resonance condition (ZG3) is satisfied, the improved
estimates in Theorem 277 hold and ([228) holds for any 79 € (0,1). Therefore,
we can simply take the limit as 79 — 07 to derive the improved error bounds at
O(er? + h™~1) for the above non-resonance step sizes.

(2) Sufficiently small 7 with the constraint 7 < C; for some € dependent C, (this
type step size 7 may not be included in (263). Following the proof of Theorem
220), we can fix 79 = C'/7 for some constant C. By optimizing the error bounds
Oer® + 7" = O(er? + ¢~ 1r(m=1/2) e find that the O(er? + h™~!) error
bound would hold for sufficiently small 7 < /(™5 when m > 5. If the exact
solution ¢(x,t) is sufficiently smooth with Fourier coefficient t;(t) ~ O(e=cll)
(¢ > 0, |l]| > 1) decaying exponentially fast, the projection error due to the 7y
cut-off would be O(e~¢/V7) and the error bounds become O(e72 + h™~!) when
7 < 1/|Inel (e € (0,1)). Therefore, C. = £2/(m=5) for sufficiently smooth solutions
with m > 5 and C. = 1/|1In¢| for the solutions with exponentially decaying Fourier
coefficients.

T

K,l€Z, 1<l,|K|},

2.5. Numerical results. In this subsection, we present numerical results of the
TSFP method for the long-time dynamics of the Schrodinger equation with O(g)-
potential in 1D, up to the time T, = g

First, we show an example to confirm that the uniform error bound in L?-norm
linearly grows with respect to 7. We choose the potential V(z) = 5cos(27rx) and
the H2,, initial data as

(2.65) Yo(x) = 52%(1 — )%, x€[0,1].

The regularity is enough to ensure the uniform and the improved error bounds in
L?-norm. The ‘exact’ solution 9 (z,t) is obtained numerically by the TSFP (23]
with a very fine mesh size h, = 1/128 and time step size 7. = 10~%. To quantify
the error, we introduce the following error functions:

(2.66)  er2(tn) = l¥(2,tn) — INV" |12, emi(tn) = [[¥(z,tn) — INY" | g1
and

€12 max (tn) = OI?;E(” €r2 (tq)v €H1 max (tn) = oglfé(n €l (tq)'

In the rest of the paper, the spatial mesh size is always chosen sufficiently small
and thus spatial errors can be ignored when considering the long time error growth
and/or the temporal errors.

Figure [l plots the long-time errors in L?-norm of the TSFP method for the
Schrodinger equation (2]) with e = 1 and different time step 7, which shows that
the uniform errors in L?-norm linearly grows with respect to the time. In addition,
for a given accuracy bound, the time to exceed the error bar is quadruple when the
time step is half, which also confirms the linear growth. For comparisons, Figure
depicts the long-time errors in L?-norm of the fourth-order time-splitting method,
which indicates that higher order time-splitting methods could get better accuracy
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FIGURE 1. Long-time temporal errors in L?-norm of the TSFP

@3) for the Schrodinger equation (ZII) with e = 1 and different

time step 7

x10™
T . T T T T T
3: SE - — 7 =001, T, =1
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FIGURE 2. Long-time temporal errors in L?-norm of the fourth-
order time-splitting method for the Schrodinger equation (Z.1]) with
€ =1 and different time step 7

with the same time step size as well as longer time simulations within a given
accuracy bound.

Next, we report the convergence test for the Schréodinger equation (2.1I) with the
potential V(x) = sin(x) and the smooth initial data

(2.67) Yo(x) =2/(2 +sin®(z)), =z €[0,27].

The ‘exact’ solution ¢ (z,t) is obtained numerically by the TSFP (29) with h, =
7/64 and 7, = 1074

Figure [3 displays the long-time errors in H!-norm of the TSFP method for the
Schrodinger equation (221) with the fixed time step 7 and different e, which confirms
the improved uniform error bound in H'-norm at O(e72) up to the O(1/¢) time.
Figures [ and [l exhibit the spatial and temporal errors of the TSFP (29) for the
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FIGURE 3. Long-time temporal errors in H'-norm of the TSFP
[23) for the Schrodinger equation (ZI) with different e

(a) |

- Q
3 S 107 —_———
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—A-e=1/2 10710 4 h=1/8
——c=1/4 —+ h=7/12
10 . . | =18 , —~— h=7/16
10 02 03 04 05060708 10" 10
h €
FIGURE 4. Long-time spatial errors in H!-norm of the TSFP (Z.9)
for the Schrodinger equation (21) at ¢t = 2/e
Schrédinger equation () at ¢ = 2. Each line in Figure H (a) shows the spectral

accuracy of the TSFP method in space and Figure @l (b) verifies the spatial errors
are independent of the small parameter ¢ in the long-time regime. Figure [l (a)
shows the second-order convergence of the TSFP method in time. Each line in
Figure 5l (b) gives the global errors in H'-norm with a fixed time step 7 and verifies
that the global error performs like O(e72) up to the O(1/¢) time.

Figure [0l displays the long-time errors of the TSFP method for the Schrodinger
equation (ZI) with large time step size. Each line in Figure [l (a) plots the long-
time errors with the time step sizes 7 = O(1/4/2), which are almost constants
for different e, confirming the error bound (Z29). In Figure [ (b), we choose the
time step size satisfying the non-resonance condition, and Figure [@ (b) shows the
improved uniform error bounds with large time step size.
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FIGURE 5. Long-time temporal errors in H'-norm of the TSFP
23) for the Schrodinger equation (1)) at t = 2/e
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FIGURE 6. Long-time temporal errors in H'-norm of the TSFP
@3) for the Schrodinger equation (ZI) with large time step size

3. IMPROVED UNIFORM ERROR BOUNDS FOR THE NLSE

In this section, we adopt the TSFP method to solve the NLSE with weak non-
linearity and extend the technique of regularity compensation oscillation (RCO) to

obtain improved uniform error bounds for the cubic NLSE with O(£?)-nonlinearity
up to the O(1/€?) time.

3.1. The TSFP method. We present the TSFP method for the NLSE (L2) in
1D and extensions to higher dimensions are straightforward (see also Remark [2.9]).

In 1D, the NLSE (I2) with initial data (I3]) and periodic boundary conditions on
Q= (a,b) collapses to

10 (2, t) = —Aab(w,t) + 2 p(z, ) P(2,t), a<z<b, t>0,
(3.1) v(a,t) = P(b,1), Dat(a,t) = uip(b,t), t 20,
P(z,0) = ¢o(x), x € [a,b].
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By the same time-splitting technique as that in the linear case, the semi-
discretization of the NLSE (B]) via the Strang splitting is given as:

iz ier|e’ ["] (z 2 P T
(32 w) = S(p) = 58T IO Ayt b e g
with ¥[%(z) = 9o(x). Respectively, the full-discretization for the NLSE (BI)) can

be written as
1) _ Z e~ n i#l(ﬂcj*a),

leTN
(3.3) Pl = AR ) JETY, n>0,
u2 T~ .
n+1 Z 672 g’ (U)( )l ezm(zjfa),
leTN

where ¢? = to(z;) for j € TY.

3.2. Improved uniform error bounds in H'-norm. For the NLSE, we assume
the exact solution ¥ (x,t) up to the time at T, = T/e? with T' > 0 fixed satisfies:

(C) ||¢($at)||Loo 0,T.;Hm™ RS ||8t1b(x t)HLoo [0,T2]; H iy 2 S, m>5.
(0.7} Hze,) (0.7:):Hye:?)

Similar to Theorem [Z7] in the linear case, we shall impose the following non-
resonance conditions on the step size 7 for TSFP (B3) in the nonlinear case. For
the Fourier modes |I| < (%1 (10 € (0,1)), we impose the condition: there exists a
constant Cy > 0 such that

007'
[ OR
where v; € [0,1], o > —1, and the bound |K| < 2[1/79]? corresponds to the cubic

nonlinear interaction. In particular, we consider the following cases of time step
sizes: for a given constant « € (0, 1), the time step size 7 satisfies

(3.4) ’1—6”“1K‘ > 0<|K|< K =2[1/n]% KeZ,

T
3.5 0,0————72),
(35) ( aﬂ?(1+7)2T°)
or
2lm A
(3.6) TE{T>O:T— K| 2 AR K,ZEZ,O<|K|SK'1,OSZ}7

where A and v3 are the same as those in (Z28]).
Then we have the following improved uniform error bound of the TSFP (B3] for
the NLSE with O(e?)-nonlinearity strength up to the time at O(1/g?).

Theorem 3.1. Let Y™ be the numerical approximation obtained from the TSFP
B3). Under the assumption (D), there exist hg > 0, 0 < 19 < 1 sufficiently small
and independent of € such that, for any 0 < e <1, when 0 < h < hg and T satisfies
B3) or BL) (m > 5+ v for BH)) with 0 < 7 < 11/e (11 > 0 small enough
independent of €) the following error bounds hold

(. tn) = IN¢" [l o S B+ 202 + g,

(3.7) / 2
[ INY" || gr €14+ M, 0<n <
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where M := ||{||po<(jo,1.);1)- In particular, if the exact solution is smooth, i.e.
P(z,t) € HZe,, the 7'6”_1 error part would decrease exponentially and can be ignored
in practical computation when 1y is small but fized, and thus the estimate would

practically become
(38) ||’l/)($,tn) _INq/}n||H1 5 hm71 +52T2.

Remark 3.2. Analogous to the linear case, improved error bounds (317) in Theorem
B can be easily generalized to the non-resonance step size (3.4 under slightly
different regularity assumptions. We also need 7 < 7y /¢ for controlling the nonlin-
earity.

Some parts of the proof proceed in analogous lines as the linear case and we omit
the details in this section for brevity. Similar to the analysis of the local truncation
error for the linear case, we have the following results for the local truncation error
for the TSFP (B.3)).

Lemma 3.3. The local truncation error of the TSFP method B3) for the NLSE

with O(e?)-nonlinearity strength can be written as (0 < n < %‘52 -1)

(3'9) En = PNST(PI\”/)(tn)) - PN7/)(tn+1) = PNJ(PNw(tn)) + Yo,

where

(3.10) T (Pni(t,)) = —ic’rg (g) + ig? /OTg(s)ds,

with

(3.11) 9(s) = £ TPy (Y (tn + 5)) P2 Py (tn).

Under the assumption (C), for 0 < e <1, we have the error bounds

(312) | TPxeE ) S Pt Es, Yl S e'r® +e*rh™

Proof for Theorem Bl We apply a standard induction argument for proving (B.71).
Since ¥ = o (x;), it is obvious for n = 0. Assuming the error bounds (B.7) hold
2

true for all 0 < n < ¢ < % — 1, we are going to prove the case n = ¢ + 1. By
Fourier projections |[¢(x,t,) — INY™||g1 < ||Py(z,tn) — INYU™|| g2 + AL, we
just need to analyze the growth of the error " = Inyy™ — Py (t,) carefully. For
0 < n < q, we have

(3.13) et = TNy — S (Pnt(t,)) + & = eTRe + Z7(x) + €,
where Z™(z) is given by

el

Z7(2) =38 | Iy (e M T N _ )i E8 gy

z

. PN((e—ie%A\a"zAPNw(tn)P . 1)ei§APN¢(tn)) :

with the bound (constant in front of ||e”| g1 depends on M)

(3.14) 12" @)l S € (B + e [lar) -
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From ([B.I3]), we obtain for 0 < n < ¢,
(315) 6n+ _ ez(nJrl )TA O +Z i(n—k)TA (Zk( )+Ek) .
Similar to the linear case, we get for 0 < n < ¢,

n
el € Bt 4 22 273 H

k=0
(3.16) Zn: ! RITA Py T (Pap(t))
k=0 H
Recalling (8I0) and (BII), we could decompose J (¢ (t,)) as
(3.17) T(Pni(tn)) = Ti(PN(tn)) + Fo(Prip(tn)),

where T, (Pnt(tn)) = —ie?tg,(7/2) + ic? [] go(s)ds for o = 1,2 and g,(s) :=
9o (8; PNU(t,)) (0 =1,2) are defined as

g1(s) = £/ TR B Py e(t,) e A Py (ta),  ga2(s) = g(s) = g1(s),

with g(s) (s € [0,7]) given in (B.I). Under the assumption (C), by the Duhamel’s
principle, it is easy to verify |[|e*2 Pyt (tn)|? — |Pntp(tn + 8)[* || Lo (0,0, 1m) S €27
Following similar analysis for the local truncation error in Section 2] for 0 < n <

T/ .
4 — 1, we could arrive at

(3.18) 1A PN ED g S 27 [ Fo(Prtp(tn))ll g S €'

In light of (BI6), we find the major part of the error is from Ji(4,,).
Following the RCO approach in the linear case, we introduce the ‘twisted vari-
able’ ¢(l‘,t) = eiitAw(xat)v and Hat¢||L°°([O,T/62];H"") 5 % with

T/e?
—

(3.19) l6(tn) = ¢(tn-1)llggm S, 1<n<

We choose the same cut-off parameter 79 € (0,1) and the corresponding Fourier
modes Ny = 2[1/79] as in the proof of Theorem 27} Thus, we can derive

n
(3.20) He”“”Hl < pmlg m_l +e2r2 4% Z HekHH1 + 1L g1
k=0
(3.21) L) =>_ e FHITAPy 7 ("2 (Pryd(tr)))-
k=0

For | € T,, we define the index set Z;Y° associated to [ as
(3.22) Y ={(l,la,ls) | lh — Lo+ 15 =1, I1,12,13 € T, }-

Then, the expansion below follows

e FHDTA g, (5, €2 Py, (k) = + > > Gt 1o 15 ()€™ 77,
LE€TNG (1y,l2,l5) €O

where the coefficients Gy, 11, 1,1, (s) are functions of s only,

(3.23) Ghliln o ds (8) = e/ T)000 02,15 (512(%)) 1, (b)) i, (1),
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and 0y, 1,05 = 01 — 05, + 01, — 01, (07 = ,ulz as in (3:23)). The remainder term in
BI8) reads

n
(3.24) LM (x) = +ie? Z Z Z Ak7l)ll7127l36wl(xia),

k=01€TNy (1y,l5,l5)€Z,"°

where
-
Nttty = —TGk 1l 1,15 (T/2) +/ Gkl 12,15 (8) ds
0
(3.25) = Py ds € RO S 1
with coefficients ¢y 1, 1,.1, and 7, 1,1, given by
(3.26) Chln o ls = (B1, (tk)) b1, () s (tr),
T
Pl gy = — 7-6”51»11112,13/2 +/ ei$5l,zl,12,13 ds
0
(3‘27) =0 (7—3(51,l1712,13)2) .

Similar to the linear case, we only need consider the case 01, 1,1, # 0, as 771, 151, =
0 if 64,105 =0 . First, for I € Ty, and (I1,12,13) € IIN‘)7 we have

812(1+19)%  2(1+470)%u?
— 2 _ 1
(3.28) |6l7ll,12713‘ < 261\/0/2 = 2MN0/2 < Tg(b —a)? - Tg J

2
which implies for the case (B5) 0 < 7 < a% with 0 < 79, < 1,
1
-
(3.29) §|5z,11,12,13| < am.

Denoting S i, 1505 = Dopep €% 123 (n > 0) and using summation-by-parts,
we find from ([B.25]) that

n n—1
E Akt la ks = T1l Lol E Skty s (Ch L1y dols — Ch1,01 1o .15)
k=0 k=0

(3.30) + Sl ko ls Tl ls Croll o ls s

and

Ck,l7l1,l2,l3 - Ck+1,l,l1,l2,l3
= (1, (1)) (1, (tr) — b1, (th+1)) D1 (1) + (D1, (b)) — g (Es1))* duy (B ) ()
(3.31)
+ (512 (fk+1))*$l1(tk+1)($z3 (tr) — ¢A513 (tkt1))s

where ¢* is the complex conjugate of c¢. For the step size in ([B.5]), we know from
_ 2
B29) that for C' = Shlam)

1 C
Sndlylsils] < — <
Stttz | SIn(T010, 00,05 /2)] — 10001 00,051

(3.32) Vn > 0.
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Combining (3:27), (330), B31) and [B.32)), we have

RERE

< 7210001 1| ni:l (‘ngl(tk) - lel(thrl)’ ‘512 (tk)‘ ‘513 (tk)‘
k=0
+ ’Q/b\ll(tk-i-l)’ \@2 (tr) — o1, (tk-i-l)’ ‘$l3 (tk)‘
+ ‘qul(tkﬂ)’ ‘512 (tk+1)‘ ‘513 (tk) — 1, (tk+1)‘ >

(333) +7 |6l l1,l2, ls| ¢l1

)| [Bs (8| [,

Following the discussions in the proof of Theorem 27 for the non-resonance step
size in ([B.6), the same bound in (F33) holds by replacing |[0;, 1,1, Wwith
6111 151512772, The rest arguments are almost the same as those for the ([B3) case
and we shall only treat the step size (B.0) below.

For | € T, and (14,1, l3) € Z}Y°, there holds

3

3
(3:34) (14 [DIot1y,00,05] < (14 [pul) [Zuz + ) ui ] [T+ ui )2
Jj=1

j=1

Based on (324), (333) and ([B:34]), we have from BI6)),
£ 171

=Y ) Y Y Ml

lETND (ll,lz,lg)EIlND k=0

W (X |

L€TNG * (14,l2,l5) €0

+HT§ Z K Z “gll(tk)—ﬁ/f;ll(tkﬂ)‘ ‘(Elz(tk)‘ ’;ﬁ%(tk ‘f[ 1"',“1 3)2

k=01€Tn, (I1,l2,13) €T}0

) ’512 (t

)| [61s(t)

3 2

3
TTa+2)%)
j=1

3 2

+ < Z ’¢ll(tk+1)’ ‘¢l2(tk) - ¢l2(tk+1)‘ ‘d)ls(tk ‘ H 1+ :“l %>
(I1,l2,13)€Z)"0 j=1

(3.35)

3 2
§
+ < Z ’¢11 try1) H¢z2 tht1) H¢13 th) — Ot (trs1) ‘H L+ i, 2) }}
j=1

(l1,l2,13)€Z]®

Introducing the auxiliary function &(z) = >7,c,(1 + ul) ‘Qi’l( )’ wile=a)where
&(x) € H™3(Q) implied by assumption (C) and ||€| gs < [|¢0(tn) || gro+s. Expanding

per
Aj(tn) )ei’“(x_a), we could obtain

E@)Pe@) =2 5 Tho (0+u)

LEZ 1 —la+13=l
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that
3 2
S (X [a]]fue] e Ta+ )
lE€TN, (l1)127l3)eleo j=
(3.36) < |le@)Pe@)]7- S 6@ 5 S Ipt)lGa < 1.

Noticing ([319), we can estimate each terms in ([3.35]) accordingly as
2

S DA Py 7, (A (P, (1))
k=0

H1

n—1
Setrt { ) l5s +n Y 6(tk) = dtrs) s (S o + 16Ctxs1)] a)*
k=0

(3.37)
<etrt 4 n25474(527)2 <ttt n<y,

and (B20) implies

n
(3.38) le" M S+ 277+ %Y |leFllm, 0<n<q
k=0
Using discrete Gronwall’s inequality, we have

T/e?

(3.39) led ™ |gn SA™ 422+ 0<qg< -1,

which implies the first inequality in (B7) at n = ¢ + 1. There exist hg > 0 and

7o > 0, when h < hg, 7 satisfies (B5) or (B6) with 0 < 7 < 71 /e (7 sufficiently

small), the triangle inequality yields that

T/e?
T

-1

[ In e |0 < (@ tgp) g + [l ;s S M +1, 0<q<

which means that the induction process for (81) is completed. O

Remark 3.4. The improved uniform error bound for the NLSE in Theorem [B.1]is for
the cubic nonlinearity without the external potential. It is straightforward to extend
to the NLSE with the general nonlinearity £??|u|*’u (p € ZT) and the external
potential €2’V (z). The long-time dynamics of the NLSE with O(??)-nonlinearity
and O(1)-initial data is equivalent to the NLSE with O(1)-nonlinearity and O(g)-
initial data. The amplitude of the potential is also O(¢?P), where the scaling is
to be consistent with the life-span of the NLSE. The improved H'-error bound
of the TSFP method for the NLSE with £%?|u|?’u nonlinearity up to the time at
O(1/e?P) is O(h™ ! 4 &2P72 4+ 7"~ 1). The discussions on removing the parameter
7o in Remark [2.17] could be adapted here and we omit the details for brevity.

3.3. Numerical results. In this subsection, we present some numerical examples
for the NLSE with O(g?)-nonlinearity in 1D and 2D to confirm the improved uni-
form error bound in H!-norm.

First, we show the long-time temporal errors of the TSFP (B3] for the NLSE
@BI) on 1D domain [0, 27]. The initial data is chosen as

(3.40) Yo(x) = 2/(2 +sin’(z)), =€ [0,27].
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ce-- 6 —-1,T -3
er=¢1/2, Ty =4T)
.............. ey = e1/4, Ty = 16T,
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FIGURE 7. Long-time temporal errors in H'- norm of the TSFP
B3) for the NLSE Bl with different e

0.05 T : . ——— 10°
(a) (b)
o_,he\e_/e\e
— —~ A, A A A A
“ RS
~ ~
™ I —
Il || 10
o) o)
S p ————————
© —e-e=1 © -~ h=n/4
A e=1/2 -4 h=m/8
—+—e=1/4 —+ h=m/12
10-9 . . , —-c=1/8 10'10- ) —~%—h=m7/16
02 03 b 04 05 060708 107! . 10°

FIGURE 8. Long-time spatial errors in H!-norm of the TSFP (B.3)
for the NLSE in (B at t = 2/¢?

Figure [ plots the long-time errors in H'-norm of the TSFP method for the
NLSE with a fixed time step 7 and different ¢, which indicates that the global
errors in H'-norm behave like O(£272) up to the O(1/e?) time. Then, we show
the spatial and temporal errors of the TSFP ([B3) for the NLSE B1)). Figures
and [0 depict the long-time spatial and temporal errors of the TSFP (B3 for the
NLSE @B at ¢t = 2/&2, respectively. Similar to the linear case, Figure 8 shows the
spectral accuracy of the TSFP method for the NLSE in space and the spatial errors
are independent of the small parameter e. Each line in Figure [@] (a) corresponds
to a fixed ¢ and shows the global errors in H'-norm versus the time step 7, which
confirms the second-order convergence of the TSFP method in time. Figure [ (b)
again validates that the global errors in H'-norm behave like O(g272) up to the
O(1/€?) time.

Figure [I0 displays the long-time errors of the TSFP method for the NLSE (B0
with large time step size. Each line in Figure[I0l (a) plots the long-time errors with
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FIGURE 9. Long-time temporal errors in H'-norm of the TSFP
B3) for the NLSE B)) at t = 2/&>
(a)
2] ~
~ 10 o) 10—2,
W ~
B )
Il
S0t ] <
5 -7 =01/e RT3 -7 = (1+27)/16
v A 1=7/2 47y =7/2
—+7=T7/4 —— 73 =71/4
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10" 10° 10* 10"
€ €

FIGURE 10. Long-time temporal errors in H'-norm of the TSFP
[29) for the NLSE [B.1]) with large time step size

T = O(1/¢), which are almost constants for different €, confirming the error bounds.
In Figure 00 (b), we choose the larger time step size satisfying the non-resonance
condition, which demonstrates the improved uniform error bounds with large time
step size.
Then, we show an example in 2D with the irrational aspect ratio of the domain.
We choose the domain = (0,7) x (0,1) and the initial data
(3.41) Yo(z,y) = 1—1—51—112(290) +sin(2ry), x=(x,y) € [0,7] x [0,1].
Figure [Tl plots the long-time temporal errors in H!-norm of the TSFP method
for the NLSE in 2D with a fixed time step 7 and different ¢, which confirms that
the improved uniform error bound in H'-norm at O(g272) up to the O(1/¢?) time
is also suitable for the irrational aspect ratio of the domain. Figure [[2] depicts the
long-time errors for the TSFP method for the NLSE in 2D at ¢ = 1/¢2, which again
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FIGURE 11. Long-time temporal errors in H'-norm of the TSFP
method for the NLSE (2)) in 2D with different
2[
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FIGURE 12. Long-time temporal errors in H'-norm of the TSFP
method for the NLSE (I.2) in 2D at ¢ = 1/&2

indicates that the TSFP method is second-order in time and validates the improved
uniform error bound in H'-norm up to the time at O(1/?).

4. CONCLUSIONS

Improved uniform error bounds for the time-splitting Fourier pseudospectral
(TSFP) methods for the long-time dynamics of the Schrédinger equation with small
potential and the nonlinear Schrédinger equation (NLSE) with weak nonlinearity
were rigorously established. For the Schrédinger equation with small potential, the
linear growth of the uniform error bound in L?-norm for the TSFP method was
strictly proven with the aid of the unitary property of the solution flow in L?().
By introducing a new technique of regularity compensation oscillation (RCO), the
improved uniform error bound in H'-norm was carried out at O(h™~! + 72) up
to the O(1/e) time. In addition, the RCO technique was extended to show the
improved uniform error bound O(h™~! 4 £272) for the TSFP method applied to
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the cubic NLSE with O(e?)-nonlinearity up to the O(1/£?) time. Numerical results
were presented to validate our error estimates and demonstrate that they are sharp.
We remark here that the RCO technique has been adapted to establish improved
uniform error bounds on time-splitting methods for the long-time dynamics of dis-
persive PDEs including the nonlinear Klein-Gordon equation [5] and the (nonlinear)
Dirac equation [6,9].
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