MATHEMATICS OF COMPUTATION

Volume 91, Number 334, March 2022, Pages 811-842
https://doi.org/10.1090/mcom/3694

Article electronically published on October 28, 2021

UNIFORM ERROR BOUNDS OF TIME-SPLITTING
SPECTRAL METHODS FOR THE LONG-TIME DYNAMICS
OF THE NONLINEAR KLEIN-GORDON EQUATION
WITH WEAK NONLINEARITY

WEIZHU BAO, YUE FENG, AND CHUNMEI SU

ABSTRACT. We establish uniform error bounds of time-splitting Fourier pseu-
dospectral (TSFP) methods for the nonlinear Klein-Gordon equation (NKGE)
with weak power-type nonlinearity and O(1) initial data, while the nonlinear-
ity strength is characterized by eP with a constant p € NT and a dimensionless
parameter ¢ € (0, 1], for the long-time dynamics up to the time at O(e~P)
with 0 < 8 < p. In fact, when 0 < ¢ < 1, the problem is equivalent to the
long-time dynamics of NKGE with small initial data and O(1) nonlinearity
strength, while the amplitude of the initial data (and the solution) is at O(e).
By reformulating the NKGE into a relativistic nonlinear Schrédinger equation,
we adapt the TSFP method to discretize it numerically. By using the method
of mathematical induction to bound the numerical solution, we prove uniform
error bounds at O(h™ + e?~#72) of the TSFP method with h mesh size, 7
time step and m > 2 depending on the regularity of the solution. The error
bounds are uniformly accurate for the long-time simulation up to the time at
O(e~#) and uniformly valid for £ € (0,1]. Especially, the error bounds are
uniformly at the second-order rate for the large time step 7 = 0(6*(9*6>/ 2)
in the parameter regime 0 < 8 < p. Numerical results are reported to confirm
our error bounds in the long-time regime. Finally, the TSFP method and its
error bounds are extended to a highly oscillatory complex NKGE which prop-
agates waves with wavelength at O(1) in space and O(¢?) in time and wave
velocity at O(e—#).

1. INTRODUCTION

The nonlinear Klein—Gordon equation (NKGE) is widely used to model nonlinear
phenomena in many fields of science and engineering. It plays a fundamental role in
quantum electrodynamics, particle and/or plasma physics to describe the motion of
spinless particles within the framework of quantum mechanics and Einstein’s special
relativity [33,40,62,57]. The NKGE with power-type nonlinearity has attracted
much attention in investigating the dislocation of crystals, nonlinear optics and
quantum field theory [42,[60]. In particular, the NKGE with cubic nonlinearity is
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called ¢* model to describe the relativistic Bose gas, the dynamics of Copper pairs
in superconductors as well as displacive and order-disorder transitions in solids
[28,[39]; and the sine-Gordon and sinh-Gordon equations arise in the propagation
of fluxons in Josephon junctions between two superconductors [60].

In this paper, we consider the following NKGE with power-type nonlinearity on
the unit torus T¢ (d = 1,2, 3) as

1) {(%tu(w,t) — Au(z,t) + u(z,t) + PuP T (x,t) =0, €T >0,
‘ u(z,0) = ug(x) = 0(1), du(z,0) =u(x) = 0(1), xe T

Here, t is time, x is the spatial coordinate, u = u(ax,t) is a real-valued scalar
field, p € NT is the exponent of the power-type nonlinearity, ¢ € (0,1] is a dimen-
sionless parameter used to characterize the nonlinearity strength, and the initial
datum wug(x) and ui(x) are two given real-valued functions which are independent
of the parameter e. Thus formally, the amplitude of the solution u is at O(1), the
wavelength in space and time is also at O(1), and the wave velocity is at O(1) too.
In addition, if u(-,t) € HY(TY) and du(-,t) € L*(T%), the NKGE (L)) is time
symmetric or time reversible and conserves the energy [Bl[6,26] as

E(t) := 5 1))
[|8tu x,t)|? + |Vu(x, t))* + Ju(zx, t)]* +

P
w(z, t)PT?| de
p+2 (@,%) ]

2&P
c uo(m)p+2] dx

p+2

[|u1 P+ [Vuo(@)]? + fuo(a)? +
BO) =01,  t>o0.

In fact, when 0 < € < 1, by introducing w(z, t) = eu(x, t), we can reformulate the
NKGE (L)) with weak nonlinearity and O(1) initial data into the following NKGE
with small initial data and O(1) nonlinearity strength:

(12) Onw(zx, t) — Aw(z, t) +w(x, t) + wP(z,t) =0, €T >0,

' w(z,0) = cug(x) = 0(c), dw(x,0) =ecuy(x) = O(e), x e T
Noticing that the amplitude of the initial data in ([[2]) is at O(e), formally we
can get the amplitude of the solution w of ([[2)) is also at O(e). Of course, the
wavelength of (2] in space and time is at O(1), and the wave velocity of (2]

is at O(1). Similarly, the NKGE (2)) is time symmetric or time reversible and
conserves the energy [51[6,26] as

B(0) = B(w(,1)
= w(x,t)[? w(zx, t)]? + |w(z, t))? me P2 da
= [, 10 + 1Vule. 0 + u(e.OF + —5ule.07+]d

2ePt2
p+2

2P
c uo(x)P 2| dx
p+2

= /Td |:|€’U,1(15)|2 + |€VU0(:1:)‘2 + |Eu0(:1;)|2 + ug(x )p+2] dz

=2 [ Jlu@P + [Fu(@) + @) +
=e?E(0) = 0(¢?), t>0.

Thus, the long-time dynamics of the NKGE ([L2]) with small initial data and O(1)
nonlinearity strength is equivalent to the long-time dynamics of the NKGE (L)
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with weak nonlinearity and O(1) initial data. In both cases, the solutions propagate
waves with wavelength in space and time at O(1) and the wave velocity at O(1).

There are two different dynamical problems related to the time evolution of the
NKGE () (or (I2)): (i) when € = g¢ (e.g., ¢ = 1) fixed, i.e., in the standard
nonlinearity strength regime, to study the finite time dynamics of (L)) (or (LZ))
for t € [0, T] with T'= O(1); and (ii) when 0 < € < 1, i.e., in the weak nonlinearity
strength regime, to study the long-time dynamics of (LI) (or (L2)) for ¢ € [0, T]
with T, = O(e™?). Extensive mathematical and numerical studies have been done
in the literature for the finite time dynamics of (ILT)) with e = 1, i.e., in the standard
nonlinearity strength regime. Along the analytical front, for the existence of global
classical solutions, approximate and almost periodic solutions as well as asymptotic
behavior of the solution of (1) with e = 1, we refer to [14}[15120,37,38.50.59] and
references therein. For the numerical aspects, different numerical methods have
been presented and analyzed in the literature, such as finite difference time domain
(FDTD) methods, spectral methods, etc. For details, we refer to [4L5[18]26127,[30]
and references therein. Recently, there are several analytical studies for the long-
time dynamics of (LI in the weak nonlinearity strength regime (or (L2l with
small initial data), i.e., 0 < e < 1 [3743]. According to the analytical results, the
life-span of a smooth solution to the NKGE (ILI) (or (I2)) is at least up to the
time at O(e~P) [23H25,29,37,[38].

However, to the best of our knowledge, there are very few numerical analytical
results on error bounds of the numerical methods for the long-time dynamics of
(L) in the literature, especially the error bounds which are valid up to the time at
T. = O(e7?) and how the error bounds depend explicitly on the mesh size h and
time step 7 as well as the small parameter € € (0, 1]. We notice that some numerical
analysis results on the long-time near-conservation (or approximate preservation)
of energy, momentum and harmonic actions have been established for some semi-
discretizations or full-discretizations of the NKGE ([2) with small initial data
via the technique of modulated Fourier expansions [21122][35], however, no error
estimate of the numerical solution itself has been given in the literature. Recently,
for the NKGE () with cubic nonlinearity (i.e., p = 2), error estimates of four
different FDTD methods were established for the long-time dynamics of the NKGE
() up to the long-time at O(¢~#) with 0 < 8 < 2 [6l131]. Specifically, in order to
obtain ‘correct’ numerical approximations of the NKGE (1) (or (I2)) up to the
long-time at O(¢~?) with 0 < 8 < 2, the e-scalability (or meshing strategy) of the
FDTD methods should be

(1.3) h=0(E"?) and 7=0("?),

which immediately suggests that the FDTD methods are under-resolution in
both space and time with respect to € € (0, 1] in terms of the resolution capacity
of the Shannon’s information theory [41,[54] — to resolve a wave one needs a few
points per wave — since the wavelength of the solution of the NKGE () (or (I2))
in space and time is at O(1), while the mesh size h and time step 7 have to be
taken at O(¢%/2) which is much smaller than O(1)! In fact, the FDTD methods
can also be regarded as over-sampling methods in the sense that the number
of points needed per wave in space and time has to be taken as O(e’ﬁ/ 2) which
is much larger than O(1)! To improve this, a Gautschi-type exponential wave
integrator Fourier pseudospectral (EWI-FP) method was proposed and analyzed
in [32], where a uniform error bound was established at O(h™ + £27#72) under a
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stability condition 7 < h, while m > 2 depends on the regularity of the solution,
for the long-time dynamics up to the time at O(¢=#) with 0 < 8 < 2.

As we know, the time-splitting Fourier pseudospectral (TSFP) method has been
widely used to numerically solve dispersive partial differential equations (PDEs)
[TH3, 8, 26],[36],[ 44, [56]. In many cases, the TSFP method demonstrates much bet-
ter spatial/temporal resolution than the FDTD methods, especially when they are
used for integrating highly oscillatory PDEs, such as for the Schrédinger /nonlinear
Schrodinger equation in the semiclassical regime [7L[16], for the NKGE in the nonrel-
ativistic regime [26], for the Zakharov system in the subsonic limit regime [9], for the
Dirac/nonlinear Dirac equation in the nonrelativistic regime [21[3], etc. The main
aim of this paper is to adapt the TSFP method for discretizing the NKGE (1))
and establish its error bound for the long-time dynamics up to the time at O(e%)
with 0 < 8 < p. In order to do so, we first reformulate the NKGE (1) into a rela-
tivistic nonlinear Schrodinger equation (NLSE) and then apply the TSFP method
to discretize it numerically. By employing the method of mathematical induction
to bound the numerical solution, we establish an error bound at O(h™ 4 eP~A72)
without any stability condition, while m > 2 depends on the regularity of the so-
lution, for the long-time dynamics up to the time at O(¢~#) with 0 < 8 < p. The
error bound immediately indicates that the TSEFP method is uniformly accurate
for the long-time simulation up to the time at O(¢7?) and is uniformly valid for
¢ € (0,1]. Thus, the TSFP method is an optimal resolution method for the
long-time dynamics of the NKGE (1)) up to the time at O(¢~?). Compared to
the EWI-FP method in [32], the TSFP method is superior on several aspects: (i)
the strict stability condition 7 < h is removed, (ii) the error bounds are uniformly
second-order accurate for the large time step 7 = O(e~®~#)/2) when 0 < 3 < p,
and (iii) we observe numerically the TSFP method has an improved convergence
when 0 < & < 1, which is not valid for the EWI-FP method (cf. Sect. [)).

The rest of the paper is organized as follows. In Sect. 2 we first reformulate
the NKGE (L)) into a relativistic NLSE and then present the TSFP method to
discretize it numerically. In Sect. Bl we establish uniform error bounds of the TSFP
method for the long-time dynamics of the NKGE (L)) up to time at O(¢~#) with
0 < B < p. Numerical results are reported in Sect. Ml to confirm the error estimates.
Extension to a highly oscillatory complex NKGE in the whole space is presented in
Sect. Bl Finally, some conclusions are drawn in Sect. [fl Throughout this paper, C'
represents a generic constant which is independent of the discretization parameters
h and 7 as well as the nonlinearity strength parameter ¢ € (0,1]. We adopt the
notation A < B to represent that there exists a generic constant C' > 0 such that
|A| < CB, while C is independent of h and 7 as well as e.

2. A TIME-SPLITTING FOURIER PSEUDOSPECTRAL (TSFP) METHOD

In this section, we first reformulate the NKGE (L)) into a relativistic NLSE and
then adopt the TSFP method [IL[826]36,44L61] to discretize it numerically.

2.1. A relativistic nonlinear Schrédinger equation (NLSE). For simplicity
of notations, we only illustrate the approach in one dimension (1D) and all the
notations and results can be easily generalized to higher dimensions with minor
modifications. In 1D, the NKGE (IT]) with periodic boundary condition collapses
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to

(2.1)
Oppu(x,t) — Oppu(z, t) + u(w,t) + Pult(z,t) =0, € Q= (a,b), t>0,
u(a,t) = u(b,t), Oyu(a,t) = Oyu(b,t), t>0,
u(z,0) = ugp(z), Opu(z,0) = uy (), € Q= a,b).

For an integer m > 0, Q = (a,b), we denote by H™ () the standard Sobolev
space with norm

~ ~ 4 r—a 27Tl
(22) =7 = Z(l +wl)EP, for z(x) = Zzle ple=a) oy = b )

—a
lez leZ

where Z;(I € Z) are the Fourier transform coefficients of the function z(z) [3,A].
For m = 0, the space is exactly L?(Q2) and the corresponding norm is denoted as
| -|l. Furthermore, we denote by Hy¢ (€2) the subspace of H™(£2) which consists of
functions with derivatives of order up to m — 1 being (b — a)-periodic. We see that
the space H™ () with fractional m is also well-defined which consists of functions
with finite norm || - ||, [53].

Define the operator

(2.3) (V) =Vv1—-A,

through its action in the Fourier space by [30,/58]:

Z V1+ [uPze @) for z(x) = Zzle”“(m 9. x€labl

= 1€z
Then we can rewrite the NKGE ([2.1)) as
(2.4) Oppu(x,t) + (V)2u(z, t) + ePuP ™ (2,t) =0, z€Q, t>0.

In addition, we introduce the operator (V)’l as

R N o}
ZEZZ V1+ |Mz|2

It is obvious that
(V) ells = llzlls—1 < ll]ls-
Denote v(x,t) = Opu(z,t) and set
(2.5) Y(x,t) = u(z, t) —i(V) (e, t), = €la,b], t>0.

By a short calculation, we can reformulate the NKGE (Z]]) into a relativistic NLSE
in ¢ :=1(x,t) as
(2.6)

(@, t) + (VI(a, t) + 5”(V>_1f(% (¢ + ) )(m,t) —0, 2€Q, t>0,
1/1(0,15) = w(bv t)’ zT/J(G t) ( ) t> 0,
P(x,0) = Yo(x) = ug(z) — (V) tur(z), = € [a,b],

where f(z) = zPT! and 1 denotes the complex conjugate of . Noticing (23], we
can recover the solution of the NKGE (1)) by

@7 ulet) =5 @) B 0), ot = HV) (1) - B 1),
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We remark here that the NKGE ([2.1)) can also be reformulated as the following
first-order (in time) PDEs:

ou(z,t) —v(x,t) =0, =z € (a,b), t>0,

Opv(x,t) — Oppu(w,t) +u(z,t) + PuPt(z,t) =0, x € (a,b), t>0,
u(a,t) = u(b,t), Ozu(a,t) = Oyu(b,t), t>0,

u(z,0) = uo(z), v(z,0)=wui(z), x € [a,b].

(2.8)

2.2. Semi-discretization by using the second-order time-splitting. In order
to discretize the NKGE (21)) in time by a time-splitting method, we first discretize
the relativistic NLSE (2.0]) by a time-splitting method and then recover the solution
of 1) via [ZT). In fact, the relativistic NLSE (24) can be decomposed into the
following two subproblems via the time-splitting technique [441/58]

10 (x,t) + (V)(z,t) =0, x € (a,b), t>0,
(2.9) Y(a,t) =P(bt),  Ou(a,t) = 0pip(b,t), >0,
P(x,0) =1po(z), =€ [a,b],
and
0p(a, 1) + V) (W4 @0 =0, we (@b, >0,
P(x,0) =vo(z), € [a,b].

The linear equation ([2:9) can be solved exactly in phase space and the associated
evolution operator is given by

(211) w(’t) = WtT(¢O) = eit<v>¢0, t> Oa
which satisfies the isometry relation
et (vo)lls = llwolls, 520, teR.

Recalling that the nonlinear part of (ZI0) is real, this implies that 9, (¢ + ¢) (z,1)
= 0 for any fixed = € [a,b]. Thus ¢ + % is invariant in time, i.e.,

(212) (Y +9) (2,1) = (Y +¥) (2,0) = ¥o(x) + Yo(z),  t>0, a<z<bh
Plugging (Z12) into ([ZI0), we get

0(a, 1) + V) (500 +70)) (0) =0, welab, ¢>0,
¢($70) :wO(x)v T € [a’vb]'

Thus (ZI3) (or (ZI0)) can be integrated exactly in time as:

(2.10)

(2.13)

(2.14) P(x,t) = @y (o) = Yo(x) + Pt F(Po(x)), >0,
where the operator F' is defined by
(215) F)=iv)60),  66)=1(56+9).

Let 7 > 0 be the time step and define t,, = nr for n = 0,1, .... Denote " :=
Y™ (z) by the approximation of ¢ (x,t,) for n > 0, then a second-order semi-
discretization of the relativistic NLSE (Z6) via the Strang splitting [44] can be
given as:

(2.16) I = S () = o120 o 0 o 2wy, n=0,1,2,...,
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with 9% = 4y = ug — (V)" u;. Noticing [Z7) and (ZI8), we can get a second-
order semi-discretization of the NKGE (2)):

(2.17) ul™ = % (w[”] —I—W) , ol = %(V> (w[”] —W) , n=0,1,...,

where ul™ := ul"l(z) and v := v["(z) are the approximations of wu(z,t,) and
owu(z,t,) (n=0,1,2,...), respectively.

We remark here that another way to discretize the NKGE (21 by a time-
splitting method, which is exactly the same discretization as the one presented
above, is to discretize the NKGE (Z8) by a time-splitting method. In fact, the
NKGE (28) can be decomposed into the following two subproblems via the time-
splitting technique [206]

Opu(z,t) — v(x,t) =0,
Opv(x,t) — Ogau(z,t) + u(z,t) =0, =€ (a,b), >0,

(2.18) u(a, t) = u(b,t), Oyu(a,t) = dpu(b,t), t>0,
w(z,0) = up(x), v(z,0)=ui(z), x € [a, b,
and
Ou(z,t) =0,
(2.19) opv(z,t) + ePul T (2,t) =0, =€ [a,b], >0,

u(z,0) = up(x), v(x,0)=ui(z), x € [a,bl.

Similarly, the linear problem (2I8)) can be solved exactly in phase space and the
associated evolution operator is given by

u(-,t) o (wo\ [ cos(t{V))ug + (V)" sin(t(V))uy
(220) (v(-,t)) =Xr (ul) = (- (V) sin(t(V))uo +Cos(t(V>)u1> B

From (219), we obtain immediately that u(x,t) is invariant in time for any fixed
x € [a,b], ie.,

(2.21) u(z,t) = u(x,0) = ug(x), x € [a,b).
Plugging (221]) into [219)), we get

Opu(z,t) =0,
(2.22) ov(z, t) + ePuPt(2,0) =0, z € [a,b], >0,

u(z,0) = up(x), v(x,0)=ui(x), t>0, x € [a,b].
Thus (Z22) (and ZI9)) can be integrated exactly in time as:

U(',t) ‘ (') L Uo
(2.23) (v(-,t)) =% <u1> = <u1 - 5ptu§+1> . t>0.

Let ul™ := u["l(z) and v["] := v["}(2) be the approximations of u(x, t,) and v(x,t) =
Ou(z,t,) (n=0,1,2,...), respectively, which are the solutions of the NKGE (23]
(and (20])). Then a second-order semi-discretization of the NKGE (2.8)) (and (2.1I))
via the second-order Strang splitting [26] can be given as:

(2.24 ur _s N Y —0,1
. ) v[n+1] — O7 U[n] _XT OXVOXT v[n] ) n=4ul,...,
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with ul®) = uy and vl% = u;. In fact, it is easy to verify that (29), I0), @I1)

and ([2I4) are equivalent to (ZI8), (Z19), 220) and (Z23]), respectively. Thus it
is straightforward to get that (ZI6]) is equivalent to (224)), and [2I7) is the same

as (224).
Remark 2.1. Another second-order semi-discretization of the relativistic NLSE (2.6])
can be given as

(2.25) P = ot o pho o2 (WM),  m=0,1,2,...,

which can immediately generate a semi-discretization of the NKGE [2.1]) via (2.17).
Again, it is easy to check that this discretization is the same as that of the NKGE
238) (and 2I))) by a similar second-order Strang-type time-splitting as

[n+1] [n]
u T/2 T /2 u
(2.26) ) =Xy °XroXy Sl | n=20,1,2,....

Furthermore, the above second-order time-splitting discretization of the NKGE
1) is equivalent to an exponential wave integrator (EWI) via the trapezoidal
quadrature (or Deuflhard-type exponential integrator) for discretizing the NKGE

1) directly (cf. [26]).

Remark 2.2. Tt is straightforward to design higher order semi-discretizations of the
NKGE (2.7 via the relativistic NLSE (2.6]) by adopting a higher order time-spitting
method [47], e.g., the fourth-order partitioned Runge-Kutta time-splitting method

8.

2.3. Full-discretization by the Fourier pseudospectral method. Let N be
an even positive integer and define the spatial mesh size h = (b — a)/N, then the
grid points are chosen as

(2.27) zyimatjh, JETS={j|j=01,..,N}.
Denote Xy = {z = (20,21,...,2n)7 € RN*! | 25 = 2x} with the [?>-norm and
[*°-norm in X given as

N-1
(2.28) Ialll = 13 Tasl's el = mags [asl, = € Xov

=
Define Cper(Q2) = {2 € C(Q) | 2(a) = 2(b)} and

) — N N N

YNZ:Span{BZM(xia), $€Q, ZGTN}, TN = {l | l:_57_5 + 1, ceey ? - 1} .

For any z(z) € Cper(Q2) and a vector z € Xy, let Py : L?*(Q) — Yy be the
standard L2-projection operator onto Yy, Iy : Cher(Q) > Yy or Iy : Xy = Yu
be the trigonometric interpolation operator [55], i.e.,

(2.29) (PNZ)(CE) _ Z %\leim(mfa)’ (INZ)(:E) _ Z gleim(:cfa)7 z e,
leTn leTn
where
1
b—a

b N-1
~ iy (o ~ 1 i (i
(2.30) 7z = / z(z)e @Dy Z = N E zjem(@i=a) e Ty
a =0

with z; interpreted as z(z;) when involved.
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Let 7 be the numerical approximation of ¢ (z;,t,) for j € 79 and n > 0 and
denote ¢ = (Y, Y7, ..., v%)T € CNHL for n = 0,1,.... Then a time-splitting
Fourier pseudospectral (TSFP) method for discretizing the relativistic NLSE (2.0])
via (2I0) with a Fourier pseudospectral discretization in space can be given as

w](_n,l) _ Tcl (1/)") iHl(xj_a)’
lETN
n,2 n,l n n . 1 T i (z;—a
(231) WY =tV aer R FP =iy —(G0)), el
leTn !
wn-i—l Z eTl w(nz) eim(a&'j—a)7 je’T]{\)“ n=20,1,...,
l€TN

where i = /T+ 4 for 1 € Ty, 9% = (4", ™, )T € TV for
k=12 GD) = (Gy"Y), G( <">1>>, L Gy )T € RV and

8 = ua(a) w0, ey,
! l; 1+ |,ul|2

Let u? and v} be the approximations of u(x;,t,) and v(z;,t,), respectively,
for j € 79 and n > 0, and denote u" = (ul,u?,...,u%)T € RN*1 and v" =
(v, o7, .. o)t € RVFL for n = 0,1,.... Combining @31) and @I7), we can
obtain a full-discretization of the NKGE (ZI)) by the TSFP method as

1 —
n+1 n+1 n+1
upit =g (ﬂfj + ¥ ) ,

(2.32) i — } j € TJS, n >0,
= 2 3 G, - ()] et o),
€T
with
ul =uolzy),  vj =wlzy), jeTy.

Specifically, plugging (231)) into [2:32)) or discretizing (Z24]) directly in space by
the Fourier pseudospectral method, we get a full-discretization of the NKGE (2.1))
by the TSFP method (in explicit formulation in the original variable u) as

(n,1) T n n (n,1) T n n
’U,] _‘Cu<§7u , U )]; Uj —Ev(i,u , U )j’
" n n n n, 1
(233) ™ =uf™, o™ = ol e (ufm )P
T T
=g, (i,u(“),v("?))j, it = g, (5’“(“) L 2))]"
where
Ly (T,u,v)j = Z [cos(rgl)ﬂl + gl—l sin(rg)ﬁl] eit(@i—a)
T .
(2.34) IETN | ) e 7o,
Ly (T, u, U)j = Z [—¢ sin(7¢)u; + cos(7¢) 0] eHHi®i )
leTn

The TSFP method [233) (or (232) with 231])) for the NKGE (21)) is explicit,

time symmetric and easy to be extended to higher dimensions. The memory cost of
the TSFP method is O(N) and the computational cost per time step is O(N In N).
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In addition, the total cost for the long-time dynamics up to the time 7. = Tp/e”
(0 < B < p) with fixed Ty > 0 is O (L) = O (Lln V),

TeB

3. UNIFORM ERROR BOUNDS OF THE TSFP METHOD

In this section, we establish error bounds of the TSFP method (232) via (231
(or equivalently ([233))) for the NKGE (21)) up to the time at O(¢~P), which are
uniformly valid for 0 < e < 1.

3.1. Main results. Motivated by the discussions in [24129,[50] and references
therein, we make the following assumptions on the exact solution u := u(x,t)
of the NKGE (Z]) up to the time at T. = T, /e” with 3 € [0, p] and Ty > 0 fixed:

) we L™ ([0,T]; H, dyu € L= ([0,T2]; H]Y)
||“||L°°({0,T51;H;’lr+1) s Hat“HLw([o,TEJ;ngr) S

with m > 1. Then we can establish the following error bounds of the TSFP method.

Remark 3.1. For the quadratic nonlinearity, i.e., p = 1, the assumption (A) can be
established under the condition on the initial data satisfying

Ug € Hmt uy € H™

per per?

if m > % + 1 with d representing the dimension of the torus [23]. For p > 1, the
regularity of the solution u(x,t) can be preserved and the uniform boundedness in
(A) can be established up to the time until T, = Ty/e? when m is large enough

[134241[29].

Theorem 3.2. Let u™ be the numerical approzimation obtained from the TSFP
30 -Z32) (or equivalently Z33])). Under the assumption (A), there exist hg > 0
and 9 > 0 sufficiently small and independent of € such that, for any 0 < e <1,
when 0 < h < hy and 0 < 7 < 70 B=P)/2 we have the error estimates for s €
(1/2,m)]

(3.1)

s to) = In (u) s+ 0pul, tn) = In (") s S B2 4+eP7P7%, 0 <m

< TQ/@B.
T

Furthermore, there exists a constant M > 0 depending on To, ||uollm+1, [|w1llm,
l[ull Lo fo,723; 117,y and [|0eull oo (o 7.3y Such that the numerical solution satisfies

per

To/EB

(3.2) v (@)1 + v (0" [ < M, 0 <m < ——

Remark 3.3. It follows from the e-dependent error estimate that large time step at
7~ e~ P=P)/2 when 0 < B < pis allowed to simulate the long-time dynamics of the
NKGE up to time Ty/e?. Particularly, the error bound is uniformly at the second
order for the large time step 7 = O(¢~(P=#)/2) in the parameter regime 0 < 8 < p.
While for 8 = p, 7 has to be taken as O(1).

Remark 3.4. The results in Theorem are still valid in high dimensions, i.e.,
d>1,if m> 4.
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3.2. Preliminary estimates. In this subsection, we prepare some results for prov-
ing the main theorem. Denote

Fi: ¢p— eiitW)F(eit(wqﬁ), teR,
where F' is defined by (2I5]), then we have Proposition on the properties of Fy.

Proposition 3.5.
(i) Let s > 1/2, then for any t € R, the function F, : H*(Q) — H*TY(Q) is C°
and satisfies

1Fe(D)l 41 < ClSIET,  NE (@)l x < ClONE s,

1EY (0) (1, Ollsr < ClOIEH mlls IS
(ii) If s > 1, then the derivatives with respect to t satisfy
(3.4)
10:F (o), < ClloIE™, |07 F(9)]], < CllolEtL, 0:F (@) ()]l < CllglIZInlls.
(i) Assume s > 1/2, ¢,n € B3, = {v € H*(Q),||v|s < R}, then there exists a

constant L > 0 depending on R such that for allt € R and o € [0, s], the Lipschitz
estimate is valid:

(3.3)

(3.5) 1G(¢) = G)lle < Lll¢ —nllo,  1F:(0) — Fe(n)llo+1 < Lli¢ — nllo-
Proof. Firstly, we recall the inequality which was established in [19]:
(3.6) lowlle < Cllvfls wlls, ve HI(Q), weH(Q),

for s > 1/2 and o € [0, s]. Hence for ¢ € H*(2), one has
. 1 . . —
— it(V) _ - it(V) —it(V)
1E@ i = [F (T s)| Hf (2 (¢ +e ¢))

96+ g™ < clogz.

S

<cC

Noticing that f(v) = vP™1, a direct calculation gives

(3.7 Py = L9 (0 +3m ).
which implies that
(3.8) IF @l = ZEL 16+ 9@+, < CllolEln.

Note that

F(@)(m) = e T (D) ()
and this immediately yields the second inequality in ([B3]). The second derivative
of F takes the form

70)n¢) = L2V 9 (9 + 3 e +0).

which leads to that

1 — —
1E" ). Oller = PLED 0+ 59 4w+ D, < ol Il
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Thus the last inequality in ([B.3]) can be obtained by recalling

F'($)(n,¢) = oY) g1t (eit(V)¢) (eit<v>n,eit(v>c) )
The first derivative of F}; with respect to t reads as
0 Fi(9) = —i(V)Fy(9) + e F () (i(V)p), n=e"V.
Applying (B3), 36) and (B37), we obtain

10:F:(d)lls < I1Fe(@)llsg1 + [1F (1) (i (V) ) |6
< OlglET + Cll(n+ )P (V) — (V) [ s—1
< OlBlIET + Cll(n+ )P V) (1 = ) s -2
<ol + Cllp+ wlElle — 7lls
< Cllolz+t.

Further computations give that

OFFi(9) = —(V)2Fi(¢) — 2i(V)e Y F () (i(V) ) + eV F' () (—(V)? 1)
+ e Y F (1) (V) , (V) ),

which leads to

107 Fo ()15
SNF(@)lsr2 + 21 F (1) (V) )l a1 + |1 F' (1) (= (V)2 )]]s
A+ NF" (1) (V) 1, 1 (V) ) || s
< ClpI7H + Cll(p+ )PV (1 + D) ls—1 + Cll (1w + B)P (V) (1 — 7))l s-1
< Cllol%H1 + Cllp + AlEp + Al ssr + Cllp + BB i — 7l 244

< C|lg|Pts.

For the last inequality of ([3.4]), note that

OuF{(0)(n) = —i(V)F{(6)(n) + e " F" (1) (v, i{V) ) + e "V F' (1) (i(V)v),
where v = €'{V)y. Thus we get

10:F{(¢) ()l s
< NE (@) llstr + [F () (v, iVl + 1 () (i{V)v) s
< ClIglElnlls + Cll(n+ TP~ (v + PUVY = B)lls—1 + Cllp + AL v — 7l
< ClolElnlls + Cliw+TlE v + Pl [(V) 1 = (V)lls—1
< Cllolglnlls,

which completes the proof for (3.4).
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For the Lipschitz estimate ([B.3]), a straightforward calculation shows that
1G(6) =Gl

l#G@+8) - s Ga+m),
: [ﬁ: (pzl)(¢+5—n—ﬁ)p_q(n+ﬁ)q

2r+1
q=0

(6—n+0¢—17)

led

1 &G(p+1l - _p—4q g -
s2mﬂ§:< q)n¢+¢—n—nm I+ 712 |6 0+ 3 -],
q=0

< CR[|¢ =], -
Noticing that
1F(¢) = Fs()llosr = [|[F (e 0) = F(e V)| ., = [[G(e"T¢) = G("TIp)]|
S CRP H(b - 77”0’ )

o

the proof is completed. |

Concerning on the flow S, in (ZI6]), we have the stability estimate as follows.
Lemma 3.6. Assume ¢o,n0 € B}, with s > 1/2, then for any T > 0, we have

S+ (d0) — Sr(no)lls < (14 LeP7)||po — nollss
where L depends on R.

Proof. Since the operator '7(V) is an isometry, we only need to consider the oper-
ator associated with the nonlinear subproblem. By the definition and the Lipschitz
estimate (B3], we have

3 (90) — v (n0)ls < llpo — molls + 27| F (o) — F(n0)|ls
< oo = molls + LePT|[dpo — nol|s
< (1 + LePT)|lpo — molls,

which completes the proof. |

Lemma 3.7. Denote the exact solution of (Z8) with initial data vy as ¥(t) =
Set(to). Assume (t) € H5 (s > 1), then for 0 <e <1 and 0 < 7 < 1/£P, the
local error of the Strang splitting (Z10) is bounded by

IS ((tn)) = Ser ((ta)|ls < MoeP7?,

where Mo depends on [|1|| Lo (jo, 1.7 541 -

Proof. For simplicity of notation, we denote v¥,, = ¥(¢,). An application of the
Duhamel’s principle leads to the following representation of the exact solution

¢

(3.9) V(tn + 1) = eV, + Pe™tV) / e NV E (4(tn +0)) db.
0

Introducing 7, (t) := e~V (¢, + 1), we have

(3.10) (1) = 1 (0) + €7 /O Fi+o(nn(6))do.
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Applying the Taylor expansion
1
Filer + 2) = Fu(21) + F(21)(22) +/ (1= 0)FY (21 + 02)(2)d0),
0
we yield
T 0
n\T) = Nn O P Ftn n 0 P Ftn 1 n 01 d@ d@
1) =10+ [ Foso(m0) 4 [ Fovio, (na(00)) d01)
T T 0
= 7u(0) + & / Fop 10 (1(0))d0 + %7 / / FL 4001 (0)) Fo, 10, (70(61)) 016
o 2
e3P (1= F 1o ((1—¢)nal0 (0 Fi, 1o, (1n(61))d61) dCdo
// 20 (1= Oma0) +Cma(O) ([ P Oru(017)d1) "
T 6
= 7a(0) + & / Fopv0(1(0))d0 + 77 / / FL o1 (0)) Foy 10, (1 (0))d01d0
e [ / (L= OVF, 1o (1= O)1a(0) + (a6 / Frovson (1 (60)) d61 ) "
v [0 / / FL 2o (1 (0) vy (1= Oin(0) + Cnn(61))

01
( Fip o, (n(62)) d92>dCd91d9.
0

Twisting the variable back, we obtain

Se;r (d)n) _ 61'(t7,,+‘1') (V) T (7_)

_ ei‘r(V>wn + EpeiT(V) / Fy (Qﬁn) do + EBpeiT(V)Eg
0

T 0
(3.11) + e V) / / Fy () Fo, (¢n) 61,
0 0

where F3 = E3,1 + E3’2 with
T 1
Bar= [ [ =R (0= 0pu+ e Titt, +0))
0
( / Fy, (e_i91<v>1/}(tn +61))d91)2dg“d6‘,
0
T 0 1
B3 = /O /O /0 Fy(n)Fj (1 = O)thy + Ce M Vap(t, + 64))

0, _
( / Fo, (e7%20y(t,, + 92))d92)d§d91d9.
0
On the other hand, noticing ([2I4)), for the Strang splitting we get
S (1hy) = €TVI/2 { 2, + ePTF(eiT<V>/2¢n)} =™V (P, + PTE, j2(n)) -
Then the local truncation error can be written as
(3.12) Sr(n) = Ser (V) = Pl Vg — g2 ™ (V) BPeiT(V) B

where

T T 0
"= T E, () — /O Fo(thn)d6, 5= /O /O F} (thn) Foy (1) d61d6.
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Next we estimate each term individually. Express the quadrature error in the
second-order Peano form,

1
r = —7—3/ 52(9)85Fw(¢n)|w:0~rd93 "52(9) = %min{927 (1 - 9)2}
0

Applying [B4), we obtain

1
(3.13) Il < C7° funllzt} [ walo)ds < 7°
0
Inserting the identities
01 0
Fo, (¥n) = Frpa(¢n) + P OuFi(Yn)dw,  Fy(thn) = F4/2(7/}n) + //2 0wy, (1hn)dw

into the double integral term, we get

01
m:wFﬁwmﬁwm / /Tﬂ% , bl (Vn)dwdddf
+ / 0 / y QL) ool e

////2 0w F,(10n) oy Froy () dwr dewd1 .

By definition, we have
7/'/2(wn)F’r/2(wn) = e_i%<V)F/(ei%<v>'(/)n)(F(ei%<v>wn)) =0

by recalling B7) and the fact that F(-) is purely imaginary. Applying (33) and
B4), we obtain

[ralls < 07—3”1/}71”5 oiug 0w Foo ()l + 07—3”1/}71”:;) HFT/Z(@/’n)HS
(3.14) + O [Yal? sup (|00 Fu(¥n)]l,
0<w<T

<O+l S (7 + 7).
Using (B3], we derive
| Eslls < [|1E5,1]ls + | E3,2]ls

< C7° sup [[(tn + 027

0<6<7

+ Oz sup ||w<tn+e>uf; sup || o (et + 6))
0<6<t 0<6<t

(67w<v>¢(tn + 9)) j

S

(3.15) <Cr3 osup ||(t, +0)|2PT < 73
0<o<r

Combining (312)-(@BIH]), we arrive at the conclusion and the proof is complete. [

3.3. Proof of Theorem Similar to the proof of the TSFP method for the
Dirac equation [3], the proof will be divided into two parts: (I) to prove the con-
vergence of the semi-discretization, and (II) to complete the error analysis by com-
paring the semi-discretization (2I6) and the full-discretization (231]).
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Part I (Convergence of the semi-discretization). Firstly, we observe that the as-
sumption (A) is equivalent to the regularity of ¥ (z,t) as
¢ e L™ ([0,T.); HY H¢||Lw([o,T]H;’;r“) S
Now, we give a global error on the Strang splitting (2I8]): there exists 79 > 0
independent of € such that when 0 < 7 < 70e(®~P)/2 the error of the Strang
splitting satisfies
To/Eﬁ

(3:16) ([ = tn)llm < Mae" =072, Yl < R41, 0<n < =,

where R := |9 ze< (0,717

pcr

Furthermore, for the regularity of 4™, we have [ ngr“ when 7 < Tos(ﬁ p)/ 2
with

) and M, depends on Ty, R and [[¢|[ 0,72} HH )

T B
(3.17) [ sy < M, 0<m < 2/
T

where Ms depends on Ty, R and ||to]|m+1-
We apply a standard induction argument for proving (B.I0). Firstly, it is obvious

for n = 0 since Y% = ¢ € BY. Assume LIS B, for 0 <k <n< %EB.
Denote el =kl — (-, tr). By definition,

el = S (M) = S, (1 (tr)) + 7 (¥(tk)) — Se.r (W (tr))-
Using Lemmas and 371 we get when 7 < 1/¢P,

e, = el < LePr||el]| | + MoePr?

where L and M depend on R and H¢HLN([O,T5];H$#), respectively, as claimed in

Lemmas and [371 Summing the above inequality for K =0, ...,n, one gets

He[n-i-l] ||m < ||6[0] Hm + LEPTZ ||e[k]Hm + MOEPT?’(TL + 1)
k=0

< MToe? P2 + LePr " |[[elt)
k=0

Applying the Gronwall’s inequality, we derive

B
He nt) H < MyTye"ToeP=B72 0<n< To/e .

Then the triangle inequality yields that

B
o) < et + 1. 0 n < DL
when 0 < 7 < 1/e? and 7 < (MyTp) ™/ 2e ET0/25(8=P)/2 | Get

T0 — min{l, (MoTQ)_1/2€_LTD/2},
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then the induction (BI6) holds when 7 < 7e(®~P)/2 and ¢ € (0,1]. For the last

inequality (BI7), recalling (Z14) and (33]), we have
04,y = e,

< ||eiT/2<V>w[n] ||m+1 +ePr

F(em/2(V)ylm) H
< ]y + CEPT
< [, + CePr(R+ 1)+
< |[[9ll)],,. ., + Cln+ D)ePr(R+ 1)PH
< [[oll, 4y + CTo(R +1)7*,
and ([B.I7) is established.

m—+1

8
Part II (Convergence of the full-discretization). For 0 < n < %, we rewrite
the error as

(3.18) ¥ tn) = IN(") = (s tn) — "+ 91" — Py (") + Py (") — I (y").
For 0 < s < m, the regularity result (8I7) implies that

(3.19) [ = Py (g™, < CMR T,
and by (3I10),
(3.20) (s tn) = Y1 ls < (s tn) = 0 < MyeP= P72,

Thus, it remains to establish the error bound for the error

T /B
e = Py(p!") — Iy(™), 0<n< To/e”
T
Now, we’ll use an induction to show that when h is sufficiently small, we have
(3.21) lle™(l; < Msh*™™=t 1e (1/2,m+1]; |[In@™)||m < C(1+ R) +1,

where M3 depends on Ty, R and [|to]|m+1-
For n = 0, (321)) is obvious by using the projection and interpolation errors [55]:

1(le = [P (3h0) = In(3h0) [l < Crh** ™[4l msr,
1N (40l < 1PN (%0) i + €%l < Clle°llm + Cihllgollmsr < C(1+ R) +1,

1
when h < Go—

rewrite (2237)) as
¢(n71) — e”<v>/2IN(1/J"), ¢(n72) — d,("»l) + ing<v>—1]N(G(w(n71)))7
IN(,(/Jn+1) — 6iT<V>/21N(w(n’2)).
Hence we get (™1 4)(2) € Y. Similarly, (2I8) can be expressed as
1/,(%1) :(31'7'<V>/21/,[n]7 1/,(%2) :¢<n>1> _|_i5p7-<v>*1g(¢<n71>)7 ¢[n+1] :el'T(V)/?l/,(n»?)7
which implies that
PN(w(n,l)) _ eiT(V)/ZPN(w[n])7
Py (@) = Py (™) +ieP (V) T Py (G ™1)),
P (1) = et (V12 Py ( 2)).

. For n > 1, assume [B.2I)) holds for 0 < k <n < %Eﬁ We
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Thus by definition, we get

el = ([P (o) = I (o), = [P 2) = I (0l
<[Py @) = In ("), + 7] Py (G0 )) = In (G V))
< lle" +€”T||PN G ) = In(G ™)),

+eP 7 In(GR ) = In (G ) ity
< fle"llo+ CePrht |G| L + CPT|| G ™) = G i
< el + CePrat =T + CLePr |y tmY — gD,

< (14 CLePT) ™| + CMEH ePrh =t 4 CLePr|| Py () — pl|,
< (1 + CLePT)|e™||; + C Mo (L 4 ME)ePrht =,

where we have used the fact that ™ (D G(y{™D) € g™+ [BF) and L de-
pends on [|¢(™1|,,, and ||1)™Y||,,,, or equivalently depends on R due to ([B.16) and
B21) by induction. Hence

Hen+1||l < eCLspT”enHl +CM2(L+M§))€pTh1+mfl

s

< eCLsp(n+1)T||eO||l + CMQ(L + Mé})EpThl—&-m—l ZekCLe”'r

k=0
LM, + MPH!
SCBCLT°h1+m7l\|1/Jo||m+1+ 2-; 2 CLTop14m—l
S M3h1+m_l,
+1
where M3 := max{C1||vo|lms1, CeT0||vollmi1 + %e(’m%} depends on

To, R and ||¢o|lm+1- The second inequality in (B.2I]) can be derived by using the
triangle inequality and (B16):

18 @™l < 1PN @) i+ €™l < M| + Mzh < C(1+ R) + 1,
when h < hg := 1/Mj3. Furthermore, it follows from B21]) that for any 0 < n <
’Ib/e’;‘ﬁ

Hn (@™l < PN @) s + €™ [msr < CU™ lrnar + Mz < CMa + M,

which immediately gives [B:2)) by recalling ([2:32).
Combining [BI8)-@B2ZI]), we derive for s € (1/2,m],

[ tn) = In(W")lls < MieP™ P72 + Myh'm =2,

where M; depends on Tp, R and [|¥[| o (7., armtty, and My depends on Ty, R and
[lolm+1- Recalling (IQ:’QI) we obtain error bounds for «” and v" as

< ||7/1(7 n) - IN(¢")||S < Mlgp_67—2 + M4h1+m—s,
1 YD J—
o(-rt) = In (@")llam1 = ST ) = B E) = (TN (") = In (@)
< ||w(7tn) - IN('@[JR)HS < Jul«‘:‘p_BT2 + M4h1+m_s7
which shows (B]) and the proof for Theorem is completed. 0
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Remark 3.8. We remark here that the same error bounds can be established under
the same assumption for the other Strang splitting

Pt = S, () = 7% 0 F 0 /A (wl"),
and the corresponding full-discretization. Note that
8+ (9n) = G/ [T + Pre ™D F ()]
= Ve, + %e%eiﬂWF(wn) + %EPTF(WV% + %ngeiTW)F(wn))
=™V, + %epTeiTW)F(i/)n) + %epTF(e”W)wn) + B,
where

1
By = 3521’72 / F' (e, + g&pTeiT<v>F(’(/Jn)) (e VI F (1)) db.
0

Thus by BII), we get
(3.22) Sr(n) = Ser (V) = P ™ Vpg 4+ By — e ™Vhpy — 30i™V) By

where
_T ! _ ™o 2 3
r3 = 5 (FO(’(/}TL) + F‘r(’(/}n)) _/O Fo(¢n)d9 - 7 /0 9(1_9)awa(¢n)|w:e)rd9 5 T

It remains to estimate Ey. By ([B.1), we have

F/(eiT(V),(/)n + ngTeiT<v>F(¢n)) (eiT(V)F(lbn))
. 4 0 ooy — B
_ (p;ﬁ) ) e (b + 5 TF() + €T [y = SPTF ()|
(7 Fn) e T F(w))

= o+ (V) [Re(e7V) (b 4+ SePrE ()] sin(r(9) P (),

which implies that

HFI(e”WWn + gepTe”<v>F(¢n)) (e VI F ()

s
p

< wﬁggwwn) | sin(r (V) F (),

<Cr (”wn”s + EPT”F(wn)HS)p ‘lF(wn)||s+l
< C7 (|¢nlls + CPTNnlET) " lebnl2H S 7.

This suggests that Ey < 2273, which directly yields that

87(1/}71) - Se,-r(d)n) S €p7'3.

Then the error estimates can be derived by similar and standard arguments.
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4. NUMERICAL RESULTS

In this section, we present numerical results concerning spatial and temporal ac-
curacy of the TSFP method ([232) via 231)) for the NKGE (21)). In our numerical
experiments, we take p = 2, a = 0 and b = 27 in (2 and choose the initial data
as

(4.1) up(x) = ;sin@x) and  wuy(x) >

= 0, 27|.
1+ cos?(z)’ @ € [0, 2]

The computation is carried out on a time interval [0,7p/e’] with 0 < 8 < p = 2
and Ty > 0 fixed. Here, we study the following three cases with respect to different
R

(i) Fixed time dynamics up to the time at O(1), i.e., 8 = 0;

(ii) Intermediate long-time dynamics up to the time at O(¢71), i.e., B = 1;

(iii) Long-time dynamics up to the time at O(¢~2), i.e., 8 = 2.

The ‘exact’ solution u(z,t) is obtained numerically by using the TSFP (231])-
([232) with a fine mesh size he = 7/64 and a very small time step 7. = 107°.
Denote uj, - as the numerical solution obtained by the TSFP ([231)-([@232) with
mesh size h and time step 7 at the time t = ¢,,. The errors are denoted as e(x,t,) =
u(z,tn) — In(up, ) (x). In order to quantify the numerical errors, we measure the
H'-norm of e(-,t,).

The errors are displayed at Ty = 1 with different ¢ and 5. For spatial error
analysis, we fix the time step as 7 = 107° such that the temporal errors can be
neglected; for temporal error analysis, a very fine mesh size h = 7/64 is chosen
such that the spatial errors can be ignored. Table [Il shows the spatial errors under
different mesh size h and Figures depict the temporal errors for 8 = 0,
B =1 and 8 = 2, respectively.

100.
510»2.
K
oc=1 10_4- e7=01
4 +e=1/2 +7=01/2
10 se=1/2 s 7=01/2
. 4e=1/2 . 4 7=01/2}
107 107! 10" 10°
T €

FIGURE 4.1. Temporal errors of the TSFP ([231)—([232) for the
NKGE (ZT) with 8 = 0 for different ¢ and 7

From Table [l and Figures ETHLE3], we can draw the following observations:

(1) The TSFP method converges uniformly for 0 < ¢ < 1 in space with expo-
nential convergence rate (cf. each row in Table [T).

(2) For any fixed € = ¢o > 0, the TSFP method Z31)-(232)) is second-order
accurate in time (cf. each line in Figures[4I(a)443(a)). When S = 0, the temporal
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TABLE 1. Spatial errors of the TSFP ([231)-(2.32) for the NKGE
&1 with (@J) for different 5 and e

He(',TE)Hl hg :71'/4 h0/2 h0/22 h0/23
go=1 1.12E-1 1.22E-3 5.03E-6 1.54E-12
€0/2 8.99E-2 6.32E-4 2.05E-6 1.25E-12
B=0 €0/22 9.04E-2 4.67E-4 1.95E-6 1.19E-12
N €0/23 8.85E-2 4.47E-4 1.93E-6 1.18E-12
g0/2* 8.82E-2 4.47E-4 1.93E-6 1.19E-12
€0/2° 8.81E-2 4.48E-4 1.93E-6 1.18E-12
go=1 1.12E-1 1.22E-3 5.03E-6 1.54E-12
€0/2 2.14E-1 2.10E-3 1.58E-6 5.72E-13
51 £0/22 1.08E-1 2.36E-3 7.09E-7 1.24E-12
B €0/23 4.47E-2 9.27E-4 7.72E-7 1.52E-13
g0/24 1.14E-1 8.11E-4 7.13E-7 7.97E-13
€0/2° 7.29E-2 1.24E-3 9.83E-7 1.26E-12
go=1 1.12E-1 1.22E-3 5.03E-6 1.54E-12
€0/2 5.22E-1 6.58E-3 5.81E-7 1.16E-12
5—2 €0/22 5.79E-1 1.52E-3 1.82E-6 1.20E-12
N g0/23 5.82E-1 1.03E-3 6.05E-7 9.90E-13
g0/2* 9.17E-1 1.68E-3 6.69E-7 4.78E-12
€0/2° 7.67E-1 1.79E-3 3.52E-7 1.22E-11

€ .
0 to
107 107¢ 3
Z10? 1<
2 L
- ec=1 —10-4, e7=01
+e=1/2 +r=01/2
4] se=1/2 _’_,-"2' & 7=01/2"
10 . A 6:1/23 10—6. - [ A T:0-1/23
107 . 107! 0", 10°

FIGURE 4.2. Temporal errors of the TSFP [231)-([232) for the
NKGE (1)) with 8 =1 for different ¢ and 7

error behaves like O(g272) (cf. Figure EI(b)), which agrees with the theoretical
result in Theorem Figure [£2(b) and Figure E3|(b) show that the temporal
error is at O(e7?) and O(72) for B =1 and 8 = 2, respectively.

(3) Our numerical results confirm the uniform error bounds in Theorem
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(b) e
10° 10°f

~ SO

<102 12107

310 )

- ec=1/2 | e 7=01
+e=1/2 2 +7=01/2
we=1/2 a7 E = r=01/2"

10 . ae=1/2 10 . &7=01/2
2 -1 -1 0
10 T 10 10 10
FIGURE 4.3. Temporal errors of the TSFP ([Z3I)-(Z32) for the
NKGE (2J) with 8 = 2 for different € and 7
TABLE 2. Comparison of the properties of the TSFP method
E3T)-232)) for the NKGE (II)) at different long-time dynamics
regimes with Ty and 7p are fixed and independent of 0 < e <1
O(1)-time | intermediate | long-time with super
with 8 =0 long-time E<p<p long-time with
with B=p
0<B<?
final time 0(1) long-time longer-time longest-time
T. =1 O(e™") O(e~") O(™?)
largest time | largest time | larger time large time O(1)
step size step size at step size at step size at
7. =T T O(e77/?) 0(="=%) 0(e%%)
total time o(1) o(1) 0(=™=7) O(e")
steps
N.=L =
T p—38
TJOS : p—38
total compu- | O(NInN) ONInN) | O(e™2 NInN) | O(e?NInN)
tational
cost
spatial error uniform uniform uniform uniform
spectral spectral spectral spectral
temporal uniform uniform uniform uniform
error in term | second-order | second-order second-order second-order
of T0

We remark here that, when 0 < ¢ < 1, our numerical results suggest a better

error bound as (cf. left-bottom parts in Figures [2[(b)-43|(b))

B
0<n< D0/
T

[u(tn) = In(u™)lls S BT + P72,
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We emphasized this improved convergence when € < 1 is missing for the EWI-FP
method presented in [32], which shows the superiority of the TSFP method.

For convenience of readers, Table 2l summarizes the properties of the TSFP
method (Z3I)-@232) for the NKGE (1)) at different long-time dynamics regimes.

5. EXTENSION TO AN OSCILLATORY COMPLEX NKGE IN THE WHOLE SPACE

In this section, we begin with a complex NKGE in the whole space, re-scale it
into an oscillatory complex NKGE, compare properties of the NKGE under differ-
ent scalings and extend the TSFP method and its error bounds to the oscillatory
complex NKGE.

5.1. Comparisons of the complex NKGE under different scalings. Con-
sider the following complex NKGE with a power-type nonlinearity in the whole
space R? (d=1,2,3) as

( {@tu(m,t) — Au(z,t) + u(z, t) + ePlu(zx, t)[Pu(z,t) =0, = cR? >0,
u(x,0) = ug(x) = O(1), Owu(z,0) =ui(x) =O0(1), =xcR™

Here, u := u(ax,t) is a complex-valued scalar field, and the initial datum wug(x)
and uq(x) are two given complex-valued functions which are independent of the
parameter . Again formally, the amplitude of the solution u is at O(1). The
local/global well-posedness of the Cauchy problem (G.I]) and scattering properties
have been extensively studied in a considerable literature [34137.38,41,45|48[49.[51].
Particularly, under appropriate assumptions on p, d, € and the initial conditions,
the solutions of (&) are global [I7] and scatter as |[t| — oo for small initial values
(low energy scattering) [38.45], or for all initial values (asymptotic completeness)
[48,[49]. In addition, under proper regularity of the solution, the complex NKGE
(B is time symmetric or time reversible and conserves the energy [51[6,26] as

(5.2)  Er(t) := Ex(u(-1))

2eP

= [, Jouute. 0P + [9ut@. 0P + fu(e. 0 +
Rd p+

2u(a:,t)|p+2] dx

2eP
p+2

= [ @+ 1Fu@)P + @) +
—E(0)=0(1), >0

w(@)*?| da

Plugging the plane wave solution u(x,t) = Ae'¢*=«11) (with A the amplitude, &
the spatial wave number and wy := w;(§) the time frequency) into the complex
NKGE (EII), we get the dispersion relation:

(5.3) w1 =w (&) =+£/1+ €2 +erAr =O(1), e€(0,1], for fixed & € RY,
which immediately implies the group velocity

€ fr—
Ve

Thus the solution of the complex NKGE (B.]) propagates waves with amplitude at
O(1), wavelength in space and time at O(1) and wave velocity at O(1).

(5.4) vy 1= v1(§) = Vwi(§) = £

o(1).
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By introducing w(z,t) = cu(z,t), we can reformulate the complex NKGE (5.1])
with weak nonlinearity (and initial data with amplitude at O(1)) into the following
complex NKGE with small initial data (and O(1) nonlinearity):

(5.5) {attw(w,t) — Aw(z,t) + w(z, t) + |w(z, t)[Pw(x,t) =0, xeRY >0,
. w(x,0) = eup(x) = O(¢), dw(x,0) =cui(x) = O(e), =R

Noticing that the amplitude of the initial data in (B is at O(e), formally we can
get the amplitude of the solution w of ([BH) is at O(g), too. Similarly, the complex
NKGE (E3) is time symmetric or time reversible and conserves the energy [51[6,26]
as

Es(t) := Ex(w(-,1))
= w(zx, t)]? w(x, t)]? + |w(x, t)]? iwm P21 g
—/Rd [Osw(z, 1) + [Vw(@, t)]* + [w(z, )] +p+2\ (z,t)|P*?]d

2eP
p+2

2 [ @ + 1V uo@) + fus(e)l? +

= E5(0) =£*F1(0) = O(¢?),  t>0.

Juo ()72 | dz

In addition, plugging the plane wave solution w(x,t) = e Ae*&*~<11) into the com-
plex NKGE (3], we get the same dispersion relation (53) and the same group
velocity (B.4]) of the complex NKGE (B1), i.e., the complex NKGEs (&) and (5.1))
share the same dispersion relation (B.3]) and the same group velocity (54). Again,
the solution of the complex NKGE (B1]) propagates waves with amplitude at O(e),
wavelength in space and time at O(1) and wave velocity at O(1).
Introducing a re-scale in time

s
with 0 < B < p fixed, we can re-formulate the complex NKGE (&) into the
following oscillatory complex NKGE
(5.7)

Ossv(x, 8) + EQ%(—A + D(x, s) + P 2P lu(x, s)[Pr(z,s) =0, x € R s> 0,
v(x,0) = up(x) = O(1), dov(x,0) = Puy(x) =0(?), z=eRL

Formally, the amplitude of the solution v of the oscillatory complex NKGE (571
is at O(1). Again, the oscillatory complex NKGE (&.7) is time symmetric or time
reversible and conserves the energy [5L6L26] as

o s =elt, v(z,s) =u(x,t),

. 2, 1 2 2y o 22 e
Es(s) = E3(v(-,s)) = » 0 + =5 (Vv + %) + m|l/| dz

2 [ @ + IV u@) + fuo(e)l? +

= F3(0) = PE(0)=0( %), s>0.

2eP

p+2

(5.8)

uo(a) 2] ao

Again, plugging the plane wave solution v(z,s) = Ae'&®~«29) (with A the am-
plitude, & the spatial wave number and wy := w9 (&) the time frequency) into the
oscillatory complex NKGE (5.7)), we get the dispersion relation:

(5.9) ws = ws(€) = j:giﬁ [T [EP+e7A7 = O(«F),  ¢eRY,
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which immediately implies the group velocity

(5.10) vy 1= v3(€) = Vwe(§) =+ 3 =0(").

eP\/1+ €2 +er AP
Thus the solution of the oscillatory complex NKGE (57) propagates waves with
amplitude at O(1), wavelength in space and time at O(1) and O(£?), respectively,
and wave velocity at O(e~%).

Remark 5.1. We remark here that the above scalings of the complex NKGE are
different from the following complex NKGE in the nonrelativistic regime, which has
been widely used and studied in the literature [41[510H12]146,53):

1 1 1
Opu(x, t) — s—zAu(w, t) + 5—4u(ac,t) + S—Q\u(az,t)ﬁu(ac,t) =0, t>0,
u(z,0) = ug(x) = O(1), dyu(x,0) = e 2ui(z) = O(e™?), =xecR%L

The above complex NKGE conserves the energy [5l[6126] as
(512) E4(t) = E4(u(-,t))

(5.11)

_ o, [Vu(z, ) 1 2, 1 4

= [ [t + SO0+ Sjuta 0 + a0 de

1 g2

S [ m@P + 2T @ + @) + S (@l de
Rd

=E5(0)=0(""%), t>0.

Plugging the plane wave solution u(x,t) = Aet&@=wst) into the complex NKGE
(EI1)), we get the dispersion relation:

1 _
(5.13) wg = ws(&) = 16—2\/1 + €2 +e242=0(c72), €€RY
which immediately implies the group velocity
(514) vy = val€) = Ven(©) = : - 0().

+
VIt 2[EP + 2 A2
Thus the solution of the complex NKGE (BTl propagates waves with amplitude

at O(1), wavelength in space and time at O(1) and O(g?), respectively, and wave
velocity at O(1).

For convenience of readers, Table [3] shows the properties of the complex NKGE
under different scalings

TABLE 3. Comparison of the complex NKGE under different scalings

G.I) G.3) G0 E.10)
amplitude o(1) O(e) o(1) o(1)
wavelength in space O(1) 0(1) O(1) o1
wavelength in time o(1) o(1) O() 0O(g?)
wave velocity 0(1) 0(1) O(e™?) 0(1)
energy O(1) 0O(g?) O(e7%9) O(e™)
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5.2. The TSFP method for the complex NKGE (5.7) and main results.
Similar to those in the literature, we truncate the oscillatory complex NKGE (5.7))
in 1D onto a bounded interval Q = (a,b) with periodic boundary conditions as

1
Ossv(z,8) + 62—5(—3“; + Dz, s) + P ?Plu(a, s)|Pv(z,s) =0, s> 0,
(5.15) v(a,t) =v(bt), Oyv(a,t)=0.v(bt), t>0,
v(x,0) = ug(z), Osv(x,0) =c Pui(x), x€Q=/a,bl.

Denote q(z,s) = O,v(x,s), by taking k = £°7 and assuming uy and u; to be
real-valued in (B.15)), the TSFP discretization can be similarly obtained via (231]).
Under the following reasonable assumptions on the exact solution v of the oscillatory

NKCE (5.15)

ve Lo([0,To)s HIt ), Ow e L™ (0, To); HIL,)
(B) Il <1 A7) S
L= ([0, Tl Hy ) ~ sUNLeo ([0 To)iHye, ) ~ 2B

with m > 1, we can establish the following error bounds of the TSFP method for
the oscillatory complex NKGE (&.15]) (the proof is omitted here for brevity).

Theorem 5.2. Let v™, q" be the numerical approximation obtained from the TSFP
method. Under the assumption (B), there exist hg > 0 and ko > 0 sufficiently
small and independent of € such that, for any 0 < ¢ < 1, when 0 < h < hgy and

38—

0 <k < koe =", we have the error estimates for | € (1/2,m]

(s 50)=In (@) i+€° 050 (-, 50) = In (") iy S ™71 4eP 7082, 0 <n <

Ty
e
Remark 5.3. From Theorem [5.2] we clearly see that the TSFP is uniformly second-

order accurate in the weakly oscillatory case, i.e., 0 < 8 < %. Furthermore, large
time step size at k ~ %5 is allowed in practical computation when 0 < 8 < £.
While for § € (%, p], the TSFP method fails to be uniformly convergent and tiny

38—p
2

time step is required as k < e

5.3. Numerical results. In order to verify the error bounds in Theorem [5.2] we
take d =1 and p = 3 in (B.7)) and the initial data

(5.16) uo(z) = (2+1i)e " /2, wuy(z) = sech(z?), =z €R.

The problem is solved on a bounded interval . = [-8 — ¢=# 8 + £7#] since the
wave velocity is at O(e~#), which is large enough to guarantee that the periodic
boundary condition does not introduce a significant truncation error relative to the
original problem. The ‘exact’ solution v(z, s) is obtained numerically by using the
TSFP method with a fine mesh size h, = 1/16 and a very small time step k. = 107°.
We also measure the H'-norm and the errors are displayed at Ty = 1 with different
e and 8. For the oscillatory complex NKGE (&), we study the following three
cases:

Case 1. Weakly oscillatory regime, i.e., § = 1;
Case 1. Intermediate oscillatory regime, i.e., § = 2;

Case II1. Highly oscillatory regime, i.e., 8 = 3.
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For spatial error analysis, we fix the time step as k = 10~° such that the temporal
errors can be neglected; for temporal error analysis, a very fine mesh size h = 1/16
is chosen such that the spatial error can be ignored. Table[dlshows the spatial errors
under different mesh size for these three cases and Tables depict the temporal
errors for 8 = 1,2, 3, respectively. In order to quantify the error, we introduce

oo (t) i= max {le( 1)1}

TABLE 4. Spatial errors of the TSFP method for the oscillatory
complex NKGE (5.15) with (5.I0)) for different 8 and e

He(-,1)||1 h():l h0/2 h0/22 h0/23
g0 =1/2 1.57E-1 2.40E-3 5.82E-6 1.77E-9
B=1 g0/2! 9.52E-2 2.91E-3 8.47E-6 2.59E-10
n €0/22 5.85E-2 3.31E-3 1.11E-5 3.32E-10
g0/2% 1.03E-1 1.63E-3 1.18E-5 4.10E-10
go=1/2 2.01E-1 3.24E-3 1.02E-5 1.52E-9
B =2 £0/2! 1.11E-1 1.64E-3 1.19E-5 4.34E-10
o €0/22 1.28E-1 3.57TE-3 1.55E-5 1.61E-10
g0/23 1.18E-1 3.81E-3 1.34E-5 2.21E-10
go=1/2 1.91E-1 3.90E-3 1.40E-5 6.95E-9
B=3 g0/2! 1.55E-1 3.43E-3 1.58E-5 1.66E-10
o €0/22 1.30E-1 5.79E-3 5.94E-6 4.32E-10
g0/23 1.25E-1 5.15E-3 1.59E-5 5.95E-10

TABLE 5. Temporal errors of the TSFP method for the oscillatory
complex NKGE (5.I5) with (5I6) and 8 =1

He(,1)||1 k0201 k0/2 k0/22 k0/23 k0/24 k0/25 k0/26
go=1 2.82E-1 6.71E-2 1.66E-2 4.13E-3 1.03E-3 2.58E-4 6.45E-5
order - 2.07 2.02 2.01 2.00 2.00 2.00
€0/2 1.15E-1 2.77E-2 6.85E-3 1.71E-3 4.27E-3 1.07TE-4 2.67E-5
order - 2.05 2.02 2.00 2.00 2.00 2.00
£0/22 4.20E-2 945E-3 231E-3 5.75E-4 1.43E-4 3.58E-5 8.96E-6
order - 2.15 2.03 2.01 2.01 2.00 2.00
0/23 491E-2 6.43E-3 1.46E-3 3.57E-4 8.89E-5 222E-5 5.54E-6
order - 2.93 2.14 2.03 2.01 2.00 2.00
g0/2% 2.29E-2  8.02E-3 1.01E-3 229E-4 5.60E-5 1.39E-5 3.48E-6
order - 1.51 2.99 2.14 2.03 2.01 2.00
€0/2° 8.77E-3 3.48E-3 1.21E-3 1.51E-4 343E-5 840E-6 2.09E-6
order - 1.33 1.52 3.00 2.14 2.03 2.01
g0/2° 9.87E-4 1.25E-3 4.88E-4 1.70E-4 2.10E-5 4.78E-6 1.17E-6
order - -0.34 1.36 1.52 3.02 2.14 2.03

ex(t=1) 282E-1 6.71E-2 1.66E-2 4.13E-3 1.03E-3 2.58E-4 6.45E-5
order - 2.07 2.02 2.01 2.00 2.00 2.00
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TABLE 6. Temporal errors of the TSFP method for the oscillatory
complex NKGE (&.15)) with (516) and 5 =2

||€(',1)||1 k() =0.1 k()/? k0/22 k0/23 k0/24 k0/25
co=1 2.82E-1 6.71E-2 1.66E-2 4.13E-3 1.03E-3 2.58E-4
order - 2.07 2.02 2.01 2.00 2.00
go/41/3 5.15E-1 1.14E-1  2.77E-2 6.89E-3 1.72E-3 4.30E-4
order - 2.18 2.04 2.01 2.00 2.00
g0/4%/3 1.52 2.20E-1 5.08E-2 1.25E-2 3.11E-3 7.76E-4
order - 2.79 2.11 2.02 2.01 2.00
€0/4 1.40 6.80E-1 8.95E-2 2.03E-2  4.96E-3 1.23E-3
order - 1.04 2.93 2.14 2.03 2.01
go/4/3 9.33E-1 6.94E-1 3.18E-1 3.88E-2 8.11E-3  1.96E-3
order - 0.43 1.13 3.03 2.26 2.05
g0/45/3 3.10E-1 2.48E-1 2.85E-1 1.19E-1 2.07TE-2  3.45E-3
order - 0.32 -0.20 1.26 2.52 2.58

TABLE 7. Temporal errors of the TSFP method for the oscillatory
complex NKGE (5.15) with (5.I6) and 8 =3

||6(',1)||1 kio =0.1 ]4?0/4 k0/42 k0/43 k0/44 k0/45
g0 =1 2.82E-1 1.66E-2  1.03E-3  6.45E-5  4.03E-6  2.50E-7
order - 2.04 2.01 2.00 2.00 2.01
go/41/3 3.82 1.34E-1 8.23E-3  5.14E-4  3.21E-5  1.99E-6
order - 2.42 2.01 2.00 2.00 2.01
g0/4%/3 8.46 6.37E-1  3.35E-2  2.08E-3  1.30E-4  8.03E-6
order - 1.87 2.12 2.00 2.00 2.01
€0/4 4.08 1.95 1.22E-1  6.76E-3  4.20E-4  2.60E-5
order - 0.53 2.00 2.09 2.00 2.01
g0 /443 1.39 1.15 540E-1  2.61E-2 1.45E-3  8.92E-5
order - 0.14 0.55 2.19 2.08 2.01
g0/45/3 4.26E-1  3.59E-1  298E-1  1.39E-1  6.17E-3  3.40E-4
order - 0.12 0.13 0.55 2.25 2.09

From Tables and additional similar results not shown here for brevity, we
can draw the following observations for the TSFP method:

(1) The TSFP method is uniformly and spectrally accurate in space for any
0 < B <p (cf. Table[).

(2) When g = 1, the TSFP method converges quadratically in time, which is
uniformly for 0 < & < 1 (cf. last row in Table [Bl). While for cases 8 = 2 and
B = 3, second-order convergence can only be observed when k < &3/ and k < €3,
respectively (cf. the upper triangle above the main diagonal in Tables [6] and [7]).
This agrees with the analytical result in Theorem
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(3)For 5=2and =3, when0 < e < 1land k < €3ﬂ5p, Tables [6] and [7 suggest
the following improved error bound

[o(,8) — In(0™) |t S R+ eP72PK% 0 <n < Typ/k.

Again, for convenience of readers, Table§summarizes the properties of the TSFP
method for the oscillatory NKGE (5.7)) at different parameter regimes.

TABLE 8. Comparison of the properties of the TSFP method for
the oscillatory NKGE (B.13)) at different parameter regimes, while
Ty and kg are fixed and independent of 0 < & <1

B=0 [0<B<B|p=L |B<p<l |g=1C E<B<p
:t(i" r;ﬁrgl:ﬁrlty weakest |weaker weak weak o(1) strong
St loE) o) o) |o@E) O(r=2%)
ti t
S;;r;c , s ci’ larger large o() sma}%lﬁi smaller sma131§§t
L [0(E) |0 O |o@EY)  |oE™T)
0
total time
steps many steps|many steps|many steps
Ne = % =10 oQ) oQ) at O(EPEM) at O(e™%) |at O(spgsﬁ)
Ty p—38
RC ”
total cost [O(NInN)O(NInN) |O(NInN)|O (fvsg",f,f) o (E%Nln N) o (Ns};jg)
e 2 e 2
spatial uniform |uniform uniform |uniform uniform uniform
error spectral |spectral |spectral |spectral spectral spectral
temporal . . . . . non-
uniform |uniform uniform |non-uniform [non-uniform .
error uniform

6. CONCLUSION

An efficient and accurate time-splitting Fourier pseudospectral (TSFP) method
was proposed and analyzed for the long-time dynamics of the nonlinear Klein—
Gordon equation (NKGE) with weak nonlinearity or small initial data. Uniform
error bounds of the TSFP method were established up to the time at O(e™?)
with 0 < € < 1 a dimensionless parameter used to characterize the nonlinear-
ity strength. Numerical results were reported to confirm our error bounds in the
long-time regime. Extension of the method and its error bounds to an oscillatory
complex NKGE in the whole space were discussed.
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