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In this paper we extend the random projection method, proposed for general hy-
perbolic systems with stiff reaction terms, for underresolved numerical simulation
of stiff, inviscid, multispecies detonation waves. The key idea in this method is to
randomize the ignition temperatures in suitable domains. Several numerical exper-
iments, in both one and two dimensions, demonstrate the reliability and robustness
of this novel method. c© 2002 Elsevier Science (USA)

NOMENCLATURE

Bk a constant in the frequency factor for the kth reaction
e total energy
L the number of different kinds of atoms in all species
M the number of reactions
N the number of species
p pressure
qm the heat of formation for the mth species
T temperature
Tk ignition temperature for the kth reaction
u x-component velocity
v y-component velocity
wm mth species source term
Wm molecular weight of the mth species
zm mass fraction of the mth species
αk exponent of the temperature dependence of the frequency factor for the kth reaction
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γ C p to Cv ratio
µmn the number of the nth atom in a molecule of the mth species
ν ′

mk stoichiometric coefficient for the mth species appearing as a reactant in the kth
reaction

ν ′′
mk stoichiometric coefficient for the mth species appearing as a product in the kth

reaction
ρ density

1. INTRODUCTION

Consider the reactive Euler equations that model the time-dependent flow of inviscid,
compressible, multispecies reacting flows [14, 26],

Ut + F(U )x + G(U )y = S(U ), (1.1)

where

U =




ρ

ρu
ρv

e
ρz1

ρz2
· · ·
ρzN




, F(U ) =




ρu

ρu2 + p
ρuv

(e + p)u
ρuz1

ρuz2

· · ·
ρuzN




, G(U ) =




ρv

ρuv

ρv2 + p

(e + p)v

ρvz1

ρvz2
· · ·

ρvzN




, S(U ) =




0
0
0
0
w1

w2
· · ·
wN




, (1.2)

with

wm = Wm

M∑
k=1

(ν ′′
mk − ν ′

mk)Bk T αk e−Tk/T
N∏

j=1

(
ρz j

W j

)ν ′
jk

, 1 ≤ m ≤ N , (1.3)

and

N∑
m=1

zm = 1. (1.4)

The pressure for an ideal gas is given by

p = (γ − 1)

(
e − 1

2
ρ(u2 + v2) − q1ρz1 − q2ρz2 − · · · − qN ρzN

)
, (1.5)

and the temperature is defined as T = p/ρ.

Equations (1.1)–(1.4) are referred to as the multispecies reactive Euler equations with
Arrhenius kinetics. We also consider (1.1)–(1.3) with

Bk T αk e−Tk/T

replaced by the Heaviside kinetics

Bk T αk H(T − Tk),

where H(x) = 1 for x > 0 and H(x) = 0 for x < 0.
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One of the main numerical challenges for chemically reacting flows is that the kinetics
equations (1.1) often include reactions with widely varying time scales. The chemical time
scales, as characterized by B−1

k , may be orders of magnitude faster than the fluid dynamic
time scale. This leads to severe problems of numerical stiffness. Even a stable numerical
scheme may lead to spurious unphysical solutions unless the small chemical scales are fully
resolved numerically.

Developing robust numerical methods for stiff reacting flows has been a very active
area of research in the past two decades. In particular, many works have contributed to
the analysis and development of underresolved numerical methods which are capable of
capturing the physically relevant solutions without resolving the small reaction scales. Of
course, when one does not resolve the chemical scale numerically (using a grid size larger
than the width of the reaction zone), it is impossible to capture the detailed structure (such
as the pressure spike) of the reaction zone. Thus the best one can hope is to capture the
speed of the discontinuity as well as other features of the fluid dynamics. In the two-species
case, i.e., the reaction of type A → B, it was first observed by Colella et al. [10] that an
underresolved numerical method leads to a spurious weak detonation wave that travels with
an incorrect speed. It is known that the smeared numerical shock profile, which exists for
all shock-capturing methods, leads to a too-early chemical reaction once the smeared value
of the temperature in the numerical shock layer is above the ignition temperature [10, 20].
Since then, lots of attention has been paid to this peculiar numerical phenomenon (see [4,
5, 16, 20, 23]) for the two-species case, and several remedies are available in the literature,
for example [3, 11, 18].

Recently we proposed the random projection method as a general and systematic method
of solving hyperbolic systems with stiff reaction terms, applicable to reacting flow prob-
lems with two species [1]. The origin of a random method can be traced back to the
classical work of Glimm [15], and later Chorin successfully adopted it—calling it the ran-
dom choice method—for reacting flow computation [8]. However, this classical method is
a Godunov-type method relying on the solution of the Riemann problem. When applying it
to reacting flows one needs to obtain the solution of the generalized Riemann problem for
hyperbolic systems with source terms [4]. The random projection method we proposed is
a fractional-step method that combines a standard—no Riemann or generalized Riemann
solver is needed—shock-capturing method for the homogeneous convection with a strik-
ingly simple random projection step for the reaction term. In the random projection step,
the ignition temperature is chosen to be a uniformly distributed random variable between
two stable equilibria. When the random sequence is chosen to be the equidistributed van
der Corput’s sampling sequence [17], we proved, for a model scalar problem, the first-order
accuracy on the shock speed if a monotonicity-preserving method—which includes all total
variation diminishing (TVD) schemes—is used in the convection step [1]. A large number
of numerical experiments for one- and two-dimensional detonation waves demonstrate the
robustness of this novel approach for two-species reactions [1, 2].

This novel approach differs from several other numerical methods for front or flame
propagation. This is a capturing method that does not reply on the solution of the Riemann
problem, as in the front-tracking method [7]. Compared to the level-set methods (e.g., [12,
22, 24]) we use the mass fraction of each species as the natural choice for the level-set
function and advance the front with random projection. The drawback of a random method
is its statistical fluctuation, which clearly depends on the choice of the random sequences.
When we choose the van der Corput sequence, as in a standard Glimm scheme [9], such
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a fluctuation is at an acceptable level, as shown in our previous numerical experiments
in [1, 2].

In engineering applications, chemically reacting flows often involve more than two
species. Sometimes there are tens to hundreds of species [27, 28]. Usually implicit or
semiimplicit methods are used in applications where one also considers the viscosity terms
(see [6, 13, 21] and references therein for details about resolved calculations). For inviscid
flows, underresolved numerical calculation also leads to a spurious nonphysical wave, as
shown by one of the numerical examples in Section 5.

In this paper, we extend the random projection method to stiff multispecies reacting flows
in both one and two space dimensions. In particular, extensive numerical experiments are
conducted to examine the effectiveness and robustness of this novel method. Since the aim
is to develop an underresolved numerical method which completely ignores the details of
the reaction zone but captures all the main features of the solution outside the reaction
zone, it is adequate to formulate this method using the reacting flow model of instanta-
neous reaction (with a zone-width reaction zone, the so-called Chapman–Jouguet model),
in which the chemical heat is released instantaneously. The one-species equations are given,
for example, in [8], while the multispecies version is given in Section 3. Formally, when
the reaction time goes to zero, Eqs. (1.1)–(1.3) with Arrhenius or Heaviside kinetics reduce
effectively to the instantaneous reaction model. Although the rigorous mathematical justi-
fication of the “zero reaction limit” is a challenging open issue, the numerical comparisons
between the random projection method based on this model with the resolved calculations
based on the original kinetics of Arrhenius or Heaviside, as carried out later in this paper,
do support the validity of this reduction unless one wants the full details of the reaction
layer.

There are certainly restrictions on the instantaneous reaction model or, more generally,
on any underresolved numerical method. First, if one needs the details of the reaction
layer, then one needs to numerically resolve the layer by solving the full equations (1.1)–
(1.3) using fine meshes. Second, these methods cannot predict the instability in overdrive
detonation waves since ignoring the reaction layer means that the peak value of pressure,
which oscillates due to the instability, cannot be accurately computed. In order to obtain
such fine structures one has no choice but to use fine meshes, at least around the reaction
zone, by using techniques such as the adaptive mesh refinements.

The paper is organized as follows. In Section 2 we briefly review the random projection
method, for a scalar model problem, proposed by the authors [1]. In Section 3 we introduce
the random project method for the multispecies problem (1.1) in one space dimension. In
Section 4 this method is extended to two space dimensions. In Section 5 several numerical
examples, in both one and two space dimensions, are presented. We end in Section 6 with
some concluding remarks.

2. REVIEW OF THE RANDOM PROJECTION METHOD

FOR A SCALAR MODEL PROBLEM

In this section we review the random projection method, introduced in [1], for the hyper-
bolic conservation law with stiff reaction term

ut + f (u)x = −1

ε
(u − α)(u2 − 1), −1 < α < 1, (2.1)
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with piecewise constant initial data

u(x, 0) = u0(x) =
{

1, x ≤ x0,

−1, x > x0.
(2.2)

Here ε is the reaction time, f is a convex function of u, i.e., f ′′(u) > 0, and x0 is a given
point.

The source term in (2.1) admits three local equilibria, i.e., the unstable one, u = α, and the
stable ones, u = ±1. When the solution is at equilibria, the reaction term has no effect. Thus
the exact solution is a shock discontinuity connecting u = 1 with u = −1 and propagating
to the right with the speed determined by the Rankine–Hugoniot jump condition [20]

s = 1

2
[ f (1) − f (−1)]. (2.3)

Namely,

u(x, t) =
{

1, if x ≤ x0 + st,

−1, if x > x0 + st.
(2.4)

Let h be the spatial increment and k be the time step, such that x0 is a grid point;
i.e., x0 = l(0)h with l(0) an integer. The numerical solution is evaluated at the points
( jh, nk), j = 0, ±1, ±2, . . . , n = 0, 1, 2, . . . . Let un

j approximate u( jh, nk) and un be
the solution vector of u(·, nk) at time t = tn = nk. When the reaction term is resolved, i.e.,
k = O(h) � ε, any method which works well for the homogeneous hyperbolic conservation
law still works well here. Here we are interested in the underresolved case, where k =
O(h)  ε.

The random projection method is a fractional step method that solves the homogeneous
equation

ut + f (u)x = 0 (2.5)

by a standard shock-capturing method Sc for one time step, followed by a projection step.
In the projection step, we replace the unstable equilibrium, or the critical value, α, with
a uniformly distributed random sequence θn ∈ (−1, 1). Let u∗ = Sc(k)un . We define the
random projection operator Sθ (k) by

Sθ (k) : un+1
j =

{
1, if u∗

j > θn,

−1, if u∗
j ≤ θn,

for all j. (2.6)

In this method, one random value of θn will be selected per time step. The combination of
the two steps gives the numerical scheme

Sgp(k) : un+1 = Sθ (k)Sc(k)un. (2.7)

The stability condition for this method is the usual CFL condition determined by the
convection term.

Here and in our practical computations, we always use van der Corput’s sampling se-
quence for {θn}. The merit of this sequence is that it produces an equidistributed sequence
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on the interval [0, 1], and among all known uniformly distributed sequences its deviation
is minimal [17]. Let 1 ≤ n

∑m
k=0 ik2k, ik = 0, 1, be the binary expansion of the integer n.

Then the van der Corput sequence is defined on [0, 1] as

ϑn =
m∑

k=0

ik2−(k+1), n = 1, 2, . . . . (2.8)

We rescale it in order to get a random number generator θn on [−1, 1]:

θn = 2ϑn − 1, n = 1, 2, . . . . (2.9)

The sequence {θn, n = 1, 2, . . .} is equidistributed on the interval [−1, 1].
We have proved [1] that the random projection method (2.7), in which a monotonicity-

preserving method Sc—which includes all TVD methods—is used for the convection term,
can capture the correct location of discontinuities for the scalar model problem (2.1), (2.2)
with first-order accuracy. Let l(n) − l(0) be the number of grid points that the discontinuity
has traveled after n time steps.

THEOREM 2.1 [1]. Given T > 0, let Sc be a monotonicity-preserving method. The dif-
ference between the shock location of the exact solution, x0 + stn, and the numerical one,
l(n)h, as determined by the random projection method (2.7), has the estimate

|x0 + stn − l(n)h| ≤ C(T )h| ln h|, (2.10)

for any 0 < tn ≤ T, and fixed λ = sk/h, where C(T ) is a positive constant depending on
|ln(T )|.

This shows that the shock location is captured with first-order accuracy for all time,
although the reaction time ε is not resolved numerically. In [1, 2], this method was general-
ized to two-species stiff detonation wave computation, where the key idea is to randomize
the ignition temperature in a suitable domain. In the following two sections, we extend the
random projection method to one- and two-dimensional multispecies detonation computa-
tion. Although the theorem was proved only for the scalar case, we observe numerically
first-order convergence for systems, as is reported in Section 5.

3. ONE SPACE DIMENSION

In this section, we describe the random projection method for the stiff multispecies
reacting flows in one space dimension. We use U n

j = (ρn
j , (ρu)n

j , en
j , (ρz1)

n
j , (ρz2)

n
j , . . . ,

(ρzN )n
j )

T to denote the approximate solution of U = (ρ, ρu, e, ρz1, ρz2, . . . , ρzN )T at
the point (x j , tn). Our main interest is an underresolved numerical method which allows
k = O(h)  (1/Bk), yet still obtains physically relevant numerical solutions.

Consider the Riemann initial data

(ρ(x, 0), u(x, 0), p(x, 0), z1(x, 0), z2(x, 0), . . . , zN (x, 0))

=
{

(ρl(x), ul(x), pl(x), (z1)l , (z2)l , . . . , (zN )l), if x ≤ x0,

(ρr (x), ur (x), pr (x), (z1)r , (z2)r , . . . , (zN )r ), if x > x0,
(3.1)
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where x0 is a given point and
∑N

m=1(zm)l = ∑N
m=1(zm)r = 1. In addition the initial mass

fraction should satisfy the following condition:

N∑
m=1

µmn(zm)l

Wm
=

N∑
m=1

µmn(zm)r

Wm
, 1 ≤ n ≤ L . (3.2)

The above equalities guarantee the conservation of the number of atoms in the reactions.
We also assume that after the reaction, at least one species disappears (fully reacted). Thus
there exists a j such that (z j )l = 0 for each reaction. This implies that

(wm)l = 0, for all m = 1, 2, . . . , N . (3.3)

This assumption clearly holds outside the reaction zone. Since an underresolved method
ignores the reaction zone of width O( 1

Bk
), each species has only two physical states, either

(zm)l or (zm)r . Without loss of generality the data in (3.1) are chosen such that the disconti-
nuity, initially at x = x0, moves to the right. The case when the discontinuity moves to the
left can be treated similarly.

The random projection method is a fractional-step method,

S1(k) : U n+1 = Sp(k)SF (k)U n, (3.4)

that consists of solving the homogeneous convection

Ut + F(U )x = 0 (3.5)

by a standard shock-capturing method, denoted by SF (k), for one time step, followed by a
random projection step for the stiff chemical reaction terms

ρt = 0, (ρu)t = 0, et = 0, (ρz1)t = w1, (ρz2)t = w2, . . . , (ρzN )t = wN . (3.6)

Due to (3.3), the above ODE collapses to a simple projection,

(zm)n+1
j =

{
(zm)l , if T ∗

j ≤ mink Tk,

(zm)r , if T ∗
j > maxk Tk,

for all j, (3.7)

with U ∗ = SF (k)U n, T ∗
j = p∗

j /ρ
∗
j being the values after the convection step. However, on the

discrete spatial domain, due to the grid effect, this projection (referred to as the deterministic
projection) yields an incorrect speed, since the smeared value of the temperature T ∗ in the
detonation layer, once above maxk Tk , will trigger the chemical reaction too early. The key
idea in the random projection method is to use a randomized ignition temperature in a
suitable domain. This strategy could be successful since the speed of the front does not
depend on the specific value of Tk , as long as it is in the range between the equilibrium
states Tl and Tr on both sides of the detonation. We now describe the details of this random
projection step.

Let

θn = (Tl − Tr )ϑn + Tr , Tl = min
x<x0

pl(x, 0)

ρl(x, 0)
, Tr = max

x>x0

pr (x, 0)

ρr (x, 0)
, (3.8)
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where ϑn is the van der Corput’s sequence [see (2.8) for detail]. Thus θn is an equidistributed
sequence over the domain [Tl , Tr ]. Assume x0 = l(0)h is a grid point. The projection always
makes zm either (zm)l or (zm)r for all 1 ≤ m ≤ N ; therefore at any time step tn , there is an
l(n) = j0, with j0 being an integer, such that

(zm)n
j =

{
(zm)l , if j ≤ l(n),

(zm)r , if j > l(n),
1 ≤ m ≤ N . (3.9)

Here l(n) is the location of the jump for zn
m . The random projection will be performed

around x = l(n)h, a procedure referred to as the local random projection in [1].
Let d be the estimated number of smeared points in the detonation layer. Modern shock-

capturing methods always introduce a few smeared points across the discontinuity. The
information on d can easily by obtained from numerical experience (normally between 1
and 5). We now move the jump of zm according to the following algorithm:

Sp(k) : ρn+1 = ρ∗, mn+1 = m∗, en+1 = e∗;
set l(n + 1) := l(n) − 1;
For l = l(n) − 1, . . . , l(n) + d, do

l(n + 1) := l, if T ∗
l > θn;

(zm)n+1
j =

{
(zm)l , if j ≤ l(n + 1),

(zm)r , if j > l(n + 1),
for all m, j. (3.10)

In the above algorithm, only d + 2 points will be scanned. The stability condition for the
algorithm (3.4) is the usual CFL condition determined from the convection step SF (k).

For numerical comparison, we also use the deterministic method, which discretizes the
chemical reaction term (3.6), with Tk fixed as given by the original problem, by an implicit
method (for example, the backward Euler method) and solving the corresponding nonlinear
system using Newton’s method.

4. TWO SPACE DIMENSIONS

In this section, the random projection method is extended to two-dimensional multispecies
reacting flows (1.1). For simplicity, we consider the flow in a two-dimensional channel. Let
the initial data be

(ρ(x, y, 0), u(x, y, 0), v(x, y, 0), p(x, y, 0), z1(x, y, 0), z2(x, y, 0), . . . , zN (x, y, 0))

=
{

(ρl , ul , vl , pl , (z1)l , (z2)l , . . . , (zN )l), if x ≤ ξ(y),

(ρr , ur , vr , pr , (z1)r , (z2)r , . . . , (zN )r ), if x > ξ(y),
(4.1)

where ξ(y) is a given function of y. These data are chosen such that the discontinuity moves
to the right and with the same assumptions on (zm)l and (zm)r as in the 1D case. Let

θn = (Tl − Tr )ϑn + Tr , Tl = pl

ρl
, Tr = pr

ρr
, (4.2)

with ϑn being the van der Corput sampling sequence on the interval [0, 1] defined in (2.8).
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Let the grid points (xi , y j ) = (ih, jh), i, j = . . . , −1, 0, 1, . . . , with equal mesh spacing
h. The time levels tn = nk, k = 0, 1, 2, . . . are also uniformly spaced with time step k. Let
U n

i j = (ρn
i j , (ρu)n

i j , (ρv)n
i j , en

i j , (ρz1)
n
i j , (ρz2)

n
i j , . . . , (ρzN )n

i j ) be the approximate solution
of U = (ρ, ρu, ρv, e, ρz1, ρz2, . . . , ρzN ) at (xi , yi , tn). Similarly to the one-dimensional
case, the random projection method is a fractional-step method that consists of a standard
shock-capturing method for the homogeneous convection

Ut + F(U )x + G(U )y = 0, (4.3)

denoted by SFG(k) for one step, followed by a random projection step for the stiff chemical
reaction terms

ρt = 0, (ρu)t = 0, (ρv)t = 0, et = 0, (ρz1)t = w1,
(4.4)

(ρz2)t = w2, . . . , (ρzN )t = wN ,

where Tk , the ignition temperatures, are randomized in suitable domains.
Notice that at any time step, for each j there is an l j (n) = jn , with jn being an integer,

such that

(zm)n
i j =

{
(zm)l , if i ≤ l j (n),

1 ≤ m ≤ N .
(zm)r , if i > l j (n),

(4.5)

Here l j (n) is the location of the jump for the numerical solution of zm along the line y = y j

at time tn . Let U ∗ = SFG(k)U n , and let d be the estimated number of smeared points in the
detonation layer. Then the random project algorithm for the chemical reaction term (4.4) is

S2p(k): ρn+1 = ρ∗, un+1 = u∗, vn+1 = v∗, en+1 = e∗;
For j do

Set l j (n + 1) := l j (n) − 1,

For r = l j (n) − 1, l j (n), . . . , l j (n) + d, do

l j (n + 1) := r, if T ∗
r j > θn,

(zm)n+1
i j =

{
(zm)l , if i ≤ l j (n + 1),

for all m, i.
(zm)r , if i > l j (n + 1),

(4.6)

The combination of the two steps gives

S2(k): U n+1 = S2p(k)SFG(k)U n. (4.7)

The stability condition for this algorithm is still the usual CFL condition determined from
the convection step SFG(k).

5. NUMERICAL EXAMPLES

In order to verify the performance of the random projection method for stiff multispecies
detonation computations, we conducted several numerical experiments in both one and
two dimensions. In our computation, the operators SF (k) and SFG(k) are the second-order
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relaxed scheme [19], which is a TVD scheme without the use of Riemann solvers or local
characteristic decompositions. We choose d = 5 in (3.4) and (4.7) and use the Heaviside
kinetics in (1.3) in our computations in this section. It is known that the stiffness problem
is more severe in the Heaviside case than in the Arrhenius case [11].

In these tests, the hydrodynamic data (such as pressure, mass, velocity) are chosen arti-
ficially rather than from physical experiments.

EXAMPLE 5.1. We consider a reacting model

2A + B → 2C.

A prototype reaction for this model is

2H2 + O2 → 2H2O.

In this problem, there are three species and one reaction. The parameters are M = 1, N =
3, γ = 1.4, T1 = 2.0, B1 = 106, α1 = 0, q1 = 100, q2 = 0.0, q3 = 0.0, W1 = 2, W2 = 32,

W3 = 18, ν ′
1,1 = 2, ν ′

2,1 = 1, ν ′
3,1 = 0, ν ′′

1,1 = 0, ν ′′
2,1 = 0, and ν ′′

3,1 = 2. The initial data are
piecewise constants given by

(ρ, u, p, z1, z2, z3)(x, 0) =
{

(ρl , ul , pl , (z1)l , (z2)l , (z3)l), if x ≤ 2.5,

(ρr , ur , pr , (z1)r , (z2)r , (z3)r ), if x > 2.5,

where pl = 20.0, ρl = 2.0, ul = 8.0, (z1)l = 0.0, (z2)l = 0.0, and (z3)l = 1.0, and where
pr = 1.0, ρr = 1.0, ur = 0, (z1)r = 1

9 , (z2)l = 8
9 , and (z3)r = 0.0. This problem is solved

on the interval [0, 50].

The exact solution consists of a detonation wave, followed by a contact discontinuity
and a shock, all moving to the right. We obtain the “exact” solution by an explicit method
(the second-order relaxed scheme for the convection terms followed by a forward Euler
method for the chemical reaction terms) using a fine mesh size h = 0.0025 (i.e., 20,001
grid points on the interval [0, 50]) and a small time step k = 0.0001 and denote the solution
by (ρe, ue, pe, ze

1, ze
2, ze

3). This is a resolved calculation. We compare the results obtained
by the local random projection method (3.4) and the deterministic method using a coarse
mesh h = 0.25 (i.e., 201 grid points on the interval [0, 50]) and large time step k = 0.01,
and we output the numerical solutions at t = 4.0.

Figure 1a shows the numerical solution by the random projection method (3.4), while
Fig. 1b shows the numerical solution by the deterministic method. It can be seen that the ran-
dom projection method captures the correct speed of the discontinuity even when the reac-
tion scale is not numerically resolved. The shock and the detonation front are captured
with a higher resolution than the contact discontinuity, a typical phenomenon for shock-
capturing methods. The location of zm may be few grid points away from the exact location
due to random effect, but such a deviation does not grow in time. There are small postshock
statistical fluctuations due to the random nature of the method, but they are at an acceptable
level. The deterministic method produces spurious nonphysical waves, as was observed in
earlier literature for stiff reacting flows with two species.

To do a numerical convergence study of the random project method for stiff multispecies
detonation capturing in order to verify O(h) accuracy, let (ρh, uh, ph, zh

1, zh
2, zh

3) denote the
numerical solution of (1.1)–(1.3) with initial condition (3.1) by using our random projection
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FIG. 1. Numerical solutions of Example 5.1 at t = 4.0 calculated with h = 0.25, k = 0.01. −, “Exact”
solutions; ++, computed solutions. In the last graph, ++ = z1 and xx = z2. (a) The random projection method
(3.4). (b) The deterministic method.

method under mesh size h and time step k = 0.002 and define the mean discrete L1-norm
of a function f = ( f0, f1, . . . , fN )T on the interval [a, b] by

‖ f ‖L1,h = 1

N

N∑
i=0

| fi | = h

b − a

N∑
i=0

| fi |.

Tables I–III show the mean L1-error of the numerical solution by using our random projec-
tion method for this example at t = 1.0, t = 2.0, and t = 4.0, respectively.

From Tables I–III, we observe numerically first-order convergence of our random pro-
jection method applied to stiff multispecies detonation capturing. Furthermore the errors
almost do not change with time.

In all of the following examples, the deterministic method always produces spurious
nonphysical waves when the reaction scale is not resolved. We do not report those results
and only present the solutions obtained by the random projection method.



48 BAO AND JIN

FIG. 1—Continued

EXAMPLE 5.2. The setup of this example is similar to that in Example 5.1 except that
here q1 = 1000, B1 = 500, α1 = 1, ul = 10.0, pl = 40.0, (z1)l = 0.325, (z2)l = 0.0, (z3)l =
0.675, (z1)r = 0.4, (z2)r = 0.6, and (z3)r = 0.0.

The exact solution consists of a detonation wave, followed by a contact discontinuity
and a shock, all moving to the right. We obtain the “exact” solution similarly as that in

TABLE I

Errors of the Numerical Solution by the Random Projection Method at t = 1.0

h = 0.5 h = 0.25 h = 0.125 h = 0.0625 h = 0.025

‖ue − uh‖L1 ,h 0.958E-1 0.408E-1 0.216E-1 0.117E-1 0.574E-2
‖pe − ph‖L1 ,h 0.7330 0.3349 0.1791 0.940E-1 0.4243E-1
‖ρe − ρh‖L1 ,h 0.524E-1 0.258E-1 0.136E-1 0.744E-2 0.346E-2
‖ze

1 − zh
1‖L1 ,h 0.225E-2 0.116E-2 0.592E-3 0.310E-3 0.141E-3

‖ze
2 − zh

2‖L1 ,h 0.180E-1 0.925E-2 0.473E-2 0.248E-2 0.113E-2
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TABLE II

Errors of the Numerical Solution by the Random Projection Method at t = 2.0

h = 0.5 h = 0.25 h = 0.125 h = 0.0625 h = 0.025

‖ue − uh‖L1 ,h 0.796E-1 0.442E-1 0.231E-1 0.133E-1 0.537E-2
‖pe − ph‖L1 ,h 0.6558 0.3645 0.1848 0.1004 0.391E-2
‖ρe − ρh‖L1 ,h 0.502E-1 0.273E-1 0.147E-1 0.800E-2 0.336E-2
‖ze

1 − zh
1‖L1 ,h 0.229E-2 0.116E-2 0.601E-3 0.321E-3 0.156E-3

‖ze
2 − zh

2‖L1 ,h 0.183E-1 0.929E-2 0.481E-2 0.257E-2 0.125E-2

Example 5.1. Figure 2 shows the numerical solutions by the random projection method
(3.4) with h = 0.25 (i.e., 201 grid points on the interval [0, 50]) and k = 0.01 at time
t = 3.0. All discontinuities are captured numerically.

EXAMPLE 5.3. We consider a reacting model

A + 2B → C + 2D.

A prototype reaction for this model is

CH4 + 2O2 → CO2 + 2H2O.

In this problem, there are four species and one reaction. The parameters are M = 1, N = 4,

γ = 1.4, T1 = 2.0, B1 = 106, α1 = 0, q1 = 500, q2 = 0.0, q3 = 0.0, q4 = 0.0, W1 = 16,

W2 = 32, W3 = 44, W4 =18, ν ′
1,1 =1, ν ′

2,1 = 2, ν ′
3,1 = 0, ν ′

4,1 = 0, ν ′′
1,1 =0, ν ′′

2,1 =0, ν ′′
3,1 = 1,

and ν ′′
4,1 = 2. The initial data are

(ρ, u, p, z1, z2, z3, z4)(x, 0) =
{

(ρl , ul , pl , (z1)l , (z2)l , (z3)l , (z4)l), if x ≤ 2.5,

(ρr , ur , pr , (z1)r , (z2)r , (z3)r , (z4)r ), if x > 2.5,

where pl = 40.0, ρl = 2.0, ul = 10.0, (z1)l = 0.0, (z2)l = 0.2, (z3)l = 0.475, and (z4)l =
0.325, and where pr = 1.0, ρr = 1.0, ur = 0, (z1)r = 0.1, (z2)r = 0.6, (z3)r = 0.2, and
(z4)r = 0.1.

The exact solution consists of a detonation wave followed by a contact discontinuity
and a shock, all moving to the right. We obtain the “exact” solution similarly to that in
Example 5.1. Figure 3 shows the numerical solutions by the random projection method
(3.4) with h = 0.25 (i.e., 201 grid points on the interval [0, 50]) and k = 0.01 at time
t = 3.0. All discontinuities are captured numerically.

TABLE III

Errors of the Numerical Solution by the Random Projection Method at t = 4.0

h = 0.5 h = 0.25 h = 0.125 h = 0.0625 h = 0.025

‖ue − uh‖L1 ,h 0.863E-1 0.469E-1 0.264E-1 0.114E-1 0.537E-2
‖pe − ph‖L1 ,h 0.7170 0.3777 0.2110 0.867E-1 0.447E-1
‖ρe − ρh‖L1 ,h 0.540E-1 0.299E-1 0.158E-1 0.722E-2 0.374E-2
‖ze

1 − zh
1‖L1 ,h 0.229E-2 0.118E-2 0.894E-3 0.344E-3 0.185E-3

‖ze
2 − zh

2‖L1 ,h 0.184E-1 0.940E-2 0.473E-2 0.275E-2 0.148E-2
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FIG. 2. Numerical solutions of Example 5.2 at t = 3.0 calculated by the random projection method (3.4) with
h = 0.25, k = 0.01. −, “Exact” solutions; ++, computed solutions. In the last graph, ++ = z1 and xx = z2.

EXAMPLE 5.4. We consider a reacting model

A + B → 2C, 2C + A → 2D,

with species E appearing as a catalyst. A prototype reaction for this model is

H2 + O2 → 2OH, 2OH + H2 → 2H2O,

with N2 appearing as a catalyst. In this problem, there are five species and two reactions.
The parameters are M = 2, N = 5, γ = 1.4, T1 = 2.0, T2 = 10.0, B1 = 105, B2 = 2 × 104,

α1 = α2 = 0, q1 = 0.0, q2 = 0.0, q3 = −20.0, q4 = −100.0, q5 = 0.0, W1 = 2, W2 = 32,

W3 = 17, W4 = 18, W5 = 28, ν ′
1,1 = 1, ν ′

2,1 = 1, ν ′
3,1 = 0, ν ′

4,1 = 0, ν ′
5,1 = 0, ν ′

1,2 = 1, ν ′
2,2 =

0, ν ′
3,2 =2, ν ′

4,2 =0, ν ′
5,2 =0, ν ′′

1,1 = 0, ν ′′
2,1 = 0, ν ′′

3,1 =2, ν ′′
4,1 =0, ν ′′

5,1 =0, ν ′′
1,2 = 0, ν ′′

2,2=0,

ν ′′
3,2 = 0, ν ′′

4,2 = 2, and ν ′′
5,2 = 0. The initial data are

(ρ, u, p, z1, z2, z3, z4, z5)(x, 0)

=
{

(ρl , ul , pl , (z1)l , (z2)l , (z3)l , (z4)l , (z5)l), if x ≤ 2.5,

(ρr , ur , pr , (z1)r , (z2)r , (z3)r , (z4)r , (z5)r ), if x > 2.5,
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FIG. 3. Numerical solutions of Example 5.3 at t = 3.0 calculated by the random projection method (3.4)
with h = 0.25, k = 0.01. −, “Exact” solutions; ++, computed solutions. In the last graph, ++ = z1, xx = z2,
and oo = z3.

where pl = 40.0, ρl = 2.0, ul = 10.0, (z1)l = 0.08, (z2)l = 0.72, (z3)l = 0.0, (z4)l = 0.0,
and (z5)l = 0.2, and where pr = 1.0, ρr = 1.0, ur = 0.0, (z1)r = 0.0, (z2)r = 0.0, (z3)r =
0.17, (z4)r = 0.63, and (z5)r = 0.2.

The exact solution consists of a detonation wave followed by a rarefaction wave and a
shock, all moving to the right. We obtain the “exact” solution similarly to that in Example 5.1.
Figure 4 shows the numerical solutions by the random projection method (3.4) with h = 0.25
(i.e., 201 grid points on the interval [0, 50]) and k = 0.01 at time t = 3.0. All waves are
captured numerically with the correct speeds.

The above examples demonstrate that the random projection method works effec-
tively for one-dimensional stiff multispecies detonations, although the reaction scales are
not numerically resolved. It captures the correct speeds of detonations, as well as other
standard fluid dynamical structures with high resolutions. The deterministic method,
however, always produces spurious waves when the chemical scale is not numerically
resolved.
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FIG. 4. Numerical solutions of Example 5.4 at t = 3.0 calculated by the random projection method (3.4) with
h = 0.25, k = 0.01. −, “Exact” solutions; ++, computed solutions. In the last graph, ++ = z1, xx = z2, oo = z3,
and ∗ ∗ = z4.

EXAMPLE 5.5. This is a two-dimensional example with radial symmetry analogous to
Example 5.3; i.e., the parameters M, N , γ, T1, B1, α1, q1, . . . , ν

′′
4,1 are the same as those

in Example 5.3 except q1 = 100. A similar example, but with only two species, was used
in [18]. The initial values consist of totally burnt gas inside of a circle with radius 10 and
totally unburnt gas everywhere outside of the circle. Furthermore the unburnt and burnt
states are chosen in a way analogous to the one-dimensional case, i.e.,

(ρ, u, v, p, z1, z2, z3, z4)(x, y, 0)

=
{

(ρl , ul(x, y), vl(x, y), pl , (z1)l , (z2)l , (z3)l , (z4)l), if r ≤ 10,

(ρr , ur , vr , pr , (z1)r , (z2)r , (z3)r , (z4)r ), if r > 10,

where r =
√

x2 + y2, pl = 40.0, ρl = 2.0, ul = 10x/r, vl = 10y/r, (z1)l = 0.0, (z2)l = 0.2,

(z3)l = 0.475, and (z4)l = 0.325, and where pr = 1.0, ρr = 1.0, ur = 0.0, vr = 0.0, (z1)r =
0.1, (z2)r = 0.6, (z3)r = 0.2, and (z4)r = 0.1.
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This is a radially symmetric problem and the important feature is that the detonation
front is circular. This problem is solved on the domain [0, 50] × [0, 50] with h = 0.5 and
k = 0.01. Solid-wall boundary conditions are used along x = 0 and y = 0. Outflow bound-
ary conditions are used along x = 50 and y = 50. Figure 5a shows the velocity fields and
Fig. 5b shows profiles of the pressure p, temperature T , and 100 times the mass frac-
tion of the first species, 100z1 (here we show 100z1, not z1 itself, for better visualization)
on the line y = x(x ≥ 0.0) by the random projection method (4.7) at times t = 1, 2, 4,
and 6.

It can be seen that the detonation front remains circular and no spurious nonphysi-
cal wave is generated when using the random projection method (4.7). On the other
hand, if one uses the deterministic method, the detonation front does not remain circu-
lar and a spurious nonphysical wave is generated if the same grid size and time step are
used.

FIG. 5. Numerical solutions of Example 5.5 calculated by the 2D random projection method (4.7) with
h = 0.5, k = 0.01. (a) Velocity fields at different times. (b) Profiles of pressure p (– –), temperature T (−), and
the mass fraction of the first species multiplied by 100, 100z1 (–·), on the line y = x (x ≥ 0.0) at different times.
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FIG. 5—Continued

EXAMPLE 5.6. This is a two-dimensional example analogous to Example 5.4, i.e., the pa-
rameters M, N , γ, T1, T2, B1, B2, α1, α2, q1, . . . , ν

′′
5,2 are the same as those in Example 5.4.

The initial data are given by

(ρ, u, v, p, z1, z2, z3, z4, z5)(x, y, 0)

=
{

(ρl , ul , vl , pl , (z1)l , (z2)l , (z3)l , (z4)l , (z5)l), if x ≤ ξ(y),

(ρr , ur , vr , pr , (z1)r , (z2)r , (z3)r (z4)r , (z5)r ), if x > ξ(y),

where

ξ(y) =
{

12.5 − |y − 12.5|, |y − 12.5| ≤ 7.5,

5, |y − 12.5| > 7.5,

with pl = 40.0, ρl = 2.0, ul = 10.0, vl = 0.0, (z1)l = 0.0, (z2)l = 0.0, (z3)l = 0.17, (z4)l =
0.63, and (z5)l = 0.2, and with pr = 1.0, ρr = 1.0, ur = 0.0, vr = 0.0, (z1)r = 0.08, (z2)r =
0.72, (z3)r = 0.0, (z4)r = 0.0, and (z5)r = 0.2.

This problem is solved on the domain [0, 150] × [0, 25] with h = 0.5 and k = 0.01.
Solid-wall boundary conditions are used along y = 0 and y = 25. Inflow boundary
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conditions are used along x = 0 and outflow boundary conditions are used along x = 150.
One important feature of this solution is that the triple points along the detonation front
travel in the transverse direction and bounce back and forth against the upper and lower
walls, forming a cellular pattern. Behind the detonation front, there is a very strong shock.
Figure 6a shows density contours calculated by the random projection method (4.7) at
several different times. Figure 6b shows profiles of pressure p, temerature T , and 300
times the mass fraction of the first species, 300z1, on the line y = 12.5 at times t = 2, 4, 6,
and 8.

One can see that no spurious nonphysical wave is generated when the random
projection method is used (4.7). However, if one uses the deterministic method, a spu-
rious nonphysical wave is generated if the same grid size and time step are
used.

FIG. 6. Numerical solutions of Example 5.6 calculated by the 2D random projection method (4.7) with
h = 0.5, k = 0.01. (a) Density contours at different times. (b) Profiles of pressure p (– –), temperature T
(−), and the mass fraction of the first species multiplied by 300, 300z1 (–·), on the line y = 12.5 at different
times.
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FIG. 6—Continued

6. CONCLUSIONS

In this paper we extend the random projection method to underresolved computation
of stiff multispecies detonations. This method is based on the random projection method
proposed by the authors for general hyperbolic systems with stiff reaction terms [1]. The
key idea of this method is to randomize the ignition temperatures in a suitable domain.
Numerical experiments in both one- and two-dimensional problems demonstrate that this
method, although very simple and efficient, provides physically correct solutions with a
high resolution when the small chemical scale is not numerically resolved.
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