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Summary

The Dirac equation is a relativistic wave equation describing the motion of spin-1/2
massive particles such as electrons and quarks. It can be seen as the relativistic version of
the Schrodinger equation, and thus plays an important role in quantum mechanics. There
are three interesting scaling parameters in the non-dimensionalized Dirac equation. Taking
different limits of these parameters results in the nonrelativistic limit regime, the semiclassical
regime and the massless regime of the Dirac equation. The dynamics of the Dirac equation
behaves differently under these regimes, and it is worthwhile to study the performance of
various numerical methods respectively.

The aim of this thesis is to propose efficient numerical methods to solve the Dirac
equation in different limit regimes, and study their properties. Rigorous proof are presented
and numerical results are reported to verify the error bounds and compare the performance of
the methods. The thesis mainly consists of three parts:

In the first part, a new fourth-order compact time-splitting (S4.) Fourier pseudospectral
method is put forward for the Dirac equation. The method splits the Dirac equation into two
parts and uses a double commutator between them to integrate the Dirac equation at each
time interval. It is explicit, fourth-order in time and spectral order in space, and it is called a
compact time-splitting method since, at each time step, the number of sub-steps in S4. is much
less than those of the standard fourth-order splitting method and the fourth-order partitioned
Runge-Kutta splitting method. Another advantage of Sy 1s that it avoids using negative time
steps in integrating sub-problems at each time interval. Comparison between S4. and many
other existing time-splitting methods for the Dirac equation are carried out in terms of accuracy
and efficiency as well as long time behavior. Numerical results demonstrate the advantage
in terms of efficiency and accuracy of the proposed S4.. The spatial/temporal resolutions of
S4c for the Dirac equation in different parameter regimes including the nonrelativistic limit
regime and the semiclassical limit regime are reported through numerical examples.

The second part deals with super-resolution of the time-splitting methods, especially
the Lie-Trotter splitting (S1) and the Strang splitting (S3) for the Dirac and nonlinear Dirac
equation without external magnetic potentials in the nonrelativistic limit regime, with a small

parameter 0 < € < 1 inversely proportional to the speed of light. In this limit regime, the



solution highly oscillates in time with wavelength at O(£?) in time. The splitting methods
surprisingly show super-resolution, in the sense of breaking the resolution constraint under
the Shannon’s sampling theorem, i.e. the methods can capture the solution accurately even if
the time step size T is much larger than the sampled wavelength at O(&?). In both the Dirac
equation and the nonlinear Dirac equation cases, S shows 1/2 order convergence uniformly
with respect to &, as there are two independent error bounds 7 + € and 7+ 7/€. Moreover,
if T is non-resonant, i.e. T is away from certain region determined by &, §; would yield an
improved uniform first order O(7) error bound. In addition, S, is uniformly convergent for the
Dirac/nonlinear Dirac equation with 1/2 order rate for general time step size T and uniformly
convergent with 3 /2 order rate for non-resonant time step size. Numerical results are reported
to confirm these rigorous results. Furthermore, it is noted that super-resolution is still valid
for higher order splitting methods.

The third part is devoted to studying rigorously the error bounds of four frequently-used
finite difference time domain (FDTD) methods for the Dirac equation in the semiclassical
regime, involving a small dimensionless parameter 0 < 0 < 1 representing the scaled Planck
constant. In this regime, there are highly oscillatory propogating waves with wavelength
O(9d) in both time and space of the solution. The leap-frog, two semi-implicit, and the
Crank-Nicolson finite difference methods are applied to numerically solve the Dirac equation
in the semiclassical regime, and their error estimates are rigorously established respectively. It
is proved that these methods share the same error bounds, which are explicitly related to time
step size T, mesh size h, as well as the small parameter 6. Furthermore, the dependence of the
observables, i.e. the total probability density and the current density on the parameters 7,
and O are found out. Based on the error bounds, in the semiclassical regime, i.e. 0 < § < 1, to
obtain ‘correct’ numerical solutions and related observables, the §-scalabilities T = O(8%/?)
and h=0(d 3/ 2) are required for all these FDTD methods. Numerical tests are carried out to

support the error estimates.

Vi
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CHAPTER 1. INTRODUCTION

Chapter 1

Introduction

This chapter serves as an introduction of the thesis. A brief overview of different regimes
of the Dirac equation is presented, and the relation among Dirac, Weyl and Majorana equations
is discussed. In the third section, we introduce the nonlinear Dirac equation. The last two

sections summarize the problems studied and show the structure and scope of the thesis.

1.1 The Dirac equation and its different regimes

The Schrodinger equation plays an important role in quantum mechanics, just as Newton’s
second law does in classical physics. It is a scalar equation describing the evolution of a
quantum system [[103]]. However, the Schrodinger equation would no longer be valid when
the velocity of the particle is very high so that special relativity should be taken into accout.
In this case, the Klein-Gordon equation was first proposed in 1926 [49]. It solved many
problems, but the most severe drawback is that its probability density may be negative. To
solve this problem, Paul Dirac derived the Dirac equation in 1928 , which could be seen as
the square root of the Klein-Gordon equation, and has only the first order time derivative.

The standard expression of the Dirac equation under external electromagnetic potentials
is given as [27, 50, 51,52, [121]]

3
;0 +mc2ﬁ> ¥ie <V(t,x)14 — ZAj(t,x)aj> ¥, xeR’ (1.1.D)

3
= j=1

iho,¥ = (—ich
1

J

In the equation, ¥ := ¥(¢,x) = (1 (¢,X), ¥ (2,X), y3(1,x), w4 (¢,x))T € C* is the complex-

valued spinor wave function, with ¢ representing the time, and x = (x,x2,x3)” representing

1



CHAPTER 1. INTRODUCTION

the spatial coordinate. d; means oy, for j=1,2,3. V(t) := V(¢,x), and A(t) := A(t,x) =
(Aq(t,x),A(t,x),A3(t,x))T respectively stand for the external electric and magnetic poten-
tials, which are all real-valued given functions. There are also many constants including
i = \/—1, h the Planck constant, m the mass, ¢ the speed of light and e the unit charge. Finally,

B and o (j = 1,2,3) are 4 x 4 Dirac representation matrices of the four-dimensional Clifford

I 0 0 o;
p=|{" o= 7). =123, (1.1.2)
0 D O; 0

where I, is the n x n identity matrix and o; (j = 1,2, 3) are the Pauli matrices defined as:

(o 1) (0 —i) (1 0 )
O] = , Op= , O03= . (1.1.3)
1 0 i 0 0 -1

The Dirac equation is widely applied in relativistic quantum mechanics. It describes

algebra:

the motion of relativistic spin-1/2 massive particles, such as electrons and quarks. It fully
explained the hydrogen spectrum and predicted the existence of antimatter. Recently, the
Dirac equation has been extensively adopted to investigate theoretically the structures and/or
dynamical properties of graphene and graphite as well as other two-dimensional (2D) materials
(1,159,196, 93], and to study the relativistic effects in molecules in super intense lasers, e.g.,
attosecond lasers [31}, [63]].

The Dirac equation (I.1.1)) could be nondimensionalized using

.t .V - A - WYz,
g= X o lopom VRl g XX gy
Xs ts ms AS As WS

where x;, t; and my are respectively length unit, time unit and mass unit. Plugging (I.1.4) into

_ 2 . . . . ~
(I.1.1) and taking ys = x; 3/2 and Ay = "2)263 , after some simplification and then removing all’;

we obtain the dimensionless Dirac equation in 3D

J=1

‘ 5 3 vV 3
60, ¥ = (—zgj;ajaﬁr?ﬁ) Y4 <V(I,X)I4 — ZAj(l‘,X)OCj) ¥, xe R37 (1.1.5)

where the three dimensionless parameters 0 < €,9,v < 1 are given as

Xg Vv ht m
8:_3:—s’ 6:—S27 \/:]’]""l:—7 (1.1.6)
tsC c mgsXx; mg



CHAPTER 1. INTRODUCTION

with vy = x;/t, defined as the velocity unit. Indeed, here € indicates the ratio between the
wave velocity and the speed of light, § stands for the scaled Planck constant and V is the ratio
between the mass of the particle and the mass unit.

As discussed in [15]], under certain assumptions on the electromagnetic potentials V (z,x)
and A(¢,x), the Dirac equation in 3D could be reduced to equations in two dimensions
(2D) and one dimension (1D). Specifically, the Dirac equation in 2D has been widely applied
in modeling the electron structure and dynamics of graphene and other 2D materials as they
share the same dispersion relation on certain points in the phase space which are called Dirac
or conical points [59}61},/62, 95]. Actually, the Dirac equation (I.1.5]) in 3D and its dimension

reduction to 2D and 1D can be expressed in a unified way as

d d
i50,¥ = (—ig wog&ﬁ—éﬁ) W (V(t,x)14 - ZAj(t,X)OCj> ¥ xcRY (1.17)

J j=1

where d = 1,2, 3 indicates the dimension, x is set to be (x; ,xz)T in 2D and x; in 1D. To study

the dynamics of the Dirac equation (1.1.7)), the initial condition is usually taken as
¥(r=0,x) = W¥o(x), xeR% (1.1.8)

The Dirac equation (1.1.7) with (1.1.8) is dispersive, time-symmetric, and it conserves
the total probability [15]

4
@ )P = [ [Ex)Pax= | Y |yi(t,x)Pdx=®(0,-)* = %ol £ >0, (1.1.9)
R4 Ll

and the energy [15]

E(¥(t,")) := /Rd (—igé‘l’*ajaj‘l‘—l- é‘l’*,ﬁ‘l’—l—V(t,x)|‘P|2 —jii"lAj(t,x)‘P*ocj‘P) dx
= E(Wo), t>0, (1.1.10)
where ¥* =¥ with f denoting the complex conjugate of f.
Introduce the total probability density p := p(¢,x) as
4
p(t,x) =Y p;(t,x) ="¥(r,x)"P(t,x), x€R’, (1.1.11)
j=1
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where the probability density p; := p;(¢,x) of the j-th (j = 1,2,3,4) component is defined as
pj(t,x) = |y;(t,x)]*, x€RY (1.1.12)
and the current density J(¢,x) = (J1(¢,X),...,J4(t,x)))T is defined as
Ji(t,x) = é‘P(t,x)*aﬂP(t,x), l=1,...,d, (1.1.13)
then we could derive the following conservation law from the Dirac equation [15]
ap(t,x)+V-J(t,x) =0, xeRY 1>0. (1.1.14)

Moreover, if the electric potential V is perturbed by a real constant V0, i.e., V — V 4+ V9,

. 0[
then the solution ¥(z,x) — e i W¥(z,x), which implies that the probability density of each
component p;(j=1,2,3,4) and the total probability density p are all unchanged. In addition,

when d = 1, if the magnetic potential A; is perturbed by a real constant A(l), ie.,A; = A —|—A(l),

.AOt
then the solution ¥(z,x) — €' 5o Y(t,x), which implies that only the total probability density
p is unchanged; however, this property is unfortunately not valid in 2D and 3D. Furthermore,
if the external electromagnetic potentials are all real constants, i.e. V (t,x) = V" and A it,x)=
A(]). (j=1,....d) with A® = (49,...,A))T, the Dirac equation 1) admits the plane wave
solution W(z,x) = Be'K*§") with o the time frequency, B € R* the amplitude vector and
k = (ki,...,ks)T € R? the spatial wave number, which satisfies the following eigenvalue
problem
d /5k; v
©B = LAY aj+ B +VL | B. 1.1.15
(;(8 ,> i+ 2BV (1.1.15)

Solving the above equation, we can get the dispersion relation of the Dirac equation (1.1.7)

I
® = a)(k):VOi?\/v2+£2|6k—8A0|2, keRY. (1.1.16)

In 2D and 1D, i.e. d =2 or 1 in (l.1.7), similar to the process in [14], the Dirac

equation (1.1.7) can be decoupled into simplified PDEs with two-component wave function
® := D(t,x) = (¢(1,x),§2(1,x))T € C? satisfying

j=1

' 5 d v d
i60,d = (—lgj_;aj&j—F ?G3> D+ (V(l,X)]z— ZAj(I,X)Gj) o xe Rd, (1.1.17)

4
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where @ = (w1, wy)T (or @ = (v, y3)7) gives the relation between @ and ¥. Again, to study
the dynamics of the Dirac equation (1.1.17)), we usually take the initial condition as

®(r=0,x) = Py(x), xcR (1.1.18)

The Dirac equation (I.1.17) with (I.1.18]) share similar properties with (I.1.7). It is dispersive,

time-symmetric, and it conserves the total probability [15]]

o, )|? /\(btxzdx—/ Z|¢,tx2dx

= [[@(0,)]> = [[Po]1?, rzo, (1.1.19)
and the energy [15]
5§ ¢ v 5 d
E(®(,)) := /Rd —zgjgcb cjajq>+?c1> 03P+ V (1,x)|P| —;Aj(z,x)cb o;® | dx
= E(dyp), t>0. (1.1.20)

By taking proper definitions of the total probability density p := p(¢,x) and the current
density J(¢,x) = (J1(¢,X),...,J4(¢,x)))T, we could get the same conservation law
from the Dirac equation (I.1.17) [15]].

Furthermore, the dispersion relation of is

1
® = a)(k):VO:t?\/v2+82]5k—8A0|2, keR?, (1.1.21)

which is derived from a similar process as for (1.1.7).

If mass unit is chosen as my; = m, length unit x; = mic, and time unit z; = % = C2, then
we would have € = § = v = 1, which corresponds to the classical (or standard) scaling. This
choice of x;, mg and t; is appropriate when the wave speed is at the same order of the light
velocity. However, a different choice of x;, mg and ¢, is more appropriate in other cases. We
remark that the choice of xg, m; and ¢; determines the observation scale of time evolution
of the system and decides which phenomena can be resolved by discretization on specified

spatial/temporal grids and which phenomena is ‘visible’ by asymptotic analysis.

More specifically, different parameter regimes could be considered for the Dirac equation

(1.1.7) (or (1.1.17)), which are displayed in Fig. [1.1.1}

5
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{Standard Dirac Eq}

classical
S=v=1

=0

regime

Dirac Eq.

(L.1.7) (or (1.1.17))

Schrodinger Eq.

or
massless with g, 3, v nonrelativistic Pauli Eq.
limit limit
E= semiclassical
6—0(h—0) limit
v=1 . .
semiclassical
relativistic Euler Egs. 60 |
(h—0)
v=1
nonrelativistic
£—0
limit
(¢ = o0) 15 {

{ Euler Eqs. }

Figure 1.1.1: Diagram of different parameter regimes and limits of the Dirac equation (1.1.7)

(or (L.L.I7)).

e Standard (or classical) regime,i.e. e=0=Vv =1 (<= my=m, x;, = %, and t;, = #).
In this regime, the wave velocity is at the order of the speed of light. The dispersion
relation (T.1.16) (or (I.1.21))) suggests that in this case @ (k) = O(1) when |k| = O(1),
and thus the solution propagates waves with wavelength at O(1) in space and time.
In addition, if the initial data W = O(1) in (L.1.8) (or @y = O(1) in (I.1.18)), then
the solution ¥ = O(1) of with (T.1.8) (or ® = O(1) of with (I.1.18)),

which implies that the probability density p = O(1), current density J = O(1), and

the energy E(W¥(z,-)) = O(1). For the classical regime of the Dirac equation, there
have been extensive analytical and numerical studies in the literatures. In the analytical
aspect, we refer to [47, 48,56, 71,[72,101] and references therein for the existence and
multiplicity of bound states and/or standing wave solutions. In the numerical part, there
are many efficient and accurate numerical methods [4], including the finite difference
time domain (FDTD) methods [5,(36} 97], time-splitting Fourier pseudospectral (TSFP)
method [ 15} 80], exponential wave integrator Fourier pseudospectral (EWI-FP) method



CHAPTER 1. INTRODUCTION

[[15]], the Gaussian beam method [|126]], etc.

Massless regime, i.e. e=0=1and 0< v | (<= x; = miyc and ¢, = #). In this
regime, the mass of the particle is much less than the mass unit. When v — 0, the
Dirac equation (or (I.1.17))) converges to the Weyl equation [98}[129] with linear
convergence rate in terms of v. Any numerical methods for the Dirac equation (1.1.7)

(or (I.1.17)) in the standard regime can be extended to apply in this parameter regime.

Nonrelativistic regime,i.e. s =v=1land0< e < |1 (<= mg=mand t;, = mgg). In this
regime, the wave speed is much less than the speed of light. From the dispersion relation
(T.1.16) (or (I.1.21)), this regime suggests @ (k) = €2+ O(1) when |k| = O(1), and

thus the solution propagates waves with wavelength at O(&?) and O(1) in time and

space, respectively, when 0 < € < 1. In addition, if the initial data ¥o = O(1) in
(L.1.8) (or @y = O(1) in (I.1.18)), then the solution ¥ = O(1) of with (I.1.8)
(or ® = O(1) of with (I.1.18)), which implies that the probability density
p = O(1), current density J = O(£~!) and the energy E(¥(t,-)) = O(£~?). The highly
oscillatory nature of the solution in time and the unboundedness of the energy bring
significant difficulty in mathematical analysis and numerical simulation of the Dirac
equation in the nonrelativistic regime, i.e. 0 < &€ < 1. It is proved that the Dirac
equation (I.1.7) (or (I.1.17)) converges — ‘singularly’ — to the Pauli equation [29] 81]

and/or the Schrddinger equation [7, 29] when € — 07 through diagonalizing the Dirac

operator and using proper ansatz. Rigorous error estimates have been established for
the FDTD, TSFP and EWI-FP methods in this parameter regime [15]. The error bounds
depend explicitly on the mesh size A, time step 7 and the small parameter €. Recently,
a uniformly accurate multiscale time integrator pseudospectral method was proposed
and analyzed for the Dirac equation in the nonrelativistic regime, which converges
uniformly with respect to € € (0, 1] [[14} 90], making the time step sizes independent of

the small parameter €.

Semiclassical regime, ie. e=v=1and0< 0 < 1 (< my=mand t; = ’%), where
the quantum effect is neglected. In this regime, the solution propagates waves with

wavelength at O(6) in space and time [32] when 0 < § < 1. In addition, if the initial
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data Wy = O(1) in (I.1.8) (or &9 = O(1) in (1.1.18§)), then the solution ¥ = O(1) of
(T.1.7) with (I.1.8]) (or @ = O(1) of (I.1.17) with (I.1.18))), which implies that the prob-
ability density p = O(1), current density J = O(1) and the energy E(¥(z,-)) = O(1).

Similar to the nonrelativistic regime, the severe oscillation of the solution in time and
space makes it difficult to carry out the mathematical analysis and numerical simulation
of the Dirac equation in the semiclassical regime. When 6 — 0, the Dirac equation
(or (I.1.17)) converges — ‘singularly” — to the relativistic Euler equations [6} 70|
112]. The convergence could be proved by using the Wigner transformation method. It
is an interesting question to establish rigorous error estimates of different numerical
methods for the Dirac equation in the semiclassical regime, just as the case for the
Schrodinger equation [3} |11} [21},[22, 39, 40, 86]]. Specifically, it is meaningful to find

out the dependence of the mesh size & and time step T on the small parameter § € (0, 1].

Simultaneously nonrelativistic and massless regime,i.e. 6 =1, v~egand 0 < e < 1

(=1t = m;ixﬁ ). In this regime, the wave speed is much less than the speed of light and

the mass of the particle is much less than the mass unit. Here we assume v = vy with
Vo > 0 a constant independent of € € (0, 1]. In this case, the Dirac equation (I.1.7) can
be re-written as (d = 1,2,3)

1 d Vi d
iV = —i—Zaj8j+—Oﬁ Y4 V(I,X)I4—ZAJ'<Z,X)OCJ' Y, XERd,
€ = € =
(1.1.22)
and similarly, the Dirac equation (I.1.17)) can be re-written as (d = 1,2)

1 d d
ig®=|—i=) 00+ Yoy | o+ (vie,x)n— Y Aj(t,x)o; | ®, xR’
€ = € =
(1.1.23)
In this parameter regime, formally the dispersion relation (1.1.16)) (or (1.1.21))) suggests

(k) = O(¢~!) when |k| = O(1) and thus the solution propagates waves with wave-
length at O(¢€) and O(1) in time and space respectively when 0 < € < 1. In addition,
if the initial data Wy = O(1) in (I.1.8)) (or ®y = O(1) in (I.1.18)), then the solution
¥ = 0(1) of (I.1.22) with (I.1.8)) (or ® = O(1) of (I.1.23)) with (1.1.18))), which im-
plies that the probability density p = O(1), current density J = O(e~!) and the energy
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E(¥(t,-)) = O(e~1). Again, because of the difficulty in analysis and numerical simu-
lation of the Dirac equation in this regime, which is caused by the highly oscillatory
nature of the solution in time and the unboundedness of the energy, it is worthwhile to
study the singular limit of the Dirac equation (T.1.22) (or (T.1.23)) when € — 0" and

establish rigorous error estimates of various numerical methods for it. Specifically, we

could try to find out the explicit dependence of the mesh size /4 and time step size T on

the small parameter € € (0, 1].

1.2 Relation to the Weyl and Majorana equations

In the representation of the Dirac equation (I.1.)), if there is no external electromagnetic
potentials, then by taking natural units (7 = ¢ = 1), the equation can be expressed in a compact

form
3
(z‘Z%ak—m>‘P:0, x € R. (1.2.1)
k=0

In this expression, dy is used to represent d;, and di, d», d3 have the same meaning as in
(I.1.1). The y matrices are

I 0 . 0 O;
P=(" ;Y= 7, =123, (1.2.2)
0 —-b —0j 0

where 0} (j = 1,2,3) are still the Pauli matrices defined in (I.1.3).
Actually, to describe a fermion field, the y-matrices could also be taken in other forms as

long as they satisfy the two requirements [99]]

{ [V, V)4 =2gkls
WY = (%)

which are obtained from the energy-momentum relation, and the requirement that the Hamil-

(1.2.3)

tonian should be Hermitian, respectively. In (1.2.3)), the anticommutator of two elements A, B
is defined as [A, B]+ = AB+ BA; g indicates the Minkowski metric with signature (+ — — —),
which means it could be seen as a 4 x 4 matrix with diagonal line (1,—1,—1,—1); g jk 1s the

element on the j-th row and k-th column of g in the matrix form; ¥, = g Y%, which gives
w=7", ,y=-v, j=12,3. (1.2.4)

9
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The y-matrices in is one possible choice satisfying (I.2.3)). It is called the Dirac
representation of the y-matrices, as it results in the Dirac equation (1.1.1). Besides this choice,
there are also other two meaningful representations which are named the Wey! representation
and the Majorana representation respectively, because from these two set of y-matrices, Weyl
equation and Majorana equation could be derived. In this sense, the Dirac equation, Weyl

equation and Majorana equation are closely related through the unified equation (I.2.1).

o The Weyl representation

The choice of the y-matrices

0 I . 0 O
P = 2, Y= 7, =123, (1.2.5)
L 0 —-o; 0

is called the Weyl representation or the chiral representation [99]. Plugging (1.2.5) into

(I.2.1)), and taking m = O for massless particles, we could get two decoupled equations

3
¥ (1,x)+ Y 030¥4(t,x) =0, x€R’, (1.2.6)
j=1
3
o¥_(1,x)— ) 030¥_(t,x) =0, x€R’, (1.2.7)
j=1

where W, (7,x), W_(z,x) respectively correspond to the upper two and lower two
components of ¥(,x), i.e. (W (z,x),¥T(r,x))T = ¥(t,x). Equations and
are both Weyl equations, (I.2.6) describes right-handed Weyl spinors, while
decribes left-handed Weyl spinors.

e The Majorana representation

It could be noticed that if all the non-zero elements in the y-matrices are purely imagi-
nary, then with real initial conditions, the solution to (I.2.T)) would always be real. In

fact, there is such a choice of y-matrices:
0 o | iop O
Y= 7= e
o, O 0 iop
0 (02 iog 0
/yz - < ) ’ ’YS - ( J > .
-0y O 0 ios

(1.2.8)
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By taking this set of y-matrices in (1.2.1), we would get an equation equivalent to
the Majorana equation [99]], and this choice of y-matrices is called the Majorana
representation. The Majorana equation depicts Majorana fermions, which are quantum
particles which are their own antiparticles. As a result, their wave function should

always remain real with real initial conditions, which corresponds with the property of

(L.2.1)) with (I.2.8).

The three choices of y-matrices mentioned (1.2.2), (1.2.5) and (1.2.8)) are just frequently

used ones out of infinitely many choices satisfying (1.2.3). There is definitely some connection

among different sets of the matrices. Actually, there is a theorem stating that any two of the
choices are related by a similarity transformation with a unitary matrix [83]]. More detailedly,
suppose {7/ k =0,1,2,3} and {§|k = 0,1,2,3} are two representations of the y-matrices
satisfying (1.2.3), then there exists a unitary matrix U, such that

Y =UPU*, k=0,12,3 (1.2.9)

and the respective solutions ¥ and ¥ are related by

¥(,x)=U¥(,x), t>0, xeR> (1.2.10)

which can easily be checked from (1.2.1).

1.3 The nonlinear Dirac equation

To meet the need of simulating self-interacting Dirac fermions [64, |67, (111} [122], the
nonlinear Dirac equation (NLDE) was introduced in 1938 [82], which has the form [50, |64,
67,73, 74, 111 [122]

3 3
ihoW = [—ich ;d; +mc2ﬁ]‘{’+e[V(t,x)I4 - ZAj(t,x)aj]ww(W)lp, x € R3.
j=1 j=1
(1.3.1)

The nonlinear Dirac equation (1.3.T)) is similar to the Dirac equation (I.1.1)) except for the
nonlinear term F(¥). The nonlinearity is introduced for self-interaction, and in the resulting

field equations, it is cubic with respect to the wave function, which is only significant

11
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at extremely high densities. There have been different cubic nonlinearities generated from
different applications [64} 67, 73,74, /111,|122,128]]. Here we take F(¥) = g; (¥*BY¥Y) B +
) |‘P|2I4 with g1,g> € R two constants and ¥* = @T, while f denotes the complex conjugate
of f. The first term, i.e. go = 0 and g; # 0 is motivated from the Soler model in quantum field
theory (64, 67,(111,|122], and the second term i.e. gy = 0 and g» # 0 is generated from BECs
with a chiral confinement and/or spin-orbit coupling [42, 73 [74]]. A remark is given here that
our numerical methods and their error estimates in this thesis can be easily extended to the
NLDE with other nonlinearities [[102, 105}, [122]].

In fact, the NLDE has also been proposed in the Einstein-Cartan-Sciama-Kibble theory of
gravity in order to extend general relativity to matter with intrinsic angular momentum (spin)
[78]]. And recently, the NLDE has been adapted as a mean field model for Bose-Einstein
condensates (BECs) [42, |73, [74] and/or cosmology [[102]]. Moreover, the experimental
advances in BECs, graphene and other 2D materials have also stimulated the research interests
on the mathematical analysis and numerical simulations of the Dirac equation and/or the
NLDE without/with electromagnetic potentials, especially the honeycomb lattice potential [?2,
59, |61].

Similar to the process for Dirac equation [|15]], through a proper nondimensionalization
(with the choice of xg, t, = me% A = mTVZ and y; = xs_3/ % as the dimensionless length unit,
time unit, potential unit and spinor field unit, respectively) and dimension reduction [15], we

can obtain the dimensionless NLDE in d-dimensions (d = 3,2,1)

d 1 d
iéthz[ _lajaj+?[3}ly+[V(t,x)u—;Aj(r,x)aj}lPJrF(lP)lp, xeRY, (132)

=

i
€
J

where € is a dimensionless parameter inversely proportional to the light speed given by

0<e="2-V<cy (1.3.3)
;e ¢
with v = 7+ the wave speed, and
F(¥) =LA (W*BY)B+A|¥1Ly, WPecCh (1.3.4)

where A; = £ € R and A, = 52 € R are two dimensionless constants for the interaction
mv2x mv2x3

strength.

12
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To study the dynamics, we give the initial condition
Y(r=0,x) =W¥o(x), x € RY.

The NLDE (1.3.2) is dispersive and time symmetric [[127]. Similar to the case for the
Dirac equation, after introducing proper total probability density p as well as the current
density J(z,x) = (J;(¢,x),J2(¢,x), we could get the conservation law (I.1.14). Moreover,
the NLDE conserves the total mass. The energy is conserved if the electromagnetic
potentials are time-independent, i.e. if V(¢,x) = V(x) and A;(¢,x) = A(x) for j =1,2,3,

then
E(t) = / [—iZlP*ocjaj‘PJr%T*ﬁ?+V(x)\‘P[2+G(‘{’)—Zd:Aj(x)\P*aij dx
RO ES € Jj=1
= E(0), >0, (1.3.5)
where
G(‘P)I%(‘P*ﬁ‘i‘)ﬁ%\‘m“, Yect (1.3.6)

In (I.3.2)), if the external electromagnetic potentials are taken to be constants, i.e. V(f,X) =
V0 and A jtx) = A? for j = 1,2,3, then the NLDE lb admits the plane wave solution
as ¥(t,x) = BekX=9) where the time frequency o, amplitude vector B € R* and spatial

wave number k = (kq,...,kz)T € RY satisfy

4 [k 1
©B = [Z (;f —Ag?) o+ 5B +Vli+ 2 (B'BB) B+ 4 [B["Ly | B, (1.3.7)
j=1

which immediately gives the dispersion relation of the NLDE (1.3.2)) as

© = o(k,B) = VO + L,[B[2+ é V14222 (B*BB) +e2[k—eAOf,  keR?
(1.3.8)
Again, similar to the Dirac equation [15]], for one dimension (1D) and two dimensions
(2D), the NLDE can be simplified to the following one [64} 67, [111]

d d
1
i9® — [ 6;0; + 503]c1>+ [V(t,x)]z - ZAj(z,x)cj]cI>+F(q>)cp, x € R,

!
€j J=1
(1.3.9)

13
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where
F(®) = 4 (®*03®@) 03 + 1| @’ L, @ C? (1.3.10)
with A; and A, both real numbers. In (I1.3.9)), the two-component wave function ® is defined
as @ := ®(t,x) = (¢ (,X),$2(t,x))T € C?. The initial condition for dynamics is given as

®(r=0,x) =Py(x), xR (1.3.11)

The NLDE (1.3.9) has similar properties to its four-component version ((1.3.2)). It is dispersive
and time symmetric, satisfies the conservation law (I.1.14) [34]], conserves total mass, and

also conserves energy

« L,
E(1) = /Rd <—— Y @69, Dt P o3P+ V (x) | — ZA ojcp+G(<1>)> dx
= E0), >0, (1.3.12)
where
G(®) = %1 (D*03P)* + %|<I>|4, ® e C2. (1.3.13)

if the electromagnetic potentials are time-independent.

Under constant external electromagnetic potentials, i.e. V(z,x) =V and A i(tx) = A(} for
Jj=1,2, the NLDE admits the plane wave solution as ®(z,x) = B /KX~ with the
time frequency @, amplitude vector B € R? and spatial wave number k = (ki,...,k;)T € R?

satisfy
d
k; 1 %
on= [} (E’—AS?) 0+ 503+ VOt i (B'o3B) oy + IBPL|B.  (13.14)
j:

which implies the dispersion relation of the NLDE (1.3.9) directly as

1
— o(k,B) = VO + A,[B + \/[1 +e20 (B osB) 2+ 2 [k — eAOP, ke Re
(1.3.15)
The NLDE (1.3.2) (or (1.3.9)) has different regimes with different choices of the dimen-

sionless parameter €. When € = 1, which corresponds to the classical regime, extensive
analytical and numerical results have been obtained in the literature. We refer to [8}, 9, |28,

41,153}, 54, 55, 88]] and references therein for the existence and multiplicity of bound states

14
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and/or standing wave solutions, Specifically, when € =1 withd =1, V(t,x) = A;(t,x) =0
in (1.3.9), and in the nonlinearity (1.3.10), A; = —1 and A, = 0 is taken , the NLDE
gives soliton solutions with explicit form derived in [46, 67, 75,89, 93,100, 114, 119]. On
the other hand, we refer to[23, (33, [34, |77, 79,80, 97, 1106, |108]] and references therein for the
numerical methods and comparison. The numerical methods include the finite difference time
domain (FDTD) methods [34, 77, 97|], time-splitting Fourier spectral (TSFP) methods [23,
33,166, [80], and Runge-Kutta discontinuous Galerkin methods [107, (125, 127].

When 0 < € < 1, this is the nonrelativistic regime. In this case, there has not been much
work on the analysis and computation of the NLDE (1.3.2)) (or (1.3.9)). This is because as
indicated by the dispersion relation (I.1.16) (or (1.3.14))), the solution of the NLDE propogates

waves with wavelength O(¢?) and O(1) respectively in time and space, i.e. the solution is
highly oscillatory in time. Furthermore, the corresponding energy functionals (I.3.5]) and
@) are indefinite [29, 55]] and would become unbounded when € — 0. Recently, several
numerical methods were applied to the NLDE and the error estimates were carried out [[16].
The methods include the finite difference time domain (FDTD) methods, the exponential
wave integrator Fourier pseudospectral (EWI-FP) method, and the time-splitting Fourier
pseudospectral (TSFP) method. To overcome the strict dependency of the time step size on €,
uniform accurate (UA) schemes with two-scale formulation approach [90] or multiscale time
integrator pseudospectral method [35] were also designed for NLDE in the nonrelativistic

regime.

1.4 Problems to study

As is pointed out in the previous sections, although there has been much effort devoted
to the study of the Dirac equation, there still lacks thorough understanding of it in different
regimes. This motivates us to design new efficient and accurate numerical methods to solve
the Dirac equation in different regimes, and establish the error estimates. Specifically, the

purposes of the thesis are:

e Find out a proper splitting of the Dirac operator so that a new fourth order compact

splitting method (S4.) could be designed and applied to the Dirac equation. Compare
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the performance of S4 with other fourth-order splitting methods in efficiency and
accuracy. Test numerically the error bounds of S for the Dirac equation in different
regimes. Moreover, extend the method to the case of time-dependent electromagnetic

potentials.

e Give rigorous proof for the super-resolution property, which is observed through
extensive numerical tests, of the splitting methods in solving the Dirac and nonlinear

Dirac equation in the nonrelativistic regime without external magnetic potential.

e Apply several finite difference time domain methods to the Dirac equation in the
semiclassical regime. Prove rigorously the error estimates and validate them through

numerical examples.

1.5 Structure and scope of the thesis

The thesis is organized as follows.

Chapter 2 proposes a new fourth-order compact time-splitting (S4.) Fourier pseudospectral
method for the Dirac equation. It is applied through splitting the Dirac equation into two
parts and introducing a double commutator between them to help reduce computational
cost. This method successfully cuts down the number of sub-steps in S4c, compared to
the standard fourth-order splitting and the fourth-order partitioned Runge-Kutta splitting.
Comparison in accuracy, efficiency as well as long time behavior among S4. and many
other existing time-splitting methods for the Dirac equation are carried out. The error
bounds and the spatial/temporal resolutions of Sy are also inferred for the Dirac equation
in different parameter regimes including the nonrelativistic regime and the semiclassical
regime. Furthermore, extension to time-dependent potentials is also considered by using the
time-ordering operator.

In Chapter 3, super-resolution of the time-splitting methods for the Dirac equation in the
absence of external magnetic potentials in the nonrelativistic regime is studied. Specifically,
the first-order splitting S; and the second-order splitting S, are examined carefully. These
methods surprisingly break the resolution constraint under the Shannon’s sampling theorem,

as they can capture the solution accurately with much larger time step sizs 7 than the sampled
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wavelength. Rigorous error estimates and proof for all time step sizes and non-resonant time
step sizes are established respectively, and they are verified through numerical examples. The
error bounds in the full-discretization form are also given and proved.

Chapter 4 deals with the super-resolution of splitting methods for the nonlinear Dirac
equation in the nonrelativistic regime, still without magnetic potentials. The results are
similar to those in the linear case, but the proof is quite different because of the nonlinearity.
Furthermore, it is noticed that super-resolution also holds true for higher-order splitting
methods. Numerical results are presented to give an intuitive understanding.

Chapter 5 is devoted to studying rigorously the Dirac equation in the semiclassical regime,
a small dimensionless parameter 0 < 6 < 1 representing the scaled Planck constant. In this
regime, there are highly oscillatory propogating waves with wavelength O(8) in both time and
space of the solution. Four frequently-used finite difference time domain (FDTD) methods
are applied, and their error estimates are rigorously proved. Numerical tests are carried out to
support the error estimates.

Finally, the conclusions are drawn in Chapter 6, and some possible future work is also put

forward.

Research in this thesis may give new insights into the regimes not well studied for Dirac
equation, including the nonrelativistic regime, the semiclassical regime, and the simultaneous
nonrelativistic and massless regime. It would also improve the computational efficiency for
Dirac equation with small parameters, especially in the absence of external magnetic potential.

This thesis mainly deals with Dirac equation in 1D. Extension to 2D and 3D is briefly
mentioned, but the details are omitted for concision. Furthermore, during computation, a
bounded domain with periodic boundary conditions is always assumed, which is an acceptable

approximation of the real domain for highly centered wave functions.
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Chapter 2

A Fourth-Order Compact Time-splitting
Method

To solve the Dirac equation ((1.1.7) (or (1.1.17)), first- and second-order time-splitting
spectral methods have been applied and analyzed [15]. The splitting methods could be

straightforwardly extended to higher order, e.g. fourth-order methods [24} 94, |116], such
as the standard fourth-order splitting (S4) [65, 118, 130] and the fourth-order partitioned
Runge-Kutta (S4rk) splitting [30, |69]]. However, as has been observed in the literature [94],
S4 has to use negative time step in at least one of the sub-problems at each time interval
(65, |118,, |130], which causes some drawbacks in practical computation, and the number
of sub-problems in S4rk at each time interval is much bigger than that of S4 [30], which
increases the computational cost at each time step a lot.

In this chapter, we introduce a fourth-order compact time-splitting method (S4) for
(and (I.1.17)), in order to overcome the above mentioned problems caused by Ss and
Sark. We first give a brief review of the time-splitting methods, and then show the detailed
computation of the double commutator for (and/or (I.1.17))), which is the key point
in applying S4c. The full discretization and properties of Sy are discussed, and comparison
among it and other splitting methods is carried out through numerical examples. Finally, we

show the extension to the equation with time-dependent potentials.
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2.1 Review of different time-splitting schemes

The splitting technique introduced by Trotter in 1959 [123]] has been widely applied in
analysis and numerical simulation [3} 21}, 22, |39, 40, 94], especially in computational quantum
physics. For details, we refer to [[115, /116, /117] and references therein. In the Hamiltonian
system and general ordinary differential equations (ODE?s), the splitting approach has been
shown to preserve the structural/geometric properties [[76, |124]] and is superior in many
applications. Developments of splitting type methods in solving partial differential equations
(PDEs) include utilization in Schrédinger/nonlinear Schrodinger equations [3, |21} 22, 39, 40,
92, 120], Dirac/nonlinear Dirac equations [15} |16} [27,(91], Maxwell-Dirac system [23], 801,
Zakharov system [24, 25, 26| 68, 85, |87]], Stokes equation [38], and Enrenfest dynamics [S7],
etc.

To review the frequently used time-splitting schemes for integrating differential equations,

we introduce a model equation (d = 1,2,3)
Su(t,x) = (T +W)u(t,x), t>0, xeR% (2.1.1)

with the initial data

u(0,x) = up(x), xeR?, (2.1.2)

where T and W are two time-independent operators. For any time step T > 0, the solution of

(2.1.1)) with (2.1.2)) can be formally represented as
u(t,x) = T Wy (x), xeR% (2.1.3)

A splitting (or split-step or time-splitting) scheme can be designed by approximating the

operator e*7*W) by a sequential product of e*” and * [118,/130], i..
eT(T+W) %H’}:leajTTebjTW, (214)
where n > 1, aj, b; € R (j =1,...,n) are to be determined so that the approximation has

certain order of accuracy in terms of 7 [118,|130]. Without loss of generality, here we suppose

that the computation of e™" is easier and/or more efficient than of ¢ .
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2.1.1 First- and second-order time-splitting schemes
Taking n = 1 and a; = by =1 in (2.1.4), one can obtain the first-order Lie-Trotter
splitting (Sy) as [123] (d = 1,2,3)

u(t,x) = 81 (t)up(x) := e e™up(x), xeR?, (2.1.5)

In this method, one needs to integrate each of the operators 7 and W once. By using Taylor

expansion, one can formally show the local truncation error as [[113]]
(T, %) = S1(T)uo(x)|| < C17?, (2.1.6)

where C; > 0 is a constant independent of 7 and || - || is a norm depending on the problem. As
aresult, S is formally a first-order integrator [94].

Similarly, taking n =2, a; =0, b = %, ar>»=1and by, = %, one can obtain the second-
order Strang splitting (S;) method as [113] (d = 1,2,3)

u(7,%) & So(t)uo(x) := 2V eTeiWuy(x), xR 2.1.7)

In this method, one needs to integrate the operator 7' once and W twice. Again, by using

Taylor expansion, one can formally show the local truncation error as [113]]
|u(7,X) — S2(T)up(x) || < C273, (2.1.8)

where C; > 0 is a constant independent of 7. As a result, S, is formally a second-order

integrator [94].

2.1.2 Fourth-order time-splitting schemes

Besides first- and second-order, high order, especially fourth-order, splitting methods for
(2.1.1) with (2.1.2) via the construction (2.1.4) have been extensively studied in the literature
[43,144].

For brevity, here we only mention a popular fourth-order Forest-Ruth (or Yoshida)
splitting (S4) method [65} 118, [130] as (d = 1,2,3)

u(7,X) ~ S4(7)up(x) 1= So(w17)S2(WaT)S2 (w1 T)up(x), x€RY, (2.1.9)
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where
1 2] / 3

- 2_91/3’ w2 = _2_21/3'
In this method, the operators 7 and W need to be integrated three times and four times,

wi (2.1.10)

respectively. Still by using Taylor expansion, one can formally show the local truncation error
as [65]]
(T, %) — Sa(T)uo(x)|| < Ca7, 2.1.11)

where C4 > 0 is a constant independent of 7. As a result, S4 is formally a fourth-order
integrator [94]]. As mentioned before, due to the fact that negative time steps, e.g. wy < 0, are
used in the method, in general, it cannot be applied to solve dissipative differential equations.
In addition, as noticed in the literature [94]], some drawbacks of the S5 method were reported,
such as the constant Cy is usually much larger than C; and C;, and the fourth-order accuracy
could be observed only when 7 is very small [94,|117].

To overcome the drawbacks of the S4 method, the fourth-order partitioned Runge-
Kutta splitting (S4rx) was proposed [30, 69] for x € R (d=1,2,3) as

M(T,X) ~ S4RK(T)I/£0(X) (2112)

a1rWeblTTeaereberea3TWeb3rTea4rWeb3rTea3rWeber€a27Web1TTealrWuo (X),

= e
where
a; = 0.0792036964311957, a, = 0.353172906049774,

az = —0.0420650803577195, as=1-2(a; +az+as),
1
b1 =0.209515106613362, by = —0.143851773179818, b3 = 3~ (b1 +Dby).

This method requires much more repetitions of the operators 7 and W. It can be easily
observed that six integration of 7" and seven integration of W are required for each time step.

Again, by using Taylor expansion, one can formally show the local truncation error as [30]
[u(T,X) — Sark (T)uo(X)|| < C47°, (2.1.13)

where 54 > 0 is a constant independent of 7. As a result, S4rk is also formally a fourth-order
integrator [94]. Although some problems caused by S4 are solved, it is easy to see that the
computational cost of Ssrk is about twice that of S4. Meanwhile, in this method, negative

time steps, e.g. az < 0, are still not totally prevented.
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St 82 S84 Sarx Sac
T 1 1 3 6 2
W1 2 4 7 3

Table 2.1.1: The numbers of operators 7 and W to be implemented in different time-splitting
methods.

2.1.3 Fourth-order compact time-splitting schemes

In order to avoid the negative time steps, a fourth-order gradient symplectic integrator
was proposed by S. A. Chin, motivated by the numerical integration of the Schrodinger

equation [43], 44, 45] as (d = 1,2,3)

u(T,X) ~ Sac(T)up(x) := e%TWe%TTe%TWe%TTeéTWuo(x), x € RY, (2.1.14)
where
~ 1
W:=W+ &TZ[W, [T,W]], (2.1.15)

with [T,W] := TW — WT the commutator of the two operators 7 and W and [W,[T,W]] a
double commutator. Again, Taylor expansion formally gives the local truncation error as [43,
44]

(T, X) — Sae (T)uo(x)|| < Cs7°, (2.1.16)

where 64 > 0 1s a constant independent of 7. As a result, Sy 1s also a fourth-order integrator
[94]]. In this method, the operator T only needs to be integrated twice while the operator W
needs to be integrated three times in one time step, under the assumption that the computation
of W is equivalent to that of W, which means that S4. is much more efficient than S4 and S4rk.
In this sense, it is appropriate to name it a fourth-order compact splitting (S4.) since, at
each time step, the number of sub-steps in it is much less than those in S4 and S4rk. We could

also observe that there is no negative time step in S4c, which serves as its advantage as well.

For comparison, Table lists the numbers of integration for 7 and W required by

different splitting methods in each time step. From the table, under the assumptions that the

W is easier and/or more efficient than that for ¢™’ and the computation of

(114

computation for e*

e™ is similar to that for ¢, we could draw the following conclusions: (i) the computational

time for S, is almost the same as that for Sy; (ii) the computational time for Sy is about
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twice that for S, (or Sy); (ii1) among the three fourth-order splitting methods, S4c is the most

efficient and S4rk is the most time-consuming.

2.2 Derivation of double commutators and full discretiza-
tion
Motivated by Sy introduced above, a new fourth-order compact time-splitting Fourier
pseudospectral method could be proposed for the Dirac equation.
In this section, we first show that the double commutator [W, [T, W]] is linear in T and
then compute it for the Dirac equations ford = 1,2 and ford = 1,2,3 with

time-independent electromagnetic potentials. After that, we introduce the full discretization
of S4 for the Dirac equation (1.1.17) in 1D as a simple illustration.

Lemma 2.1. Let T and W be two operators, then we have
W, [T,W]]| =2WTW —WWT —TWW. (2.2.1)

Thus the double commutator [W,[T,W]] is linear in T, i.e. for any two operators Ty and T,

we have
W, a1 Ty + ax T, W] = a1 [W, [T}, W]] + ax[W, [T, W]], ay,a; € R. (2.2.2)
Proof. Noticing [T,W]:=TW —WT, we have
W,[T,W]] = [W,(TW—WT)]=W(TW—-WT)—(TW —WT)W
= WIW-WWT -TWW+WTW
= 2WTW —-WWT —-TWW. (2.2.3)

From (2.2.3)), it is easy to see that the double commutator [W, [T, W]] is linear in T, i.e. (2.2.2)

is valid. O

2.2.1 The double commutator for 1D

Lemma 2.2. For the Dirac equation (1.1.17) in ID, i.e. d = 1, with time-independent
potentials V (x), Ay (x), define

1 v i
T:—ECﬁa] —@63, W:—5<V(x)12—A1(x)61), (2.2.4)
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we have

4iv

W, [T, W] =~

——A}(x)o3 (2.2.5)

Proof. Combining (2.2.4) and (2.2.2)), we obtain

WL W] =~ W (000 W]~ 2% W, o, W], (2.2.6)

Noticing (2.2.1)) and (2.2.4), we have

[Wv [Gl al ) W]] =

W.[o5,W]] =

+

i

> (—S(V(x)lz—Al(x)O'l)) (G11) (—é(V(x)Iz—Al(x)cl))

_ <—§(V(x)[2—Al(x)cl))z(clal) — (0191 <—§(V(X)12—A1(x)61)>
(V00— A1 (W)01)01d, (V) ~ 41 (9)en)

(V(0)h — A (x)a1) 0’181+526181( V(x)h— A (x)oy)
—5301(VX)h = Ai(x)01) 1 (V(x) — A1 (x)01)

522 L (V)h — A1 (x)01) %9,

V(x)L—A1(x)01)0: (V(x) — A1 (x)o1)
0. 2.2.7)

2

(
——=0] (V(X)IQ—AI( ) ) o +
(

/|\
S| ~
—
<<
—~
=
N—
oy
|
=
—~
Na)
Q
SN—
~
[\*)
S
S
VR
(o%]
—
<<
—~
N—
S
=
—~
SN—
~

2V2(x)h — 247 (x0)h — (VA(x)h + A (x)l, — 241 (x)V (x)01)

%l = | = <
—~
<
=
S
+
=
=
Q
~
8

V2 (X)IQ —|—A%(X)12 +2A, (X)V(X) 0'1)) o3

S
—

4
52( 4AT(x)h) 03 = gA%(x)Gs- (2.2.8)

Plugging (2.2.7) and (2.2.8) into (2.2.6)), we can obtain (2 immediately. o
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Combining (2.2.3), (2.2.4) and (2.1.15)), we have

")
\%
VI Aoy, (2.29)

W =W+ 2w, [T, W) = —£<V(X>’2 A0 ~ {55t

48 0

which immediately implies that the computation of ¢V is similar (or at almost the same

computational cost) to that for ¢™ in this case.

Corollary 2.1. For the Dirac equation (1.1.7) in 1D, i.e. d =1, define

1 v i
T=—mdi—sap W= (Ve -AWa), (22.10)

we have
4iv

[W7 [T7 WH = _W

A3 (x)B. (2.2.11)

2.2.2 The double commutators for 2D and 3D

Similar to the 1D case, we have

Lemma 2.3. For the Dirac equation (1.1.17)) in 2D, i.e. d = 2, with time-independent
potentials, define

T = —26181 — 26282 — %63, W= —é (V(X)Iz —Al(X)Gl —A2(X)0-2>, (2.2.12)
we have
[Wv [TvW” :F3<X>+FI(X)81 +F2<X>527 (2213)
where
A(x) = % (im0 + A A M), Fx) = % (12420001 ~ A} (x)o2).
Fy(x) = % (A1 (X) 2k () —Az(x)alAz(X)) o1+ % (Az(x)81A1 (xX) — A} (x) DA, (x)) o
+% (Az(x)81V(x) —A1(x)V (x) — é(A%(X) +A§(x))) o3.

Proof. Combining (2.2.12)) and (2.2.2)), we obtain

.00, W]) — LW, (0200, W] — W [0, W] (22.14)

(W, [T,W]] = e &2
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From (1.1.3)), we have

2 .
o;=hL, 0;0,=-0/0; 1<j#1<3

LT ’ ’ (2.2.15)
010 = i63, 0,03 = iG1, 0301 = i0).

Noticing (2.2.12), (2.2.1) and (2.2.13)), we get

[W7 [Glalvw]]
= —% <2<V(X)Iz —AI(X>61 —AZ(X)GQ) (6181) (V(X)Iz —AI(X)GI —Az(X)Gz)

—(V(X)Iz —AI(X)Gl —AQ(X)Gz)z(Glal) — (6181)(V(X)12 —Al(X)O'l —AZ(X)O-Z)2>

2
=~ 5301A42(x)02 (Y ()12 — 1A (x) 01 — 9142 (x)02)

—ém (V0B — A1 (x)01 4+ As(x)02) (V(X) 12 — A1 (x)01 — A2(x)02) 0,
+§ol (V(X)h — A1 (X)01 +Ax(x)02) 0 + %ol (V(X)l — A1 (%) 01 — Ax(x)52) 0y
—%GlAQ(X)O'z (V%) — AL (X)01 — A1 (x)02)
_ —%Az(x) (O1V(%)0103 + A1 (x)02 — A2 (x)01) + %A%(x)cl o
- %Al (%)42(x) 20,
= (B0~ ANAX)02)21 + A (x) (hAr(x)01 — DA (X))
—%Az(X)&l‘/(X)G_‘;. (2.2.16)
(W, [03,W]] = —% (2 (V(x)h — A (x)01 — Ax(x)02) 03 (V(X), — A1 (X) 01 — A2 (X)02)
— (V(xX)h — A1 (x)01 — Ax(x)62) 03 — 03 (V (X)lr — Ay (X) 0 —A2<x)oz)2)
_ éaj (VOB +A1(x)01 4+ Ax(x)02) (A1 (x) 01 + Ax(x)02)
203 (A1(X)01 + A(x)0) (V ()~ 41 (x) 01— Ax(x) )
= % (A7 (x) +A3(x)) 0s. (2.2.17)
W, (G200, W] = —é (A1 (0)A2(X) 01— A3(x) )9 — %Al (x)(3242(x)1 — A1 (X))
+%A1 () (x)05. (2.2.18)
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Plugging (2.2.16)), (2.2.18) and (2.2.17)) into (2.2.14)), after some computation, we can get
@.2.13). D

Corollary 2.2. For the Dirac equation (1.1.7) in 2D, i.e. d = 2, with time-independent
potentials, define

T = —éa] 81 — éazaz — 61—:213, W = —é (V(X)Iz —Al (X)OC] —AZ(X)(X2>, (2.2.19)
we have
W, [T,W]] = F3(x) + Fi ()01 + F>(x)0,, (2.2.20)
where
A(x) = % <—A%(x)a1 +A1(X)A2(X)a2>, P (x) = % (Al(x)Az(x)ocl —A%(x)az),
Bx) = % (A1(®)222(x) ~ As ()12 (x) ) et + 5421 (A2(%)211 (x) — 41 (0921 (x) )
o (A2 () A1 X)BY () ) 75 — 1oy (AT() +A43(x)) B,
where
0 L 2.2.21)
Y= b oo 2.

For the Dirac equation (I in 3D, i.e. d = 3, we have

Lemma 2.4. For the Dirac equation (1.1.7)) in 3D, i.e. d = 3, with time-independent potentials,

define
1 3
T:—Ejzzlaj < 2[3 W=— ( 14—ZA ) (2.2.22)
we have
[W, [T, W]] = F4(X) + F (x)81 + FQ(X)az + F3 (x)83, (2.2.23)
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(—(A%(X)—I—AZ( )) o + A (x )Az(x)a2+A1(x)A3(x)oc3>,
BX) = (4041 x)0 — (A3(x) +A3(x)) 00 + Ax(x)A3(x) 05 ).
Fix) = 5= (43041 ()0 +As(x)A2(x)00 — (AF(x) +43(x)) 03 ).
Fi(x) = (Al (x) (GrAz(X) + D343 (x)) — Aa(x) 91 Az (X) —A3(x)81A3(x)> o
SR (Az(x) (9141 (%) + D343 (x)) — A (x)D2A1 (x) —A3(X)82A3(x)) o
= (A3(3) (141 () + 0242 (%)) — A1 (X) 9541 (%) — A2(X) 345 (x) ) 3
+—— <A 1(x) (0243(x) — d342(x)) +A2(x) (341 (x) — d1A3(X))
+A3(x)(81A2(x)—82A1(x)))y+ ; ( 3(x)82V(x)—AZ(X)B3V(X)>1/0¢1
3 (A1(X)V (x) = A3(x) 91V (x )) e
+%<A2(x)8lv(x)—Al(X)QZV(X)>yoc3 s Y (A3 +A3) + 43 ) B

Proof. By combining (2.2.22)) and (2.2.2)), we obtain

W7, WI) = — LW, [oadh, W] — W, [aads, W] — W, [osds, W] — o5 W, [B, W]

(2.2.24)
From (1.1.2)) and (2.2.21)), we have
ﬁ2=I4, OC]Z=14, oo = —oyo;,
ﬁ(XjZ—OCjﬁ, Yo = QjY, 1 §j¢l§3, (2~2-25)

00 =iY03, 003 =1Y0y, 0301 =IiY0).
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Noticing (2.2.22), (2.2.1) and (2.2.25)), we get
3 3
WB W] = —o (2 (V- jZlAj(X)aj)ﬁ (Vexn - jZlex)aj)
3 3
(v Z ) BB (viot - L))
=1
3
% (v )i+ ZA )(v(x)14—j:ZIAj(x)aj>
1 1 3 2
+55P (Vn+ ZA J) +52B (V(x)u—j_ZlAj(x)aj)

= (30 +430 +4300)B. (2.2.26)

W, [1d1, W]]

= 612(< 14—ZA >a181< 14—ZA )
~(vix 14—ZA ]) (019h) = (ondh) (V (x 14—ZA ))

— _%al ( ( )(X2 + Az (X) 063) (81V(X)I4 — &1A1 (X) o — alAZ(X)(XZ - aIA?J (X)OC3)

3
+%a1 ((V(x)14 —A(X) o +Ar(X) +A3(x)(x3>2 + (V(x)14 . ;Aj(x)aj>2
3

_2<V(X)I4—A1(x)a1—i—Az(x)az—i—Ag(x)og)( 14—ZA, ))al,

= 51 (A2(x) 0 +A3(x)03) a1 (91 V (x) s — D1A1 (X) ot — 91 Az (x) 02 — D1A3(X) 0t3)

;2 ((AZ( ) +A2(x)) o — A; () A2 (x) otp — A; (X)As (X)(x3> I
= % (( 2(x)0142(X) + A3(x)01A3(x)) a1 — Aa(X)d1A1 (X) ot — A3(X) D14 (X) o3
+ (iA2 (X) 0143 (X) —iA3 (x)81A2 (X)) Y+ iA3 (X) % (X) Yoo —iAs (X) oV (X) ’}/Ot3>

;2 ((Az( ) +A2(x)) o — A; (X)Aa(X) oy — A; (X)A3 (x)a3> d. 2.2.27)
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[W7 [06282, WH
4 ( — Al (X)&zAZ (X) o+ (Al (X) 82A1 (X) +A3 (X) 82A3 (X)) o — A3 (X)azAz (X) (04}

5
+ (iA3 (X)azAl (X) —iAy (X) hA; (X)) Y —iA3 (X)&zV(X) Yo +iAq (X) 82V(X) ’)/OC3>
+% ((A%(X) +A3(x)) o2 — A2(X)A; (x) o — A2 (x)A3 (X)OC3> d. (2.2.28)
[W, [OC3 83, WH
4

== ( — A1 (%)3343(x) 0 — Az (x)93A3(x) 02 + (A1 (X)B3A1 (x) + A2 (x) 3342 (x) ) 043
+(iA 1 (X) 3342 (x) — iA2(x) 341 (X)) Y+ A2 (X) 33V (X) you — iA (x)agv(x)ya2>
+% ((A%(x) +A3(x)) o3 — A3(x)A; (x) 0 —A3(x)A2(x)a2> d. (2.2.29)

Plugging (2.2.27), (2.2.28)), (2.2.29)) and (2.2.26) into (2.2.24)), after some computation, we

obtain (2.2.23). m|

From Lemmas and[2.4]and Corollaries [2.1] and it is easy to observe that the
double commutator will vanish when the Dirac equation (I.1.17) (or (I.1.7)) has no magnetic

potentials, as is stated in the following lemma.

Lemma 2.5. For the Dirac equation (1.1.17)) in 1D and 2D, and for the Dirac equation (1.1.7))
in 1D, 2D and 3D, when there is no magnetic potential, i.e., when A1 (X) = Az (x) = A3(x) =0,
we have

[W,[T,W]] =0. (2.2.30)

2.2.3 Full discretization in 1D

In this section, we present the fourth-order compact time-splitting Fourier pseudospectral

method for the Dirac equation (I.1.7)) (or (I.1.17))) by applying S (2.1.14) for time integration

and the Fourier pseudospectral discretization in space. For simplicity of notations, we present

the numerical method for (I.1.17) in 1D first. Similar to most works in the literature for
the analysis and computation of the Dirac equation (cf. [14, |15, 16, [23]] and references
therein), in practical computation, we truncate the whole space problem onto an interval

Q = (a,b) with periodic boundary conditions. The truncated interval is large enough such
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that the truncation error is negligible. In 1D, the Dirac equation (1.1.17) (V(¢,x) = V(x),
Aj(t,x) =Aj(x), j = 1,2) with periodic boundary conditions collapses to

i58td> = (—igcn&x-l— é(ﬁ) o+ <V(x)12 —Al(x)(ﬁ)d), xeQ, t>0,

D(1,a) = D(1,b), D(1,a) = AD(t,b), 1>0; (22.31)

D(0,x) =Dy(x), a<x<b;

where ® := ®(t,x), Po(a) = Po(b) and P (a) = D}(b).
Choose a time step T > 0, denote 7, = nt for n > 0 and let ®"(x) be an approximation of

®(z,,x). Re-write the Dirac equation (2.2.31)) as

1 A% ]
0P = <_Eolax — é@) D — é (V(x)lz —Al(x)crl)CD = (T+W)d, (2.2.32)

then we can apply the Sy. method (2.1.14)) for time integration over the time interval [z,,,2,, 1]

as
D (x) = 84 (1) D" (x) 1= €5V 2 T3V o2 T s (), a<x<b, n>0, (2.2.33)

where the two operators 7 and W are given in (2.2.4) and the operator W is given in (2.2.9).

ZTT we can discretize it in space via Fourier spectral method and then

In order to calculate e
integrate (in phase space or Fourier space) in time exactly [15} 23]]. Since W is diagonalizable
[15], ¢5¥" can be evaluated very efficiently [15]. For e%fw, by plugging (I.1.3) into (2.2.9)),

we can diagonalize it as

W:—é(v Vo — A (x ) 112‘(’;3"82 2(x)03 = —iP>(x) Ao (x) Po(x)" 1= W (x), (2.2.34)
where Ax(x) = diag(A\” (x), 417 (x)) with 11 (x) = Y A1l \/1446484+v2r4A2( ),
and

Pr(x) = —— ( VAR Vi) P > a<x<b, (2235
V2Bi(x) VBi(x) = Ba(x)  /Bi(x) +Ba(x)
with

Bi(x) = \/1448%4 V2043 (x),  Ba(x) =VTAI(x), a<x<b. (2.2.36)
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Thus we have

AW — o3P A () Pa(x)" Pz(x)e*%“\z(x) P(x)*, a<x<bh. (2.2.37)

Choose a mesh size h := Ax = bﬁ with M being an even positive integer and denote the

grid points as x; := a+ jh, for j=0,1,...,M. Denote Xy = {U = (Uy,Uy,...,Uu)" | U; €
C2,j=0,1,....M, Uy = Uy }. For any U € Xy, its Fourier representation is given as

M/2-1 M/2-1
Y ettt = Y g imM e j=0,1,...,M, (2.2.38)
I=—M/2 I=—M/2

where ; and l71 € C? are defined as

2n ~ ] Md ) M M
= =7 L Uje SEmM = L 2.2.39
Ly h—a’ Z 7 ) ( )
For U € Xy and u(x) € L*(Q), their />-norms are defined as
) Mol ) M—1 )
(U2 :=h Z \U;|~, ull;2 :=h Z u(x;)]”. (2.2.40)
=0 =0

Let @'} be the numerical approximation of ®(z,,x;) and denote ®" = (@f, @1,...,P4) T e Xy
as the solution vector at r = t,,. Take CID(} = ®y(x;) for j =0,...,M, then a fourth-order

compact time-splitting Fourier pseudospectral (S,.) discretization for the Dirac equation

(2.2.37)) is given as

CI)§.1) = e%W(xj)cI) =Pe” 3 (xj)p* q)n
M/2—1 . M/2-1 .

(I)§2) _ Z/ e‘Crl <q)(1))l i (xj—a) _ Z/ Qle itD; Q ( >1621117'C/M,
[=—M/2 I=—M)2

CI>§3) _ EW(y )q)§2) = Po(x)) e_%AZ(xj)Pz(x ) (1)5.2)7 i=0,1,....M, (2.2.41)
M/2-1 - M/2—1

q)(4) — /Z eTrl (@(3)) eiul(x_,-—a — /Z Q e—lTD]Q ( > eZijlﬂ/M

J ! ! ’

I=—M/2 I=—M/2

4)

Y

@' = iVl = py oMW py @
where

I . * .
W(Xj) = —S(V(Xj)lz—Al(Xj)(ﬁ) = —lPlAl(Xj>P1, J =0,1,...,M7
. (2.2.42)
Yooy =—igpg;, 1= M
e Se2 3=, I AR ) )
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with D; = diag (85 \/V2+82e2u?, 632 \/ V2 +82e2u? ) Aj(x) =diag (M(_l)(x),/lg)(x»

with li 1 (V +A;(x ) n = */V2+5282'u1 , and

1 1
1 L -5
- L 2m(ni+v) \ Sew,  m+v 22

(2.2.43)

We remark here that full discretization by other time-splitting methods together with

Fourier pseudospectral method for spatial discretization can be implemented similarly [15]]
and the details are omitted here for brevity.

The Sy (2.2.41) is explicit, its memory cost is O(M) and its computational cost per time

step is O(M InM). Tt obtains fourth-order accuracy in time and spectral accuracy in space. In

addition, it conserves the total probability in the discretized level, as shown in the following

lemma.

Lemma 2.6. For any T > 0, Sy conserves the mass in the discretized level, i.e.

Proof. Noticing W (x;)* = —W/(x;) and thus (e%W(xJ')> e6"¥) = I, from (2.2.41) and
summing for j =0,1,...,M — 1, we get

1|? S PN Lavme®]? -8 @ tw W (x) (@)
e = Y @ =n Y e e = n Y (@) (V) e e
j=0 j=0 =0
M—1 —1 2 2
= n Y @)y nel =n ‘cpﬁ.“)‘ - Hcp(4> . n>o0. (2.2.45)
j=0 j=0 !
Similarly, we have
2 2 2 2
Hcl>(3> - Hcl>(2> : Hcl>(1> - ch" . n>o. (2.2.46)
2 2 12
Similarly, using the Parsval’s identity and noticing I'; = —I'; and thus (efrl)* e =1, we
get
|o® : — | ’ |o® ’ — o™ . (2.2.47)
12’ 12
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Combining (2.2.43)), (2.2.46) and (2.2.47)), we obtain

- o

2
, n>0. (2.2.48)

Hd)"“ P _ Hq;(Z) 2 qu(l)
2 2 ?

= o

2
12

Using the mathematical induction, we get the mass conservation (2.2.44). o

2.2.4 Discussion on extension to 2D and 3D

When there is no magnetic potential, i.e., when A (x) = A>(x) = A3(x) = 0 in the Dirac
equation (L.I.17) in 2D and (I.1.7) in 2D and 3D, from Lemma 2.5 we know that the double
commutator [W,[T,W]] = 0. In this case, noticing (2.1.13)), we have

A 1
W=Ww+ &12 (W, [T,W]] =W, (2.2.49)

and then the Ss. method (2.1.14)) collapses to

1 1 2
g‘cW er sTW

o 31T

u(T,X) ~ S (T)ug(x) 1= es Ve 6™ 1o (x). (2.2.50)

e e

Applying the Sy method (2.2.50) to integrate the Dirac equation (1.1.17) in 2D over the time

interval [t,,1,,1] with ®(#,,x) = ®"(x) given, we obtain
O"(x) = Sy (7)@" (x) = e%TWe%TTe%TWe%TTe%TWCD"(X), xeQ, n>0, (2.2.51)

where T and W are given in (2.2.12). Similarly, applying the S4. method (2.2.50) to integrate
the Dirac equation (1.1.7) in 2D and 3D over the time interval [t,,#,+1] with ¥(z,,x) = ¥"(x)

given, we obtain
P (x) = S0 (1) (x) = e6Wer T3 W er Tos Wi (x) xecQ, n>0, (2252

where 7' and W are given in (2.2.19) and (2.2.22) for 2D and 3D, respectively. In practical
computation, the operators 6™ and 3™ in (2.2.57)) and (2.2.52)) can be evaluated in physical

space directly and easily [[15]. For the operator e2%7 , it can be discretized in space via Fourier
spectral method and then integrate (in phase space or Fourier space) in time exactly. For
details, we refer to [[15] 23|] and references therein. In fact, the implementation of the S

method in this case is much simpler than that of the S4 and S4rg methods.
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On the other hand, when the magnetic potential is nonzero in the Dirac equation (1.1.17])
in 2D and in 2D and 3D, one has to adapt the formulation (2.2.50) for S4. method. In
this case, the main difficulty is how to efficiently and accurately evaluate the operator 3V
This can be done by using the method of characteristics and the nonuniform fast Fourier
transform (NUFFT), which has been developed for the magnetic Schrodinger equation. For
details, we refer to [[37, 184]] and references therein. Of course, in this situation, it is a little

more tedious in practical implementation for Sy than that for S4 and S4rk.

2.3 Numerical results

In this section, we compare the accuracy and efficiency as well as long time behavior of
the fourth-order compact time-splitting Fourier pseudospectral Sy, method (2.2.41)) with other
time-splitting methods including the first-order time-splitting (S7) method, the second-order
time-splitting (S7) method, the fourth-order time-splitting (S4) method and the fourth-order
partitioned Runge-Kutta time-splitting (Ssrx) method for the Dirac equation in the classical
regime. We also report the spatial/temporal resolution of the S4. method for the Dirac equation

in different parameter regimes.

2.3.1 Comparison with other time-splitting methods in the classical regime

For simplicity, we first consider an example in 1D. In the Dirac equation (1.1.17)), we take
d=1,e=0=v=1and

1—x (x+1)?
Vix) =——=, A =—F R. 2.3.1
(x) 1+x27 l(x) 1+x2 ? RS ( )
The initial data in (T.1.18)) is taken as:
01(0,x) =e /2 ¢r(0,x) =e V2 xR (2.3.2)
The problem is solved numerically on a bounded domain Q = (—32,32), i.e. a = —32 and

b=732.
Due to the fact that the exact solution is unavailable, we obtain a numerical ‘exact’ solution

by utilizing the S4. method with a fine mesh size h, = %6 and a small time step 7, = 107°.
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ho=1 ho/2  hy/2>  hy/2
Sy | 101 5.16E-2 7.07E-5 -

S» | 101 5.16E-2 6.96E-5 1.92E-10
Sy | 1.01 5.16E-2 6.96E-5 3.52E-10
Sie | 1.01  5.16E-2 6.96E-5 3.06E-10
Sirg | 1.01  5.16E-2 6.96E-5 5.15E-10

Table 2.3.1: Spatial errors eq(t = 6) of different time-splitting methods under different mesh
size h for the Dirac equation (1.1.17) in 1D.

Let @" be the numerical solution obtained by a numerical method with mesh size 4 and time

step 7, then the error is quantified as

ea(ty) = ||P" — D(t, )| o = hA% 01|<I>(tn,xj) —<I>’j?|2. (2.3.3)
=

In order to compare the spatial errors, we take time step T = 7, = 10~ such that the
temporal discretization error could be negligible. lists numerical errors eq(t = 6)
for different time-splitting methods under different mesh sizes 4. We remark here that, for
the S| method, in order to observe the spatial error when the mesh size h = ho/ 23 one has to
choose time step T < 109 which is too small and thus the error is not shown in the table for
this case. From [Table 2.3.1] we could see that all the numerical methods are spectral order
accurate in space (cf. each row in[Table 2.3.1).

On the other hand, in order to compare the temporal errors, we take the mesh size
h=h,= % such that the spatial discretization error is negligible. lists numerical
errors eq(t = 6) for different time-splitting methods under different time step 7. In the table,
we use second (s) as the unit for CPU time. For comparison, plots eq(t = 6)

and eq(t = 6) /1% with o taken as the order of accuracy of a certain numerical method (in
order to show the constants C; in (2.1.6), C, in (.1.8), Cs in (Z.I.11), C4 in (Z.1.13) and C4
in (2.1.16))) for different time-splitting methods under different time step 7.

From [Table 2.3.2] and [Figure 2.3.1] we can draw the following conclusions: (i) Sj is
first-order in time, S, is second-order in time, and Sy, S4. and S4rk are all fourth-order in time

(cf. [Table 2.3.2| and [Figure 2.3.1]left). (ii) For any fixed mesh 4 and time t, the computational
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To=1/2 1/2 /2% /20 /2t /2] To/2°
ea(t = 6) 117  471E-1 2.09E-1 9.90E-2 4.82E-2 2.38E-2 1.I8E-2
S rate - 1.31 1.17 1.08 1.04 1.02 1.01
CPU Time | 0.02 0.05 0.11 0.16 0.37 0.62 1.31
ep(t=06) | 749E-1 187E-1 4.66E-2 1.16E-2 291E-3 7.27E-4 1.82E-4
S rate - 2.00 2.00 2.00 2.00 2.00 2.00
CPU Time | 0.04 0.06 0.11 0.21 0.37 0.75 1.42
ep(t=6) | 330E-1 3.73E-2 3.05E-3 2.07E-4 1.32E-5 8.29E-7 5.20E-8
S4 rate - 3.15 3.61 3.89 3.97 3.99 4.00
CPU Time | 0.10 0.16 0.38 0.58 1.09 2.23 4.41
ep(t =6) | 1.66E-2 9.54E-4 5.90E-5 3.68E-6 2.30E-7 1.43E-8 8.12E-10
Sac rate - 4.12 4.01 4.00 4.00 4.01 4.13
CPU Time | 0.06 0.09 0.18 0.35 0.68 1.36 2.68
ep(t=06) | 2.87E-3 1.78E-4 1.11E-5 6.97E-7 4.34E-8 2.58E-9 1.66E-10
Sark rate - 4.01 3.99 4.00 4.00 4.07 3.96
CPU Time | 0.15 0.28 0.57 1.24 2.66 3.94 7.79

Table 2.3.2: Temporal errors eq(t = 6) of different time-splitting methods under different
time step 7 for the Dirac equation (1.1.17) in 1D. Here we also list convergence rates and
computational time (CPU time in seconds) for comparison.

times for S; and S, are quite similar, the computational times of Sy, S4 and S4rk are about
two times, three times and six times of the S, method, respectively (cf. [Table 2.3.2). (iii)
Among the three fourth-order time-splitting methods, S4. and Ssrk are quite similar in terms
of numerical errors for any fixed 7 and they are much smaller than that of the S4 method,
especially when the 7 is not so small (cf. [Table 2.3.2] and [Figure 2.3.1] left). (iv) For the
constants in front of the convergence rates of different methods, C4 > C; ~ G, > a ~ 64
(cf. [Figure 2.3.T|right). (v) S4 suffers from convergence rate reduction when the time step is

not small and there is a very large constant in front of the convergence rate. As a result, this

method is, in general, to be avoided in practical computation, as has been observed when it is
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102
100
102} _ 10
o S
= =
= 10" =
& £ 100
| -6 KA
20
E :‘ 4.731,0:1 /
7 KA +32,a=2
10 R
0 —+—S,a=4
+S4c,n{=4 /
10710 ——Spea=4
- - - . 102 . . ) ‘
107 1072 107! 10° 107 1072 107 10°
T T

Figure 2.3.1: Temporal errors eq(f = 6) (left) and e (r = 6) /7% with «a taken as the order
of accuracy of a certain numerical method (right) of different time-splitting methods under
different time step 7 for the Dirac equation (1.1.17) in 1D.

100§ T T T T T T T T T

Figure 2.3.2: Time evolution of the errors eq(f) under & = % and 7 = 0.1 over long time of
different time-splitting methods for the Dirac equation (I.1.17) in 1D.

applied for the nonlinear Schrodinger equation as well [120].
To compare the long time behavior of different time-splitting methods, depicts
eq (1) under mesh size h = 11—6 and time step T =0.1 for 0 <t < T :=50.

From [Figure 2.3.2] we can observe: (i) The errors increase very fast when ¢ is small, e.g.
0 <r < 0O(1), and they almost don’t change when 7 > 1, thus they are suitable for long time
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simulation, especially the fourth-order methods. (i) When ¢ is not large, the error of Sy is
about 10 times bigger than that of S4.; however, when ¢ > 1, it becomes about 100 times

larger. (ii1) The error of S4rk 1s always the smallest among all the time-splitting methods.

Based on the efficiency and accuracy as well as long time behavior, in conclusion, among
the three fourth-order time-splitting methods, S4. is more accurate than S4 and it is more
efficient than S4rk. Thus Sy 1s highly recommended for studying the dynamics of the Dirac

equation, especially in 1D.

Next, we consider an example in 2D. For simplicity, here we only compare the three
fourth-order integrators, i.e., S4c, S4 and S4rk. In order to do so, in the Dirac equation (1.1.17)),
we take d = 2, € = 0 = v = 1 and take the potential in honey-comb form

V(x) cos<4ne x)+cos(4ne X)+cos<4ne X)
= —=er- —=€- —=e3-X |,
V3 V3 V3 (2.3.4)
A(X)=Ar(x) =0,  xeR?,
with
= (1,007, ey=(1/2,V3/2)T, e3=(1/2,—/3/2)". (2.3.5)
The initial data in (I.1.18)) is taken as:

x%+x% (x1 —1)2+x%

01(0,x)=e 7, »O0x)=e 2 , x=(x,xn) eR%: (2.3.6)

The problem is solved numerically on a bounded domain Q = (—10,10) x (—10, 10).
Similar to the 1D example, we obtain a numerical ‘exact’ solution by using S4. with a fine
mesh size h, = % and a small time step 7, = 10~*. The error for the numerical solution ®”"

with mesh size i and time step 7 is quantified as

M—-1M—-

ea(ty) = ||®" — P(ty, )| =h Z Z (tns X1 j5x21) — 3 2. (2.3.7)

Similar to the 1D case, in order to compare the spatial errors, we take time step T =
= 10~* such that the temporal discretization error could be negligible. Table 2.3.3|lists
numerical errors eq (¢t = 2) for different time-splitting methods under different mesh size A.

On the other hand, in order to compare the temporal errors, we take mesh size h = h, = ﬁ
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ho=1/2  ho/2  ho/2*>  hy/2}
S4 1.10  1.01E-1 3.83E-4 7.33E-10
Sac 1.10  1.01E-1 3.83E4 7.33E-10
Sirg | 110 1.01E-1 3.83E-4 7.34E-10

Table 2.3.3: Spatial errors eq(t = 2) of different time-splitting methods under different mesh
size h for the Dirac equation (1.1.17) in 2D.

To=1/2 1/2 /2% /20 /2t 1/2° To/2°

Error 433E-1 2.57E-2 3.53E-3 283E-4 188E-5 120E-6 7.51E-8
S4 Order - 4.07 2.87 3.64 3.91 3.98 3.99

CPU Time 0.20 0.26 0.45 1.04 1.63 3.37 6.54

Error 6.75E-2 3.18E-3 791E-5 4.70E-6 291E-7 1.81E-8 1.13E-9
Sac Order - 4.41 5.33 4.07 4.01 4.00 4.00

CPU Time 0.12 0.28 0.31 0.55 1.11 2.09 4.14

Error 8.32E-3 3.56E-4 7.42E-6 4.43E-7 2.75E-8§ 1.71E-9 1.07E-10
S4rK Order - 4.55 5.59 4.07 4.01 4.00 4.00

CPU Time 0.26 0.43 0.87 1.52 292 6.20 11.74

Table 2.3.4: Temporal errors eq (¢ = 2) of different fourth order time-splitting methods under
different time step 7 for the Dirac equation (1.1.17) in 2D. Here we also list convergence rates
and computational time (CPU time in seconds) for comparison.

such that the spatial discretization error could be negligible. lists numerical errors
eq(t = 2) for different time-splitting methods under different time step 7.
From [Table 2.3.3|&Table 2.3.4] we can draw the following conclusions: (i) All the three

methods are spectrally accurate in space and fourth-order in time. (i) For any fixed mesh size

h and time step 7, the computational times of S5 and S4rk are approximately 1.5 times and 3
times of Sy, respectively. (ii1) S4c and S4rk are quite similar in terms of numerical errors for
any fixed 7 and the errors are much smaller than that of S4, especially when 7 is not so small.
(iv) Again, order reduction in time is observed in S5 when 7 is not small, however, there is

almost no order reduction in time for S4; and S4rxk.
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Based on the efficiency and accuracy for the Dirac equation in high dimensions, in
conclusion, among the three fourth-order time-splitting methods, Sy is more accurate than Sy
and it is more efficient than Ssrk. Thus S4 1s highly recommended for studying the dynamics

of the Dirac equation in high dimensions, especially when there is no magnetic potential.

2.3.2 Application and performance in different regimes

In this subsection, we study numerically temproal/spatial resolution of the fourth-order
compact time-splitting Fourier pseudospectral Sy, method (2.2.47)) for the Dirac equation in
different parameter regimes. We take d = 1 and the electromagnetic potentials as (2.3.1)) in
Dirac equation (I.1.17). To quantify the numerical error, we adapt the relative errors of the

wave function P, the total probability density p and the current J as

|P" — D (tn, ) |2 1p" = p ;) I 19" = I, )2
eq(tn) = , epltn) = ;o eyltn) = )
e [P, )2 . 10 @, ) |2 e 19, )2
(2.3.8)
where p”* and J” are obtained from the wave function ®” via
2
p(t,x) =Y pj(t,x) =P(t,x)*®(t,x), xR’ (2.3.9)
j=1
and
1
Ji(t,x) = Ed)(t,x)*o;(b(t,x), l=1,...,d, (2.3.10)

with d = 1, respectively. Again, the numerical ‘exact’ solution is obtained by using the S4.

method with a very fine mesh & = h, and a very small time step T = 7,.

e In the nonrelativistic regime
Here we take § = v = 1, € € (0,1] and the initial data in (I.1.18)) is taken as (2.3.2).
In this parameter regime, the solution propagates waves with wavelength at O(1) and
O(£?) in space and time, respectively. The problem is solved numerically on a bounded
domain Q = (—32,32), i.e. a = —32 and b = 32. Similar to the second-order time-
splitting Fourier pseudospectral method [15], the S4. method converges uniformly with
respect to € € (0, 1] at spectral order in space. Detailed numerical results are omitted
here for brevity. Here we only present temporal errors by taking & = h, = %6 so that the

spatial discretization error could be negligible. shows the temporal errors
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=1 1/2° /2t 1/2° Tp/28 7p/210
g =1 224E-1 5.07E-4 195E-6 7.63E-9 <IE-10 <IE-10

order - 4.39 4.01 4.00 - -
£)/2 1.18 1.05E-2 3.61E-5 1.40E-7 5.67E-10 <I1E-10
order — 341 4.09 4.00 3.97 -
80/22 1.46 2.07E-1 1.69E-3 6.09E-6 237E-8 <I1E-10
order - 1.41 3.47 4.06 4.00 -
80/23 1.41 1.50 5.88E-2 3.84E-4 1.39E-6 5.40E-9
order - -0.04 2.33 3.63 4.06 4.00
&/ 24 1.43 1.47 6.80E-1 1.46E-2 9.33E-5 3.38E-7
order - -0.02 0.56 2.77 3.65 4.05

Table 2.3.5: Temporal errors e}, (f = 6) of Sy under different 7 and € for the Dirac equation
(I.I.T7) in 1D in the nonrelativistic regime.

T = 1 T()/22 10/24 70/26 10/28 T0/210
=1 171E-1 3.73E-4 144E-6 5.62E-9 <IE-10 <I1E-10

order — 4.42 4.01 4.00 - —
£/2 1.31 7.17E-3 245E-5 9.50E-8 3.94E-10 <I1E-10
order - 3.76 4.10 4.01 3.96 —
€/2> 8.19E-1 2.20E-1 8.16E-4 292E-6 1.13E-8 <I1E-10
order - 0.95 4.04 4.06 4.00 -
£/2° 8.75E-1 4.77E-1 S576E-2 165E-4 5.89E-7 229E-9
order - 0.44 1.52 4.22 4.07 4.00
&/ 24 1.00 1.12 2.04E-1 1.49E-2 4.03E-5 143E-7
order - -0.08 1.23 1.88 4.27 4.07

Table 2.3.6: Temporal errors e, (t = 6) of Sy under different 7 and € for the Dirac equation

(1.1.17) in 1D in the nonrelativistic regime.

el (t = 6) for the wave function under different 7 and € € (0, 1]. Similarly, [Table 2.3.6
and [Table 2.3.7| depict the temporal errors e, (t = 6) and €)(t = 6) for the probability

and current, respectively.

From [Table 2.3.5}{Table 2.3.7, when 7 < €2, fourth-order convergence is observed for

the S4. method in the relative error for the wave function, probability and current.
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=1 1/2° 1/2* /25 /2% 1/2'°
g=1 292E-1 6.76E-4 2.61E-6 1.02E-8 <IE-10 <IE-10

order - 4.38 4.01 4.00 - -
&/2 130 1.98E-2 6.88E-5 2.67E-7 1.06E-9 <IE-10
order - 3.02 4.09 4.00 3.99 -
&/2> 129 298E-1 3.40E-3 1.23E-5 4.76E-8 <IE-10
order - 1.06 3.23 4.06 4.00 -
g/2°  1.21 129  882E-2 7.85E-4 2.85E-6 1.11E-8
order - -0.05 1.94 3.41 4.05 4.00
g/2* 152 1.44 130  241E-2 1.92E-4 6.98E-7
order - 0.04 0.07 2.88 3.48 4.05

Table 2.3.7: Temporal errors e}(t = 6) of Syc under different 7 and € for the Dirac equation
(I.I.T7) in 1D in the nonrelativistic regime.

This suggests that the €-scalability for the S4. method in the nonrelativistic regime is:
h=0(1) and T = O(&?). In addition, noticing ® = O(1), p = O(1) and J = O(e~ ")
when 0 < € < 1, we can formally observe the following error bounds for 0 < € <1,

’csezandOSng%

" s T =
|9 = (e <B4 T, "= Pl K+
2.3.11)

=3l 5 5 (04 5).

where mqy > 2 depends on the regularity of the solution. Rigorous mathematical justifi-

cation is still on-going.

¢ In the semiclassical regime Here we take € = v =1, 6 € (0, 1]. The initial data in

(1.1.18)) is taken as

01(0.5) = 24 o (1 e +sg)<x>2) ,

1 )
$2(0,x) = Ee*4x2e’80(x)/556(x), x€R,

(2.3.12)

with
1
So(x) = m (1+cos(2mx)), x€R. (2.3.13)
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ho=1  hy/2  hg/2®>  ho/2°  ho/2° ho/2° ho/2°
8 =1 825E-1 200E-1 9.52E-3 6.66E-6 3.78E-10 <IE-10 <IE-10
8&/2 120 7.40E-1 531E-2 8.87E-5 343E-10 <IE-10 <IE-10
&/2> 141  9.89E-1 S5.12E-1 38IE-3 9.24E-10 <IE-10 <IE-10
&/2°  1.76 121  7.30E-1 2.76E-1 191E-5 4.17E-10 <I1E-10
&/2%  1.37 1.36 136  531E-1 1.54E-1 5.31E-10 <IE-10
8/2° 244 1.92 1.36 136  4.36E-1 549E-2 2.90E-10

Table 2.3.8: Spatial errors el,(r = 2) of S4. under different 4 and § for the Dirac equation
(1.1.17) in 1D in the semiclassical regime.

ho=1  hy/2  hg/2®>  ho/2>  ho/2° ho/2° ho/2°
=1 583E-1 139E-1 827E-3 4.36E-6 4.92E-10 <IE-10 <IE-10
&/2 129 522E-1 3.71E-2 556E-5 279E-10 <IE-10 <IE-10
8/2> 9.22E-1 7.44E-1 241E-1 154E-3 6.75E-10 <IE-10 <IE-10
&/2° 1.63  9.39E-1 6.11E-1 6.33E-2 4.78E-6 8.19E-10 <IE-10
&/2%  2.04 1.40 100  3.57E-1 1.97E-2 6.76E-10 <I1E-10
&/2°  5.81 3.65 1.07 101  1.86E-1 3.35E-3 5.67E-10

Table 2.3.9: Spatial errors e, (t = 2) of Syc under different / and 6 for the Dirac equation

(1.1.17) in 1D in the semiclassical regime.

In this parameter regime, the solution propagates waves with wavelength at O(§)
in both space and time. The problem is solved numerically on a bounded domain
Q=(-16,16),i.e. a=—16 and b = 16.

Table 2.3.8| shows the spatial errors e}, (t = 2) for the wave function under different
hand § € (0,1] with T = 7, = 10~ such that the temporal discretization error could
be negligible. [Table 2.3.9| and [Table 2.3.10| depict the spatial errors e}, (t = 2) and
eS(t = 2) for the probability and current, respectively. Similarly, Table 2.3.11|shows the
temporal errors e}, (1 = 2) for the wave function under different 7 and 6 € (0, 1] with

h=h,= ﬁ so that the spatial discretization error could be negligible. [Table 2.3.12

and [Table 2.3.13|depict the temporal errors e, (¢ = 2) and €)j( = 2) for the probability
and current, respectively.

From [Table 2.3.8/Table 2.3.10, when & < 8, spectral convergence (in space) is observed
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ho=1  hy/2  hg/2®>  ho/2°  ho/2° ho/2° ho/2°
=1 8.07E-1 167E-1 1.05E-2 5.69E-6 5.10E-10 <IE-10 <IE-10
8/2 145 6.89E-1 428E-2 6.46E-5 3.06E-10 <IE-10 <IE-10
&/2>  1.94 1.05  3.52E-1 2.13E-3 7.96E-10 <IE-10 <IE-10
&/2° 2.52 1.03  7.07E-1 1.24E-1 7.75E-6 8.16E-10 <I1E-10
&/2% 285 1.77 1.10  5.84E-1 4.72E-2 6.75E-10 <I1E-10
&/2°  3.88 4.06 1.11 1.07  38IE-1 1.22E-2 5.63E-10

Table 2.3.10: Spatial errors e} (¢ = 2) of Sy under different # and § for the Dirac equation
(1.1.17) in 1D in the semiclassical regime.

T()Zl T()/2 70/22 T()/23 ’L'()/24 10/25 ’L'()/26
6=1 1.60E-1 1.58E-2 5.09E-4 2.08E-5 1.27E-6 7.89E-8 4.94E-9

order - 3.34 4.96 4.61 4.04 4.01 4.00
/2 8.66E-1 148E-1 7.17E-3 3.90E-4 241E-5 1.50E-6 9.39E-8
order - 2.55 4.36 4.20 4.02 4.00 4.00
80 /2% 126 9.52E-1 1.38E-1 7.38E-3 4.50E-4 2.80E-5 1.75E-6
order - 0.40 2.78 4.23 4.03 4.01 4.00
80/2° 1.45 1.20 9.94E-1 1.62E-1 9.11E-3 5.57E-4 3.46E-5
order - 0.27 0.27 2.62 4.15 4.03 4.01
8o /2% 1.40 1.44 1.12 9.46E-1 2.62E-1 1.50E-2 9.15E-4
order - -0.04 0.36 0.25 1.85 4.13 4.03
8/2° 1.44 1.44 1.42 1.22 1.07 443E-1 2.83E-2
order - -0.01 0.03 0.22 0.19 1.27 3.97

Table 2.3.11: Temporal errors ef,(f = 2) of Suc under different 7 and o for the Dirac equation
(1.1.17) in 1D in the semiclassical regime.

for the S4. method in the relative error for the wave function, probability and current.

Similarly, from [Table 2.3.11HTable 2.3.13, when 7 < &, fourth-order convergence

(in time) is observed for the S4. method in the relative error for the wave function,
probability and current. These suggest that the §-scalability for the S4. method in
the semiclassical regime is: 7 = O(8) and T = O(9). In addition, noticing ® = O(1),
p=0(1)and J = O(1) when 0 < § < 1, we can formally observe the following error
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To=1 T0/2 70/22 T0/23 ‘L'0/24 70/25 T0/26
o=1 1.15E-1 123E-2 4.11E-4 1.70E-5 1.03E-6 6.40E-8 4.11E-9

order - 3.23 4.90 4.59 4.05 4.01 3.96
/2 5.05E-1 9.20E-2 4.93E-3 236E-4 144E-5 898E-7 5.62E-8
order - 2.45 4.22 4.39 4.03 4.01 4.00
oo/ 22 7.69E-1 4.22E-1 4.32E-2 285E-3 1.73E-4 1.08E-5 6.72E-7
order - 0.86 3.29 3.92 4.04 4.01 4.00
oo/ 23 1.28 9.03E-1 5.67E-1 3.77E-2 2.03E-3 1.23E-4 7.66E-6
order - 0.51 0.67 391 4.21 4.04 4.01
50/24 8.80E-1 1.25 9.86E-1 7.53E-1 2.58E-2 1.35E-3 &.15E-5
order - -0.50 0.34 0.39 4.87 4.26 4.05
50/25 9.60E-1 9.90E-1 1.09 1.08 8.82E-1 2.59E-2 1.16E-3
order — -0.04 -0.14 0.02 0.29 5.09 4.48

r

Table 2.3.12:  Temporal errors ey, (t = 2) of Sy under different 7 and 6 for the Dirac equation
(1.1.17) in 1D in the semiclassical regime.

‘L'()Zl T()/2 10/22 T()/23 ‘L'()/24 10/25 ‘L'()/26
6o=1 198E-1 2.21E-2 642E-4 234E-5 142E-6 8.84E-8 5.55E-9

order - 3.16 5.11 478 4.04 4.01 3.99
d/2 6.61E-1 193E-1 8.72E-3 4.34E-4 2.67E-5 1.66E-6 1.04E-7
order - 1.78 4.47 433 4.02 4.01 4.00
8/2> 125 6.66E-1 146E-1 844E-3 5.16E-4 3.21E-5 2.00E-6
order - 0.91 2.19 4.12 4.03 4.01 4.00
&/2°  1.57 1.19  7.29E-1 1.23E-1 7.10E-3 435E-4 2.71E-5
order - 0.39 0.71 2.57 4.11 4.03 4.01
&/2% 1.04 1.47 1.15 824E-1 9.50E-2 5.86E-3 3.60E-4
order - -0.50 0.35 0.48 3.12 4.02 4.02
8/2° 1.02 1.14 1.19 1.19  9.39E-1 7.34E-2 5.22E-3
order - -0.16 -0.06 0.01 0.34 3.68 3.81

Table 2.3.13:  Temporal errors e} (t = 2) of Sy under different T and & for the Dirac equation
(1.1.17) in 1D in the semiclassical regime.

boundsf0r0<5§1,T$5,hs5and0§n§%

) pmo g4 ) Bmo g4
1" =@, )l S s + 53> 1P =Pl )2 S 550 + 530
o 4 (2.3.14)
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I =3l < 5 + 53 46



CHAPTER 2. A FOURTH-ORDER COMPACT TIME-SPLITTING METHOD

=1 1/2 /2% 1/2° /2t /2> 1/2°
g=1 1L12E-1 420E-3 2.18E-4 133E-5 8.30E-7 5.18E-8 3.24E-9

order - 4.74 4.27 4.03 4.01 4.00 4.00
g/2 4.72E-1 3.66E-2 1.17E-3 6.64E-5 4.09E-6 2.55E-7 1.59E-8
order - 3.69 4.97 4.14 4.02 4.01 4.00
&0/2? 1.14 272E-1 1.27E-2 3.64E-4 2.10E-5 1.30E-6 8.08E-8
order - 2.07 4.42 5.12 4.11 4.02 4.00
&/2* 1.29 5.84E-1 1.60E-1 S5.19E-3 1.41E-4 8.22E-6 5.07E-7
order - 1.14 1.87 4.94 5.20 4.10 4.02
&/2* 140  7.31E-1 3.40E-1 9.81E-2 246E-3 6.16E-5 3.58E-6
order - 0.94 1.10 1.79 5.32 5.32 4.10
&/2’ 1.39 1.06 3.90E-1 2.09E-1 6.32E-2 1.27E-3 2.84E-5
order - 0.40 1.44 0.90 1.72 5.64 5.48
£0/2° 1.48 1.48 590E-1 2.19E-1 1.32E-1 4.21E-2 7.04E-4
order - 0.00 1.32 1.43 0.72 1.65 5.90

Table 2.3.14: Temporal errors e}, (t = 2) of S4. under different T and € for the Dirac equation
(1.1.17) in 1D in the simultaneously nonrelativistic and massless regime.

where my > 2 depends on the regularity of the solution. Rigorous mathematical justifi-

cation is still on-going.

e In the simultaneously nonrelativistic and massless regime We take d =1, § = 1 and
Vv==¢in with € € (0, 1]. The initial data in is taken as (2.3.2). In this
parameter regime, the solution propagates waves with wavelength at O(1) and O(¢) in
space and time, respectively. The problem is solved numerically on a bounded domain
Q= (—128,128), i.e. a = —128 and b = 128 by S4.. Similar to the nonrelativistic
regime, the S4. method converges uniformly with respect to € € (0, 1] at spectral order
in space. Detailed numerical results are omitted here for brevity. Here we only present
temporal errors by taking h = h, = % so that the spatial discretization error could be

negligible. [Table 2.3.14f shows the temporal errors e}, (t = 2) for the wave function
under different T and € € (0, 1]. Similarly, [Table 2.3.15|and [Table 2.3.16| depict the

temporal errors ep, (t = 2) and €j(t = 2) for the probability and current, respectively.

From [Table 2.3.1442.3.16] when 7 < €, fourth-order convergence is observed for the
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=1 1/2 /22 1/2° /2t 1/2° Tp/2°
go=1 8.62E-2 348E-3 191E-4 1.17E-5 7.28E-7 4.54E-8 2.82E-9

order - 4.63 4.19 4.03 4.01 4.00 4.01
g/2 3.56E-1 297E-2 7.90E-4 4.56E-5 2.82E-6 1.76E-7 1.10E-80
order - 3.59 5.23 4.12 4.01 4.00 4.00
£/2> 9.98E-1 283E-1 1.22E-2 254E-4 145E-5 8.95E-7 5.57E-8
order - 1.82 4.53 5.59 4.13 4.02 4.01
£/2% 8.15E-1 558E-1 1.60E-1 4.18E-3 9.00E-5 5.29E-6 3.27E-7
order - 0.55 1.80 5.26 5.54 4.09 4.02
£/2* 9.32E-1 7.05E-1 3.32E-1 1.02E-1 1.69E-3 3.69E-5 2.19E-6
order - 0.40 1.09 1.70 5.92 5.52 4.08
£9/2° 1.05 6.88E-1 3.28E-1 2.07E-1 6.70E-2 8.68E-4 1.63E-5
order - 0.61 1.07 0.67 1.63 6.27 5.73
£/2° 8.39E-1 8.04E-1 4.76E-1 1.72E-1 127E-1 4.33E-2 5.49E-4
order - 0.06 0.76 1.47 0.44 1.55 6.30

Table 2.3.15:  Temporal errors e, (t =2) of Sy under different 7 and € for the Dirac equation

(1.1.17) in 1D in the simultaneously nonrelativistic and massless regime.

S4c method in the relative error for the wave function, probability and current. This
suggests that the g€-scalability for the S4. method in the simultaneously nonrelativistic
and massless regime is: 7 = O(1) and T = O(¢). In addition, noticing ® = O(1),
p=0(1) and J = O(e~!) when 0 < & < 1, we can formally observe the following

error bounds for 0 < € < l,fseandogng%

P —D(t,. - < KMo T_4 n_ . < KMo T_4
” (tna )Hﬂ ~ + 83; ”p p(tn; )Hﬂ ~ + 83;
(2.3.15)

n 1 m T4
=3l < 5 (04 55 ).

where m(y > 2 depends on the regularity of the solution. Rigorous mathematical justifi-

cation is still on-going.

Based on the discussion in the introduction chapter and numerical comparison results

in this section, [lable 2.3.17| summarizes spatial/temporal wavelengths of the Dirac
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To=1 T0/2 70/22 T0/23 T0/24 ’L'()/25 T0/26
g=1 2.03E-1 7.11E-3 4.03E-4 247E-5 154E-6 9.61E-8 5.98E-9

order - 4.84 4.14 4.03 4.01 4.00 4.01
&/2 737E-1 5.58E-2 1.89E-3 1.11E-4 6.84E-6 4.26E-7 2.66E-8
order - 3.72 4.88 4.09 4.02 4.00 4.00
&0/2? 1.34  430E-1 1.81E-2 5.59E-4 3.31E-5 2.05E-6 1.28E-7
order - 1.64 4.57 5.01 4.08 4.02 4.00
&/2* 1.20  7.03E-1 2.30E-1 6.14E-3 1.89E-4 1.13E-5 7.00E-7
order - 0.77 1.61 5.23 5.02 4.06 4.01
&/2* 1.36 1.04  4.15E-1 131E-1 2.52E-3 7.59E-5 4.57E-6
order - 0.39 1.32 1.66 5.71 5.05 4.05
&/2’ 1.63 1.32 5.79E-1 247E-1 8.28E-2 1.27E-3 3.26E-5
order - 0.30 1.19 1.23 1.58 6.03 5.28
£0/2° 1.38 1.47 8.97E-1 3.04E-1 1.52E-1 5.54E-2 7.52E-4
order - -0.09 0.71 1.56 1.00 1.45 6.20

Table 2.3.16: Temporal errors e (¢ = 2) of Ss. under different 7 and & for the Dirac equation
(1.1.17) in 1D in the simultaneously nonrelativistic and massless regime.

equation under different parameter regimes and the corresponding spatial/temporal

resolution of the S4. method.

2.4 Application to the dynamics of graphene

In this section, we show the simulation of the dynamics of graphene through a 2D
numerical example applying the S4c. method. In the example, we choose Q = (—18,18) x
(—18,18), and the initial state (x = (x1,x)7):

x%-ﬁ—x% (x1—1)2+x%

$1(0,x) =e" 777, ;(0,x) = 7, (2.4.1)

the density of which is illustrated in

During the computation, the mesh size is set to be h = 1%’ and the time step size is fixed

at T = 0.01. There is no magnetic potential (x = (x1,x2)7), i.e.
Aj(x)=0, j=12, xeQ.
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Spatial Temporal Spatial | Temporal | Spatial Temporal
wavelength | wavelength | accuracy | accuracy | resolution | resolution
Standard
e o(1) O(1) | spectral | O(z") | 0(1) o(1)
regime
Nonrelativisti
OIIEIVIEEE o) 0(?) | spectral | O(%) | 0(1) | 0()
regime
Semiclassical
SIS o) 0(8) | spectral | O(%) | 0(3) 0(3)
regime
Nonrelativistic
&massless o(1) O(e) spectral | O(%) o(1) 0(e)
regime
Massl
s o(1) O(1) | spectral | O(z") | 0(1) o(1)
regime

Table 2.3.17: Spatial/temporal wavelengths of the Dirac equation under different parameter

regimes and the corresponding spatial/temporal resolution of the S4. method.
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Figure 2.4.1: The initial density of the example, the left figure is for p;(0,x), and the right

figure is for py(0,x).

From ¢t = 0 to t = 6, we consider the nonrelativistic regime of the Dirac equation, and

choose £ = 1073, The electric potential V (x) is chosen to be the honeycomb lattice potential

(X = (XI,XZ)T):

4r 4n
V(x) = cos(—=ey - X) + cos(—=e, - X) 4 cos(

V3
with
€ = (—I,O)T,

V3

er=(1/2,v3/2)7,

50

V3

e3-x),

t €10,5],

e3=(1/2,—/3/2)7.

xeQ,

(2.4.2)

(2.4.3)



CHAPTER 2. A FOURTH-ORDER COMPACT TIME-SPLITTING METHOD

From ¢t = 6 to t = 12, we consider the Dirac equation with € = 1, and discard the electric

potential, which means, we set (x = (x1,x2)7)

V(x)=0, xeQ. (2.4.4)

Figure 2.4.2|and [Figure 2.4.3|depict the densities p;(,x) = [¢;(#,x)|*> i =1,2) from ¢ =0
tor=12.

From the two figures, we find out that the dynamics of the density depends heavily on
¢, which stands for the regime the equation is in. When £ = 1073, it is in the nonrelativistic
regime, and under the honeycomb lattice potential, it will generate a honeycomb-like density,
which is similar to the electron density in graphene. After that, by taking € = 1, we set it in
the classical regime to simulate the dynamics of graphene without external electromagnetic
potentials. The figures show that the density will fluctuate in the Zitterbewegung form, as
has been demonstrated through experiments. Remarkably, here the time step size T = 0.01 is

suitable for both two regimes, i.e., it is irrelevant to the dimensionless parameter €.

2.5 Extension to the case of time-dependent potentials

In this section, we aim to extend the Sy introduced in this chapter earlier to the case
of time-dependent potentials V (z,x) and A, (¢,x). For simplicity, we only consider the 1D
dimensionless Dirac equation (I.1.17)) with the initial condition (I.1.18) (d = 1). Extension

to higher dimensions is straightforward.

2.5.1 The method
For illustration, we first consider a model equation
alll/(t) = H(t)ll/(t% > 07 with Ill(t()) = Yo, (2.5.1)

where H (t) is a time-dependent operator. Suppose the exact solution y/(t) propagates with
the operator U (7,1y), i.e.,
W(t) = U(f7f0)‘l’(f0)7 (2.5.2)

then plugging into (2.5.1)), we can get the differential equation
U (t,t0) =H(t)U(t,t9), t>0, (2.5.3)
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Figure 2.4.2: Dynamics of the density p;(¢,x) to T = 12.

with U (fg,t9) = Id the identity operator. Take Ar > 0, then by Taylor expansion,

Ulto+ At,ty) =

U(tg,t0) + ANt U (19, 10) + O((Ar)?)
(1+AtH(ty)) + O((At)z)
eAtH(t()) + 0((AI)2)
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Figure 2.4.3: Dynamics of the density p(#,x) to T = 12.

As a result, because of the fact that

k
U(t+At,t) =TI;_ Ut + - Aty +
n

holds for any positive integer n, we have

U(I—I—At,t) — lim e%H(H@AZ)me%H(H%)e%H(I)

n—oo
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On the other hand, from (2.5.3)) with initial condition U (ty,#p) = Id, we have

t
U(t,tg) = Id+ | H(s)U(s,to)ds

To

t t N
= Ild+ H(sl)dsl + H(Sl) H(Sz)U(SQ,Z‘o)dSstl

o o )
o sy Sn—1

= Id+ Z/ / / dsy...dsiH(sy)...H(s,) (2.5.7)
n=1Y% Jo Io

= T (el (2.5.8)

where .7 (-) is defined as the time-ordering operator, with the expression given in (2.5.7).

From the above discussion, we get

U(t+ At,t) = g(eftt+AtH(s)dS>

— lim e%H(FFkiTIAt)
n—oo

JAN JA JAN
R HEE S

Define a forward time derivative operator [45] & := gl with
F(1)e™7G(t) = F(t + A0 G(1), (2.5.9)

where F(-) and G(-) are any two time-dependent operators. Then we have the following

lemma.

Lemma 2.7. The following equality holds true for any time-dependent operator H (t).

t+A1H

T (el HOMASY — expAt(H(t) + D)]. (2.5.10)

Proof. We start from the right-hand-side of (2.5.10).

At gy Dt n
explA(H(1) +7)] = ,}%(67@871{(;))
At At At Ar A .
= limen Zen 10 7m0 75 HO)
n—oo
= fim e HOTTIAN QSIS SH ()
n—oo

— (N HEs) 2.5.11)
X X n
where the first equality comes from the fact that &ATE) — limy,_,. <eﬁAeﬁB > . O
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Under this lemma, for the model problem (2.3.1)), suppose H(t) = T + W(t), define

T =T + 2, then the solution can be expressed as

y(t+Ar) = U+ AOt,0)y(t) =exp[At(T+W(t)+ 2)|y(t)
= exp[At(T +W ()] w(t). (2.5.12)

We could apply the ordinary splitting methods for (2.5.12]), for example, Strang splitting gives

Wt + A1) =S (A p(t) = e?TePW0 2Ty ()

At At At ANy
eTTeTQeAzW(t)eTTeTQ

e T PW(+5) 5T (2.5.13)

At At At .o .
where we use e2 1 = e2 T'e2 7, as it is straightforward that [T, 2] = 0.

Similarly, we can apply the fourth-order compact splitting to (2.5.12), and get the expres-

sion

Wt + At & S (A (t) = es VDT TS W T T TW 0y 2.5.14)

A A 20t Vi A A A
e B WD) G T 5 Wit 5) , 7T 5 W ()

v(t),

where

=)
I

W)+ 3 (AW (0, [T W (1)
= W(t)+%(AI)Z[W(t),[T,W(t)]]nL%(At)Z[W(t),[.@,W(t)]]. (2.5.15)

Through simple computation, we have

W), [2,W©)]] = [W(),[2W(t)-W()2]] = W(t),[2W (1) — (W' (t) + ZW (1))]
= [W(),-W'(¢)] =0, (2.5.16)
As a result,
W(t) =W(t)+ %(At)z[W(t), [T,W(t)]]. (2.5.17)

Now we can move on to (1.1.17)). For simplicity, we only consider the 1D case. Extension
to 2D and (1.1.7) for d = 1,2,3 is straightforward. Actually, it is similar to the case with
time-independent electromagnetic potentials. Define

1 v ]
T = _EG”?X_ éozca, W(t) = —% (V(t,x)L —A(t,x)01), (2.5.18)
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then we could derive

W (t), [T, W ()] = — s A2(1,x) 0. (2.5.19)

As a result, the semi-discretized fourth-order compact time-splitting method (S4.) could be

defined as:
O (x) = 8 ) 37T Wt T/ 2) 2T g W@ (), p=0,1,...,  (2.5.20)

where W (1) is defined above. Here ®"(x) is the semi-discretized approximation of &(r, x) at

t = t, := nt, with 7 the time step size. The initial value ®°(x) := ®y(x) is given.

2.5.2 Numerical results

This sections give the results of applying Sy for the Dirac equation with time-dependent
electromagnetic potentials in the nonrelativistic regime and the semiclassical regime. In the

numerical examples, the time-dependent potentials are taken as

V(t,x) = % Ay(t,x) = f):r—t;)gj t>0, xcR. 2.5.21)
And the initial condition is set to be
01(0,x) =2, ¢(0,x) = V2 xeR, (2.5.22)
The relative error is quantified as
el (1) = ”q)’T = (;I:U’)’le e (2.5.23)

In computation, the problem is solved on a bounded domain Q with periodic boundary condi-

tions.

L. In the nonrelativistic regime

Take 0 = v = 1. During the computation, the domain is set to be Q = (—32,32). To
obtain the ‘exact’ solution, fine mesh size h, = 1/16 and time step size 7, = 1077 are used.
Results are shown in[Table 2.5.11

From the table, it is clearly observed that when 7 < €2, there is fourth-order convergence

for the S4. method. This suggests that the -scalability for the S4. method in the nonrelativistic

56



CHAPTER 2. A FOURTH-ORDER COMPACT TIME-SPLITTING METHOD

e&)(t = 6) T0=1 70/22 T0/24 T0/26 10/28 T()/Zlo
g=1 1.79E-1 1.67E-3 1.50E-6 7.02E-9 <1E-10 <I1E-10

order - 3.37 5.06 3.87 - -
£)/2 9.81E-1 2.12E-2 3.01E-5 1.06E-7 5.12E-10 <I1E-10
order - 2.77 4.73 4.08 3.84 -
80/22 1.61 1.87E-1 1.87E-3 4.72E-6 1.83E-8 <I1E-10
order - 1.55 3.33 4.31 4.00 -
80/23 1.37 1.55 4.49E-2 3.00E-4 1.08E-6 4.21E-9
order - -0.09 2.55 3.61 4.06 4.00
80/24 1.42 1.62 5.39E-1 1.10E-2 7.25E-5 2.63E-7
order - -0.10 0.80 2.81 3.62 4.05

Table 2.5.1: Temporal errors e}, (f = 6) of Sy under different 7 and € for the Dirac equation
(I.I.T7) in 1D in the nonrelativistic regime.

regime is: & = O(1) and T = O(€?), which is the same as the case with time-independent

potentials.

IIL. In the semiclassical regime

Take € = v = 1. During the computation, the domain is set to be Q = (—16,16). To
obtain the ‘exact’ solution, fine mesh size i, = 1/16 and time step size T, = 10~* are used.
Results are shown in

From the table, when 7 < 8, fourth-order convergence in time is observed for the Sy
method, which suggests that the §-scalability for the S4. method in the semiclassical regime
is: h=0(8) and T = O(§). The result is also the same as the case with time-independent

potentials.
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eh(t=2) TH=1 1/2 /2% 1/2° /2t /2> 1/28
=1 138E-1 1.24E-2 3.43E-4 148E-5 9.10E-7 5.66E-8 3.54E-9
order - 3.48 5.17 4.53 4.03 4.01 4.00
8/2  8.81E-1 1.06E-1 4.60E-3 2.71E-4 1.69E-5 1.05E-6 6.57E-8
order - 3.06 4.52 4.08 4.01 4.00 4.00
80/2? 1.41E  9.90E-1 8.55E-2 4.79E-3 2.94E-4 1.83E-5 1.14E-6
order - 0.52 3.53 4.16 4.03 4.01 4.00
8/2° 1.44 149  943E-1 1.03E-1 5.72E-3 3.49E-4 2.16E-5
order - -0.05 0.66 3.20 4.17 4.04 4.01
8o/2* 1.49 1.38 1.43 1.09  2.01E-1 1.26E-2 1.52E-3
order - 0.11 -0.05 0.39 2.44 4.00 3.05
8/2° 1.39 1.44 1.43 1.47 134  231E-1 1.09E-2
order - -0.04 0.01 -0.04 0.13 2.54 4.40

Table 2.5.2: Temporal errors ef,(f = 2) of Suc under different 7 and § for the Dirac equation
(1.1.17) in 1D in the semiclassical regime.
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Chapter 3

Super-Resolution of Time-splitting Meth-
ods for the Dirac Equation

In this chapter, a superior property called super-resolution of time-splitting methods for
the Dirac equation without magnetic potential in the nonrelativisitic regime is exhibited and
studied rigorously. This advantageous property makes the time-splitting methods perform
much better in this case, as the time step size no longer needs to be dependent on the small

parameter €.

3.1 Introduction

Time-splitting methods have been utilized to study the dynamics of the Dirac equation,
and it 1s found to be efficient in the nonrelativistic regime [|15]]. In fact, when dealing with
oscillatory problems, the splitting methods usually perform much better than traditional
numerical methods [21, [76]]. For instance, in order to obtain “correct” observables of the
Schrodinger equation in the semiclassical regime, the time-splitting spectral method requires
much weaker constraints on time step size and mesh size than the finite difference meth-
ods [21]. Similar properties have been observed for the nonlinear Schrédinger equation
(NLSE)/Gross-Pitaevskii equation (GPE) in the semiclassical regime [3] and the Enrenfest
dynamics [57]. However, in general, splitting methods still suffer from the mesh size/time
step constraints related to the high frequencies in the aforementioned problems, i.e. they need
to obey the resolution constraint determined by the Shannon’s sampling theorem [[104] — in

order to resolve a wave one needs to use a few grid points per wavelength. For Dirac equation
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in the nonrelativistic regime, from the analysis in [15], the error bound for second order Strang
splitting TSFP (S,) depends on the small parameter € as 72/€*, which corresponds to such
constraints.

In this chapter, we report a surprising finding that the splitting methods are uniformly
accurate (w.r.t. the rapid oscillations), when applied to the Dirac equation in the nonrelativistic
regime in the absence of external magnetic field. This fact reveals that there is no mesh
size/time step restriction for splitting methods in this situation, e.g. the splitting methods have
super-resolution, which is highly nontrivial. Specifically, through our extensive numerical
experiments, we find out that if the magnetic potentials A; =0 for j=1,...,d in with
0 = v = 1, the errors of TSFP are then independent of € and uniform w.r.t. €, i.e., S, for
Dirac equation with 6 = v = 1 without magnetic potentials A ; has super-resolution
w.r.t. €. In such case, (I.I.7) reduces to (d = 1,2,3,§ =v=1)

. d
1
i0,¥(1,x) = <_é Y a;0;+ =B +V(t,x)14> P(t,x), xR 1>0, (3.1.1)
=1

with the initial value given in (I.1.8)). In lower dimensions (d = 1,2), the four component

Dirac equation (3.1.1)) can be reduced to the following two-component form for ®(z,x) =

(¢1(2,%),92(2,x))" € C* (d =1,2) [15]:

. d
1
i0,®(t,x) = (-é Z 0jd;+ ?63 —|—V(t,x)12) d(1,x), x€ RY >0, (3.1.2)
j=1
with initial value
®(r=0,x) = Py(x), xecR% (3.1.3)

The two-component form (3.1.2)) is widely used in lower dimensions d = 1,2 due to its
simplicity compared to the four component form (3.1.1).

Our extensive numerical studies and theoretical analysis show that for first-order, second-
order, and even higher order time-splitting Fourier pseudospectral methods, there are always
uniform error bounds w.r.t. € € (0, 1]. In other words, the splitting methods can capture the
solutions accurately even if the time step size 7 is much larger than the sampled wavelength
at O(£?), i.e. they exhibit super-resolution in the sense of breaking the resolution constraint

under the Shannon’s sampling theorem [104]]. This super-resolution property of the splitting
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methods makes them more efficient and reliable for solving the Dirac equation without
magnetic potentials in the nonrelativisitc regime, compared to other numerical approaches in
the literature. In the sequel, we will study rigorously the super-resolution phenomenon for
first-order (S7) and second-order (S,) time-splitting methods, and present numerical results to

validate the conclusions.

3.2 Semi-discretization

In this section, we recall the first- and second-order time-splitting methods applied to
the Dirac equation. For simplicity of presentation, we only carry out the splitting methods
and corresponding analysis for (3.1.2)) in 1D (d = 1). Generalization to (3.1.1)) and/or higher
dimensions is straightforward and results remain valid without modifications.

Denote the Hermitian operator
TE = —i€010y + o3, Xx€ER, (3.2.1)

then the Dirac equation (3.1.2) in 1D can be written as

1
i0,®(t,x) = Eﬂgfb(t,x) +V(t,x)®(t,x), x€ER, (3.2.2)
with initial value
®(0,x) = Py(x), xeR. (3.2.3)

Choose 7 > 0 to be the time step size and t,, = nT for n =0, 1, ... as the time steps. Denote
@"(x) as the numerical approximation of ®(z,,x), where ®(z,x) is the exact solution to (3.2.2))
with (3.2.3)), then the semi-discretization of the first- and second-order time-splitting methods
can be expressed as follows.

First-order splitting (Lie-Trotter splitting). The discrete-in-time first-order splitting
(S1) is written as [123]]

iT

" (x) = e_?yge_iffzm Vis) EPh(x), xeR, (3.2.4)

with ®°(x) = &y (x).
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Second-order splitting (Strang splitting). The discrete-in-time second-order splitting

(S,) is written as [113]]

€

O (x) = e 227 i VXA, T g (y), x e R (3.2.5)

with @ (x) = @y (x).

3.3 Uniform error bounds

For any T > 0, we consider smooth enough solutions, i.e. we assume the electric potential

satisfies

(4) V(1,x) € W"([0,TL™(R)) N L7([0, T W= (R)),

with m € N*, m, € {0,1}. In addition, we assume the exact solution ®(z,x) satisfies
(B) ®(r,x) e L=([0,T], (H*™ ™ (R))?), meN*, m,ec{0,1}.

We remark here that if the initial value ®y(x) € (H>""(R))2, then condition (B) is implied
by condition (A).
For the numerical approximation ®"(x) obtained from S; (3.2.4) or S, (3.2.5)), we intro-

duce the error function

e"(x) = B(ty,x) — P"(x), 0<n<

Al

, (3.3.1)

then the following error estimates hold.

Theorem 3.1. Let ®"(x) be the numerical approximation obtained from Sy (3.2.4), then under

the assumptions (A) and (B) with m = 1 and m,. = 0, we have the following error estimates

T
le"()|l2sTt+e, [e"x)]2sTt+7T/e, 0<n< = (3.3.2)
As a result, there is a uniform error bound for S
n . T
|e"(x)||;2 < T+ max min{e,t/e} < VT, 0<n<—. (3.3.3)
0<e<l T
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Theorem 3.2. Let ®"(x) be the numerical approximation obtained from Sy (3.2.5), then under

the assumptions (A) and (B) with m = 2 and m,. = 0, we have the following error estimates

T
le"(x)|l2 s> +e, e"®)|2sti+1%/e’, 0<n< = (3.3.4)
As a result, there is a uniform error bound for S
n 2 : 2.3 T
le"(x)]| 25T +0ma§1mm{£,’c /et s VT, 0<n< e (3.3.5)
<e<

Remark 3.1. The error bounds in|Theorem 3.1|can be expressed as
1€"(x) |2 < (C1 +CoT)[|P(t,%)[| L= ((0,77:(12)2) (T+ max min{, 7/8}) , 0<n<
’ 0<e<l
and the error estimates in can be restated as
e (x)]|;2 < (C3 +C4T)H(I>(t,x)]|Loo([0 T]:(HA)?) (’L’2 + max min{8,72/83}) , 0<n<
B 0<e<l

where Cj, j=1,2,3,4 are constants depending only on V (t,x).

This remark could be easily derived by examining the proofs of [Theorem 3.1 and [Theo}

rem 3.2}, and the details will be skipped. We notice that the constants before the error bounds

have linear relations with 7', instead of usual exponential ones.
We also remark that higher order time-splitting methods also share the super-resolution

property, but for simplicity, we only focus on S and S; here.

In the following, we derive the proof for [Theorem 3.1]and [Theorem 3.2] i.e. the uniform

error bounds for the splitting methods S; and S,. As .7¢ is diagonalizable in the phase space

(Fourier domain), it can be decomposed as [14, 15} 29]
TE = \/I1d— €A Hﬁ_— VId—e*ATIE (3.3.6)

where A = dy, is the Laplace operator in 1D and /d is the identity operator. IT§ and IT¢ are

projectors defined as

2 ! b—(a—ea) 7). 63

€ __l [ @2 e _
I =3 |b+ (Id —€°A) P=3

98}, m
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It is straightforward to see that TT¢ +I1¢ = I, and TEI1¢ = [I€ 118 = 0, (I15)? =TI,

Furthermore, through Taylor expansion, we have [29]
e _ 0 —1° — 60+ 2% T
M6 =11 +e2) =110 —iZ 010, +€°%,, T = diag(1,0), (3.3.8)
£
I =110 — ez, =11° + i~ 01 oy — 2%, TI° =diag(0,1), (3.3.9)
where % : (H™(R))?> — (H" ' (R))? form > 1,m € N*, and %, : (H"(R))?> — (H"2(R))?

for m > 2, m € N* are uniformly bounded operators with respect to €.

To help capture the features of solutions, denote

¢ _ é( VId—2A—1d) = —(\/1d — 2A+1d)"'A, (3.3.10)

which is a uniformly bounded operator with respect to & from (H™(R))? to (H"2(R))? for

m > 2, then we have the decomposition for the unitary evolution operator ee>”  as

it gre it STd—€e2ATIE — VId—€e2A TIE c o2 )€ )02 €
o7 2682(\/d e2ATIE — VId—¢ ©) _ it/€ 7 I +e it /€2 ,~it 7" [ (3.3.11)

For the ease of the proof, we first introduce the following two lemmas for the Lie-Trotter
splitting S (3.2.4)) and the Strang splitting S, (3.2.5)), respectively. For simplicity, we denote
V(t) :=V(t,x), and ®(r) := D(¢,x) in short.

Lemma 3.1. Let ©"(x) be the numerical approximation obtained from the Lie-Trotter splitting
S1 (3:2.4), then under the assumptions (A) and (B) with m = 1 and m, = 0, we have

_ it ge . ln T
et (x) = e 27 el ViRdsen () i (x) 4 ni(x), 0<n< ~-L (6312
with |7 ()2 < 72 3(x) = —ie 27" (T £ (s)ds — ©f3(0)), where
() :eizs/“?ze"s‘@zgfl‘fr (V(tn)Hieisgeq)(tn))
e/ T e <V(tn)nie—is@£q>(tn)). (3.3.13)

Proof. From the definition of €"(x), noticing the Lie-Trotter splitting formula (3.2.4), we

have

etl(x)=e 27 e VR dsen () L (x), 0<n<——1, x€R, (3.3.14)

ol
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where 11”*(x) is the local truncation error defined as
N(x) = B(tny1,x) —e &7 et VONdP(r, x) xeR. (3.3.15)
Noticing (3.2.2)), applying Duhamel’s principle, we derive
_it ge [T i) g€
D(tyy1,x) =e €7 O(t,,x) —l/ e € 7 V(ty+s5,x)P(t,+s5,x)ds, (3.3.16)
0
while Taylor expansion gives
e—é—gﬁee—iﬁtnnﬂ V(s,x) ds(l)(tmx)
_it g [T )
_e i 1_1/ V(s,x)ds+0(2) | ®(tn,x). (33.17)
In

Combining (3.3.16)), (3.3.17) and (3.3.13)), we get

iT gre

1 T _I(Tis) o7 € _is gre
0 (x) =tie” &7V (1, X)D (1, %) — i / e @ 7 (Ve &7 D(1,2)) ds
0

+ji Rjj(x), (3.3.18)
where
Ri()=e &7 (A (1) + 24 (x) D(tn, ),
R0 =i [T A0+ A )0+ 5,0) ds,
with
Al(x) = e T Vs _ (1 _i t["“ V(s,x)ds) , (3.3.19)
A (x) = —i tthV(u,x)du#—i‘cV(tn,x), (3.3.20)
A (s,x) =V (ty+5,x) = V(ty,x), 0<s<r, (3.3.21)
Al(s,x) = —i /0 e T T V£ wa ) B+ wix)) dw, 0< s < . (3.3.22)

It is easy to see that for 0 <n < % — 1

AT ) 2= € IV (@) ooy 1A )2 S [0V (2,2) | =(1)
1A% (5,2) | 2=(10,2]:2=) S TNV ()| =1,
142 (s, 0) = o,21:0202) S TV (@20 | o) [|PCE ) o 12)2)
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As a consequence, we obtain the following bounds for 0 < n < % —1,
IRT(®) 122 < (1A @)1=+ 123 @) [l=) [P () 2 72, (3.3.23)
1Ry (x) |2 < T<||V(tn)||L°°||Ml(sax)\|L°°([o,r];(L2)2)
I oun [y ) 7 (G329
Recalling 1} (x) given in we introduce for 0 < s < 1
()= 150 = e (Ve 27 00,0)) = fi(9)+ ), (:329)

with f' given in (3.3.13)) and f}' from the decomposition (3.3.T1) as
fils) =7 T (V(1)e ™™ TE@(1,) ) + 77 T (V (1)e™” TEED(1y) )
and then 1" (x) (3.3.18)) can be written as

iT

) =—ie &7 ([ (1060 + 6)as— 270+ 700

+ R (x) + RA(x). (3.3.26)

Now, it is easy to verify that n”(x) = 1} (x) + n4(x) with nJ(x) given in if we let

n(x) = —ie 2’ (/Orfl”(s)ds— rfl”(O)) + R (x) 4+ R3(x). (3.3.27)

Noticing that

E7 ([ s o)

S PSS Ol=(o.apuzy S TNV ) llwoe P Cn) 2,

12

recalling the regularity assumptions (A) and (B), combining (3.3.23)) and (3.3.24)) , we can

get
n n n _iye ’ n n
Il < IR + 1R s + |27 ([0 -0
L
s
which completes the proof of O
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Lemma 3.2. Let ®"(x) be the numerical approximation obtained from the Strang splitting

S> (3.2.5)), then under the assumptions (A) and (B) with m =2 and m, = 0, we have for
0<n<Il-—q,

() = e 27 et T VN 32 T e () Lt (1) + () + (), (3.3.28)
with

M@z s e e =—ie e’ </ f(s Tff(f/2)>, (3.3.29)

n3(x) = (/ / ZgJ s,w)dwds — = Zg] 7/2, r/2)> (3.3.30)

where

i2s . ¢ e
F(s) =e? 57" TIE(V (1, 4 5)e7 TIE ®(1,))
—i2s . € s €

te e e BT IIE (V(ty 4 5)e 7 TE®(1y)), (3.3.31)
gg(s,w) :eiZW/ezeisﬁgni (V(tn)e—i(s—w)ﬁgl—le <V( ) w9t I & )

2(s—w)
gils.w) =e @ 7T (V(0,)e 7T (V (1)e 7 TIE D (1)

bo e sy ( i(s=w)7° e ( (12)e™ 7" TIE @ t,,))) (3.3.33)
g4(S W) 123/8 ls.@ HS <V(tn) i(s—w) ¢ e (V(tn)eiwgene_QD(tn)))

_i_efiZs/e e B (V(l‘n)efi(sfw)f’isH‘jr (V(tn)efiwgsniq)(tnw). (3.3.34)

)

Yy emi2w/E gmis P e <V(tn)e( w)7° 1 (v( ta)e "7 TIE @ (r,,,))) (33.32)
)
D(

Proof. From the definition of €”(x), noticing the Strang splitting formula (3.2.5)), we have
& (x) = e 27 i T Ve, 3 T e L n(x), x€ER, (3.3.35)
where " (x) is the local truncation error defined as

N"(x) = ®(tr1,x) —e 227 et VN, T3 7 (r, ), xR, (3.3.36)
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Similar to the S case, repeatedly using Duhamel’s principle and Taylor expansion, we can
obtain
q)(tn—H)
_it g€ T _i(t=s) ge _is g€
— e o7 a1, —i/ e @ T (Virs)e =7 () ds
0
_i(t—s) _3 _i(s—w) e
/ / ( (th,x)e ¢ 7 (V(tn+w)q)(tn+w))> dwds, (3.3.37)
e_iff;n+1 Vis)d 6_21772?5‘13(%)
=e 282 < / th‘|‘S dS——(/ th‘|‘S ) ) 7§(78q)(tn)
+e 227 (0(%)) e 227 (). (3.3.38)
Denoting
n ifsys _738
1(s) = e (V(tn-i-sx)e 2 CD(tn,x)>, (3.3.39)
for0 <s <, and
is g€ _ils=w) oe _iw ge
g"(s,w) = ee2” (V(tn,x)e z 7 (V(t,,,x)e =27 CD(tn,x)>) , (3.3.40)

for 0 < s,w < 7, in view of (3.3.37) and (3.3.38), n"(x) (3.3.36) can be written as

n'(x)=-e a7 [/f" ds—l”L'f” // (s,w)dwds
—%25’ (5 ;)} +J§R§(x), (3.3.41)

where

€

RI(x) = —e 277 (A (x) + A2 (x))e 227 D1y, ),

TS i) ge _ilszw) ge
__ / / e T T (Vi tsx)e @ 7 (Vi +wx) A (w,x)) | dwds,
0 JO
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with
2

Al(x)=—i (/OTV(tn—{—s,x)ds—TV(In-i—g,x)) _% (/()Tv(tn+s,X)dS)

1
+ Eerz(tn,x),

. T T 1 T 2
A3 (x) = e o Vints)ds g +i/ V(ty+s,x)ds + 3 (/ V(tn+s,x)a’s> :
0 0
W _iw—u) ge
A (wyx) = —i / e @ T (V(ty+ u, ) Dt + u,x)) du.
0

It is easy to check that || A} (x)||z= < T3||V(t,x)|]2w(Lm

) and
1AL () = < N0V (2,2) | ==y + T AV (1, 2) [ =) [V (,2) [ 1)
Wfsn(wax)HLw([o,r];(U)Z) S T“V(t»x)HL“(L"")||q)||L°°((L2)2)’
which immediately implies that
IR ()ll2 < (AL () 2= + 123 (%) | =) [|(2) |2 5 2, (3.3.42)
RS ()12 < TNV (0,2 e o 143 (0,2) | = 0,2102) S ©°- (3.3.43)

In view of (3.3.T1), recalling the definitions of f}'(s) and g(s,w) (j = 2,3,4) given in

we introduce f7(s) and g (s,w) such that

4
f'(s) = fi(s)+ f5(s), 8" Zg] 5, W) (3.3.44)
where
(5) = 7 T (V 1+ 5)e ™7 T (1)
e (V4 5)e" 7 TE D))
gils.w) = e TIE (V (1) 07 I (V (1) 7 TS @ (1) ) )

e ST (V(n) i(s—w)7° ¢ (V(zn)eiw%ni <I>(tn)>>.

Denote

1) =i 7 ([“oas—ene).
0= 57 ([ [ gttsmanas - Seicer2.212)).
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then it is easy to show that for J = [0, 7],
11 )22 < 21185 /1 ()| 10,21, 22)2) S T (3.3.45)
1G22 (1951 (5. W) | =222 + 19w (5:W) | 2022)) S 7 (3.3.46)

by noticing that V € L=(W?™*) and ®(t,x) € L=((H*™)?) with m = 2 as well as the fact
that 2¢ : (H')> — (H'=2)? (I > 2) is uniformly bounded w.r.t. £. Recalling (3.3.39), (3.3.40),
(3:3.41), (33.44) and 7 (j = 2,3) (3.3.29)-(3.3.30) given in, we have

" (x) =0 (x) + 12 (x) + 03 (%), (3.3.47)
where 1 (x) and nj (x) are given in|Lemma 3.2} and
N7 (x) = R (x) + B3 (x) + ' (x) + &' (%)

Combining (3.3.42)), (3.3.43)), (3.3.43) and (3.3.46)), we can get

17 Gl < IR ()l 2 + IRE ()2 + 187 ()2 + 1165 (02 7, (3.3.48)

which completes the proof. O

Utilizing these lemmas, we now proceed to prove [[heorem 3.1{and [Theorem 3.2]

Proof of Theorem 3.1]
Proof. From it is straightforward that

e @l < €@l + I @l + M@l 0<n<—=1, (3349

with €2(x) = 0, ||} (x)|| ;2 < 72 and ng (x) = —ie T7 /€ ([T f2(s)ds — Tf3(0)), where f3(s)

is defined in (3.3.13).
To analyze f3(s), using (3.3.8) and (3.3.9), we expand ITE V (#,)I1% and I1% V (1, )TIZ. to

get

IV (1,11 = — €10V (1,) %) + €%,V (1,)TIE,,
IV (1,)T1E. =TI V (1,) %1 — €%,V (1,)TIE .
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As %) : (H™)? — (H™~1)? is uniformly bounded with respect to £ € (0, 1], we have
[ (veme e @) )|, < elV@llwele@llm. (3350
e (Vs e ew) )|, < elvelw-le@lm. @351

Noticing the assumptions (A) and (B) with m = 1 and m, = 0, we obtain from (3.3.13)
0<s<71

15 )= (o.e222) S & 105l po, 2222 < €/87 = 1/ (3.3.52)

As a result, from the first inequality, we get

< TE. (3.3.53)
12

H | a0

On the other hand, noticing Taylor expansion and the second inequality in (3.3.52), we have

T 2
[ 70 a=-30) < TI0BON- 0w < e (3354

Combining (3.3.53)) and (3.3.54)), we arrive at

Im5(x)|l;2 < min{te, 7% /€}. (3.3.55)

Then from (3.3.49) and e’ = 0, we get

n
e (ol 2 <[1e® Gl 2+ Y i (o)l + Z I3 ()l
k=0

<n? + nmin{re, 2/e} < T+ minfe, t/e}, 0<n< % 1,
which gives the desired results. O
Proof of [Theorem 3.2
Proof. From|[Lemma 3.2] it is easy to get that
€ @2 < 1€ ()l2 + Iz + 3@z + 036 2 (33.56)
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with €%(x) = 0 and ||} (x)||,2 < T°.
Through similar computations in the S; case, under the hypothesis of we can
show that for 0 < s,w, < T,

1)z se 1056 se/e?=1/e, [9sf3(s)ll2 s 1/
187(s;w)ll2 s € [10sgj(s,w)ll 2 s 1/€,  [IOwg(s,w)ll2 s 1/e,  j=2,3,4.

As aresult, for j = 2,3,4, we have

H/ (s ds—’L'f2 / gi(s,w a’wds—?gj(2 2) <tle
On the other hand, for j = 2, 3,4, Taylor expansion will lead to
72 3
T7T T
H/ [(s)ds—tf5(5 )L2 83» //gJSWdeS—?g](z 2) S e
The two estimates above together with (3.3.29) and (3.3.30) imply
In50) 2 + M52 < min e, 7° /&%) (3.3.57)
Recalling ((3.3.56), we can get
1 0 ok -
I (0l <lle®@)ll2+ Y Inf @)+ Y s (x)ll2 + Z 15 (x)ll.2
k=0 k=0
T
<nt® +nmin{te, 73 /e3} < * +min{e, 72 /3}, 0<n< T 1,
which gives the desired result. O

3.4 Improved uniform error bounds for non-resonant time
steps

In the Dirac equation (3.1.2) or (3.1.1I), the leading term is 8—1263<I> or 8%[3‘1’, which
suggests that the solution propagates almost periodically in time with periods 2kme? (k € N*,

. . : : 2 .
which are the periods of ¢~i03/€ and ¢~ B/ ). From numerical results, we find out that the

errors perform much better than the error bounds in|[Theorem 3.1& [Theorem 3.2 when 27
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(@) e=1 e
0 T on
(b) =05
6 T o2

Figure 3.4.1: Illustration of non-resonant time steps % (€) with x = 0.15 for (a) € = 1 and
(b) e =0.5.

is away from the leading temporal oscillation periods 2kze?. In fact, for given 0 < k < 1,
define

oo

(€)= U [szkﬂ+82 arcsin i, €2 (k+ 1) — €2 arcsin k], 0<e<l, (3.4.1)
k=0

and the errors of S1 and S can be improved compared to the previous section when T € @7 (€).
To illustrate <7 (&), we show in [Figure 3.4.1|{for € = 1 and € = 0.5 with fixed k¥ = 0.15.
For 7 € </(€), we can derive improved uniform error bounds for S; and S, as shown in

Theorem 3.3 and [Theorem 3.4l

Theorem 3.3. Let ®"(x) be the numerical approximation obtained from Sy (3.2.4). If the
time step size T is non-resonant, i.e. there exists 0 < Kk < 1, such that T € /(€), under the

assumptions (A) and (B) with m = 1 and m, = 1, we have an improved uniform error bound

T

le" ()2 se T, O0<n<—. (3.4.2)

Proof. We divide the proof into three steps.

Step 1 (Explicit representation of the error). From[Lemma 3.1}, we have
_ 1T g€ s T
el (x) =e 27 el VOdsen () p () £ ni(x), 0<n< ——1 (3.4.3)
with ||} (x)|,2 < 7% € =0 and
n _ . —itTE/E? T o

m(x) = —ie A f2(s)ds—1f7(0) ). (3.4.4)
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where
£3() =€/ TN (V (1)1 " (1) )
—1 2 € i )
+e i2s/¢€ e is9 e (V(tn)nﬁ_e is9 cI)(tn)>
—iz ge

. . e rlnd
Denote the numerical solution propagator S, :=e €7 e i V(s)ds for p > 0, then
Vo € C2, form > 1,

Jsvs®],. = ]|
L2 L?

with some generic constant C > 0 and

Sp.r®

S, T&;H < CTIVED = (oriwme=) | || gym, (3.4.5)
) Hm -

e (x) = Suce” (x) + (1] (x) + 13 (x))
= Sue(Sn-1,0€" () +Sne (M7 (x) + 10371 (%)) + (0] (x) + 15 (x))

n
— SpeSu 10802 (0) + Y Sure-SiracSki1z (nf(x) + n§(x)> . (346
k=0

where for k = n, we take Sy ¢...Sk42 tSk+1, = Id. Since S, ; preserves the L? norm, noticing

In¥(x)|l;2 s 2, k=0,1,...,n, we have

n n
Z Sn7f...Sk+ljfn{€(.x> S Z 'tz S T,
k=0 2 k=0

which leads to

Y SuceSert oM (x) (3.4.7)

k=0

le"  (x) |2 s T+

12
The improved estimates rely on the refined analysis of the terms involving né‘ in (3.4.7). To

this aim, we introduce the following approximation of n§ to focus on the most relevant terms,
T ~ ~
M) = | Fs)ds—f(0), k=0.1,..m (34.8)
with

B (s) = —ie 3 OETE (V)T ®(1)) — i’ T 2V/ETE (V()TE®(1)),  (3.4.9)
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then it is easy to verify that (using Taylor expansion e/*7° = Id + O(T12¢%))

N5 () =3 ()12 < TV (1) |2 |20 12 < 72 (3.4.10)

As aresult, from (3.4.7)), we have

n

Z S}LT" Sk+17fﬁ§ (.x)
k=0

_I_
L2

e (02 ST+

Z Sn71:---Sk+l,r(n§(x) - ﬁg(x))
k=0 L2

<T+ Y 5 ) = Al + || X SneeSker 1,275 (%)
k=0 k=0

L2

ST+

n
Z Sn7T.Sk+17¢-ﬁ§()C)
k=0 L2

Step 2 (Representation of the error using the exact solution flow). Denote S, (¢;#;) (k =
0,1,...,n) to be the exact solution operator of the Dirac equation, acting on some ®(x) =
(01(x),$2(x))T € C? so that S, (¢;;)®P(x) is the exact solution (¢, x) at time ¢ of

€

T
i0y¥(1,x) = 3 W(t,0) +V(1,2)¥ (1), (3.4.11)

¥(t,x) = P(x).

and the following properties hold true for ¢t > #; , m > 1 and some generic constant C > 0

|

It is convenient to write 75 (x) (3.4.8) as

st ], = ],

Se(l;fk)&)H < LIVED = oriwm=) | Bl gm.  (3.4.12)
H’Vl

5 (x) =p4 (OIS (V ()T (1)) + p— (1) (V (1) T (1)) (3.4.13)
with p1 (1) = —jeFiT/e? (for eT128/€ g — ‘c) and by the inequality IS e /€ ds — 1| <

47 and similar computations in (3.3.50)-(3.3.51), it follows that

fo‘r eiZs/Szds _ T‘ +

17311122 < 7€ |V (1) llwae ()| 5 < &7 (3.4.14)
Recalling the error bounds in and Remark [3.1] we have

- TN | =
[(Sne-eSeite = Seltnritir )RS 12 < (742 ) 175l

< <r+ g) et <2, (3.4.15)
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and
1 - k
e ()2 < 7 Y || Sner Sk, = Sellr st D)
k=0
n
+ Z Se(tnt 15111 )ﬁg(x)
k=0 12
n
ST Y Seltns3tern) 5 (x) (3.4.16)
k=0 12
Noticing (3.4.13)), we have
Se(tnr 13141713 (X) = P () Sty 1386 1)TTGV (0)TIE S, (1430) D(0)
+ P (T)Se(tnr 13114 ) TIEV (1) TIE Se (t30) 2(0), (3.4.17)

and it remains to estimate S, part in (3.4.16).
Step 3 (Improved error bounds for non-resonant time steps). From [[14], we know that the

exact solution of Dirac equation is structured as follows
Se(tn:ti)®(x) = e W/ P (1 x) 4 /P _ (1, x) + RID(x), (3.4.18)

where RY : (L*)> — (L?)? is the residue operator and ||RI(x)||;2 < €2[|P(x)| g2 (0 <k < n),

and
0¥ (t,x) =P (t,x) + 115 (V(1)PL(1,x)),

- (3.4.19)
Y. (tk,x) = Hiq)(x)

Denote S} (1:1,)®(x) = W (¢,x), S, (¢;1;)P(x) = W_(¢,x) to be the solution propagator of

the above equation for W (¢,x), W_(t,x), respectively, and SF share the same properties in
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(3.4.12)). Plugging (3.4.18) into ( , we derive
- k
Z Se(tnt13tk11)75 (x)
n+1 fk+1 Il Tkl
= Z )} ( SE(tnerstegn) +¢7 @S, (tn+1;zk+1>+R;z:})
=0o==+

fkl

5V (1) g (e_l &2 S+(fk,to)+€ e S, (fk,lo)+Ro) P(0)ps(T)

n+1 fk+1

1 k0 .
=Y Z S (tn 1tk DTSV ()15 ST (11310) @(0) pos(7)
k=—00—=+

-

I (x)

FL X (REHTIEV (N6, 90) +Scltw1:000 )5V (5. RE@(0)) (1)

- -

1(x)
=1 (x) + 13 (x),

where 6% = +if 6 = — and 6% = — if 6 = +. As |ps(1)] = | [F *25/€ ds — ‘<‘L’2/82by

Taylor expansion, we have
- 2
172 ()22 < Z |V () w12 || 2 + 2|V (1) | =D (20) | 2) < 72

We can rewrite 7 (x) as

PO s/ Sl "
=Y Y e @ S8tttk )GV (1)T15. ST (11:70)D(0) po (1),
k=0 0=+
n
=p1(7) Y (6 — Oc—1)S (tns 151 1)TTLV (1) TIE S, (11320) D(0)
k=0
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where 0 is the complex conjugate of 8 and for 0 <k <n,
O = ée‘“’"“‘”"w = einr/ezl__ee;f:/;kz)r/gz, 6. =0, (3.4.20)
7 (x) = p+(1)ki‘6(9k — Ok 1)SS (1311 TIEV (1) TIES, (143 20) P(0), (3.4.21)
Y (x) = p—(T)]g)mse_(tn+l§lk+l)HeV(tk)nisj(tkﬁo)q)(o)' (3.4.22)

It is easy to check that if T € <7(€), it satisfies |1 — e2”/’32] = 2|sin(t/€?)| > 2Kk > 0, then

we have
1
|6 <—, k=0,1,...,n.
K
As a result, noticing |p+(7)| < 27, we can get
177 (o)l 2
n—1
<2t Ok [S) (11t DTSV (6)TIE S, (t5520) — S (tn 13 1 2) TIEV (t41)
k=0

IS, (tei1:20)]R(O) || +7)10nS, (tnr1:tnsetITEV (00)TIES, (t0:10)P(0) |12

12

n—1
STY T/K+7T/K <k T,
k=0

where we have used the triangle inequality and properties of the solution flows S to deduce

that (omitted for brevity as they are standard)

[SE (tn 13t )IEV ()TIES, (t1520) — ST (tn13tar2) ISV (1541 TIES, (x11320) | (0)

2
<88 (st )T ((V (1) =V (10))IES, (11570)) P(0) |2

{183 (1311 (V (510 TIE (S, (t1300) — S, (tk1310))) P(O)]] 12

[ (S5 s t3ti1) = 8¢ (tn131642)) TGV (1141 TIES, (t-1370)(0) || 12
S TNV =z 1RO |2 + 7 || 958, (1:20)PO)]| = .1 1202
+]|0) (S (ners IV (s )ITES, (1141:00) PO || oo 12202)

S THTD(O) |2 + TV (tr1) w2 [|P(O) |12 < 7
Similarly, we could get |5 (x)||;2 Sk T and hence ||I}(x)||;2 Sk T. In summary, we have
1
le" ()2 S T+ 117 ()| 2 + 15 ()] 2 S 7
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which gives the desired results. O

Theorem 3.4. Let ®"(x) be the numerical approximation obtained from S, (3.2.5)). If the
time step size T is non-resonant, i.e. there exists 0 < Kk < 1, such that T € /(€), under the
assumptions (A) and (B) with m = 2 and m, = 1, we assume an extra regulariry V (t,x) €

W=([0,T]; H*(R)) and then the following two error estimates hold

T
e (x)]| 2 sk T°+ 7€, ||e"(x)]|2 sk T+ 7T/e, 0<n< = (3.4.23)
As a result, there is an improved uniform error bound for S»
T
e (x)|2 <k T2 + max min{te, 72/e} s /%, 0<n< = (3.4.24)
<e<

Proof. We divide the proof into two steps.
Step 1 (Representation of the error using the exact solution flow). From [Lemma 3.2} we
have for0 <n < %—1,

€ €

e (x) = e 22 i Vs T2 T e () L) + R (x) + (%), (3.4.25)

with 7 (j = 1,2,3) stated inas

il <@, 0o =—ie 57 ([ gias— e ). (3.4.26)

_irge [ [T s & 72 &
ny(x) = —e ¢ (/o /0 jgzg;f(s,w)dwds— ?j_zzg’}(’c/Z,T/Z) , (3.4.27)
where f3' and g (j = 2,3,4) are given in (3.3.31)-(3.3.34).

iT €

o, . _ .z tn 1 _ it £
Denote the second order splitting integrator S, ; = e 262 T el Vs 7227 for >0,
and S, (t;1) to be the exact solution flow (3.4.11) for the Dirac equation (3.2.2), then S, ;
enjoys the similar properties as those in the first order Lie-Trotter splitting case (3.4.5)) and

we can get

€1 (x) =Se by 1310)€" (x) + 1 (x) + 15 (6) + 03 (x) + (Sp,e = Sets131a)) € ()

n

=Se(tnt1:10)€°(x) + Y Seltnr1:tirt) (17 (x) + 15 (x) + 05 (x))
(=0

+ Y Seltnst3tirt) (Ske — Se(trs1:10)) € (x). (3.4.28)
k=0

79



CHAPTER 3. SUPER-RESOLUTION OF TIME-SPLITTING METHODS FOR THE
DIRAC EQUATION

By Duhamel’s principle, it is straightforward to compute

~ _ it ge .ol _ it ge
(Sk,r—Se(tk+1;tk)) q)(x) —¢ 22 (e l]zk+ V(s,x)ds_l)e 2323

T it—s)7¢ .
—i/ e & V(tr+5,x)S.(tx +s5:1)P(x)ds.  (3.4.29)
0

5 N Y (sx)ds

. ol
Recalling [l¢ =/ = U= < V(1) (g, 12) and the properties of Se(r:)

(3.4.12), we obtain from (3.4.29)

(St = Setis13)) D) 2

< V@) (ot i) | Rl 2 + TV (20| o 12 [ R 22 < TR 2
and
1Se (tas132k1) (Skor — Se(trr1:0))€ () || 2 < Tlle* (%) || 2, k=0,....n. (3.4.30)

Noticing ||e"(x)||;2 = 0, combining (3.4.30) and (3.4.28), recalling ||n{(x)||;2 < 3, we can

control

e (x) |2
n i 3 n .
<Y Se(tnristieen) (Ske = Se(tirns ) )€l 2+ Y || Y Se(tas 130641)M5 (x)
k=0 =1 |[k=0 2
s+ Y tllef(x Se(tws1:ti1)N 5 (x) (3.431)
k=0 =0 12

Similar to the Lie-Trotter splitting S, the key to establish the improved error bounds for
non-resonant 7 is to derive refined estimates for the terms involving n 5‘ (j=2,3)in (3.4.31).

To this purpose, we introduce the approximations 7 (x) of nf(x) ( =2,3,k=0,1,...,n) as

0= [ s — ). 1 //Zg]swdwds——Z*(; 2
" (3.4.32)
where we expand V (t; +s,x) = V (tx, x) + 50,V (15, x) + O(s%) and "7 = Id + is D% + O(s?)
up to the linear term in f5(s) (3:3:31) and the zeroth order term in g’J‘-(s,w) (j=2,3,4)
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(3.3.32)-(3.3.34)), respectively,
- i(25s—1)
Blo)=e & ((s— )2 NL(V()ED(1r)) +sTIE(V (1) Z7°TIE D (1) ))

i(t—2s)

—e & ((s— )2 TE(V (1) D(1)) + STIE (V (1) Z°TT (1) ))

i(25—1) i(7—2s)

ise T (QV ()T (1)) —ise & TIE (QV (1) D(1))

i(25—T) i(t—2s)

—ie & TIL(V(0)TIED(r)) —ie e TIEZ(V (1)L @(1)),

Blsw) = —ie” & TIE (VIS (V)T (1) )

i I (VI (V)T (1))

Flsw) = —ie & TE (V)T (V()TE (1))
S TEIE (V)T (V()TE ®(n)).
i(2s—1)

Bhsw) = —ie @ TIE (V)T (V (111 (1))

i e (V(1)TIE (V (1) TS @ (1)) ) -

Using Taylor expansion in f5(s) (3.3:31) and g’;(s,w) (j =2,3,4) (3.3.32)-(3.3.34) as well

as properties of 2%, it is not difficult to check that

k() — @2

sPmewww@ﬂfw¢wmyﬂ@vmwwmmmmm@mwm
+WWJWmmmmN¢@Wm)Sé,

15— A5z S IV () e | 00a0) 1 5 7°

which would yield fork <n <L —1,

SIM@) -l s, (3433)

Snf) -5l <7 (3434

e(tn+1;tk+1)n§(x) - Se(tn+1;tk+l)ﬁ§(x) 12
k
3

e(tat 13tk 1)M5 (%) = Se(tnp15tk41) T3 (%) 12
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Plugging the above inequalities (3.4.33)-(3.4.34) into (3.4.31)), we derive

e n+1 o Se(tus1itisr) nJ +Z‘L‘||e M2
=0
n
<t Zse(tn+l;tk+l)ﬁ§(x) + ZSE(I”+1;lk+1>ﬁ§(x)
k=0 2 |]k=0 L
) Z et (3.4.35)

Step 2 (Improved estimates for non-resonant time steps). It remains to show the estimates

on the terms related to ﬁé‘ and f]é‘ . The arguments will be similar to those in the proof of the
Lie-Trotter splitting case [Theorem 3.3} so we only sketch the proof below. Taking 1’[§ for

example, we write

fi5(s) = M5, (s) +A5_(s), /fZi s—tf5.(1/2), k=0,1,...n, (3.4.36)
with

Fhi(s) =/ (s — ) P (V (1) TISP(10)) £ 5TIE (V (1) 7°TIE D (1))
— iseT I /E I (G V (1) ED(1y)) — i D/ETIE (V (1) TED (1)

and f3(s) = f3, () + f3_(s)-
Recalling the structure of the exact solution to the Dirac equation in (3.4.18)), we have for
0<k<n

Se(tn ) B(x) = e OW/ESE (1,1 0)B(x) + € HEST (1:1) D(x) + RiD (),

where the propagators S and the residue operator RY : (L?)? — (L?)? are defined in (3.4.18).

Therefore, we can get

n

Y Seltniritis) My (x
k=0

HM#
\:l
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- B n 7i(tn+1—2tk—‘r) n c e ol
Ex)=p(1) Y e & SHtarisur )GV (@)TIES, (1510)2(0),
k=0
B(x) = p1(2) Y (REEITISV (5)11° () + Seltrr i JTIE V (1) 11° RE(0)),
k=0
~ no ity —2-7) n PR
B = o E TS i) (o012 V )
k=0
+ﬁ3(r)HiV(tk).@8—iﬁ3( )H oVt ))H S, (tx310)P(0),
Z <RZ¢% .@gﬂg (fk) +ﬁ3(7) (HiV(l‘k).@e —iHiB;V(tk))) Hiq)(l‘k)
k=0
+ Se(tns 138541) (P2() ZENEV (1) + p3(t) (I V (1) 2° — 1150,V (1)) )
IR CI)(O))
where

T . T . 2
p1(7) =—i </ 2=/ g T> . pa(7) = (/ (s— ’L')e’(zsff)/ezds—i— %) ,
0 0
T . 2
p3(7) = (/ sel2=0/€ gg T—) .
0 2

The residue terms 77 and I will be estimated first. Using the properties of R} and S, noticing

(3.3.50)-(3.3.51)), we have

IR} HTIEV (5)TIE @ (1) + Se(tns 13 t1) ISV (1) TTIE RGP (0)]| 12
< &V (1) llwse (1P |5 + 12(0) 1)
IR 2TV (1) TIE (1) |2 + || R (T V (3) 2° — 150V (1) )TIE (1) | 12
S &V (t,0) w0, 77w 1P @) 1
ISe(tn1351) 2TV (1) TIE RGD(O )”LZSSSHV(EX)HWL 0.7]:w3=) [ P(0) || s,
ISe (b4 131501) (I V (1) 2° —iT15.9,V (1) )TTE RGP (0) |2
< &V (,2) 1= (o, 71w3) [2(0) | s,
which will lead to the following conclusions in view of the fact that | 51 (t)| = | fif ¢/**~ /e g

7| < min{t?/e2,73/e*} and |p,(7)|,|p3(7)| < min{7?/€?,73/&*} (Taylor expansion up to
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the linear or the quadratic term),
13 (x)||,2 < min{te, 72 /e}, ||[(x)||;2 < min{te,1°/€}. (3.4.37)

Now, we proceed to treat /7 and 4. For I (x), it is similar to (3.4:2T)) which has been analyzed
in the S; case. Using the same idea (details omitted for brevity here), and the fact that
151(7)| = | [ &P~ /e g — ‘ < min{z,7%/€?} as well as ITILV (1 )TIS = O(e), under the
regularity assumptions, we can get for T € 2(€),

n—1
|1} (x)|| 2 s min{z,7*/€*}(} te/Kk+€/K) S min{re, T°/€}. (3.4.38)
k=0

Similarly, noticing |>(7)|,|p3(7)| < 72, we can get
1B ()2 < 7° Z Te/K+E/K) Sk TE. (3.4.39)

Combing the estimates for f;? (j=1,2,3,4), we have

n

ZS (tat15tk41) 772+

4
Z |7} (%) 2 S min{e, 7°/e}. (3.4.40)
k=0 =

2
For Y7_oSe(tat13tc1) N5 _(x), we can have the same results as
n

Z Se(tn+15 tk+1)ﬁ§f (x)
k=0

<k min{te, 12 /€}, (3.4.41)
L2

which yield the following results in view of (3.4.40) and (3.4.36)

n

Y Seltnsritir) 75 (x)

k=0

<k min{te, 1% /€}. (3.4.42)
L2

The same technique works for S, (£,+1;%+1) 7% (x) and we can get

n
Y Se(tuirites1)M5(x)|| < min{ze, 7%/€}. (3.4.43)
k=0 12
Plugging these results into (3.4.35)), we have
e (x)I;2 Sk T2+ Z 7)e*(x)||;2 + min{ze, t*/€}. (3.4.44)

k=0
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Gronwall’s inequality then implies for 7 satisfying 7 € @7 (¢€),
T
€ (x)]|;2 S T2 +min{te, T3 /e}, 0<n< ——1L (3.4.45)
This completes the proof for O

Remark 3.2. In{Theorem 3.3|and|Theorem 3.4} the constants in the error estimates depend

on K and the proof suggests that the constants are bounded from above by %C and %C with

some common factor C independent of K and T. The optimality of the uniform error bounds

in|{Theorem 3.3|and|Theorem 3.4\ will be verified by numerical examples later.

3.5 Numerical results

In this section, we report two numerical examples to verify our theorems. For spatial
discretization, we use the Fourier pseudospectral method.

In both examples, we choose the electric potential in (3.2.2) as

1—x
V(t,x) = et xeR, t>0, (3.5.1)
and the initial data in (3.2.3]) as
2 (x—1)2
01(0,x)=e" 7, ¢;(0,x)=e 2 , x€eR. (3.5.2)

In the numerical simulations, as a common practice, we truncate the whole space onto a
sufficiently large bounded domain Q = (a,b), and assume periodic boundary conditions. The
mesh size is chosen as h := Ax = [% with M being an even positive integer. The grid points
can be denoted as x; := a+ jh, for j =0,1,....M.

To show the numerical results, we introduce the discrete /2 errors of the numerical solution.
Let ®" = (9}, Pf,..., P}, 4, CIJZ’{d)T be the numerical solution obtained by a numerical method
with time step T and € as well as a very fine mesh size & at time ¢ = t,, and ®(z,x) be the

exact solution, then the discrete [? error is quantified as

M—1
T (1y) = |O" = (1, g = (|1 Y |D(t,x)) — P22, (3.5.3)
j=0
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and e(t,) should be close to the L? errors in [Theorem 3.1} Theorem 3.2} [Theorem 3.3| &
'Theorem 3.4|for fine spatial mesh sizes A.

Example 1 We first test the uniform error bounds for the splitting methods. In this example,
we choose resonant time step size, that is, for small enough chosen &, there is a positive k),
such that T = kpen.

The bounded computational domain is set as Q = (—32,32). Because we mainly care
about the temporal errors to verify super-resolution, during the computation, the spatial mesh
size is always set to be h = 1—16 so that the spatial error is negligible. As there is no exact
solution available, for comparison, we use a numerical ‘exact’ solution generated by the S»
method with a very fine time step size 7, = 27 x 1079.

[Table 3.5.1| & [Table 3.5.2| show the numerical errors %" (r = 27r) with different € and

time step size 7 for S; and S, respectively.

In[Table 3.5.1| & [Table 3.5.2] the last two rows show the largest error of each column for
fixed 7. They both give 1/2 order of convergence, which coincides well with [Theorem 3.1

& More specifically, in we can see when 7 2 € (below the

lower bolded line), there is first order convergence, which agrees with the error bound

| @ (£, x) — D"(x)||;2 < T+ €. When 7 < €2 (above the upper bolded line), we observe first
order convergence, which matches the other error bound ||®(,,x) — ®"(x)[|;2 < T+ /€.
Similarly, in the second order convergence can be clearly observed when 7 < €2
(above the upper bolded line) or when T > /€ (below the lower bolded line), which fits
well with the two error bounds ||®(z,,x) — ®"(x)|;2 < T2+ 72/€> and ||D(t,,x) — D" (x)|| 2 <
2 +e.

Through the results of this example, we successfully validate the uniform error bounds for

the splitting methods in[Theorem 3.1| & [Theorem 3.2]

Example 2 In this example, we test the improved uniform error bounds for non-resonant time
step size. Here we choose T € .27 (¢€) for some given € and 0 < x < 1.
The bounded computational domain is set as Q = (—16,16). The numerical ‘exact’

solution is computed by S, with a very small time step 7, = 8 x 107°. Spatial mesh size is
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Table 3.5.1: Discrete 12 temporal errors e€%(t = 27) for the wave function with resonant time
step size, S method.

ST (t =21) To=1/4 To/4 To/4% To/43 To/44 To/4°
g =1 4.84E-1 1.27E-1 3.20E-2 8.03E-3 201E-3 5.02E-4
order - 0.97 0.99 1.00 1.00 1.00
€/2 6.79E-1  121E-1 3.10E-2 7.78E-3 195E-3 4.87E-4
order - 1.24 0.98 1.00 1.00 1.00
£0/2? 5.78E-1  2.71E-1 3.07E-2 7.76E-3 195E-3 4.87E-4
order - 0.55 1.57 0.99 1.00 1.00
&/2° 533E-1 1.85E-1 1.21E-1 7.75E-3 1.95E-3 4.87E-4
order - 0.76 0.30 1.98 1.00 1.00
&/2* 5.13E-1  1.48E-1 7.02E-2 5.76E-2 1.95E-3 4.88E-4
order - 0.90 0.54 0.14 2.44 1.00
/2’ 5.04E-1 1.34E-1 4.70E-2 3.07E-2 2.82E-2 4.88E-4
order - 0.96 0.75 0.31 0.06 2.93
&0/2’ 498E-1 125E-1 3.37E-2 1.18E-2 7.68E-3  7.05E-3
order - 1.00 0.95 0.76 0.31 0.06
&0/2° 497E-1  124E-1 3.17E-2 8.46E-3 295E-3  1.92E-3
order - 1.00 0.98 0.95 0.76 0.31
go/2M 496E-1 123E-1 3.13E-2 7.94E-3 2.12E-3 7.37E-4
order - 1.00 0.99 0.99 0.95 0.76

Omag1 &t (t =2m) 6.79E-1 271E-1  1.21E-1 5.776E-2  2.82E-2  1.39E-2
<e<

order - 0.66 0.58 0.54 0.52 0.51

fixed as h = 1/16 for all the numerical simulations.

[Table 3.5.3| & [Table 3.5.4|show the numerical errors %% (r = 4) with different € and time

step size T for S; and S, respectively.

In we could see that overall, for fixed time step size 7, the error e©%(t = 4)
does not change with different €. This verifies the uniform first order convergence in time
for S with non-resonant time step size, as stated in[Theorem 3.3 In[Table 3.5.4] the last two
rows show the largest error of each column for fixed 7, which gives 3/2 order of convergence,

and it is consistent with [Theorem 3.4l More specifically, in we can observe

the second order convergence when 7 > € (below the lower bolded line) or when 7 < g2

(above the upper bolded line). The lower bolded diagonal line agrees with the error bound
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Table 3.5.2: Discrete /2 temporal errors e€%(t = 27) for the wave function with resonant time
step size, S» method.

ST (t =21) To=7n/4  19/4? To/4° 70 /4 To/4 Tp/4°
g =1 8.08E-2 4.44E-3 276E-4 1.73E-5 1.08E-6 6.74E-8
order - 2.09 2.00 2.00 2.00 2.00
£/2 4.13E-1 9.66E-3 5.73E-4 3.57E-5 223E-6 1.39E-7
order - 2.71 2.04 2.00 2.00 2.00
£0/2? 2.63E-1 2.15E-1 1.21E-3 7.22E-5 450E-6 2.81E-7
order - 0.15 3.74 2.03 2.00 2.00
&/2° 2.08E-1 1.10E-1 1.10E-1 1.51E-4 9.05E-6 5.64E-7
order - 0.46 0.00 4.75 2.03 2.00
&/2* 1.92E-1 5.56E-2 5.51E-2 551E2 1.89E-5 1.13E-6
order - 0.89 0.01 0.00 5.76 2.03
/2’ 1.88E-1 2.85E-2 276E-2 276E-2 276E-2 2.36E-6
order - 1.36 0.02 0.00 0.00 6.76
£0/2° 1.87E-1 1.55E-2 1.38E-2 1.38E-2 1.38E-2 1.38E-2
order - 1.79 0.08 0.00 0.00 0.00
g0/2’ 1.87E-1 9.86E-3 6.92E-3 6.90E-3 6.90E-3 6.90E-3
order - 2.12 0.26 0.00 0.00 0.00
go/2M 1.87E-1 6.97E-3 5.93E-4 432E-4 431E-4 431E4
order - 2.37 1.78 0.23 0.00 0.00
g0/2" 1.87E-1  6.95E-3 4.03E-4 3.75E-5 2.71E-5 2.70E-5
order - 2.37 2.05 1.71 0.23 0.00

max e®7(r =2m) 4.13E-1 2.15E-1 1.10E-1  5.51E-2 2.76E-2  1.38E-2

0<e<l

order - 0.47 0.49 0.50 0.50 0.50

| ®@(t,,x) — D" (x)||,2 < T2 + 7€, and the upper bolded diagonal line matches the other error
bound ||®(t,,,x) — D" (x) |2 < T2+ 7% /€.

Through the results of this example, we successfully validate the improved uniform error
bounds for the splitting methods in[Theorem 3.3|and [Theorem 3.4] with non-resonant time

step size.
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Table 3.5.3: Discrete /> temporal errors e£% (¢ = 4) for the wave function with non-resonant
time step size, S; method.

ETt=4) =12 1/2 T9/2? T9/2° 79/2° To/2° Tp/2°
g=1 351E-1 1.78E-1 8.96E-2 4.50E-2 225E-2 1.13E-2 5.64E-3

order - 0.98 0.99 0.99 1.00 1.00 1.00
€/2 3.52E-1 1.65E-1 8.34E-2 4.20E-2 2.11E-2 1.05E-2 5.28E-3
order - 1.10 0.98 0.99 1.00 1.00 1.00
£0/2? 3.25E-1 1.64E-1 8.04E-2 4.07E-2 2.05E-2 1.03E-2 5.15E-3
order - 0.99 1.03 0.98 0.99 1.00 1.00
&/2° 3.24E-1 1.69E-1 8.10E-2 4.13E-2 2.02E-2 1.02E-2 5.13E-3
order - 0.94 1.06 0.97 1.03 0.99 0.99
& /2* 3.12E-1 1.61E-1 8.24E-2 4.22E-2 2.05E-2 1.03E-2 5.10E-3
order - 0.95 0.97 0.97 1.04 0.99 1.02
£/2’ 3.25E-1 1.61E-1 8.10E-2 4.10E-2 2.07E-2 1.04E-2 5.13E-3
order - 1.02 0.99 0.98 0.99 0.98 1.02
£0/2° 3.19E-1 1.63E-1 8.43E-2 4.09E-2 2.05E-2 1.03E-2 5.16E-3
order - 0.97 0.95 1.04 1.00 0.99 0.99
£0/2’ 3.18E-1 1.60E-1 8.10E-2 4.06E-2 2.05E-2 1.03E-2 5.13E-3
order - 0.99 0.99 0.99 0.99 0.99 1.00

max ¢®®  3.52E-1 1.78E-1 8.96E-2 4.50E-2 225E-2 1.13E-2 5.64E-3

0<e<l

order — 0.98 0.99 0.99 1.00 1.00 1.00

3.6 Extension to full-discretization

[Theorem 3.1|to [I’heorem 3.4|in the above sections only deal with semi-discretization. In

this section, we extend these error estimates to full-discretization.
Consider (3.2.2)) with the initial condition (3.2.3) on a bounded domain Q = [a,b] with
periodic boundary conditions. Choose mesh size h = [% with M being an even positive

integer, time step size T := kt > 0 and denote the grid points and time steps as:
xj:=a+jh, j=0,1,....M; t,:=nt, n=0,1,2,....

Denote Xy = {U = (Up,Uy,...,Uu)T | U; € C2,j=0,1,....M, Uy = Uy} and we always

use U_1 = Uy—1 and Uy41 = U if they are involved.
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Table 3.5.4: Discrete /> temporal errors ef% (¢ = 4) for the wave function with non-resonant
time step size, 5> method.

es’f(l‘:4) T0:1/2 ‘L'()/4 T0/42 T0/43 ‘L'()/44 10/45
g=1/2 1.69E-1  3.85E-3 2.36E-4 147E-5 9.20E-7 5.75E-8
order - 2.73 2.01 2.00 2.00 2.00
/2 9.79E-2 1.16E-2 4.61E-4 2.83E-5 1.77E-6 1.10E-7
order - 1.54 2.33 2.01 2.00 2.00
£0/2? 6.76E-2  3.93E-3 1.32E-3 5.76E-5 3.54E-6 2.21E-7
order - 2.05 0.78 2.26 2.01 2.00
£/2° 7.86E-2  449E-3 2.63E-4 1.72E-4 7.59E-6 4.67E-7
order - 2.06 2.05 0.31 2.25 2.01
&/2* 7.55E-2  5.04E-3 5.33E-4 2.64E-5 2.14E-5 9.43E-7
order - 1.95 1.62 2.17 0.15 2.25
/2’ 7.01E-2 194E-2 238E4 650E-5 3.02E-6 26lE-6
order - 0.93 3.18 0.94 2.22 0.10
g0/27 6.84E-2  2.67E-3 2.77E-4 231E-4 276E-6 1.04E-6
order - 2.34 1.64 0.13 3.19 0.70
£0/2° 6.84E-2 2.67E-3 1.65E-4 1.03E-5 2.08E-6 2.10E-6
order - 2.34 2.01 2.00 1.15 -0.00
go/2" 6.84E-2  2.67E-3 1.66E-4 1.03E-5 6.53E-7 4.53E-8
order - 2.34 2.00 2.00 1.99 1.92
g/2"5 6.84E-2  2.67E-3  1.64E-4 1.04E-5 7.51E-7 15I1E-7
order - 2.34 2.01 1.99 1.89 1.16

Oma;(l e (t=4) 1.69E-1 1.94E-2  4.11E-3 231E4 2.14E-5 261E-6
<e<

order - 1.56 1.12 2.08 1.72 1.52

Denote

M M
Yy = ZMXZM,ZM_span{([)I _ezu/xa l:——...——l},

2777772
where p; = % with [ = — ,%’ — 1. Let [C»(Q)]? be the function space consisting of
all periodic vector function U ( ): Q= [a,b] — C% Forany U(x) € [C,(Q)]> and U € Xy,

define Py : [L*(Q)]*> — Y as the standard projection operator [109]], Ly : [C»(Q)]> — Yi

and Iy : Xj)y — Yy as the standard interpolation operator [109], i.e. fora <x <b

M/2 1 M/2 1
PuU)x)= Y G0 (yU)(x)= Y e, (3.6.1)
I=—M /2 I=—M/2
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with

~ 1 b i (x—a) ~ 1M —2ijin/M

U = b_a/a U(x)e dx, U1:A—4 jZ‘E)UJ-e , (3.6.2)

where U; = U(x;) when U is a function.
We first consider the Lie-Trotter splitting ;. Denote ®[")(x) to be the semi-discretized
numerical solution from S (3.2.4)), and ®" to be the full-discretized numerical solution with

Fourier spectral discretization in space, i.e. we have forn =0, 1, ..., % —1

Bl () = ¢ VNS B T Bl () x € [a,b], (3.6.3)

with
@l (x) = ®(0,x), x€[a,bl, (3.6.4)

and
@1 = eV (T (@) (1), = 0,1, M~ 1, (3.6.5)

with
P =2(0,x;), j=0,1,.M—1. (3.6.6)

Moreover, we introduce the full-discretized error

€(x) 1= Py (B (1, x)) — It (D), (3.6.7)

then the uniform and improved uniform error bounds for S in[Theorem 3.1|and [Theorem 3.3

can be extended to full-discretization as follows

Theorem 3.5. (i) Under the assumptions (A) and (B) with 2m+m. > 2, we have the following

full-discretized error estimate for Sy

l€f(x)] 2 s VTHRT, 0<n<

al|~N

. (3.6.8)

(ii) If the time step size T is non-resonant, i.e. there exists 0 < K < 1, such that T € </(€),
then under the assumptions (A) and (B) with 2m+m,. > 3, we have an improved uniform
error bound for S

He’;‘(x)HLZ Sk THRPM™ . 0<n<

al~

. (3.6.9)
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Proof. (i) It is obvious that

ez < 1Py (@tn %)) = Bt 0) | 2+ (| D1, x) — PP ()] 2
H|D") (x) — Iy (@) () 12 + 1 1aa (D) (%) — Ing (@) 2. (3.6.10)

From the regularity conditions, we have
1Pyt (D(10,%)) = Bt )| 2 s B [V () = T (1) () 2 S 2" (3.6.11)
Moreover, [Theorem 3.1|suggests
1D (tn,x) — D" (x)]| 2 V7. (3.6.12)

As a result, we only need to focus on the term ||Iy; (")) (x) — Iy (@")]| 2.

Notice that
D (x) — Iy (@) (x) || 2 < K™ (3.6.13)
then from (3.6.3)), we have
DI (x) = = VD= 3T L (@l (1) + (2 ). (3.6.14)

Subtracting from (3.6.5)), and taking interpolation, we get

€

IM<CI>[H+H)(X) _IM(q)n+1) =1y (g*ifti:lﬂ V(t,x)dte*é%ey (IM (q)[n])(x) —Iy (CI)"))) _|_0(h2m+m*)_
As Iy (P (x) — Iy (®°) = 0, through recursion, we have
1y (@Y () = Iy (@) || 12 < W2 (3.6.15)

Plugging into (3.6.10), taking into account (3.6.11)) and (3.6.12), we finally get

()2 < VTHRT (3.6.16)

which completes the proof.
(i1) The proof for non-resonant time step is similar to the proof for (i). The details are

omitted here for brevity. O
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Next we consider the Strang splitting S>. Similarly, denote ol (x) to be the semi-
discretized numerical solution from S (3.2.5), and ®” to be the full-discretized numerical

solution with Fourier spectral discretization in space, i.e. we have forn =0,1,..., % —1
Bl (x) = ¢ 2 7 T VDA E T Bl () x e [a,b), (3.6.17)

with
% (x) = ®(0,x), xela,b], (3.6.18)

and

iT £

' = 2 T gy (e VOB T (@) (x)),  j=0,1,.,M—1, (3.6.19)

with
P =2(0,x;), j=0,1,.M—1. (3.6.20)

The full-discretized error is still defined as (3.6.7)), and then the uniform and improved uniform

error bounds for S, in[Theorem 3.2|and [Theorem 3.4|can be extended to full-discretization as

follows

Theorem 3.6. (i) Under the assumptions (A) and (B) with 2m+m, > 4, we have the following

full-discretized error estimate for S»

l€f(x) ]2 s VTHR"T™, 0<n< —. (3.6.21)

Al

(ii) If the time step size T is non-resonant, i.e. there exists 0 < K < 1, such that T € </i(€),
under the assumptions (A) and (B) with 2m+m, > 5, with an extra regularity V(t,x) €
Wb>=([0,T];H*(R)) and then the following improved uniform error estimate for Sy holds
Z
T

leF ()2 s T2 4R 0<n< (3.6.22)

Proof. The proof for[Theorem 3.6]is similar to the proof for[Theorem 3.5 We have the same
inequality (3.6.10) and (3.6.11)). The right hand side of (3.6.12)) should still be +/7 for all

time step sizes, and would become 73/ for non-resonant time step sizes. The main task
remains analyzing || Iy (@) (x) — L, (®") 2.
Noticing the fact that

B (x) — g (@) () 2+, (3623)
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and furthermore
s (e_iml visnd e_z%yglM(cb[”])) () — et T VR ds 25 T @l (1), < B2
we have
IM(q)[nH} )(x) — IM((DrH—l) Iy (ezisfzyeIM (e_,'ft’nnﬂ V(s,x) dsefzfs—fzye (IM(‘D["])(X) _ IM(CDn))>)
+ O(h¥mtms)
from and (3.6.19). As I (Pl (x) — Iy (®°) = 0, through recursion, we have

1y (@Y () — By (@) || 12 < W2 (3.6.24)

As a result, plugging into (3.6.10), we can get

€}z S VT + R (3.6.25)

for all time step sizes and
l€(x) |2 S T2 4B (3.6.26)
for non-resonant time step sizes, which completes the proof. m|
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Chapter 4

Uniform Error Bounds of Time-Splitting
Methods for Nonlinear Dirac Equation

This chapter extends the super-resolution of time-splitting methods discussed in the
previous chapter to the nonlinear Dirac equation. We still consider the equation in the absence
of external magnetic potential in the nonrelativistic regime. Our numerical studies show
similar results to the linear case, but the proofs are established in a different way because of

the nonlinearity [18]].

4.1 Introduction

In this chapter, we consider the splitting methods applied to the nonlinear Dirac equation
(42, 50, 51} 58, 159, 60\, |61, 64, |67, 73, |74, 78, [102] in the nonrelativistic regime in the
absence of magnetic potential. In one or two dimension (1D or 2D), the equation with
time-independent electric potential can be represented in the two-component form with wave

function @ := ®(¢,x) = (¢1(¢,x), 2(¢,x))T € C? by taking A; =0 (j = 1,...,d) in (1.3.9) as:
i0,® = (-é iojaj+ é@) PHV(X)P+F(@)®, xcRY d=1,2, >0, 4.1.1)
jn
where the initial value is given as
®(r=0,x) =Dy(x), xeRY, d=1.2. (4.1.2)
and the nonlinearity F(®) is chosen to be (1}, A, € R)
F(®) = A (®*03P) 03 + 1| D) L,. (4.1.3)
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Though the TSFP method (also called S,) has a 7> /&* dependence on the small parameter
€ [[16]], under the specific case where there is a lack of magnetic potential, as in (.1.1)), we
find out through our recent extensive numerical experiments that the errors of S, will be
independent of € and uniform w.r.t. €. In other words, S, for NLDE (.1.T)) in the absence of
magnetic potentials displays super-resolution w.r.t €.

The super-resolution property for the time-splitting methods makes them superior in
solving the NLDE in the absence of magnetic potentials in the nonrelativistic regime as they
are more efficient and reliable compared to other numerical methods in the literature. In this
chapter, the super-resolution for first-order (1) and second-order (S,) time-splitting methods
will be rigorously analyzed, and numerical results will be presented to validate the conclusions.
We remark that similar results have been analyzed for the linear Dirac equation [[17]], where
the linearity enables us to explicitly track the error exactly and make estimation at the target
time step without the use of Gronwall type arguments. However, in the nonlinear case, it is
impossible to follow the error propagation exactly and estimations have to be done at each
time step. As a result, Gronwall arguments will be involved together with the mathematical
induction to control the nonlinearity. In particular, instead of the previously adopted Lie
calculus approach [92], Taylor expansion and Duhamel principle are employed to study the
local error of the splitting methods, which can identify how temporal oscillations propagate

numerically.

4.2 Semi-discretization

For simplicity of analysis, here we only consider (4.1.1) in 1D (d = 1). Extension to
(@.1.1)) in 2D and/or the four-component form with d = 1,2,3 is straightforward.

Denote the free Dirac Hermitian operator
TE = —je010,+03, xER, 4.2.1)
then the NLDE (.1.1)) in 1D can be written as
0D (1,x) = éﬂscb(t,x) FV()D(,x) + F(D(t,x))D(t,x), xER, 42.2)

with nonlinearity (4.1.3]) and the initial condition (4.1.2).
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Choose 7 > 0 as the time step size and 1, = n7 forn =0, 1, ... as the time steps. Denote

d"(x) to be the numerical approximation of ®(#,,x), where ®(z,x) is the exact solution to

(4.2.2)) with (4.1.3)) and (4.1.2)), then through applying the discrete-in-time first-order splitting

(Lie-Trotter splitting) [[123], S can be represented as:
@ (x) = ¢ 27 IV WHF@ Wgr(y), xR, (4.2.3)

with ®°(x) = &g (x). For simplicity, we also write &1 (x) := S%lg ("), where S%lf. denotes
the numerical propagator of Lie-Trotter splitting.

Similarly, applying the discrete-in-time second-order splitting (Strang splitting, S>) to
(4.2.2)), we have the numerical method as [113]]

_ it ge —it|V +F< _%’Wqﬂ )} _ it ge
P Hl(x)=e 227 e {(x) ‘ )57 g ). (4.2.4)

with ®°(x) = ®((x). We write the numerical propagator for Sp as ®**!(x) := Sﬁffr((b”).

4.3 Uniform error bounds

For any 0 < T < T*, where T* denotes the maximal existence time of the solution for
(4.1.1)) with (4.1.2), we are going to consider smooth enough solutions, i.e. we assume the

electric potential satisfies

(o) V(x) e W m2(R), meN*, m,=0,]1.

In addition, we assume the exact solution ®(z,x) satisfies

(D) ®(t,x) € L=([0,T]; (H*" ™ (R))?), meN* m,=0,1.

For the numerical approximation ®”"(x) obtained from S; (4.2.3)), we introduce the error
function

e"(x) = ®(t,x) - P"(x), 0<n<—, (4.3.1)

Q™

then the following uniform error bound can be established.
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Theorem 4.1. Let ®"(x) be the numerical approximation obtained from Sy (4.2.3), then
under assumptions (C) and (D) with m = m, = 1, there exists 0 < 1y < 1 independent of €

such that the following two error estimates hold for 0 < T < 79

T
")l st+e, |e"(x)|[gpsT+7T/e, 0<n< pt (4.3.2)
Consequently, there is a uniform error bound for S| when 0 < T < 19
T
lle" (x)||;1 < T+ max min{e,t/e} < VT, 0<n<—. (4.3.3)
0<e<l T

For simplicity of the presentation, in the proof for this theorem and other theorems
later for NLDE, we will take V(x) = 0. Extension to the case where V(x) # 0 or time-
dependent is straightforward [17]. Compared to the linear case [17], the nonlinear term is
much more complicated to analyze. A key issue of the error analysis for NLDE is to control
the nonlinear term of numerical solution ®", and for which we require the following stability

lemma [92]].

Lemma 4.1. Suppose V (t,,x) € WI=(R), and ®(x), ¥ (x) € (H' (R))? satisfy ||| 1, ||| ;1 <
M, we have

555 (®) = Sz (Pl < e[| =]l (4.3.4)
where ¢ depends on M and ||V (x)||y1.c--

Proof. The proof is quite similar to the nonlinear Schrodinger equation case in [92] and we

omit it here for brevity. m|

Under the assumption (D) (m > 1), for € € (0, 1], we denote M| > 0 as

M = sup |’q)(t7x)”L""([O,T};(HI(R)V)' (4.3.5)
£€(0,1]

Based on (4.3.5)) and[Lemma 4.T], one can control the the nonlinear term once the hypothesis

of the lemma is fulfilled. Making use of the fact that S; is explicit, together with the uniform
error estimates in we can use mathematical induction to complete the proof.
The following properties of .7°¢ will be frequently used in the analysis. .7°¢ is diagonaliz-

able in the phase space (Fourier domain) and can be decomposed as

TE = \Id— €Al — \/1d — €?AIT? , (4.3.6)
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where A = d,, is the Laplace operator in 1D, Id is the identity operator, and T1¢ , TT¢ are

projectors defined as

I = % 1d+(1d—g2a) " 27e], M = % 1d—(1a—ga)PTe] @3

It is straightforward to verify that I1% +11% = Id, II{ 11 =TI° 11§ =0, (I1+)? =TI, and

through Taylor expansion, we have [29]
£
€ =TI +ez =110 + Fi5 010+ 2%, . = diag(1,0), TI”. = diag(0,1) (4.3.8)

with %) : (H™(R))?> — (H" '(R))? for m > 1, %> : (H"(R))> — (H"2(R))? for m > 2
being uniformly bounded operators w.r.t. €.

In order to characterize the oscillatory features of the solution, denote

9¢ = é( VId—2A—1Id) = —(\/1d — 2A+1d) "' A, (4.3.9)

which is a uniformly bounded operator w.r.t € from (H™(R))? — (H™ %(R))? for m > 2, then
the evolution operator es%ys can be expressed as

it ogre it _ o2 € _ o2 £ . _ it .
eer” :eez(\/ld €2ATIS — VId—€*ATI?) zeeze”@gni+e 2 M (4.3.10)

For simplicity, here we use ®(t) := ®(z,x), D" := P"(x) in short.
Now we are ready to introduce the following lemma for proving

Lemma 4.2. Let ®"(x) (0 <n < L —1) be obtained from Sy @23) satisfying |®" (x)||;n <
M + 1, under the assumptions of| we have

() = 27 e T @)y i) e 2T (), 4.3.11)

with [|N1(x)| g1 < e1T? + cot]|€(x)|| 1, 15 (x) = Jo £2(s)ds — Tf3(0), where ¢y depends on
M, Ay, Ay and ||CI>(t,x)||Lm([O7T];(H3)2); ¢y depends on My, Ay, and Ay;
—4is 4is S
f3(s) = —ie e TIE (g (x)[IE.D(r,)) — ie e T, (g7 (x)ITE D(1,))
—is
—ie e [TI5 (g1 (M) D(t)) +TTE (g5 (x)ITE D (t) + & (x)TIE D (1)) |

et (T8 (g7 (x)I1E D (1)) + 115 (&5 (x)IIE D (1) + & (0)TTE D (1)) ],  (4.3.12)
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where g’}(x) = gj(q)+ (ta), D_(tn)) with @ (t,) = IIE.D(1,) and

81(D+ (1), P (1n)) = A1 (P (1)) 03P (1n)) O3 + A2 (P (1)) " Py (1)) L2, (4.3.13)

22 (D4 (1), P_(1,)) = Zi A1 (Po (1)) 03P (1)) 03 +7Lg|d>0(tn)|212] (4.3.14)

Proof. Through the definition of €”(x) (4.3.1)), noticing the formula (.2.3)), we have
_ i1 gre . n T
et (x)=e 27 T @en(x) 4 n(x), 0<n< ~—1, x€R, (4.3.15)

where 1" (x) is the “local truncation error” (notice that this is not the usual local truncation

error, compared with ®(z,,41,x) — S%jgcb(tn,x)),
N(x) = ®(tys1,x) —¢ 27 e F@)P(1, x), xeR. (4.3.16)

By Duhamel’s principle, the solution ®(¢,x) to (4.2.2)) satisfies

e _i(s—w) gre

is s
D(t,+5,x) = e e’ D(t,,x) — i/ e & 7 F(D(t,+wx))P(t, +w,x)dw, 0<s<T,
0
(4.3.17)
which implies that ||®(z, +s5,x) — eié%ysfb(tn,x)ﬂm < T (s €10,7]). Setting s = 7 in (4.3.17),

we have from (¢.3.16),

n"(x) = &7 (/Orf"(s)ds— ’L'f”(O)) + R (x) + R5(x), (4.3.18)

€

T @), R0 =e 27 (A () + ()

(4.3.19)
Ry(x) = —i /(:e_it;) 7 [F (@t +9) (10 +5) ~F(@(e =7 0(n)))e =7 0(1,)| ds,
(4.3.20)

1(0) = — (e*”F(q)n) — (k- iTF(CP"))) D(tn),  A3(x) = (iT (F(D") — F(D(tn)))) P(tn)-
(4.3.21)
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.. . io 2
Noticing (#3.17), the assumption that ||®"||;;1 < M; + 1, and the fact that e =7/ preserves
H* norm, it is not difficult to find

T is €
IREC) || < (M7 +1)? /0 1Dt + 5,%) — ¢ &7 D (1, 2) || g ds < T2 (4.3.22)

On the other hand, using Taylor expansion in Af(x) and the local H I Lipschitz property of F,
we get
IRT () |1 s 219" [0 1P (1) |1+ (M1 A+ 1) [ D" = @ (1) [ 11 < T+ 7€ ()| 11
(4.3.23)
It remains to estimate the f"(s) part. Using the decomposition (4.3.10) and the Taylor
exapnsion ¢*7° = Id + O(12¢), we have e%geQD(tn) = e;%sdn(tn) + esi%d),(tn) +0(7)
(P (tn) = LD (1)),
) =i ¥, PTG {F (eF @ () +e2 (1)) (2 @y (1) +e2 D (1)) b+ £1(5),
= (4.3.24)

where for s € [0, 7],
LA ) < TIP3 < 7 (4.3.25)

Since F is of polynomial type, by direct computation, we can further simplify (4.3.24) to get
F(s) = f1(s) + f26s)+ f(s), 0<s<T, (4.3.26)
where f3(s) is given in (#.3.12) and f"(s) is independent of s as

F'(s) = —i [T (g ()T (t) + &7 (0)TIED (1)) +TTE (g5 (0)TIE (1) + g () [T (1) )]
(4.3.27)

with g , defined in @.3.13)-(4.3.14).

Now, it is easy to verify that n"(x) = n{(x) + n} (x) with n7(x) given in[Lemma 4.2) by

choosing

iT g€

nﬁwze@f(Alﬁ@+f%»w—uﬁmwfwm)+mwm«%@ (43.28)

Noticing that f"(s) is independent of s and || f(s)||;;1 < 7, combining #3.22) and (#.3:23),

we can get
< ]| (x) || 1 + T2,

2 T
Il < X IR+ | [ 16015 =<0
=1 H
which completes the proof of O
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Now, we proceed to prove |Theorem 4.1

Proof. We will prove by induction that the estimates (4.3.2)-(@.3.3) hold for all time steps
n< % together with
Hq)nHH' <M;+1. (4.3.29)

Since initially ®° = ®((x), n = 0 case is obvious. Assume (#3.2)-(@3.3) and #.3.29) hold
true forall0 <n<m < % — 1, then we are going to prove the case n = m+ 1.
From|[Lemma 4.2, we have

() = e 7 T @) i) 1o 2T i), 0<n<m,  (4.330)

with [|77(x)[|;51 < 72+ 7]|€" (x)|| 1. € = 0 and 7 (x) given in[Lemma 4.2]

Denote %, = ¢ 62‘y ( —iTF(®") _ 12) O<n<m< Z — 1), and it is straightforward to

calculate

| LP () |1 < Con, TP 1, V€ (H'(R))?, (4.3.31)

with Cyy, only depending on M;. Thus we can obtain from (#.3.30) that for 0 <n <m,

iT ore

) = T () () +e =T i) + L (x)
_e—ﬁ T = 1( )+e =7 (nl ( )—I—e_ﬁ‘qgng_l(x)—l—gn—le"_l)

n 779 n n
+<n1 (x)+e & nz(x)+$ne)

. e n _i(n—k)‘t £ it g
= IS 1 Y e (e i)+ Ziek ).
k=0
(4.3.32)

Since | (x) | ;1 < T2+ 7)€" ()| g1, k =0,1,...,n, and e /€7 (s € R) preserves H' norm,
we have from {.3.31)

n

Y e e (n{‘(x)-l—oi”kek)
=0

N

Zr + Z 7||e ()] 1

17+1'Z lleX ()| 1+ (4.3.33)

H!

7\
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which leads to
n i(nkarl)‘cyg k

Y e @ n; (x)

k=0

. on<m.  (4334)
H!

n
k
e )l s T+ Y (1) +
k=0

To analyze 15 (x) = [ f5(s)ds — tf5(0), using (#3.8), we can find f3(s) = O(€), e.g.
(I (1)) 03 (T D (1)) = — €(TIE.D(1n))* 03 (1 D(1n)) + €(F1 P (1)) " 03 (T D (1)),

and the other terms in f5'(s) can be estimated similarly. As % : (H™)*> — (H™ ')? is

uniformly bounded with respect to € € (0, 1], we have (with detailed computations omitted)
155 )l (o,21:012) S ENR(0) 72 S - (4.3.35)
Noticing the assumptions of we obtain from (4.3.12))

155 Ol =0,y S & 105(B) O lz=(o.0m1 ) < €/87 = 1/€, (4.3.36)

which leads to

/ Tf?(s) ds—1tf3(0)|| <rte. (4.3.37)
0 Hl

On the other hand, using Taylor expansion and the second inequality in (4.3.36), we have

T
[ #oas-s0
Combining (4.3.37) and (4.3.38)), we arrive at

M5 (x)|| g1 < min{te, % /€}. (4.3.39)

2
T T
< S1IOB O oy < T /e (43.38)
H

Then from (@.3.34), we get forn <m

n
e ()| sne? +nminfre, 7/} +1 Y (€ (x)] 0. (4.3.40)
k=0

Using discrete Gronwall’s inequality, we have
e (x)||;1 < T+ min{e, T/e}, n<m, (4.3.41)

which shows that (4.3.2)-(4.3.3)) hold for n = m + 1. It can be checked that all the constants
appearing in the estimates depend only on M1, 41,42, T and [|D(#,x)|| = (0,71 (3)2)» and

’

19" |1 < 1P (Es 1) [l + 1€l <M+C VT (4.3.42)
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for some C = C(My, A1, 42, T, [|D(2,%)]| 1=([0,7);(3)2))- Choosing T < é will justify (4.3.29)
at n = m++ 1, which finishes the induction process, and the proof for is completed.

O

Remark 4.1. In[Theorem 4.1|and the other results in this chapter for the 1D case, we prove
the H' error bounds for €*(x) due to the fact that H'(R) is an algebra, and the corresponding
estimates should be in H*> norm for 2D and 3D cases with of course higher regularity

assumptions.

For the numerical approximation ®”"(x) obtained from S, (4.2.4)), we introduce the error

function as in (4.3.1)), and the following uniform error bounds hold.

Theorem 4.2. Let ®"(x) be the numerical approximation obtained from S, (¢.2.4)), then
under the assumptions (C) and (D) with m = 2, m, = 1, there exists 0 < 19 < 1 independent

of € such that the following error estimates hold for 0 < T < T,

T
le"(x)|| ;1 s T2 +e, |lex)|; sti+12/e}, 0<n< = (4.3.43)
As a result, there is a uniform error bound for S, for T > 0 small enough
T
e (X))l < 72 +0ma§1min{8,1'2/83} <V1T, 0<n< . (4.3.44)
<e<

Proof. As the proof of the theorem is not difficult to establish through combining the tech-
niques used in proving and the ideas in the proof of the uniform error bounds for
S, in the linear case [17]], we only give the outline of the proof here. For simplicity, we denote
®(t) := P(t,x), " := ®"(x) in short. Similar to the S case, the H' bound of the numerical
solution ®” is needed and can be done by using mathematical induction. For simplicity, we
will assume the H'! bound of ®" as in (#.3.29).

Step 1. Use Taylor expansion and Duhamel’s principle repeatedly to represent the ‘local

e 227" @(1,) [16,92] as

. — it ge iR _2%23
truncation error’ N (x) = ®(t,41) —e 22~ e (Tl

") =e @7 [/Or(f”(s) i) ds—of" (3) - /OT/OSg”(s,w) dwds + %2g" (5 %)] FR(),
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where ||R"(x) || 1 < T3+ 7€ (x)|| g1, f"(s) is the same as that in Lie splitting S; case (#.3.19)

and

is gre is

h'(s) = -4 [(F (®(t,+5))—F <€767‘78<I>(tn))> e’é%g

€

()|, 0<s<t.

(4.3.45)

is gre _is gre _i(s—w) e _is grE _iw gre
g"(s,w) = eer” <F(e 27 D(ty))e 2 (F(e 27 D(1,))e 27 q>(zn)>) L0<s,w<T.
(4.3.46)

Step 2. For A" (s), using Duhamel’s principle to get

€

Dty +5) =e 27 D(ty) —ie @7 /0 " w)dw+ O(s2) (4.3.47)

=9"(s) — isF(9"(s))9" (s) — /" (s) + O(s%),

where ¢"(s) = e_f%'wcb(t,,), f(s) = ie 27" Jo (f"(w) — f"(s)) dw, and we could find

F(®(t,+s)) —F (e_s%ysdb(tn» = —21Re ((¢"(5))* 03" (5)) 03 — 2A2Re ((¢"(5))* f*(5)) o + 0(s%).

Recalling f"(s) = O(s) and @#3.24), we get f"(s) — f"(w) = f5(s) — f2(w) + O(s) with f5(s)

is7¢

given in (4.3.12). Finally, under the assumption of [Theorem 4.2} expanding e ¢ ®(z,) =
e_é%CI>+ (tn) + e B (th) + O(s) (D4 (t,) = [TE.D(1,)), we can write the 1" (s) term as

T
/O W'(s)ds = ' (x) + 1 (x), |1 ()]l < 70, (4.3.48)
with {}'(x) as the simplification of

”AZégfK“&*WW@YQJWQN%+&me«wu»vwwﬂg¢%ohn (4.3.49)

is.7€ i

by taking e > ave eI, +ee I, and it can be proved that 181 (x) || 1 < min{72e, %3}

Similarly, g"(s,w) can be written as
& (5,w) = G (5,w) + 92 (5,w) + 92 (5, ), (43.50)

where ||45' (s,w) ||z < 7, the oscillatory term (in time) ¢/ (s,w) simplifies g"(s,w) by using
_isT¢€

i iy . . .
e ¢ ~e II;+e<?I1_ and removing the non-oscillatory terms as in #.3.27)), 43! (s,w) =
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¢(0,0) is the non-oscillatory term (s, w independent) similar to (4.3.27), |4} (s,w) ||z < €.
We can prove ||094] (s, w) ||yt S 1/€, |04 (s,w)]| g1 < 1/€.
Lastly, f"(s) can be decomposed as

f'(s) = F'(s) + F5 (s) + F5(s), (4.3.51)

where ||.Z4(s)||;n < 72, the oscillatory term (in time) .Z]'(s) simplifies f"(s) by using
e e - (L —isP%)Iy + o (I +is2#)I1_ + O(s?) and removing the non-oscillatory
terms as in (4.3.27)), #] (s) = .#}(0) is the non-oscillatory term (s independent) similar to
B3Z7). We can prove |\ 77 (s) 1 < &, 77 (5) i1 < 1/ 9 Z0(5) 1 5 1/,

Denote

10 = ([ #eas—es1w2). gw= ([ [ Gomivas-Saeram),
(4.3.52)

and we have

() = e o7 120 + 5 — 0] + K (x). (43.53)

T

n n *%«78 an agn (T v n
K'(x) =R'(x) + e ¢ (Kf(x)+/() F3(s)ds — 1.3 (§> _/0 /0 3 (s,w)dwds
2

T T7
+ 3% (33)) #329
and || K" (x) || g1 < T2+ 7| (x) || 1.

. . . . . T
Following the idea in S case (4.3.32)), we have the error equation for S with 0 <n < = —

¢ x) = e @7 e (x) + {Nx) + G () — G (%) + K (x) + La(e" (1)), (4.3.55)
~ _it_ge —iTF(e_ﬁzJSCD”) _it_ge ~ T
where L, (" (x)) = e 2¢2 e —bL | e 2227 ,and ||L,e" (x)||g1 < eMT|e"(x)]

(cm, depends on M;) . For0 <n < % — 1, we would have

n i(n—k+1)t TE ok

Yoo o 7w

k=0

n
le" )| s P+ Y e @) m+ Y (4.3.56)
k=0

J=123

H!

106



CHAPTER 4. UNIFORM ERROR BOUNDS OF TIME-SPLITTING METHODS FOR
NONLINEAR DIRAC EQUATION

Under the hypothesis of [Theorem 4.2| we have

1ZE ) s e, 10Tl se/e® =1/e, (19T (S s 1/€%, 0<s<m
17 (s, W)l s & (19597 (s, W)l S /€, ([0 (s, W) S 1/€, 0<s,w<T.

which together with @#3.52) gives || {7 (x)|| ;1 < min{et, 73 /e3} and || 2 ()| ;1 < min{et?, 73 /€l
Since ||§1(x) ||t < min{72e, g}, we derive from (4.3.56) that

n ikt D7 e

Ye @ 7Gx

k=0

||e”+l(x)HH1 <T —f-TZ ||e )| g1 —I—nmm{sr 1'3/8}+

H!
(4.3.57)

ﬁl’ﬂ

<t% +nmin{er, 13/83}+TZHB Mg, 0<n<
k=0

The discrete Gronwall’s inequality will give the desired results in with the help

of mathematical induction. O

4.4 Improved uniform error bounds for non-resonant time
steps

The leading term in NLDE (4 is & 1 03®, suggesting that the solution behaves almost
periodically in time with periods 2k7e? (k € N*, the periods of e ~i03/€*) From numerical
results, we observe that S; behave much better than the results in when 47 is not
close to the leading temporal oscillation periods 2kme?. In fact, for given 0 < x < 1, define

(o)

|J [0.56%km +0.5¢* arcsin k,0.5¢%(k+ 1) — 0.5¢>arcsink|, 0<e<1,
k=0

e (€) :

4.4.1)
then when 7 € @(¢€), i.e., when non-resonant time step sizes are chosen, the errors of S|
can be improved. To illustrate <7 (€) (compared to the linear case [[17], the resonant steps
/¢ (€) for fixed € double due to the cubic nonlinearity), we show in fore =1
and € = 0.5 with fixed k¥ = 0.15.

For 7 € </(€), we can derive improved uniform error bounds for S; as follows.
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bk =)
0 T on
(b)e=05
0 . : . ] or

Figure 4.4.1: Tllustration of the non-resonant time step .27 (&) with k = 0.15 for (a) € = 1 and
(b)e=0.5.

Theorem 4.3. Let ®"(x) be the numerical approximation obtained from S| .2.3)). If the
time step size T is non-resonant, i.e. there exists 0 < K < 1, such that T € </,(€), then under
the assumptions (C) and (D) with m = m, = 1, we have an improved uniform error bound
for small enough T > 0 .

T

Proof. First of all, the assumptions of are satisfied in[Theorem 4.3] so we can
directly use the results of In particular, the numerical solution ®" are bounded

in H' as || ®" ;1 < M;+1 @#3.29) and for local truncation error holds.
We start from (4.3.34)). The improved estimates rely on the cancellation phenomenon for

the n§ term in (4.3.34). From , #.3.12)), (4.3.13) and (4.3.14)), we can write né‘(x)
with @ (s) := ITE. P(s,x) as

15 (x) :=p1 (1) %a, (P (1), D (1)) — p1 (1) Za 1. (P (1), P (1)) (4.4.3)
+ p2(0) %2~ (P4 (1), P (1)) — p2(T) R4 (P4 (1), P (1)),

where Z + (P4, P_) (j=2,4,P,P_:R— C?) are as follows

" ()|l ST, 0<n (4.4.2)

Py (1,0 ) =TI (g1(D4,B)D.), R (By, @) =T1° (g(B1, 0 )0 ),
T (D4, @) =TI (g1 (D1, D)D)+ (g3(D, D) Dy +g) (P, D)D),
Po i (@4,@) =TI (1D, D)D) +TIE (g(@4, @) +21(®, B )P ),
(4.4.4)
with g1, g, given in (4.3.13)-@.3.14) (Lemma 4.2)), and

pi1(t) =—i (/Ofeig ds—f) , pa(t)=—i (/Ofeig ds—’c) . (4.4.5)
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It is obvious that |p1(7)|,|p2(7)| < 27 and (@.3.34) implies that

] no i(n—k+1)T ¢
"™ Olm st Y, ||Ye T Rio(Pr(n), P (1)
o==+,j=2,4 ||k=0 HI
n
+14+17 Y @) (4.4.6)
k=0
To proceed, we introduce P (¢) as
(1) =, (t,x) = 2D (1,x) = e PTED(r,x), 0<1<T. (4.4.7)

Since ®(¢,x) solves NLDE @.1.1)) (or (¢.2.2))), noticing the properties of .7°¢ as in (4.3.6) and
@3.9) and the L? orthogonal projections IT§, it is straightforward to compute that

19D (t) = TEP (1) + Ty (e]Fs% F(®(1)2(1)), 4.4.8)
and the assumptions of would yield
1D+ () lr=or1:m92) S 1 10D+ ()l (0,171 72) S 1- (4.4.9)

Now, we can deal with the terms involving #Z; + (j = 2,4) in (4.4.4).
R ~ ~
For %4, —. By direct computation, we get 4 (P4 (1), P_(tx)) =€ & Ru (P (tx), P_(tx)).
In view of (4.3.10) and (@.4.4)), we have for 0 <k <n < % —1,

_i(n—k+1)T e i(nt+1-4k)t

e €2 5?47_(@_._([](),@_ (tk)) =e & ei(t”+1_[k)°@£e%47_(&)+([k),&)_ (tk)). (4.4.10)

Denoting

A@t) == A(t,x) = e 7" R} 6(D1(1),D_ (1), 0<t<T, (4.4.11)
and noticing that JA(1) = —ie 7" DR, (D4 (1), D_(1)) + ¢ "7 R} (P4 (1), D_(1)),
we can derive from (#.4.9) and the fact that 2¢ : (H™)?> — (H™2)? is uniformly bounded

W.I.t €,

A1) = Ati1) g1 ST {[19).0/(Po (1), D (1))l 3 + 11012 (D4 (8), B (1)) | = 0,711 )

s

T
<t, 1<k<=. (4.4.12)

T
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Using @.4.12), @.4.10), [[A(*) | 1=(j0,77;(e1)2) S 1, the property that ¢"7" preserves H' norm,

summation by parts formula and triangle inequality, we have

n i(n—k+1)T e 4kt
Ye @ TR (90(n), D (1)) Ze 2 A(ty) (4.4.13)
k=0 H! H!
n—1
Z 6 (A Altee)|| +1160A() g s T| Y 6| +1
Hl k=0
with
_id(k+1)T
kw1 &2
=) e & =————, k>0, 6,=0. (4.4.14)
j=0 1—¢ €

For 7 € /(&) @.4.1)), we have |1 —e_87| = |2sin(27/€2)| > 2k and |6] < A& = 1/x, and
(4.4.13)) leads to

ln k+1)t

T R (P (1), P (1))

(4.4.15)

H]
For %> . Similar to the case Z4 _ (slightly different), it is straightforward to show that

_i(n—k+1)T k+1) " i(n+1-2k)t . e . GE
e T Ry (4 (1), D (1)) =€ & [e*"nﬂf B(ty) + 17 C(rk)} . (4.4.16)
where
B() ="' 15, (21(®4. (1), - (1))®.(1)) (44.17)
C(t) =e 7T (2@, (1), 8- ()%, () +21(@. (). B_(NS_()). @418
B(t) and C(r) satisfies the same estimates as A(r) (4.4.12). Therefore, similar procedure will
give
o i(n=k+DT T€ _ 2kt _i2kt
Ye 2 Ko, (P (1), P (1x)) e B(t) e C(tx)
k=0 Hl Hl H!
n—1 _
<st|) of+1 (4.4.19)
k=0
it B i2(k;1)f N
with 6, = ZJ pe & =1=¢ 5 k>0, 6_,=0. For 1 € #(e) @A), we know
l—e €2
|1 —e 3 | = [2sin(7/€2)| > |4sin(27/€2)| > 4k and |G| < 41 2/x, which shows
N ikt e -1 __ 1
Y e @ 7 % (P(t), P (1)) Z < —. (4.4.20)
k=0 H! k=0
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For %4+ and %> 4. It is easy to see that the %4 + and %, , terms in can be
bounded exactly the same as the %4 _ and %, _ terms, respectively.

Finally, combining (4.4.6), (4.4.15), (4.4.20) and above observations, we have for 7 €
e (€),

T
——1 4.4.21
;b ( )

T S
le" " () | < ;+T}§6He g1, 0<n<

— 1) for small enough

and discrete Gronwall inequality will yield [|e""!(x)[|;n s £ (0<n<ZI

T € (€). The proof is complete. o

Similar to the S case, for non-resonant time steps, i.e., T € 2 (€), we can derive improved

uniform error bounds for S, as shown in the following theorem.

Theorem 4.4. Let ®"(x) be the numerical approximation obtained from Sy (4.2.4)). If the
time step size T is non-resonant, i.e. there exists 0 < K < 1, such that T € /,(€), then under
the assumptions (C) and (D) with m = 2, m, = 1, the following two error estimates hold for

small enough T > 0

T
e"(x)|| g Sk T2+ 718, |[e"(X)]|y Sk T2+ T2/e, 0<n< = (4.4.22)
As a result, there is an improved uniform error bound for S; when T > 0 is small enough
T
e (x)|| ;1 <k T2+ max min{te, 7%/} < T2, 0<n< . (4.4.23)
0<e<l T

Proof. As the proof is extended from the techniques used for S; and the proof for improved
uniform error bounds for S, in the linear case [17], here we just show the outline of the proof
for brevity.

We start from (4.3.57). Following the strategy in the S| case, the key idea is to extract
the leading terms from ®(z,x) as for estimating {J(x), and the computations are
more or less the same. Recalling (4.3.52) , noticing .#]'(s) is similar to f3'(s) (3.3.13) and

&3 (x) ||t < min{et, 72/}, following the computations in the proof of Theorem 4.3, we

would get for 0 <n < % —1land 7 € A(g),

n _i(n—k+1)7 FE k n 1 . ) 1 . )
Z e € )| < Z —tmin{et,7°/e} < —min{eT, 77/}, (4.4.24)
k=0 1 k=0 K K
H
and the conclusions of hold by applying discrete Gronwall inequality to (4.3.57).

O
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4.5 Numerical results

To verify our error bounds in [Theorem 4.1| to [Theorem 4.4] we show two numerical

examples here. In the examples, we always use Fourier pseudospectral method for spatial
discretization.

As a common practice when applying the Fourier pseudospectral method, in our numerical
simulations, we truncate the whole space onto a sufficiently large bounded domain Q = (a,b),
and assume periodic boundary conditions. The mesh size is chosen as & := Ax = % with
M being an even positive integer. Then the grid points can be denoted as x; := a + jh, for
j=0,1,...M.

In this example and the examples later, we always choose the electric potential V (x) = 0.

For the nonlinearity (.1.3), we take ; =1, 4, =0, i.e.

F(q)) = (CI)*G3(I)>G3, (4.5.1)
and the initial data ®y = (¢, ¢») in (5.1.19) is given as
x2 (x—1)2
01(0,x)=e" 7, ¢;(0,x)=e 2 , x€eR. 4.5.2)

As only the temporal errors are concerned in this paper, during the computation, the
spatial mesh size is always set to be h = % so that the spatial errors are negligible.

We first take resonant time steps, that is, for small enough chosen &, there is a positive ko,

such that T = ko€, to check the error bounds in[Theorem 4.1|and [Theorem 4.2| The bounded

computational domain is taken as Q = (—32,32). Because of the lack of available exact
solution, for comparison, we use a numerical ‘exact’ solution generated by the second-order
time-splitting method (S>), which will be introduced later, with a very fine time step size
T, =21 x 1075

To display the numerical results, we introduce the discrete H! errors of the numerical so-
lution. Let ®@" = (®f, 7, ..., D", |, ®%,)T be the numerical solution obtained by a numerical
method with given &, time step size 7 as well as the fine mesh size 4 at time r = 1,,, and ®(z, x)

be the exact solution, then the discrete H! error is defined as

M—1 M—1
(1) = @ = @(tn, ) |1 = (|2 Y [@(tn,x;) = PP +R Y|P (tn,x)) — (D)2,
J=0 j=0

(4.5.3)

112



CHAPTER 4. UNIFORM ERROR BOUNDS OF TIME-SPLITTING METHODS FOR
NONLINEAR DIRAC EQUATION

where
M/2-1
(q)/>;l =1 Z ‘ulq)?lellvll(xj*a)j j=0,1,...M—1, (4.5.4)
I=—M /2
with i, Cf);l € C2? defined as
e —_ — . J —_ -
=y P=p L e e i D)

Jj=0

and @' (t,,x;) is defined similarly. Then ¢®°(z,) should be close to the H! errors in
for fine spatial mesh sizes h.

[Table 4.5.1|and [Table 4.5.2|show the numerical temporal errors ¢ (t = 27r) with different

€ and time step size 7 for S7 and S, respectively, up to the time t = 27.

The last two rows of show the largest error of each column for fixed 7.
The errors exhibit 1/2 order convergence, which coincides well with More
specifically, we can observe when T > € (below the lower bolded line), there is first order
convergence, which agrees with the error bound ||®(z,,,x) — ®"(x)||;1 < T+¢&. When 7 < €2
(above the upper bolded line), there is also first order convergence, which matches the other
error bound ||P(z,,x) — D" (x)|| ;0 ST+ 7T/€.

In the last two rows show the largest error of each column for fixed 7. We
could clearly observe that there is 1/2 order convergence, which agrees well with[Theorem 4.2]
More specifically, in we can see when T > /€ (below the lower bolded line), there
is second order convergence, which coincides with the error bound || ®(t,,x) — D" (x)|| ;1 <
12+ ¢€; when T < €2 (above the upper bolded line), we also observe second order convergence,
which matches the other error bound ||®(t,,,x) — ®"(x)|| ;1 < > +12/€%.

The results from the example successfully validate the uniform error bounds for S and S,

in [Theorem 4.1l and [Theorem 4.2|

Moreover, to support the improved uniform error bound in [Theorem 4.3|and [Theorem 4.4}

we further test the errors using non-resonant time steps here, i.e., we choose 7 € @ (¢€) for
some given € and fixed 0 < k¥ < 1. In this case, the bounded computational domain is set as
Q=(-16,16).
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Table 4.5.1: Discrete H' temporal errors e©%(t = 27) for the wave function with resonant
time step size, S; method.

ST (t =21) To=1/4 To/4 To/4% To/43 To/44 To/4°
=1 4.18 7.09E-1 1.69E-1 4.17E-2 1.04E-2 2.59E-3
order - 1.28 1.04 1.01 1.00 1.00
£/2 2.54 6.37E-1 1.44E-1 3.55E-2 8.84E-3 221E-3
order - 1.00 1.07 1.01 1.00 1.00
£0/2? 2.25 1.15 147E-1 3.53E-2 8.73E-3  2.18E-3
order - 0.49 1.48 1.03 1.01 1.00
&/2° 2.29 6.69E-1 6.56E-1 3.62E-2 8.84E-3 2.20E-3
order - 0.89 0.01 2.09 1.02 1.00
&/2* 2.32 5.33E-1 3.24E-1 3.49E-1 8.98E-3 2.22E-3
order - 1.06 0.36 -0.05 2.64 1.01
/2’ 2.34 529E-1 1.76E-1 1.70E-1 1.79E-1 2.24E-3
order - 1.07 0.79 0.03 -0.04 3.16
g0/27 2.35 557B-1 1.30E-1 4.46E-2 4.28E-2 4.49E-2
order - 1.04 1.05 0.77 0.03 -0.03
g0/2° 2.35 5.68E-1 1.38E-1 3.26E-2 1.12E-2 1.07E-2
order - 1.02 1.02 1.04 0.77 0.03
go/2M 2.35 571E-1 141E-1 3.45E-2 8.14E-3 2.80E-3
order - 1.02 1.01 1.02 1.04 0.77
/2" 2.35 572E-1 1.42E-1 3.53E-2 8.64E-3 2.04E-3
order - 1.02 1.00 1.00 1.02 1.04

[max ST (r =2m) 4.18 1.15 6.56B-1 3.49E-1 1.79E-1 9.07E-2
order - 0.93 0.40 0.45 0.48 0.49

And for comparison, the numerical ‘exact’ solution is computed by the second-order
time-splitting method (S») with a very small time step size 7, = 8 x 1070, Spatial mesh size

is fixed as h = 1/16 for all the numerical simulations.

Table 4.5.3| and [Table 4.5.4 respectively show the numerical errors €% (t = 4) with

different € and time step size T for S and S, up to the time r = 4.

From|[Table 4.5.3] we could see that overall, for fixed time step size 7, i.e., for each column,
the error €®7(t = 4) does not change much with different €. This verifies the temporal uniform
first order convergence for S; with non-resonant time step size, as stated in

The last two rows in show the largest error of each column for fixed 7, which

114



CHAPTER 4. UNIFORM ERROR BOUNDS OF TIME-SPLITTING METHODS FOR

) NONLINEAR DIRAC EQUATION
Table 4.5.2: Discrete H' temporal errors ¢% (¢t = 27) for the wave function of the NLDE

(4.2.2) with resonant time step size, S» method.

ST (t =21) To=1/4 To/4 To/4% To/4° To/4% To/4
g =1 451 8.81E-2 531E-3 3.31E4 207E-5 1.29E-6
order - 2.84 2.03 2.00 2.00 2.00
£/2 3.81 1.57E-1 4.70E-3 290E-4 1.81E-5 1.13E-6
order - 2.30 2.53 2.01 2.00 2.00
£0/2? 1.78 1.56 798E-3 4.41E-4 2.73E-5 1.71E-6
order - 0.09 3.81 2.09 2.00 2.00
&/2° 1.35 7.18E-1 7.74E-1 8.98E-4 5.14E-5 3.20E-6
order — 0.46 -0.05 4.88 2.06 2.00
&/2° 1.26 3.69E-1 3.65E-1 3.80E-1 1.11E-4 6.41E-6
order - 0.88 0.01 -0.03 5.87 2.05
&/2’ 1.25 1.93E-1 1.83E-1 1.83E-1 1.87E-1 1.39E-5
order - 1.35 0.04 0.00 -0.01 6.86
£0/2° 1.25 524E-2 1.20E-2 1.15E-2 1.15E-2 1.15E-2
order - 2.29 1.06 0.03 0.00 0.00
/2" 1.25 501E-2 2.66E-3 7.53E-4 7.18E-4 7.17E-4
order - 2.32 2.12 0.91 0.03 0.00
g0 /2"7 1.25 5.00E-2 247E-3 1.80E-4 7.96E-5 7.78E-5
order - 2.32 2.17 1.89 0.59 0.02

Jmax &% (t =2m) 451 1.56 774E-1 3.80E-1 1.87E-1 9.26E-2
order - 0.76 0.51 0.51 0.51 0.51

gives 3/2 order of convergence, and it is consistent with More specifically,
in we can observe the second order convergence when 7 > € (below the lower
bolded line) or when 7 < €% (above the upper bolded line), agreeing with the error bound
| @ (£, x) — @"(x) |1 S T2+ 7€ and the other error bound ||®(z,,x) — " (x)|| ;1 < T2+ 1% /8,
respectively.

The results from the example successfully validate the improved uniform error bounds for
S1 and S, in[Theorem 4.3|and [Theorem 4.4,
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Table 4.5.3: Discrete H' temporal errors e€'*(t = 4) for the wave function with non-resonant

time step size, S; method.

ST (t =4) =1/2 1/2 10/2° /22 1w/t /20 15)/2°

g =1 225  950E-1 455E-1 223E-1 I.10E-1 5.47E2 2.73E-2
order - 1.25 1.06  1.03 .02 101 1.00
€0/2 332 1.03 381E-1 1.85E-1 9.14E2 454E-2 227E2
order - 1.69 1.43 1.04 102 101 1.00
€0/22 208  7.67E-1 535E-1 1.90E-1 9.17E2 451E2 224E-2
order - 144 052 149 1.05 1.02 101
£0/23 150  642BE-1 3.99E-1 1.72E-1 10lE-1 4.67E2 229E2
order - 123 0.69 122 076 112 1.03
£/2% 156  749E-1 3.50E-1 1.68E-1 9.25E2 439E-2 2.40E-2
order - 106 110 106 08 108 087
€0/2 148  7.51E-1 3.99E-1 1.80E-1 8.75E-2 4.20E-2 2.29E-2
order - 097 091 1.15 1.04 106 088
€0/2° 150  7.12BE-1 346E-1 18IE-1 9.17E2 4.49E2 221E2
order - 1.08 1.04 094 098 1.03 1.02
€0/27 152 743E-1 3.J6E-1 199E-1 1.16E-1 4.53E2 2.28E-2
order - 104 098 092  0.78 136 0.99

max FT=4) 332 1.03 535E-1 223E-1 L.16E-1 547E-2 2.73E2
order - 1.69  0.95 126 094 1.8 1.00

4.6 Extension to full-discretization

Similar to the case of the Dirac equation, the error estimates in{Theorem 4.1|to[Theorem 4.4|

can be extended to full-discretization.

For this purpose, consider (#.2.2)) with the initial condition (4.1.2)) on a bounded domain
1% with M being an
even positive integer, time step T > 0, denote the grid points x;, j =0,1,...,M and time

Q = [a,b] with periodic boundary conditions. Choose mesh size h =

steps t,, n =0,1,2,... as before. Moreover, Xy, Y, Zuy, [Cp(ﬁ)]z, the projection and the
interpolation operator are all defined to be the same as in the linear case.
We first consider the Lie-Trotter splitting S1. Denote @ (x) to be the semi-discretized

numerical solution from §; (#.2.3), and ®” to be the full-discretized numerical solution with
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Table 4.5.4: Discrete H! temporal errors &% (

time step size, S, method.

NONLINEAR DIRAC EQUATION
t = 4) for the wave function with non-resonant

STt =4) To=1/4 To/4 To/4? To/4° 7o /4% To/4
g=1 1.62E-1 9.55E-3 5.95E-4 3.72E-5 2.32E-6 1.45E-7
order - 2.04 2.00 2.00 2.00 2.00

80/2 6.31E-1 7.67E-3 4.71E-4 2.94E-5 1.84E-6 1.15E-7
order — 3.18 2.01 2.00 2.00 2.00
& / 22 4.33E-1 1.49E-2 7.16E-4 4.43E-5 2.77E-6 1.73E-7
order - 2.43 2.19 2.01 2.00 2.00
80/23 3.88E-1 4 .33E-2 1.52E-3 8.20E-5 5.08E-6 3.17E-7
order - 1.58 2.42 2.11 2.01 2.00
& / 24 2.02E-1 4.29E-2 5.97E-3 1.86E-4 1.02E-5 6.34E-7
order - 1.12 1.42 2.50 2.09 2.01
& / 26 1.36E-1 6.15E-3 1.10E-3 8.67E-4 1.00E-4 2.99E-6
order - 2.23 1.24 0.17 1.56 2.53
& / 28 9.73E-2 7.82E-3 6.80E-3 6.59E-5 1.70E-5 1.40E-5
order — 1.82 0.10 3.34 0.98 0.14
8()/2]0 9.65E-2 4.18E-3 2.73E-4 3.18E-5 2.56E-5 1.03E-6
order — 2.27 1.97 1.55 0.15 2.32
80/212 9.69E-2 4.00E-3 2.93E-4 1.64E-5 2.05E-6 4.31E-7
order — 2.30 1.89 2.08 1.50 1.12
max ¢F(r=4) 63IE-1  588E2 680E3 8.67E-4 ILIIE4  140ES
<e<
order — 1.71 1.56 1.49 1.49 1.49
Fourier spectral discretization in space, i.e. we have forn =0, 1, ..., % —1
q)<1>(x) _ e—iT[V(x)—i-F(d)[”] (x))]q)[n} (x)
e (4.6.1)
o) =e 7 @ (x), xela,b],
with
ol (x) = ®(0,x), x€[a,b], (4.6.2)
and
oD — —n[v(x_,-)+F(cpy))]q)y;7
g e ’ (4.6.3)
" = 27 (@) (x;) j=0,1,...M—1,
with
D =2(0,x;), j=0,1,..M—1. (4.6.4)
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Moreover, the full-discretized error introduced in (3.6.7) is used. Then the uniform and

improved uniform error bounds for S; in[Theorem 4.1{and [heorem 4.3|can be extended to

full-discretization as follows

Theorem 4.5. (i) Under the assumptions (C) and (D) with 2m+m.. > 3, we have the following

full-discretized error estimate for Sy

€)1 < VTHRT 0<n < (4.6.5)

AN

(ii) If the time step size T is non-resonant, i.e. there exists 0 < xk < 1, such that T € </(€),
then under the assumptions (C) and (D) with 2m+m, > 3, we have an improved uniform
error bound for S

€F(x) [z ST+ 0<n < (4.6.6)

Sl

Proof. (1) Similar to the proof in the linear case, it is obvious that

leF ) < (1Pu(D(t,x)) = B(tns) | g1+ [Pl 6) = ()
1D (x) = Pur (@) () 1+ [1Par (D) () = Tna (@) [ 5. (4.6.7)

From the regularity conditions, we have

1P (D (t,)) — Dt ) | 1 < BT,

(4.6.8)
[ (x) = P (@) ()| 5 21,
Moreover, [[heorem 4.1/ suggests
D (1, x) — P () || 1 < V7 (4.6.9)
As a result, we only need to focus on the term || Py (@) (x) — Ijr (@) 1.
Define the difference to be
e’ (x) = Py (P (x) — Iy (®")(x), 0<n<T/z, (4.6.10)

then the result can be proved by mathematical induction.
It is easy to check that when n = 0, we have ||€” (x)||;;1 < h?"+™ =1, 5o the error estimate

holds.
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T . _
Assume that for 0 <n <m < = — 1, the error estimate holds. Then take n =m + 1,

we have for ®[" 1 and o"+!

PM(q)<1>> _ PM(e—iT[V—i-F(CD[’"](x))]q)[m})’ PM<cp[m+l]) _ e_é%ngM(CI)<1>),
]M(cp(l)) — ]M(e*if[v(xj)JrF(q)?))] (qyn») IM(CI)m—H) _ e_;%yglM(CI)(l)).
Ase 27 preserves H' norm, we get
€01 () = 1Bun(@<1) = Iy (@) 1.

On the other hand, we have

Py (®<17) = I (@)
= Py (e VRO lrly — gy (o7l ) HF@] (@), (4.6.11)

which together with ®<!> € H2" " implies
1Py (@=17) = I (@) [ 11 < 2™~ || W () |1 (4.6.12)

where
W(x) = IM(e—iT[V-i-F(dD[’”] (x))]cp[m]) _IM(e—if[V(X.f)JrF(d’?))] (@™).

As shown in [11}13}19], W (x) can be estimated through finite difference approximation as

)

Wl = 7 (|| @ =@+ || (@ — @)
< (e () + ),

j+1

D —D; . . . C .
where k7 ®; = —5—is the forward finite difference operator. The key point is that

|9 (In¥ )| 12 ~ || |2 Thus, we have

e g < 7 (e () [l + 271, (4.6.13)
Indeed, it is true for all n < m,

e )l s 7 (llef () s + A1), (4.6.14)
Using discrete Gronwal inequality, we get

e ()| s AP n<m< =~ 1. (4.6.15)

Al
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Thus holds true for n = m+ 1 by using the discrete Sobolev inequality with sufficiently
small 4 and 7, together with (4.6.8)) and (4.6.9)). This completes the induction and the proof.

(i1) The proof for non-resonant time step is similar to the proof for (i). The details are

omitted here for brevity. O

Next we consider the Strang splitting S>. Similarly, denote ol (x) to be the semi-
discretized numerical solution from S, (4.2.4), and ®” to be the full-discretized numerical
solution with Fourier spectral discretization in space, i.e. we have forn =0,1,..., % —1

@< (x) =7 T (@) ),
D2 (x) = e VO W) Q> (), j=0,1,..,M—1, (4.6.16)

€

qb[n—i-l] (x) _ e—z%yeq)<2> (x)7

with
@l (x) = ®(0,x), x€[a,bl, (4.6.17)
and
ol = 227 (@) (x;),
o) = ‘”[V(XJ'HF(‘I’E‘U)LI:;‘), j=0,1,..,M—1, (4.6.18)
o1l =237 1y (@) ().
with

PV =®(0,x;), j=0,1,..M—1. (4.6.19)
The full-discretized error is still defined as (3.6.7)), and then the uniform and improved uniform

error bounds for S5 in[Theorem 4.2|and [Theorem 4.4]can be extended to full-discretization as

follows

Theorem 4.6. (i) Under the assumptions (C) and (D) with 2m+m, > 5, we have the following

full-discretized error estimate for S»
T
lefllm s Va+rmmTl0<n< (4.6.20)

(ii) If the time step size T is non-resonant, i.e. there exists 0 < kK < 1, such that T € /(€),
under the assumptions (C) and (D) with 2m+ m, > 5, then the following improved uniform

error estimate for Sy holds

€70 |1 i /2 pmml 0 <n<

T
—. (4.6.21)
T
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Proof. (i) The process of the proof is similar to the S; case in[Theorem 4.5 The inequality
(4.6.7)), together with the estimates (4.6.8) and (4.6.9) still hold. As a result, we only need to
focus on the term ||Py (@) (x) — Ing (D) | 1.

With the definition for e} (x) in (4.6.10)), the result can be proved by mathematical induc-
tion.

It is easy to check that when n = 0, we have ||e?(x)||;1 < h*™*™~1 5o the error estimate
holds.

Assume that for0 <n <m < % — 1, the error estimate (4.6.20) holds. Then take n =m+1,

we have for @1l and P!

Pu(@<17) = e 227 Py(@l),  Py(@ 1) = ¢ 327 By (0<2>),
(CI)<2>) M(e—rv[\/(x)—i—F(cI><1>(x))]CI><1>)7

§

€

s

o) = ¢ 227 [y (@), Iy(@") =227
(1) ) (efiT[V+F(q>(l))](D(])).

( In(@?),
Iy (

iT £

s
Ase 227 preserves H! norm, we get

e ()l = [P (@< = Iy (@) [l 71, 1€ ()l = [Pr(@°2) = g (@) 1.
On the other hand, we have
PM(q)<2>) —IM(q)(z))
— PM(e—iT[V(x)+F((I)<1>(x))]q)<1>) —IM(e_iT[V+F((I)(1))]q)(1)), (4622)
which together with ®<>> € H 1%’"*’"* implies
1734 (D1) = Py (@527 | g1 $ "™ [[W () || (4.6.23)

where
W (x) = Iy (e V@) @) _ 1 (e~ W0+F(977 ()| p<1>),

Similar to the S case, W (x) can be estimated through finite difference approximation as

)

W@l <7 (@ @< ()|, + | (@) =<1 ()

<t ([le()] s +h2’"+’"*“) :
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Thus, we have

e ()l s 7 (llef? (s +R>Hm ) (4.6.24)
Indeed, it is true for all n < m,

e Ol < 7 (llef (s +R2 1) (4.6.25)
Using discrete Gronwal inequality, we get

e )l s BT n<m <

ol

—1. (4.6.26)

Thus (@.6.20) holds true for n = m+ 1 and use the discrete Sobolev inequality with sufficiently
small 4 and 7, together with (4.6.8)) and (4.6.9)). This completes the induction and the proof.

(i1) The proof for non-resonant time step is similar to the proof for (i). The details are

omitted here for brevity. O

4.7 Extension to fourth-order splitting methods

From our numerical experiments, we observe that super-resolution does not only hold for
first-order (S7) and second-order (S,) time-splitting methods. Indeed, higher order splitting
methods also have this property. As an illustration, here we apply two fourth-order time-
splitting methods for the Dirac and nonlinear Dirac equation respectively, to show that

super-resolution also takes place for higher order splitting methods.

4.7.1 The methods

As has been extensively studied in in the linear case (I.1.17)), where there is no
magnetic potential, and the electric potential is time-independent, i.e., A(z,x) = 0, and V (x)
does not depend on time ¢, the fourth-order compact time-splitting method (S4.) is superior in
accuracy and efficiency among fourth-order methods. The discrete-in-time S4. method can be

represented as:

O (x) = ¢ FV W22 7 VW, 2 T o BV g () (4.7.1)
with the initial value ®°(x) = ®g(x), where
2
Vix):=V(x)— 4;7[&/()6), 7,V ()], 4.7.2)
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with [A, B] := AB — BA the commutator. According to [Chapter 2} the double commutator
[V (x),[7%,V(x)] =0, so that V (x) = V(x), and S can be simplified to

" (x) = e 8V Mo Ee_zgv(x)e_zlsiz"?ge_%V(’C)CI)”()C), ®0(x) =Py (x). (4.7.3)
On the other hand, as S4. can not be easily extended to the nonlinear case, for (4.2.2)), we use
the fourth-order partitioned Runge-Kutta splitting method (S4r) [27, 30, 69]], which is also a
highly accurate fourth-order splitting method, as an alternative here.
iTW" (x)

Denote the nonlinear propagator e as

W ONP (x) 1= TV ) HTF (Y () () (4.7.4)

then the discrete-in-time S4rg method can be represented as:
yr j iapt : ia3t . iayT
(I)I’H-l (X) :e_?356_1b1wn(x) e_sTyEe—zsz”(X) e_ST’yEe—l%W”(x) e_?ye

ia3T ¢ . n T e . n _1ayT g
2 7 oW (x) g T i W (x) s D" (x), (4.7.5)

e—ib3W" (%) e

with the initial value ®°(x) = ®g(x), and the constants
a; = 0.0792036964311957, ap = 0.353172906049774, (4.7.6)
az = —0.0420650803577195, as=1-2(a; +az+a3), 4.7.7)

1
b1 =0.209515106613362, by = —0.143851773179818, b3 = 37 (b1 +by). (4.7.8)

From our numerical experiments, we find out that both methods present super-resolution

in time, and the error bounds can be inferred as

Theorem 4.7. Let ®"(x) be the numerical approximation obtained from S4. @.7.3) for (3.2.2)
or Surx @.T.5)) for @.2.2)), then under the assumptions (A) and (B) with m = 4 for the Dirac
equation, or (C) and (D) with m = 4, m, = 1 for the NLDE, we have the following error

estimates for small enough time step size T > 0 (s = 0 for the Dirac equation, and s = 1 for

the NLDE)

T
e (x)||ms < T +&,  ||e" ()|l s TH+1t/eT, 0<n< = (4.7.9)
As a result, there is a uniform error bound for T > 0 small enough
T
e (x) ||z < r4+0ma§1 min{e,t*/e"} < V7, 0<n< — (4.7.10)
<e<
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Furthermore, for non-resonant time-steps, similar to S; and S, we have improved uniform

error bounds for the fourth-order splitting methods.

Theorem 4.8. Let ®"(x) be the numerical approximation obtained from Sy. (@.7.3)) for (3.2.2))
or Surx @.1.5) for (4.2.2). If the time step size T is non-resonant, i.e. there exists 0 < Kk < 1,

such that T € </(€), then under the assumptions (A) and (B) with m = 4 for the Dirac
equation, or (C) and (D) with m = 4, m, = 1 for the NLDE, then following two error
estimates hold for small enough © > 0 (s = 0 for the Dirac equation, and s = 1 for the NLDE)

T
le"(x)||gs <k T+ 7, ||€"(x) || sk TH+TH/E, 0<n<—. (4.7.11)

As a result, there is an improved uniform error bound when T > 0 is small enough

T

lle" (x) || s Sk r4+0rg§1§1 min{te, 7%/} < 72, 0<n< p (4.7.12)

Proof of the theorems can be extended from the proof for §; and S5, and is omitted here

for brevity.

4.7.2 Numerical results

In this subsection, numerical results are exhibited to validate the uniform error bounds in

Theorem 4.7l and [Theorem 4.8l

In all the examples, we still choose the nonlinearity and the initial values as (#.5.1))

and (4.5.2)), respectively. For the linear case, we take the electric potential in (3.2.2) to be
time-independent as

V(x) :%, x€Q, (4.7.13)
while for the nonliear case, we always take V (x) = 0.

We first look at the case for resonant time steps. The bounded computational domain is
taken as Q = (—32,32), the spatial mesh size is always set to be h = % so that the spatial
errors are negligible. The numerical ‘exact’ solution is generated by S, with a very fine time
step size T, = 27 x 1076,

The discrete 2 (for the Dirac equation) or H I (for the NLDE) error e®"(t,) used to show
the results is defined in (3.5.3) or (#.5.3)) respectively. It should be close to the errors in

124



CHAPTER 4. UNIFORM ERROR BOUNDS OF TIME-SPLITTING METHODS FOR
NONLINEAR DIRAC EQUATION

Table 4.7.1| and [Table 4.7.2] show the numerical temporal errors e®*(r = 47) for the

fourth-order methods with different € and time step size 7, up to time ¢ = 47, in linear and

nonlinear cases respectively.

Table 4.7.1: Discrete [> temporal errors e€%(t = 4x) for the wave function of the Dirac
equation (3.2.2) with resonant time step size, S method.

&7 (t = 4m) To=n/4  1/2 79/22 Tp/2° 7o/2° To/2°
g =1 1.29E-1 1.11E-3 5.98E-5 3.64E-6 226E-7 1.42E-8
order - 6.86 4.22 4.04 4.01 3.99

g0/2'/? 5.60E-1  1.17B-2 2.38E-4 1.39E-5 8.56E-7 5.34E-8
order - 5.58 5.62 4.09 4.02 4.00
£/2 8.00E-1 1.66E-1 1.16E-3 5.94E-5 3.57E-6 221E-7
order - 2.27 7.15 4.29 4.06 4.01
g0/2%/? 1.04 3.33E-1 221E-2 3.26E-4 438E-5 1.11E-6
order - 1.65 3.91 6.08 2.90 5.30
£0/2? 9.09E-1 6.41E-1 2.08E-1 3.64E-3 9.07E-4 3.39E-5
order - 0.50 1.62 5.84 2.00 4.74
£o/2° 1.06 2.26BE-1 474E-2 3.70E-2 3.66E-2 3.65E-2
order - 2.22 2.25 0.36 0.01 0.00
g0/2'° 1.06 2.16E-1 2.29E-2 3.60E-3 2.67E-3 2.44E-3
order - 2.29 3.24 2.67 0.43 0.13
g /2™ 1.06 2.16E-1 227E-2 251E-3 126E-3 8.00E-4
order - 2.29 3.25 3.18 0.99 0.65
g /2" 1.06 2.16E-1 228E-2 258E-3 1.31E-3 8.48E-4
order - 2.29 3.25 3.14 0.98 0.63

Omaiil &t (t =4m) 1.07 6.41E-1 4.39E-1 3.04E-1 2.12E-1 1.49E-1
<e<

order - 0.74 0.55 0.53 0.52 0.51

In[Table 4.7.1) and [Table 4.7.2] we take the last two rows to show the maximum discrete

1> and H' error respectively of each column for fixed 7, and their convergence order as

before. We could clearly observe that there is a 1/2 order uniform convergence in both cases.
Moreover, although the lower bold lines as in the previous examples are hard to examine in the
table, the upper bold lines are evident, i.e. when T < €2 (above the upper bold lines), there is

always fourth order convergence. We infer that on the other side, when 7 > {‘/E, there should
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Table 4.7.2: Discrete H' temporal errors €% (¢t = 47) for the wave function of the NLDE
(4.2.2)) with resonant time step size, S4rx method.

ST (t = 4m) To=7/8 To/2 To/22 79/2° To/24 T9/2°
g = 1/23/72 1.89E-1  2.06E-2 245E-4 7.28E-6 4.27E-7 2.60E-8
order — 3.19 6.40 5.07 4.09 4.03
g0/2'/? 442E-1  842E-2 491E-3 3.54E-5 1.72E-6 1.02E-7
order - 2.39 4.10 7.12 4.36 4.08
£/2 1.05 2.57E-1 5.40E-2 2.35E-3 895E-6 4.60E-7
order - 2.04 2.25 4.52 8.04 428
£0/2%/? 5.65E-1 7.37E-1 1.74E-1 3.55E-2 1.17E-3 2.49E-6
order - -0.38 2.08 2.29 4.92 8.88
£0/2> 1.79E-1  330E-1 5.20E-1 1.19E-1 2.40E-2 5.85E-4
order - -0.88 -0.66 2.13 2.31 5.36
go/2% 1.23E-1  1.74E-1 1.83BE-1 1.94E-1 3.52E-2 8.33E-2
order - -0.50 -0.07 -0.08 2.46 -1.24
go/28 1.82E-2 4.76E-3 8.85E-4 7.19E-3 6.95E-3 1.25E-3
order - 1.93 2.43 -3.02 0.05 2.47
g/2"? 1.53E-2  1.59E-3 9.75E-5 1.55B-4 7.57E-5 5.79E-4
order - 3.27 4.03 -0.67 1.03 2.94
g/2'° 1.53E-2  1.59E-3 3.50E-4 3.60E-4 3.49E-4 3.56E-4
order — 3.27 2.18 -0.04 0.05 -0.03

max e®7(r =4m) 1.05 7.37E-1  5.20E-1 3.66E-1 2.57E-1 1.80E-1

0<e<l

order - 0.52 0.50 0.51 0.51 0.51

also be fourth order convergence. However, as it may require the € to be extremely small in

order to observe this relation, we do not validate it here. These two diagonal lines indicate the
two error bounds 7% + €, and 7% + ¢ / ¢’ in this case, which corresponds toTheorem 4.7

To justify the improved uniform error bounds in we further test the errors
using non-resonant time step sizes, i.e., we choose T € </(€) for some given € and fixed
0 < k¥ < 1. The bounded computational domain is set as Q = (—16, 16).

For comparison, the numerical ‘exact’ solution is computed by the second-order time-
splitting method (S,) with a very small time step size T, = 8 x 1076, Spatial mesh size is

fixed as & = 1/16 for all the numerical simulations.
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The discrete 1% or H' error €% (t,) used to show the results is defined in (3.5.3) or (#.5.3)
respectively. It should be close to the errors in
Tables and show the numerical temporal errors €% (r = 4) with different € and

time step size T for S4. and Syrk respectively, up to time t = 4.

Table 4.7.3: Discrete [> temporal errors e (t = 4) for the wave function of the Dirac equation
(3.2.2)) with non-resonant time step size, S4. method.

ST (t =4) To=1/2 Tp/2 To/2? T9/2° 79/2% T9/2°
g =1 540E-3 1.70E-4 1.02E-5 6.28E-7 3.92E-8 2.50E-9
order - 4.99 4.07 4.02 4.00 3.97

g0/2'/? 6.52E-2  6.79E-4 3.78E-5 231E-6 143E-7 8.99E-9
order - 6.59 4.17 4.04 4.01 4.00
£/2 420E-1 547E-3 1.62E-4 947E-6 5.83E-7 3.64E-8
order - 6.26 5.08 4.09 4.02 4.00
/237 4.73E-1 1.34E-1 8.70E-4 4.45E-5 2.67E-6 1.65E-7
order — 1.82 7.26 4.29 4.06 4.01
£0/2? 3.14E-1 1.07E-1 2.15E-2 2.48E-4 1.35E-5 8.18E-7
order - 1.55 2.32 6.43 4.20 4.05
£/2° 346E-1 6.51E-2 149E-2 3.13E-3 295E-3  1.12E-3
order - 241 2.13 2.25 0.09 1.40
£0/28 3.39E-1 5.23E-2 4.64E-3 237E-3 2.35E-3  2.35E-3
order - 2.70 3.50 0.97 0.01 0.00
go/2" 3.40E-1 5.22E-2 4.13E-3 4.56E-4 1.69E-4 7.92E-5
order - 2.70 3.66 3.18 1.43 1.09
go/2'* 3.40E-1 5.22E-2 4.06E-3 4.79E-4 1.71E-4 7.80E-5
order - 2.70 3.68 3.08 1.48 1.14
g0/2"7 3.40E-1 5.22E-2 4.07E-3 4.90E-4 1.79E-4 8.47E-5
order - 2.70 3.68 3.05 1.45 1.08

max e®7(r =4) 4.73E-1 1.34E-1  5.00E-2  3.00E-2 1.11E-2  3.70E-3

0<e<l

order - 1.82 1.42 0.74 1.44 1.58

The last two rows of [Table 4.7.3] and [Table 4.7.4] show the maximum values of each
column and the corresponding convergence rate. From them, we could clearly observe ap-
proximately 3/2 order uniform convergence for Sy to Dirac equation (3.2.2)) and S4rk to

NLDE (@.2.2) under non-resonant time step sizes. Meanwhile, when 7 < €2 (above the upper
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Table 4.7.4: Discrete H' temporal errors e€*(t = 4) for the wave function of the NLDE
(4.2.2) with non-resonant time step size, S4rg method.

es’f(l‘:4) T0:1/4 T0/2 T0/22 T0/23 ‘L'()/24 10/25
g =1/4 1.23E-1 1.32E-2 1.52E-4 444E-6 255E-7 1.56E-8
order - 3.23 6.43 5.10 4.12 4.04
go/2'/? 3.65E-1 1.61E-2 1.00E-3 3.13E-5 1.18E-6  6.89E-8
order - 4.50 4.01 5.00 473 4.10
/2 1.63E-1  6.54E-2 3.70E-3 1.79E-4 7.29E-6 3.39E-7
order - 1.32 4.14 4.37 4.62 4.43
£0/23/? 1.21E-1  545E-2 447E-3  1.32E-3 5.52E-5 2.16E-6
order - 1.15 3.61 1.76 4.58 4.68
£0/2? 3.92E-2 3.13E-2 1.63E-2 6.50E-4 4.66E-4 1.78E-5
order - 0.32 0.94 4.65 0.48 4.71
£/2’ 3.87E-2 8.31E-2 3.50E-3 7.28E-4 495E-4 223E-4
order - -1.10 4.57 2.26 0.56 1.15
£0/28 4.10E-3  1.06E-3 5.13E-4 1.64E-4 596E-5 3.20E-5
order - 1.95 1.05 1.64 1.46 0.90
go/2" 3.42B-3  5.01E-4 6.78E-6 2.76E-5 236E-5 4.50E-6
order - 2.77 6.21 -2.03 0.23 2.39
g /2" 3.40E-3  149E-4 1.34E-5 1.22E-5 129E-5 1.25E-5
order - 4.51 3.47 0.13 -0.08 0.05

max e®(t =4) 3.65E-1 1.07E-1 1.95E-2  5.82E-3 2.28E-3  8.66E-4

0<e<l

order - 1.77 2.45 1.74 1.35 1.40

bold lines), there is always fourth order convergence. The lower bold lines as in the case of
S7 and S, are not observable here, but we believe when T > /€, there will also be fourth

order convergence. These two diagonal lines bring about the two error bounds t* + 7€, and

™+ 7 / €3, as[Theorem 4.8|indicates.

Through these results, we find out that for the fourth-order splitting methods S4. and S4ri
to Dirac and nonlinear Dirac equations respectively, we still have uniform convergence in
time, and the error bounds can be improved under non-resonant time steps, which is a similar

property to S; and S».
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Chapter 5

Finite Difference Time Domain (FDTD) Meth-
ods for the Dirac Equation in the Semi-
classical Regime

In this chapter, we study the dynamics of the Dirac equation in the semiclassical regime,
ie,wetakee=v=11in ford =1,2, orin ford =1,2,3.

Here we focus on the study of finite difference time domain (FDTD) methods, which have
been extensively studied for linear and nonlinear Schrodinger equation [10,15], Klein-Gordon
equation [20, 36|, and Gross-Pitaevskii equation [12] previously. We implement different
FDTD methods, and find out relation of the error bounds to the mesh size A, time step size T,
as well as the small parameter 0. The performance of different methods is compared through

numerical examples.

5.1 The FDTD methods

For simplicity, here we consider the two-component form (1.1.17), which could be
expressed as (d = 1,2)

d d
i89,® = (—i& Y o0+ o3> P+ (V(r,x)12 — ZAj(r,x)oj> ®, xecRY (511
j=1 j=1

with proper initial condition ®(0,x) = ®g(x) for x € RY.
In this section, we apply four commonly used FDTD methods to the Dirac equation in the

semiclassical regime (5.1.1) and analyze their stabilitiy conditions. To make the notations
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simple, we only show the numerical methods and related analysis in 1D. Generalization to 2D
and the four-component expression is straightforward and results remain valid without
modifications. Similar to most works in the literatures for the analysis and computation of
the Dirac equation (cf. [14,15,/16,|17,27] and references therein), in practical computation,
we truncate the whole space problem onto a large enough interval Q = (a,b) such that the
truncation error is negligible, and assert periodic boundary conditions. In 1D, the Dirac

equation (5.1.1)) with periodic boundary conditions collapses to

i50,® = (—i8010c+03) @+ (V(t,x) — A (t,x)01)®, x€Q, t>0,  (51.2)
®(t,a) = D(t,b), d:P(t,a) = D(t,b), t > 0; D(0,x) =Pp(x), x€Q,  (5.1.3)

where ® := ®(t,x), Po(a) = Po(b) and P (a) = D}(b).

5.1.1 The methods

Choose mesh size h:= Ax = 1% with M being an even positive integer, time step size

T := At > 0 and represent the grid points and time steps as:
xj:=a+jh, j=0,1,..M; t,:=nt, n=0,12,.. (5.1.4)

Denote Xy = {U = (Up,Uy,...,Un)T|U; € C?,j =0,1,....,M,Uy = Uy}, and take U_; =
Uy—1, Uy = Uy if they are involved. For any U € Xy, its Fourier representation can be

expressed as

M2-1 Mp2-1
U= Y Gt = Y it  j=01,..M, (5.1.5)
I=—M/2 I=—M/2

where ; and U, € C2 are defined as

A~ 1Mt M M
= U=— Y ye2imM - _— —_1. 5.1.6
L b—a [ M jZO j€ ) D) ( )
In Xy, the standard /2-norm is given as
M—1
U5 =h )3 U;1*, U <Xy (5.1.7)

J=0
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Let @'} be the numerical approximation of ®(z,,x;), V' =V (tn, x;), v V(ta+7/2,x;),

j
Al ; = Aq(tn,x;j) and AT;I/z =A;(ty +7/2,xj) for 0 < j <M, and n > 0. Denote ®" =
(®f, P, ..., <I>X4)T € Xy as the solution vector at t = ¢,,. Introduce the finite difference dis-

cretization operators for j =0,1,...,M and n > 0 as:

n+1 n n—+1 n—1 n n
ARG Pl @ o — P
§roj=——— ser= S sei= TR (1Y)
and also .
1 PN P!
@7 = JTJ (5.1.9)

we could establish the FDTD methods.
Here we consider four frequently used FDTD methods to discretize the Dirac equation

(3.1.2) for j=0,1,....M — 1.

L. Leap-frog finite difference (LFFD) method, for n > 1,

1
i6®} = —i018: 0] + < (03 + V' —Af j01) P} (5.1.10)

11. Semi-implicit finite difference (SIFD1) method, forn > 1,

n+1 n—1
S — i D L wy oan AP+
lS[q)J— lG] X(D]+ <G3+V]12 1"/6])—

5 5 (5.1.11)
I1I. Another semi-implicit finite difference (SIFD2) method, for n > 1,
1 R Vo B
i6P] = (—im 8+ 363> ———+ 5 (VL —Af o) . (5.1.12)
1V. Crank-Nicolson finite difference (CNFD) method, for n > 0,
i = —ic 8P "7 + % (0-3 v —A';;écl) o2, (5.1.13)

The initial and boundary conditions (5.1.3)) for these FDTD methods are discretized as:
ot =@t e =it n>0; ) =d(x;), j=0,1,...M. (5.1.14)

Besides, by applying Taylor expansion and noticing the equation (5.1.2), we can design
the first step for the LFFD (5.1.10), SIFD1 (5.1.11)) and SIFD2 (5.1.12)) methods as (j =
0,1,....M)

. T
(I)}. = Dy (x;) — TG|¢6(xj) —isin (5) <G3 —l—V]QIz _A(l),j01> Dy (xj). (5.1.15)
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In the above, we adopt % sin (%) instead of % such that is second order in terms of
7 for any fixed 0 < § < 1 and ||®!| := maxo< <y ]@}\ < 1for0< 6 < 1. We remark here
that it can be simply replaced by 1 when 0 = 1.

The above four methods are all time-symmetric, i.e. they are unchanged under 7 <> —7
and n+ 1 < n—1 for the LFFD, SIFD1 and SIFD2 methods or n+ 1 ++ n for the CNFD
method, and their memory costs are all O(M). The LFFD method (5.1.10)) is explict and its
computational cost per step is O(M). Actually, it might be the simplest and most efficient
method for the Dirac equation when = 1. The SIFD1 method (5.1.T1)) is implicit, however,

at each time step for n > 1, the corresponding linear system is decoupled and can be solved

explicitly as
o = [(i- Vi) b o n o) HL =01, M1 5.1.16
1= [(i- 5y B g e-ato)] HL J=0nd-1 G

with H? = —2i7016,P"} + [(i—l— %V}’) L+% <G3 —A'ile)} CIDTI, and thus its computa-
tional cost per step is also O(M).

The SIFD2 method (5.1.12) is implicit, but at each time step for n > 1, the corresponding
linear system can be decoupled in the phase (Fourier) space and thus it can be solved explicitly

in phase space as

P . Tsin(wh) T \! M M
oty = (i ——— L0 — — R e | 1.17
( )l (l 2 h o1 663) 19 2 PREES) D) ) (5 )
where
L= <i12+—”m}<l“’ o, +§a3) @)+ S (G, (5.1.18)

and G" = (G}, GY,...Gyy)" € Xy with Gf = V]'l, — A} ;01 for j=0,1,...,M, and thus its
computational cost per step is O(MInM). The CNFD method (5.1.13) is implicit and at each
time step for n > 0, the corresponding linear system is coupled so that it needs to be solved
through either a direct solver or an iterative solver. As a result, its computational cost per step
depends heavily on the solver, and it is usually much larger than O(M), especially in 2D and
3D. From the analysis on the computational cost per time step here, the LFFD method is the

most efficient among the four methods and the CNFD is the most expensive one.

5.1.2 Mass and energy conservation

For the CNFD method (5.1.13)), we have the following conservative properties.
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Lemma 5.1. The CNFD method (5.1.13)) conserves the mass in the discretized level, i.e., for
n>0,

[ =k Y @) =0 Y B9 = [0 = Y (o) 5.1.19
2= i = il = 2= 0(X1)| . (5.1.19)
j=0 j=0 j=0

Furthermore, if V(t,x) =V (x) and A|(t,x) = A1 (x) are time-independent, the CNFD method
(5.1.13) conserves the energy as well, that is

E]' :=h Z [—i8(®))* 018D + (D) 03D + V;|®]|* — Ay (D) 01D

EEh, n>0, (5.1.20)
where V; =V (xj) and Ay j = A1(x;) for j=0,1,....M.
Proof. (i) We first prove the mass conservation (5.1.19). Multiply both sides of (5.1.13)) from

1
left by h‘L’(CID?+2 )* and take the imaginary part, we have for j =0,1,....M — 1

J

h
h’q)n+1’2 h‘q)n’2 7: |:((I) :

1 il el
) 01 8,@] 7 + (@ .+2)Tc;15xq>j+2]. (5.1.21)

Summing up (5.1.21)) for j =0, 1,...,M — 1 and noticing the expression of Pauli matrices, we

get
M—1
[+ | =] 2 ——h): "y 8,0 4 (@) 6, 6,8
2= 2 Jj 16 Ji 10
"2 fM‘l TS B TE g
Sl X [ o+ @) ) o)
]:
n+3 n+1 n+i —n+l
— @ ae) - (@) 0@ 2]
=[|®"|, n>0, (5.1.22)

which immediately implies (5.1.19) by induction.
(ii) We further move on to prove the energy conservation (5.1.20)). Multiply both sides of
(5.1.13) from left by 2h(CI>?+] — CI>7)* and take the real part, we have

. n 1 * n n h
0=—/Re [l(cpj“ — D)5, (@ +c1>j+1)] +2

5
hV n n hA]? n * n Y * n
+ () P e - 5 [(cbj“) o @1 — (@) 01CI>J}. (5.1.23)

(@) 0 — (@) 0
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Summing up (5.1.23) for j =0,1,...,M — 1, and noticing the summation by parts formula,

we have

h Z Re[ (@ — )" 5(@) 4+ )|

= ih Z (@101 8,27 —ih Z )*016,9", (5.1.24)
J=0 =0
and
& 1 1 ! JM 12 2
—ih ZO (®571)* 018, @% +ih ZO ) 016D+~ Z @ — |@]%)
J_ :
hAL \
=Ly Z [ q)l’l+1 q)7+1 . ((I);]a) ol q)ﬂ
h M—1 . |
+s Zb [(CP’,“ ) o3P —(<I>’})*63<I>7-] =0, (5.1.25)
j:
which directly implies (5.1.20). |

5.1.3 Linear stability conditions

In order to carry out the linear stability analysis for the FDTD methods via the von
Neumann method [110], we assume in the Dirac equation (5.1.2) that A, (¢,x) = AY and
V(t,x) =V with A(l) and V° being two real constants. Then we have the following results for
the FDTD methods:

Lemma 5.2. (i) The LFFD method (5.1.10) is stable under the stability condition

Sh
0<1< . h>0, 0<8<I. (5.1.26)

VO|h+ \/h2+(5+h|A‘1)|)2

(ii) The SIFD1 method (5.1.11) is stable under the stability condition
O0<t<h, h>0, 0<6<I. (5.1.27)

(iii) The SIFD2 method (5.1.12)) is stable under the stability condition

0

gm, h>0, 0<8<1. (5.1.28)
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(iv) The CNFD method (5.1.13)) is unconditionally stable, i.e. it is stable for any t, h > 0 and
0<do6<1.

Proof. (1)Plugging

M/2 1 M/2-1
=)y g (@0) e (xi=a) — y & (@0), 2 M < j< M, (5.1.29)
I=—M/2 I=—M/2

with § € C and (g)) ; being the amplification factor and the Fourier coefficient at n = 0 of
the /-th mode in the phase space, respectively, into (5.1.10), using the orthogonality of the

Fourier series, we obtain for [ = —%’I, - %’ -1,
0 sin(h)

(5 — 1) +2it& (63 +V 12—A161)+ o1||=0. (5.1.30)
Substituting the Pauli matrices (I.1.3) into (5.1.30), we get that the amplification factor &
satisfies

M M
EX+2it0,E — 1 =0, l==Z g =1, (5.1.31)
where
Vo M M
B A 2 0y2 - _ _ _
6, = 5 :I: \/h (Osin(wh) —hAT)?, 1= AR 1. (5.1.32)
Then the stability condition for the LFFD method (5.1.10) becomes
M M
& <1<16, <1, l:—i,...,E—l, (5.1.33)

which gives the condition (5.1.41)).

(i1) As the implicit part is automatically stable, we only need to focus on the explicit

part i, P} = —i0y6,®";. Similar to (i), plugging (5.1.29) into this part, we have for [ =
T |

g2 2it sm(ulh)
I

So the stability requires |%sin( ,Ltlh)‘ < 1, which suggests 0 < 7 < h.

S e 1 =0, (5.1.34)

(iii) Similar to (ii), we just need to concentrate on i5,CI>’} = %(V]QIZ —A?’ i GI)CID’]-. Plugging
(5.1.29) into it, we have
2iT M M

§+-60NiA%—1:Q == 51 (5.1.35)
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which gives
T /0 1 A0
’g(v iAl)‘ <1. (5.1.36)
As a result, we could get the corresponding stability condition.
(iv) Similar to (i), plugging (5.1.29) into (5.1.13)), we obtain for [ = =5y — 1,

iT sin(uh 1
‘(51 Db+ = (&+1) (#m +g(63+V012—A?61)) ‘ =0. (5.1.37)
Take
1 M M
0 .

o=Vt V24 (8sin(uh) —hAD)2, 1= — S =L, (5.1.38)

then we could solve out

20 +it6 M M

=— =——,...,=—1 5.1.39
gl 25—if91, 2 ) ) 2 ) ( )
which indicates || =1 for [ = —%’, . %4 — 1, so the method is unconditionally stable. O

Remark 5.1. For the case where the electromagnetic potentials are not constants, take
Vimax := max |V(t,x)], Aimax:= max [Ai(t,x)], (5.1.40)
(tvx)GQT (I,X)GQT
then the stability condition for LFFD becomes
oh

0<t< , h>0, 0<d6<1, (5.1.41)
Vmaxh+ \/h2 + (6 +hA1,max)2
and the stability condition for SIFD2 becomes
o
T<—, h>0, 0<d6<1, (5.1.42)

max "‘ALmax ,
while the stability condition for SIFDI and CNFD remain unchanged.

5.2 Error estimates

Let 0 < T < T* with T* being the maximal existence time of the solution, and denote

Qr =[0,T] x Q. To get proper error estimates, we need to assume that the exact solution of

satisfies
® €C*([0,T]; (L7(Q))*) N C*([0,TT; (W, (Q))*)

1 2,00 2 3,00 2 (5.2.1)
NC([0,T]; (W, (2))7) NC([0,TT]; (W, (2))7),
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and

1
<
~ 5r+s’

(E)

ar+s
H 0<r<3,0<r+s<3,0<0<1,

atraxsq)

L=([0,T]:(L=(€))?)
where W, (Q) = {u|u € W"™=(Q), dlu(a) = dlu(b),1=0,...,m—1} for m > 1 and here the
boundary values are understood in the trace sense. In the subsequent discussion, we will omit

Q when referring to the space norm taken on Q. In addition, we assume the electromagnetic

potentials V € C(Qr) and A; € C(Q7r) and denote

(F) Vimax := max |V(t,x)], Ajmax:= max [A;(t,x)],
(t.x)eQr (t.x)eQr

then we could come up with the following error estimates.

5.2.1 The main results

Define the grid error function " = (e, e7,....e},)T € Xy as:

e = D(t,,x;) — D

J K j:()vla"'7M7 n207 (522)

with ®’; being the numerical approximations obtained from the FDTD methods, then we
could prove the following error estimates the under respective stability conditions for each

method.

Theorem 5.1. Under the assumptions (E) and (F), there exist constants hy > 0 and t9 > 0
sufficiently small and independent of 8, such that for any 0 < 8 < 1, when 0 < h < hy,
0 < 7 < 19 and under the stability condition (5.1.41), we have the following error estimate

for the LFFD method (5.1.10) with (5.1.14)) and (5.1.13)

r2+h2 0< <T
) SN~ —
6 83 T

le"]l2 < : (5.2.3)

Theorem 5.2. Under the assumptions (E) and (F), there exist constants hy > 0 and 19 > 0
sufficiently small and independent of 8, such that for any 0 < 8 < 1, when 0 < h < hy,
0 < 7 < 19 and under the stability condition(3.1.277)), we have the following error estimate for

the SIFD1 method (5.1.11)) with (5.1.14) and (5.1.15))

2 hZ

T
He”llzzsgﬂLg, 0<n< (5.2.4)

QN
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Theorem 5.3. Under the assumptions (E) and (F), there exist constants hy > 0 and Ty > 0
sufficiently small and independent of 8, such that for any 0 < 8§ < 1, when 0 < h < hy,
0 < 7 < 19 and under the stability condition (5.1.42), we have the following error estimate

for the SIFD2 method (5.1.12)) with (5.1.14)) and (5.1.15)

v h2 0<n <T
ste Usnsg

e[| < (5.2.5)

Theorem 5.4. Under the assumptions (E) and (F), there exist constants hy > 0 and 19 > 0
sufficiently small and independent of 8, such that for any 0 < 6 < 1, when 0 < h < hy and
0 < 7 < 1, we have the following error estimate for the CNFD method (5.1.13) with (5.1.14)

and (5.1.15)
2 ,2 0o _T
Sty Vsnso

Based on[Theorem 5.1|to[Theorem 5.4 the four FDTD methods studied here share the

le”]l» < (5.2.6)

same temporal/spatial resolution capacity in the semiclassical regime. In fact, given an

accuracy bound x > 0, the §-scalability of the four FDTD methods is:
1=0(V83k)=0(8*?), h=0(V&k)=0(8>?), 0<8<1. (5.2.7)

Moreover, for observables like the total probability density and the current density, we

can derive error estimates as follows.

Corollary 5.1. Under the assumptions (E) and (F), with the initial and boundary conditions
(5.1.14)), (5.1.13) and respective stability conditions for LFFD, SIFDI, SIFD2, and CNFD,
there exist constants ho > 0 and Tty > 0 sufficiently small and independent of 6, such that for

any 0 < 0 <1, when 0 < h < hg and 0 < T < 1y, the following error estimate on the total
probability density holds for the FDTD methods (5.1.10)-(5.1.13)

22 T
¢ <, (5.2.8)

lp" =p(n, )llp S 55+ 535, 0=<n<
where p" is obtained from the wave function ®" through (2.3.9) withd = 1.

Corollary 5.2. Under the assumptions (E) and (F), with the initial and boundary conditions
(5.1.14)), (5.1.13) and respective stability conditions for LFFD, SIFDI, SIFD2, and CNFD,

there exist constants ho > 0 and Tty > O sufficiently small and independent of 6, such that for
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any 0 < 6 <1, when 0 < h < hg and 0 < T < 1), the following error estimate on the current

density holds for the FDTD methods (5.1.10)-(5.1.13)
2 K T
||Jn_J(tn7)||12$§+§; OSFZS?,

where J" is obtained from the wave function ®" through (2.3.10) with d = 1.

(5.2.9)

5.2.2 Proof for Theorem 5.1/ to [Theorem 5.4

In this section, we will prove [Theorem 5.1|to[Theorem 5.4]

Proof for for the LFFD method
Define the local truncation error & = (561, g{’, . gﬁ)T € Xy of the LFFD method (5.1.10)

with (5.1.14) and (5.1.15)) as follows, for0 < j <M —1andn > 1,

£ . . 1 n n

éj'? 1= 10y P(tn,x;) + 101 6P (tn, X;) — 5 (63 +Vih— 1,,-01) D(t,,x}), (5.2.10)
ol . . 1

&) = 16 o (x;) +i01 8.0 (x;) — 5 (03 +VOh —A?Jo]) Do(x;). (5.2.11)

Applying the Taylor expansion in (5.2.10) and (5.2.11)), we obtain for j =0,1,...,M — 1 and
n>1,

= i i
éjo = E‘L'aﬂq)(fl,x]') + ghzclaxxxcbé)(xj)y (5212)
gjn = érzattt¢(t,{”x‘]) + éhzcl axqu)(tn,xlj)’ (5.213)

where 0 < 7/ < 7, 1,1 <t, <ty41 and xj_ <x; <xji1. Noticing (5.1.2) and the assumptions
(E) and (F), we have
2 2 2
o . T h = T° h ,
which immediately implies for n > 1
2 2 2 h2

~ ~ T h ~ ~ T
8 = max (Bl g5+ eIl s gt G219

Subtracting (5.1.10) from (5.2.10), noticing (5.2.2), we get for0 < j <M —1andn > 1,

1 ~
idej = —ic1 6.+ < (03 + Vb — AT j01) €] + &, (5.2.16)
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where the boundary and initial conditions are given as

ef=¢ej, € ,=ej ;, n>0, e)=0, j=0,1,.. M. (5.2.17)
Fortheﬁrststep,wehave’el—ﬁofor]—O,l, ..M, so

2 2 2 2
Pt T th® 1% h
le'lle =I&fle s 55+ 57 5 53+ 53 (5.2.18)

Furthermore, multiply 27h ( ntl e" 1) from left on both sides to (5.2.16)), then sum up

from j =0to j = M — 1, and take the imaginary part, we have

M—1 *~
£"+1—£":2ch1mlzo (e’}+1+e’}—1) 5}'], (5.2.19)
Jj=
where &" forn = 0,1, ... is denoted as
1 192 2 T ks h
& =le" Iz +le"llz+ 5 Re | Z ;") ou(e, —e) )
M—
——Im Z (1) (o3 + VL —Af jo1) €} |. (5.2.20)

Consequently, we have

M—1 ~ ~
gl =g son Y (e e ) €7 < 7 ()13 + e 1) + < E"I1%
j=0

(£"+1+£")+r(12 h—z) (5.2.21)
sit57) 2.

by noticing (5.2.15). Summing the above inequality forn =1,2,...,m — 1, we get

| ' W2\’ T
< — <m< —. 2.
E"—& 125 +mr<83 53)  l<m<— (5.2.22)
g .. 5171/1 s — l
Under the stability condition (5.1.41) © |V0|h+ i G if we take 7 = g, we could
derive f < 1, and (1O +1]A%]) < §, which gives
1 3
S (e R+ llel7) < &< 2 (lle" 7+ lle"l7), n>0, (5.2.23)
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by using Cauchy inequality. Then from (5.2.18]), we have
W2\’
1
& < (§+§> . (5.2.24)
So if we take 7y sufficiently small, the under the discrete Gronwall’s inequality for (5.2.22)), it

can be obtained that

W2\’ T
E™ < (§+§> ; 1§m§?, (5.2.25)
which immediately implies the error bound (5.2.3) in view of (5.2.23). o

The ideas of proof for [Theorem 5.2] to [Theorem 5.4] are similar to the proof for

rem S.1| so for brevity, here we only show an outline of the proof.

The outline of proof for for the SIFD1 method
The local truncation error for the first step is the same as (5.2.12)), and by using Taylor
expansion, we also have for n > 1
2 ) 2

~ 1T lh T
gjn = ?attt(b(t;l,Xj) + ?Glaxqu)(tmx;) - % (

63 +an12 —Alildol> anq)(t;l/,xj'),
where 1,1 < t,t; <tyi1,Xj-1 <X} <xji1. Noticing (5.1.2) and the assumptions (E) and
(F), we can have forn > 1
2 g2 2 2
Pt Pt T h ps ps T h
B = max (E< S 1B s . G226

0<j<M—1

Noticing (5.2.2)), we get for the error function with 0 < j <M —1 and n > 1,

i§ej = —io1 8¢ + < L (o5 + ViL A} o) (&1 et ) & (5.2.27)
where the boundary and initial conditions are taken as before, and for the first step, we still
have 2 2 2 2

20 T Th® 1t h
le'llz = lEflli s 55+ 53 5 53+ 53 (5.2.28)
Denote
M-
M =|| ”“H,z+He”le+ TRe Z () o€l —e' ) |, (5.2.29)
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*
for n > 0, multiply 2th (eTrl -+ eTl) from left on both sides to (5.2.27), then sum up from
j=0to j =M —1, and take the imaginary part, we have

M—1 % ~
(¢ ee) 8

Jj=0

st g — 27hIm

2 2\ 2
< r(£”+1+5”)+r(%+§) ) (5.2.30)

by noticing (5:2:26). Under the stability condition (5.1.27)), if we take £ < 3, we could derive

(e B +le"p) <& <> (le iz +le"][z), n>0, (5.2.31)

| W

1
2
by using Cauchy inequality as before. Then following the same process as in the proof for

it can be obtained that for sufficiently small 1

Y A T
&M < (§+§) L lsm< (5.2.32)
which immediately implies the error bound (5.2.4) in view of (5.2.23). o

The outline of proof for for the SIFD2 method
The local truncation error for the first step is the same as (5.2.12)), and by using Taylor

expansion, we also have forn > 1

=, iT? , it? " ih? ,
é:j :?amq)(tmxj) + TGlaxttqD(tn 7xj) + Ealaxqu)(twrlaxj)
ih? 72

+ EGI axqu)(tn—l;x;‘/) + %63811(13(1‘7/1”7)%)7 (5233)

where 1,1 <t,,8/,8) <tyi1,xj—1 <X, x] <xjy1. Noticing (5.1.2) and the assumptions (E)

and (F), we can have forn > 1

€= max &5 55z [8e 1€ s G+ (5234)

Noticing (5.2.2)), we get for the error function with0 < j <M —1 and n > 1,

I 1
e = o (&) g (¢ e )
1 _
= (Vb —Aj j01) €+, (5.2.35)
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where the boundary and initial conditions are taken as before, and for the first step, we still
have 2 2 2 2
= T° Th® 1t h
le'lle = llEfll s 53+ 53 5 53+ 53 (5.2.36)

Denote

Th
M =€ ]+ SR (€)1 o8 + (&) 0116

2T M—1
-5 m hY (€Y (ViL—Af jo1) e} |, n>0, (5.2.37)

j=0

multiply 27h ( el e" 1) from left on both sides to (5.2.35)), then sum up from j =0 to

Jj =M — 1, and take the imaginary part, we have

" — g = 2¢hIm Mil <e’@+1+e'?1>*g’?]
e\ J J

J:
1'2 h2 2

by noticing (5.2.34). Under the stability condition (5.1.42), if we take £ < 1, and (VO +

A%]) < 1, we could derive
1 3
S (e B+ €13) < 67 < 2 (e B+ ), n >0, (5.2.39)

by using Cauchy inequality as before. Then following the same process as in the proof for

it can be obtained that for sufficiently small 7,

»oo2\’ T
&M < (§+§) 1<ms, (5.2.40)
which immediately implies the error bound (5.2.5) in view of (5.2.23). O

The outline of proof for for the CNFD method

By using Taylor expansion, we can get the local truncation error for n > 0

=, it , ih? o ih? "
éj :?atttq)(tnaxj) + Ealaxqu)(tn»xj) + _Glaxqu)(thrlaxj)
iT? I 72 n+i M
+Taxn‘q)(tn,xj‘) 4.6 G3+V Iz—A a[[ (}’l ,.XJ) (5241)
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where 1,1 <t,,8/,8) <ty1,xj—1 <, x] <xjy1. Noticing (5.1.2) and the assumptions (E)
and (F), we can have forn > 1

~ 2 hZ T2 h2
1€)== max |EN] s 55 1€ < 11l + 53 (5.2.42)

0<j<M—1

Noticing (5.2.2)), we get for the error function with0 < j <M —1andn > 0,

i8¢ = —ioy 6xe"+1/2—|—6 (a VI A’;fjl/zcl) e (5.2.43)

where the boundary and initial conditions are taken as before.
Multiply th ( el en ) from left on both sides to (5.2.43)), then sum up from j =0 to

Jj =M — 1, and take the imaginary part, we have

M—1 * ~
1) e = ”’Im[Z (e +¢) 5?]

j=0
+1 2 w2\’
< ol B R ce () o G240

by noticing (5.2.42)). Then summing up from n =0 to n = m — 1, by applying the discrete

Gronwall’s inequality, for sufficiently small 7y, we could obtain

W2\’ T

2

le< (§i+5) o 1sms T 5245)
which is the error bound in view of (5.2.23). mi

5.3 Numerical results

In this section, we study numerically the spatial and temporal resolution of the FDTD
methods for the Dirac equation in the semiclassical regime, where the solution propagates
waves with wavelength at O(9) in both space and time. In the example, we take d = 1, and
the electromagnetic potentials to be

l1—x (x+1)2

V(t,x) = 112 Ay(t,x) = T

xeR. (5.3.1)
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To quantify the numerical errors, we use the following representations of relative errors of the

wave function @, the total probability density p and the current density J

N o 0" (e )
n) = ) In) =
B e e A R T & 532
ey(tn) = 19" — I, ')Hﬂ o
1) =,

where p” and J" can be computed from the numerical solution of the wave function at the nth

time step ®” via (2.3.9) and (2.3.10) with d = 1, respectively.
For the initial condition, here we take

01(0.) = Lo m“”( 155002,

1 (5.3.3)
$2(0,x) = e “eSo0/8gl (), x€eR,

for § € (0,1], with

So(x) = —(1+4cos(2mx)),  x€R. (5.3.4)

a0
As previously stated, the problem is solved numerically on a bounded domain Q = (—16, 16),
1.e. with a = —16 and b = 16. Moreover, because the exact solution is not known, here we
use the fourth-order compact time-splitting (S4c) Fourier pseudospectral method put forward
in Chapter [2| with a very fine mesh size & = h, = 1/4096 and a very small time step size
7 =1, = 10"* to get the numerical ‘exact’ solution for comparison.

In [Table 5.3.1] to [Table 5.3.4] relative spatial and temporal errors of the wave function
el (t = 2) using the four finite difference methods LFFD (5.1.10), SIFD1 (5.1.11)), SIFD2
(5.1.12), and CNFD (5.1.13) are presented respectively. Here for simplicity and considering

the stability conditions, we let the mesh size /& and time step size T decrease simultaneously.
From these tables, we can observe second order convergence in space and time for all the
four methods LFFD, SIFD1, SIFD2, and CNFD with any 6 € (0, 1] (cf. each row in|Table 5.3.1

to [Table 5.3.4). The §-resolution of these methods are all & = O(8%/?) and © = 0(5/?),
which is verified through the upper triangles of each table above the bold diagonal line. This

corresponds well with our error estimates in [Theorem 5.1|to [Theorem 5.4l Moreover, the

numerical solutions from LFFD and SIFD2 are unstable with small 6 and relative large T,
because in stability conditions (5.1.41)) and (5.1.42)), the restrictions on T become more strict
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Table 5.3.1: Discrete /2 relative spatial and temporal errors for the wave function efy(t = 2)
using the LFFD method.

o (1 =2) 7 =0.1 To/4 To/4? To/4° 79 /4%
P ho=1/8 ho/4 ho/4? ho /43 ho /4
& =1 2.83E-1 1.13E-2 7.17E-4 4.49E-5 2.81E-6
order - 2.32 1.99 2.00 2.00
8o/ 4%/3 Unstable 5.43E-2 3.28E-3 2.05E-4 1.28E-5
order - - 2.02 2.00 2.00
8o/ 4%/3 Unstable Unstable 1.79E-2 1.11E-3 6.92E-5
order - - - 2.01 2.00
8o/ 4 Unstable Unstable Unstable 1.05E-2 6.57E-4
order - - - - 2.00
8o,/ 48/3 Unstable Unstable Unstable 1.38E-1 8.48E-3
order - - - - 2.01

Table 5.3.2: Discrete /? relative spatial and temporal errors for the wave function ejy(t = 2)
using the SIFD1 method.

. 75 =0.1 To/4 79 /4° /43 79 /4%
colt =2) ho=1/8 ho /4 ho /42 ho /43 ho /4%
0 0 0 0 0
& =1 1.85E-1 1.04E-2 6.41E-4 4.01E-5 2.50E-6
order - 2.08 2.01 2.00 2.00
8o/4%/3 9.16E-1 6.66E-2 4.12E-3 2.57E-4 1.61E-5
order - 1.89 2.01 2.00 2.00
8o/ 443 1.70 8.17E-1 5.54E-2 3.47E-3 2.17E-4
order - 0.53 1.94 2.00 2.00
80/ 4 1.69 1.11 8.19E-1 5.49E-2 3.43E-3
order - 0.30 0.22 1.95 2.00
8o,/ 48/3 1.44 1.58 1.40 8.26E-1 5.51E-2
order - -0.07 0.09 0.38 1.95

146



CHAPTER 5. FINITE DIFFERENCE TIME DOMAIN (FDTD) METHODS FOR THE
DIRAC EQUATION IN THE SEMICLASSICAL REGIME

Table 5.3.3: Discrete [? relative spatial and temporal errors for the wave function ep(t=2)
using the SIFD2 method.

ot =2) 7o =0.1 T0/4 To/4? To/4° To /4
@ ho=1/8 ho/4 ho /4? ho /43 ho /4%
S =1 3.82E-1 3.95E-2 2.55E-3 1.60E-4 9.98E-6

order - 1.64 1.98 2.00 2.00
8o/ 4%/3 7.72E-1 1.21E-1 8.01E-3 5.01E-4 3.13E-5
order - 1.33 1.96 2.00 2.00
8o /443 Unstable 4.72E-1 4.21E-2 2.66E-3 1.66E-4
order - - 1.74 1.99 2.00

8 /4 Unstable 1.24 3.14E-1 2.09E-2 1.31E-3
order - - 0.99 1.95 2.00
8o,/4%/3 Unstable Unstable 1.11 2.68E-1 1.69E-2
order - - - 1.02 1.99

Table 5.3.4: Discrete {2 relative spatial and temporal errors for the wave function ep(t=2)
using the CNFD method.

o (t:2) ‘L'():O.l ‘L'()/4 T0/42 ‘L'0/43 10/44
@ ho=1/8 ho/4 ho /4? ho/4° ho /4
S =1 2.82E-1 2.41E-2 1.52E-3 9.53E-5 5.96E-6
order - 1.77 1.99 2.00 2.00
8o/ 4%/3 6.77E-1 8.08E-2 5.12E-3 3.20E-4 2.00E-5
order — 1.53 1.99 2.00 2.00
8o/ 443 1.18 4.20E-1 3.09E-2 1.93E-3 1.21E-4
order - 0.74 1.88 2.00 2.00
8 /4 1.14 9.62E-1 3.20E-1 2.06E-2 1.29E-3
order — 0.12 0.79 1.98 2.00
8o,/ 4873 1.08 1.14 9.10E-1 3.03E-1 1.92E-2
order — -0.03 0.16 0.79 1.99

with smaller 6. Comparatively, SIFD1 and CNFD do not suffer from the stability problem,
in that CNFD is unconditionally stable, and the stability condition for SIFD1 only requires
that 0 < 7 < h (5.1.27)), which is always satisfied in our computation (cf. each column in

Table 5.3.1|to[Table 5.3.4).
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We also test the relative spatial and temporal errors of the total probability e}, (t=2)and

of the current density e} (¢ = 2) using the four methods. As the results for these methods are

similar, we only show the errors obtained by using the CNFD method as follows.

Table 5.3.5: Discrete [? relative spatial and temporal errors for the total probability €p (r=2)

using the CNFD method.
. 79 =0.1 To/4 To/4? To/4° 7o/ 4
ep(t=2) ho=1/8 ho /4 ho /42 3 4
0 0 0/4 ho/4 ho /4
S =1 3.87E-1 3.07E-2 2.04E-3 1.28E-4 8.02E-6
order - 1.83 1.96 2.00 2.00
8o/4%/3 8.18E-1 8.54E-2 5.54E-3 3.46E-4 2.16E-5
order - 1.63 1.97 2.00 2.00
8o/4%/3 1.34 2.80E-1 1.81E-2 1.13E-3 7.06E-5
order - 1.13 1.98 2.00 2.00
80/ 4? 1.42 1.24 1.33E-1 8.27E-3 5.17E-4
order - 0.10 1.61 2.00 2.00
8o /48/3 1.23 1.38 1.21 9.91E-2 6.18E-3
order - -0.08 0.09 1.81 2.00

Table 5.3.6: Discrete > relative spatial and temporal errors for the current density ej(t=2)

using the CNFD method.

e =2) 79 =0.1 To/4 To/4? To/4° To /4
J ho=1/8 ho/4 ho /47 ho /43 ho /4%
8 =1 4.48E-1 3.67E-2 2.42E-3 1.52E-4 9.48E-6

order - 1.80 1.96 2.00 2.00
8o/ 4%/3 9.90E-1 1.07E-1 6.93E-3 4.33E-4 2.71E-5
order - 1.61 1.97 2.00 2.00
8o,/ 443 1.29 3.60E-1 2.47E-2 1.54E-3 9.64E-5
order - 0.92 1.93 2.00 2.00
8o /4 1.22 1.22 1.52E-1 9.56E-3 5.98E-4
order - 0.00 1.50 1.99 2.00
8o,/4%/3 1.16 1.25 1.21 1.05E-1 6.54E-3
order - -0.06 0.02 1.77 2.00
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[Table 5.3.5|and [Table 5.3.6respectively display the relative errors for the total probability
and the current density. We can observe that the results in both cases have similar patterns
with the relative errors for the wave function using the CNFD method (cf. [Table 5.3.4).
More specifically, there is always second order convergence in space and time for 6 € (0, 1]
(cf. each row in[Table 5.3.5|and [Table 5.3.6)); and the &-scalability for both total probabil-
ity and current density is & = O(8%/2) and T = O(8°/2) (cf. the upper triangles above the
bold diagonal lines), which coincides with the Corollaries and@ As mentioned before,
the other three finite difference methods LFFD, SIFD1 and SIFD2 will generate similar results.

From the numerical results presented in this section, we successfully justify our error

estimates for wave function using the finite difference methods in[{Theorem 5.1{to[Theorem 5.4}

as well as the error estimates for total probability and current density in Corollaries [5.1|and

[5.2]for Dirac equation in the semiclassical regime.
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Chapter 6

Conclusion and future work

This thesis focuses on multiscale methods and corresponding analysis for the Dirac and
nonlinear Dirac equation. Different regimes of the equations are taken into consideration,
and we study time-splitting as well as finite difference methods in solving the dynamics. The
main work in the thesis is summarized as follows.

1. Propose a new fourth-order compact time-splitting method for the Dirac equa-
tion.

To improve the performance of fourth-order splitting methods, S4 1s designed and applied
to the Dirac equation. It reduces the computational cost by introducing a double commutator
between two operators, and because there is no backward sub-step, the accuracy of Sy 1s
also better than other fourth-order methods. The method still performs much better in higher
dimensions if there is no external magnetic potential. The spatial and temporal resolution of

Sy for different regimes are studied as well.

2. Study super-resolution of the time-splitting methods.

In the absence of magnetic potential, there is super-resolution for time-splitting methods
in solving the Dirac and nonlinear Dirac equation. S and S, are examined thoroughly in
the thesis. The uniform error bounds could be improved when the time steps are taken to be
non-resonant. For each case, rigorous proof is carried out, and numerical results are presented

to validate the error estimates.

3. Examine the finite difference methods for the Dirac equation in the semiclassical
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regime.

Four frequently used finite difference finite domain (FDTD) methods are applied to the
Dirac equation in the semiclassical regime, and their stability conditions, as well as error
estimates are examined in detail. It is found out that all the FDTD methods share the same
spatial and temporal resolution. The comparison among them shows that LFFD is most
efficient with the most strict stability condition, while CNFD is unconditionally stable, but

could be very time-consuming.

Some future work is listed below:

e Apply the exponential wave integrator Fourier pseudospectral (EWI-FP) method, and
the time-splitting Fourier pseudospectral method (TSFP) to the Dirac/nonlinear Dirac
equation in the semiclassical regime, and study their error bounds. Moreover, it is

challenging to put forward a uniform accurate method in this regime.

e Propose suitable numerical methods, including the finite difference, EWI and time-
splitting methods to solve equations related to the Dirac equation, such as the Weyl and

the Majorana equation. Different regimes of these equations could also be considered.

e Study the Dirac/nonlinear Dirac equation for many-body systems, which may bring

about more insight into physical systems.

e Find out the possible application of our research in physics, such as in graphene
and other 2D materials. The link could likely be found from the relation of the

Dirac/nonlinear Dirac equation to the lattice/nonlinear lattice Schrodinger equation [59,
61].
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