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The objective of this paper is to present a study of the solvability, stability and optimal
error bounds of certain mixed finite element formulations for acoustic fluids. An analyt-
ical proof of the stability and optimal error bounds of a set of three-field mixed finite
element discretizations is given, and the interrelationship between the inf-sup condi-
tion, including the numerical inf-sup test, and the eigenvalue problem pertaining to the

natural frequencies is discussed.

1. Introduction

In recent years, it has been recognized that mixed finite element formulations with
elements satisfying the inf-sup condition can be used reliably in many engineering
applications, e.g. the analyses of rubber-like material, elasto-plasticity, creep, and
Stokes flow.! In this paper, we focus on the so-called acoustoelastic problems, which

involve acoustic fluids and their interaction with elastic structures.

Following the discovery of nonzero frequency spurious modes associated with
displacement-based acoustic fluid elements,’* extensive research efforts have been
devoted to the improvement of finite element formulations for both frequency
and dynamic analyses of acoustic fluid-structure interaction problems,2-3:15:19-21

* E-mail: kjb@mit.edu
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In these research efforts, the origins of nonzero spurious modes have been identi-
fied and both the displacement/pressure (u/p) and displacement—pressure-vorticity
moment (u-p-A) formulations have been found to be reliable and accurate provided
that finite element interpolations are selected according to the inf-sup condition
and the boundary discretization satisfies the mass and momentum conservation.?1?
Although the inf-sup condition for mixed formulations has been proposed some time
ago, an analytical proof of whether the inf-sup condition is satisfied by a specific
element or discretization can be very difficult.)? In practice, the numerical inf-sup
test proposed in Ref. 8 is valuable.

Without restricting the essence of our exposition in this paper, we only consider
two-dimensional cases. The finite element formulations for three-dimensional cases
can be directly constructed. Consider an open, bounded, convex domain V C R2
with a sufficiently smooth boundary 8V = S, e.g. a Cb' or piecewise smooth
boundary with no re-entrant corners. The components of the strain tensor ¢ and the
deviatoric strain tensor ¢ are defined as £;; = 1 (w4 ; +uj;) and ef; = €45 — Lerkbis,
where u stands for the displacement vector. Define the Sobolev space [Hj s, (V)2 =
{v|]v € [H (V)] v|s, = O}, where S, and Sy stand for the Dirichlet and Neumann
boundaries with § = Sy US, and Sy NS, = (. The variational discrete problem of
the u/p formulation for nearly incompressible media with the bulk modulus 3 and
the shear modulus G can be expressed as,’

min a(vh,vh’)-i-g / [P (divvh)|?dV — ] £8 . vV — / £5r . vhdS |
vhevh 2 /v v Sy
(1.1)

where a(vh,v*) =G f {e’(v®)|2dV, and the projection operator P" is defined by
v

[V[Ph(div vty — div v*]g*dV =0, V" e O, (1.2)

with V* C [H} g, (V))? and QFr C L3(V).
The variational forms (1.1) and (1.2) can also be rewritten as,

2G f g'(uh) : &/ (vhydV — f phdiv vhdV
v v

:f fB-vth+/ £5r .vhdS, vvh eV, (1.3)
v Sy

h
] (% + div uh) *dv =0, V¢'e Q. (1.4)
v

Using the standard finite element interpolation procedure with ut = HU, p* =
H,P, &;{(u*) = BU, and V - u" = BU, where H and H,, are the interpolation
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matrices, and U and P are the solution vectors, respectively, Eqs. (1.3) and (1.4)
can be written in the algebraic form as follows!:

o ol{F)-{3)

= , (1.5)
Ky Ky P 0
where

Kux = / 2GBTB4V , Kup = — f BTH,dV;
v v

B
with K, = K7, and Hf obtained from H.

According to Refs. 1 and 7, two solvability conditions must be satisfied, i.e. (a)
(V)TKyuv* > 0, Vv* € ker(Kpy,) and (b) ker(K,,) = {0}. Obviously, a difficulty
arises from the essential assumption for acoustic fluids that G = 0. However, as
discussed in Ref. 20, when we consider the inertia force —pii in £2, the corresponding
equation of motion can be expressed as

M,, 0| (U 0 K,|fuU R
.t = , (1.6)
0 o| | P Kp. Kpi | P 0
where p is the mass density, n is the unit normal vector (pointing outwards),

My, = ] pHTHAV, and R = —/ Hﬁ"TﬁdS, with § = —£% . n. As discussed
v Sy

Kpp = — f lHTdeV, R = f HT B4V + / HSTe8r4g .
1 Vv S

in Ref. 19, assuming that the physical constant pressure mode arising from the
boundary condition w-n = 0 on § has been eliminated and there is no spuri-
ous zero frequency,'® the solvability conditions are satisfied in a transient direct
step-by-step solution, where at each time step, we have

K., K| U R
wu P — , (17)
Kp, Ky P 0
where R is the effective load vector, and K7, = C’Muu, with C a positive constant

associated with the direct time integration scheme, e.g. € = Aitz’. for the trapezoidal
rule. .

In addition, for the frequency analysis, we have the eigenvalue problem, K¢ =
w*Mep, with K = —Ku,,K;lew and M = M,,,. Obviously, M is positive definite
and the eigenvalue problem is well-posed. In fact, for n displacement unknowns and
m pressure degrees of freedom, the number of zero frequencies is n — m.

Considering next the stability of a discretization scheme (refer to Refs. 1 and

7), the following two conditions must be satisfied,
Ellipticity :  a(v",v") > C||v*|I}, VYv* € ker(K,u),

g . vhdv (18)
Inf-sup: inf sup Jya M > fo>0,

@ yreyn  [[V1llgtllo
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where € is a positive constant independent of the mesh size £, and Bo is a positive
constant independent of both h and S.

Note that when G # 0, it is obvious that the ellipticity condition is satisfied.”?
Therefore, considering an acoustic fluid, the ellipticity condition can always be
satisfied by some modifications to the variational formulation as discussed in Refs. 1,
6 and 11, see Sec. 2. Of course, in practice, a very small shear modulus compared
with /3 to represent the acoustic fluid can simply be used.

If these modifications are not employed, the loss of ellipticity introduces zero
frequency modes which correspond to zero deviatoric strain energy and can be
effectively removed from the eigenvalue solutions in engineering computations.
Therefore, the key stahility requirement is the inf-sup condition for the selection
of displacement and pressure interpolations, which governs the convergence of the
true physical nonzero frequency modes as confirmed in Refs. 19 and 20.

Furthermore, to reduce the number of zero eigenvalues, according to Refs. 2,
11 and 19, we can use, for acoustic fluids, the so-called displacement—pressure—
vorticity moment (u-p-A) formulation. Assigning rot A = (9A/9z2, —9A/8z1)T and
rotv = Ovy/8z1 — vy /B, in association with grad p = (0p/0z1,8p/8z2)T and
divv = v, /01 + Buy/Bzxs, respectively, we can replace Eqs. (1.3) and (1.4) with

f M rot vRdV — / pldiv vidV
Vv

v
= /VfB vV 4[3 pHvh-n)ds, vvheVh, (1.9)
f

h
fv (%— + divu") @dvV =0, Vq*eQh, (1.10)

h
] (% - rotu"‘) phdv =0, vuteph, (1.11)

vV

where ¢, the constant associated with the irrotationality, is a very large number,
and Ph = Qk.

For the u-p-A formulation, let A* = H)A and rotu* = BU, where H, is the
interpolation matrix for the variable M and A is the solution vector for Mt we
have the additional matrices

Ku,\=f BTH)dV and KM=~f %HIHAdV. (1.12)
v v

Of course, the key benefit of replacing the u/p formulation with the u-p-A for-
mulation is to reduce the number of zero frequencies to n -- m — k, where & is the
number of vorticity moment degrees of freedom.? In addition, in the study of sta-
bility and optimal error bounds, it is necessary to use a modified u-p-A formulation
in order to fulfil the ellipticity condition by considering both div v* and rot v", as
discussed in Ref. 11.
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The objective of this paper is to present a comprehensive study of the solvability,
stability, and optimal error bounds of mixed finite element formulations for acoustic
fluids, including the interrelationship between the numerical inf-sup test and the
eigenvalue problem pertaining to the natural frequencies of a coupled acoustoelastic
system. In addition, we extend the technique proposed by Stenberg in Refs. 16-18
for the analytical proof of the inf-sup condition for Stokes flow to the study of the
inf-sup condition for acoustic fluids and provide an analytical proof for the stability
and optimal error bounds of a set of three-field mixed finite element discretizations.

We begin with preliminaries of the governing equations and relevant theorems in
Sec. 2, and then review in Sec. 3 a technique useful for the analytical proof of the inf-
sup condition. The interrelationship between the discrete eigenvalue problems for
both the u/p and u-p-A formulations and the numerical inf-sup tests is discussed in
Sec. 4. In Sec. 5, we use the theorems developed in Sec. 3 to prove analytically that
the 9-3-1 and 9-4¢-1 elements satisfy the inf-sup condition for the three-field mixed
formulation, and in the concluding section, we reiterate the important findings.

2. Preliminaries

Following the examples in Refs. 2, 11 and 14, we consider the eigenvalue problem:
Find w, u, p and X such that

pwu— gradp —rot A =0 inV, (2.1)

g+divu=0 v, (2.2)
A tu=20 in V
E —Iot u — 1 y (23)
u-n=»0 on Sy, , (2.4)
— 2 - _
{(k — mwiu-n /sf pdS on Sy, (2.5)
A=0 on S, (2.6)

where k and 7 are the mass and stiffness of the piston connected with the acoustic
fluid at the boundary Sy representing the elastic structure in the acoustoelastic
problem, and the boundary condition (2.5) implies that u- n is constant along Sy.
According to Ref. 11, let

V={ve[H(V)?v-n=0o0nS,, v-n is constant on St}
Vo ={ve[HV)?v n=0on S},
Q="P=L*V),

/quV=O}_

Qo_{QEQ
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The corresponding variational form of (2.1)—(2.6) can be expressed as: Find
weER,ueV, pe Q, and A € P such that

a(u, v)+(——1) b(v,p)— (——l)c(v A) = pw?(u, v) + mw?n(u,v), Vvey,

8
(p(I)-i-b(u,q =0, Vgeg, (2.7)

A,
a’”’—c(u,,u =0, YueP,;

where 71 and -y, are positive constants such that 0 <y < B and 0 <y < a, (,*)
is the usual inner product on @ x @, P x P, or ¥ x V, and

n{u,v) = (a- n)ls,(v-n)lg,, Vu,vey,

a(u,v) = 7 (divu,divv) + ye(rot u,rot v) + kn(u,v}, Vu,vey,

b(v,q) = (divv,q), VveV,qe g,

e(v,p) = (rotv, ), VveVueP.

Note that in this formulation, the bilinear form a(u, v) is coercive on ¥V x V if
the two artificial constants v; and <y, are positive. Of key importance is that for
the bilinear forms b(v, g) and ¢(v, ), we have the following lemma.

Lemma 2.1. There exists a constant Cy such that

blv,q) + s
sup DTN o coialio+ o), Vo€ Qope P (2.8)
vEVo\ {0} ”Vul

Proof. For any ¢ € Qg, noting that the domain V is an open, bounded, convex
domain with no re-entrant corners, there exists a unique ¢ € H2(V) satisfying (see
Ref. 12 for details)

-V¥¢=q inV, (2.9)
99
In =0 on§, (2.10)
with f ddV = (.
v
By elliptic regularity we have,
I8llz < Cligllo, (2.11)

where the positive constant C only depends on the area of V. Analogously, for any
€ P, there exists a unique ¢ € H2(V) satisfying (see Ref. 12 for details)

Vi%=p inV, (2.12)
¥=0 ons, (2.13)




On the Inf-Sup Condition of Mized Finite Element Formulations 889

and by elliptic regularity we have
lll2 < Cllullo - (2.14)
Let z = —grad ¢ — rot o with z € [H1(V)]?, we can derive,
dive = -V =g,
? (2.15)
otz = V¥ =y,

and

=0, (2.16)

Izl < llllz + ¥ll2 < Clilallo + llello) (2.17)

where 7 is the unit tangent vector.
Hence, from (2.17), using the Schwarz inequality, we obtain

bv.@) +e(vop) o llall§ + Null3

sup > =
vEV\{0} (]2 C(ligllo + llello)
> Co(llgllo + llxllo), Vg€ Qo,neP, (2.18)
with Cp = 1/(20). =

Let V%, Q" and P* be finite element subspaces of V, @ and P, respectively, the
finite element approximation of the problem (2.7) becomes: Find w” € R, u® € V%,
p" € Q" and A" € P*, such that

h Lk Mmoo Ry Y2 B oyh
a(u,v)-l—(ﬁ l)b(v, ) (a l)c(v s A")
= p(w™)?(u”, v?) + m{wh)?n(u, vh), vvh eV,
ko
(p1Q)+b(uh,qh):0, thEQh’,
hﬁh (2.19)
Q) ;M ) —c(uf, uh) =0, vuhcPph

Now, in order to have a good finite element method, the finite element spaces
have to be chosen such that they inherit the property (2.8), i.e. they should satisfy,

b h’ h h R
p B+ elv )

. > Colllg"lo + le"llo), Yo" e QF ut e P,
vhevhy {0} vl

(2.20)

and the theory of mixed methods provides the following optimal error estimate (see
Ref. 13 for detail):

w — wh| < Cef., (2.21)
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where C is a positive constant independent of /& and material properties, w and wh
are solutions of the problems (2.7) and (2.19), respectively; and
. R
en= sup Cinf (= vEll + e — ¢l + 1A — )
f[ulli+lipllo+IXlo=1 {v".a", ") €
vhox g x P*
In the following section, we will use the technique proposed by Stenberg!6—1®
to check the discrete inf-sup condition (2.20).

3. Inf-Sup Condition

In order to provide a precise discussion, we have to define our concepts properly.
Considering (2.20), we use V{ instead of V*, and if the inf-sup condition in the form
of (2.20) is satisfied, since V# C V*, the inf-sup condition for the problem (2.19)
is also satisfied, provided that the constant pressure mode is eliminated, i.e. we are
using QF instead of Q. Therefore, for simplicity and clarity, we adopt Vi and OF
in the rest of the paper.

Let 7" be a partition of V which consists of either triangular or convex quadri-
lateral elements. Naturally, the partition is assumed to satisfy the usual compat-
ibility and regularity conditions.! Let us further assume that the finite element
polynomial spaces V%, QF, and P* can be uniquely defined on 7" by using a
reference element 7' , i.e. the unit triangle, or square element within the reference
polynomial spaces, V,Qand P.For T € T" let Fr : 7' = T be an affine or bilinear
mapping from T onto T, i.e. x = Fp(%). We define

Vi = {vh e Vv (x)|r = ¥H(F;1(x), vheV, xeT, VYT cV},
and

oh = {¢" € Qld"W)lr = *F7'(x), ¢ cQ, xeT, VIcV},

Ph = {ph e Plph(x)r = pMFFI(X), fteP, xeT, VT CV};
or
Qb = {¢* € QN CV) " X)|r = " (Fr'(x), §" €@, xcT, VTcV},
Ph={ph e PNCWV)ph(®)lr = 4*(F7'(x), A*eP, xeT, VICV};

where C(V') denotes the set of continuous functions on V, and both x and % rep-
resent the position vectors in the two-dimensional domain considered in this paper
and its reference domain, respectively.

The second choice for @ and P" is also called the Taylor—-Hood discretization.
For T € T® we denote its characteristic diameter as hr, its boundary as 97T, its
boundary unit normal vector as nr, its boundary unit tangent vector as 7, the
set of its edges as £(T'), the characteristic length of its edges as hg, and

th=|J «m) =6 v,
TeTh
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with
2 ={EcEnV 0},
h ={FEcthEcCS§}.

In general, by a macroelement M we mean the union of one or more neighbor-
ing elements in 7%. Analogously, a macroelement M is said to be equivalent to
a macroelement in the reference domain M if there is a mapping Fpr: M — M
satisfying the following conditions:

(i) Far is continuous and bijective;

m
(i) If M = UT], where Tj, j = 1,...,m are the elements of M, then T; =
i=1
Fu(T}), 7 =1,...,m are the elements of M:
(i) F M|,1~1j =Fq 0 F,}J_l, where Fi‘,- and Fr; are affine or bilinear mappings from

the reference element 7' onto f} and Tj, respectively, with 7 =1,...,m.

We denote the family of macroelements equivalent to M and M as M and M,
respectively. Hence, for a given macroelement M, analogous to the definition of
finite element spaces, and £, £% and £% on V, we can define finite element spaces
Vig, Qi and Ply, along with ¢4, %, and £} s on M. Notice here that Qf;
corresponds to Q rather than Qg and Vf,‘,f corresponds to Vg rather than V for the
domain occupied by a macroelement M,

Introduce the following norms in QF and P*,

ltle = 37 k2l grad "2+ 3 ha L [*%dS, Vet e O, (3.1)

TeTh Eceh
64 = 3 Bl ot w3+ 3 hs [ [[u)Pas
TeTh Beer, VF
+ th |uP2ds, vuhe Pt (3.2)
Ecel E

where [a] denotes the jump of the variable a across edges E € #% | and analogously
the following semi-norms in Q%, and P4,

"o = 3 3l grad *Er+ 3 ke f llg™)[2ds, (3.3)
TCM geet, JE
Wep = 3 Rl rot ptlZr+ Y ke j Ilu")2ds
TCM Eeth, 'F
+ > ke f | 12dS . (3.4)
B

Eeth o

L
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Furthermore, we define,
Vi = {v® € ViIv*loans =0, V" nlamns = 0},

NM - {(qh:#h) € Qﬁd X 'Pfll(dlv vhaqh)M +(I‘0t vhsf"'h)M =0, Vvh € V&M}’
where

(div vt qh)M + (rot vh’,p.h)M

= Z fT(q”' div v® + p? rot vh)dV, vvhe V&M,qh e Qb uh e Pl (3.5)
TCM

Then we have the following lemma:

Lemma 3.1. There exist two positive constants C, and Cy independent of h and
material properties such that

h h h h
wp V) Felvh )

= > Callld"llo + l1*l0) — Collla*lv.o + £ lvp) »
vhEVE\ [0} Iv%l1

. Vg € Qb ph e P*. (3.6)

Proof. Let (¢", u*) € QF x P* < Qy x P be arbitrary, noting that the domain
V is an open, bounded, convex domain with no re-entrant corners, then, from the
inequality (2.8), there exists v € Vy, such that

b(v, ") + e(v, 1®) > Co(llg™llo + [l 2" [l0)? (3.7)
and
Ivllx < llg™llo + ll#™llo - (3.8)

We now interpolate v with v® € V! defined by the technique of Clemént!? such
that we have the following error estimates,

3o kv —vrid e+ Y g ] v — v*[2dS < Cylvi} (3.9)
TeT" Beeh E
and
Iv*l1 < Callvllh, (3.10)

with (] and C5 independent of k and material properties.
Then, using integration by parts, we obtain

b(vP, g™) + e(vh, u?) = b(v — v, q") + o(v? — v, uP) + b(v, ¢*) + e(v, p*)
> b(v" — v,q") + e(v? — v, p*) + Co(ll®llo + 1| ||0)?

= ) (v—v", grad ¢"* — ot ) + Co(llg"lo + l|1*l0)?
TeTh
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+ > [E [vF = v) - (ig"]) + (v — v) - (]S

Ecél,
+ Z /(vh —v)-rpulds,
Begh E

and furthermore, using the Holder and Schwarz inequalities, (3.8), the fact that
Ivlf < |Iv]3, and the following inequality based on (3.8) and (3.10),

IV 11 < Callvily < Calllg™llo + 1" fl0) , (3.11)
we have

b(v", ") + e(v, 1)

1/2
> — ( DoV =vrRr+ Y byt [E v - vh|2ds)

TeTh Eegh

x (lg*Iv.@ + ll*lv,2) + Colllg"llo + l|2"lo)?

> —VCilvh(l*lv.e + 1t llvie) + Collla™llo + lu]o)?
2 —v/Cillld*llo + 1 l0)(la"v.e + l*llv.») + Colllg™lo + J"]lo)?

= [Collla" o + " llo) — VCillld" v.@ + " v e )P llo + 1" o)

2 [Calllgllo + 4™ [l0) — Colllg* v + ll* vV [l (3.12)
with C, = CO/CQ and Cp = \/C_'I/Cz [l

Lemma 3.2. Suppose that for every M € M, the space Nur, consisting of
functions that are constant vectors on M, is two-dimensional fOMNS =0 or
one-dimensional if DM NS =®. Then there exists o positive constant B such that
the condition

h h h &
sup b(v™, ¢") + c(v", u?)

. > Bm(d a0 + 16" Im.p)
vhevh \{0} [[v* 1l

Vo* € Qb uh e Py, (3.13)
holds for every M € M.

Proof. Consider a fixed M € M. Define the constant Oar as

. b(v", ") + c(v", u")
inf sup TR

(a", &™) € @y x Pl vhevh A\ ({0} v

lg*13, o + "3 =1

B =

= inf sup [B(v®, ") + c(v", M. (3.14)
(@, u"™) € @} x Py vh e v, \ (0}
" 3o + ™ h e =1 W]y =1
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Since Ny, consisting of functions that are constant vectors on M, is two-
dimensional if &M NS = @ one-dimensional if 8M NS # 0, and Q%, Pk, and
Vi s are finite-dimensional, it follows that Ga > 0.

Let us now prove that there is a constant Gaq such that By > Bar > 0 for
every M € M. Let &%, ...,% be the vertices of the elements in M. Every M € M
is now uniquely defined by its vertices x* = Fp(%*), with 4 = 1...,d, and so
we may write Sy = B(x!,...,x%). We will now consider the vertices as a point
y =(x',x%,...,x%) in R, and B = B(y) as a function of y. Let fipr = max hr.

We may assume that hyr = 1 and that x! coincides with the origin in R?. Since
the general case can be handled by a scaling arguinent using the mapping G(x) =
h3f (x — x'), where x! is chosen as the origin, all vertices x?,...,x* lie within a
given distance from the origin. Furthermore, every T C M has a diameter less than
or equal to unity and the triangulation 7" is regular. This means that the point y
belongs to a compact set, denoted by D, in R?4. It can easily be proved that the
function 3 is continuous (see Ref. 16 for a similar argument), and since 5{y) > 0
for every y ¢ D, we conclude that there is a constant Ga¢ > 0, independent of A
and material properties, such that 8(y) > G for every y € D. Thus,

inf sup [b(v", q") + e(v", ") = Bm = Ba >0, VM € M,
{q".u") € Qi x Pir v* € VI, \{0}
lg* 30 +1e*iep =1 gvi|h =1
(3.15)
and the desired inequality (3.13) follows from (3.15) directly. O

Theorem 3.1. Suppose that there is o fized set of equivalent classes of
macroclements M;, with i = 1,..., N, a positive integer L, and e macroelement
partition M" for V, such that

(M1) For each M € M;, with i = 1,..., N, the space Nar, two-dimensional if
OM NS = 0 or one-dimensional if @M NS # B, consists of functions that are
constant on M.

(M2) Each M € M" belongs to one of the classes M;, withi=1,...,N.

(M3) Each T € T*" is contained in at least one and not more than L macroelements
of M".

(M4) Each E € £ is contained in the interior of at least one and not more than
L macroelements of M".

(M5) Each E c £} is contained on the boundary of at least one and not more than
L macroelements of M.

Then the inf-sup condition (2.20) holds.

Proof. Let (g", ") € @& x P® be arbitrary. From Lemma 3.2 and (M1), we know
that for every M € M" there exists v, € V[’i A extending it with 0 outside of M,
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such that

b(v}i/bqh) + C(Vﬁ,{,p}h) = Z /(qh div Vf{g + Hh rot vg‘,)dV
oM T

> Ca(lg*|ang + 1t mp)?, (3.16)
Vil = IVhdlly = IVilla < |a%|ao + 0 lmp . (3.17)

where (3 is a constant independent of M, h and material properties. O

Let us define

vt — Z Vi, (3.18)
MeMh
and from (M3)-(M5), noting (3.16), we have that

bvh @) + (v ph) = N [b(vhy, ") 1 (v, p?)]
MeMh

2 ) Calld" | + it |arp)?
MeMn

> Cs(lg*I%,q + 16™13.) - (3.19)

Furthermore from (M4) and (M5), we know that each element T € T" is con-
tained in at most L macroelements. This gives, using Schwarz's inequality and
(3.17)

2
VM= D2 il <L 3 vk

Meath 1 Meah

<L Y (e + letlae) < 2L%(lg I} + I1n"35). (3.20)
Memh

Therefore we obtain, using Schwarz’s inequality

b(w", q") + c(wh, u*)

sup

whevhy {0} I/
bvh, ") + c(v, uh) V20, hy2 R2 \1/2
H > + /
= V] =97 (llq ”V,Q e ”V,P)
> Cillld*lv.e + lu*lve), Yo' € Qb p* € P, (3.21)

with Cy = C3/(2L).

i
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Combining Lemma 3.1 and the above inequality, we have that
up 20 4 v i)
vheVi\ {0} v
bV g") + efvh, ut (v, g™} + e(vh, uh
e sp HRIEAR) g ) et
vhEVE\ [0} [v"[]1 vheVh\{0} V™1
> £lCa(llg™llo + l*llo) — Co(lla™lIv. + (" lv,p)]

+Ca(1 = &)(le" Ivie + lu*lv.p)

CaCly h h h k .k
2 S .
> G2l +1iMo), Vet € bt e, (3.22)
where we choose ¢ = Cy/(Cy + Cy) > 0. Cl

4. Numerical Inf-Sup Tests

As defined in Sec. 1, the mass matrix M, corresponds to the L2-norm |- llo on
Vi, ie [lut|2 = %UTMWU, and the matrices K,, and Ky, correspond to the
0-norm || - |lp on Qf and P*, respectively. For clarity, we introduce two matrices
Ky ~= —BKpp and Kax = —aK,, such that [[pP)2 = PTK,,P and |\*2 =
ATK A, Moreover, we define a matrix S,, to represent the 1-norm |- |1 on V&,
ie. |u*|} = UTS,,U. In addition, we know that K.y and K, are related to the
bilinear forms b(u®, p*) and c(u®, Ab), i.e.

b(u*,p") = -UTK,,,P and c(u*, M) = UTK,,A .

In the frequency analysis of acoustic Auids, as discussed in Refs. 2 and 19, for the
u/p formulation, we need to solve the following eigenvalue problem for the nonzero
eigenvalues,

K,U = wM,,U, (4.1)

with K, = *Ku,,K;le,m. On the other hand, for the u-p-A formulation, we need
to solve the following eigenvalue problem for the nonzero eigenvalues,

K,U = wiM,, U, (4.2)

with Kp = —Kyp K Kpy — Ky K5 Ko and Ky, = KT,

As discussed in detail in Ref. 19, some of the nonzero eigenvalues of (4.2), if
& > B, located in the higher spectrum and representing the rotational modes, are
in fact zero frequency modes in (4.1). Obviously, using {4.2) instead of (4.1) can
significantly reduce the number of zero frequency modes.

Recall that in the numerical inf-sup tests for both the u/p and u-p-A formu-
lations, as presented in Ref. 20, we need to solve two similar eigenvalue probiems
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by replacing the mass matrix M., with S, and modifying the stiffness matrices,
i.e. we solve

K,U = 1,8, U, (4.3)
and
KyU = 48, U, (4.4)
. 1 N 1 1
where K, = EKG and K, = —EKHPK;;KW Ku,\K KM

Notice that the matrices K., K,, K, K, Mw and S, are all symmetric.
In addition, M,, and S, are positive definite. To have stable and reliable finite
element discretizations for both mixed formulations, we must have

inf sp 29D S (4.5)
7" €Q5\{0} vhevi{o} ||Vh||1[|qh“0 ¢ ’ .

with llm v Aa(R) = vax > 0; and

> sup b(vh, ¢*) + c(vh, uh) St (4.6)

(a1 €@ xPR{0.0} vrevryioy IVFIL(Te*Tlo + *]l0) —

with rllin(l] Ao(R) = /by > 0, where A,(h) and Xs(h) are the smallest nonzero
—

eigenvalues of the problems (4.3) and (4.4), respectively; and ay and by, are positive
constants independent of 2 (and of course, material properties).

Comparing Eq. (4.1) with Eq. (4.3), it is easy to confirm that

bvh.g) VP
inf up e h),
o0 SR oy T Tl ~ VB!

where w, is the smallest nonzero eigenvalue of the problem (4.1).

Since |[v*|lo < [|v*||1, ¥v* € VE, we obtain

%uﬂ(m > v/ 3a(h).

ViBax
P

Thus, we have

lim & (h) > >0,
and in addition, because of the same matrix structure of K, and Ka, the number of
zero frequencies of the eigenvalue problems (4.1) and (4.3) are the same. Therefore,
we can in this case simply calculate the lowest frequency of the problem in (4.1)
for increasingly refined meshes, and if this frequency approaches zero, the inf sup
test is not passed. On the other hand, if the smallest frequency does not approach
zero, we cannot, strictly, say anything about the discretization scheme.
Considering the u-p-A formulation, assume that o« = Kf, then we have
= AKupKo) Kpu + KKun K51 Kiy) and Ky = KoK Kpy + KK Ko,
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Fig. 1. A typical macroelement.

Therefore, it is obvious that we could only have a similar relationship when K =1,
based then on K; = SK,, between the numerical inf-sup test value and the vi-
bration frequency for the u-p-A formulation. However, in practice, we want that
K >1.

5. Applications

In this section, we will apply the results discussed in Sec. 3 to two examples.
Example 5.1. The 9-3-1 element.

Let 7" be a partition of V comprised of convex quadrilateral elements and the
finite element spaces be defined as

Vi = {vh € Volvhir € [Qo(T)?, T eT"},
Ok = {¢" € Qulg"|r € A(T), TeT"},
P = {uh € Plut|r € Py(T), TeT"}.

Suppose that the partition 7 satisfies: For each T € T", there exists at least
one node of T in V. Then for this method the macroelement condition in Lemma 3.2
is valid for a macroelement consisting of four elements, as shown in Fig. 1.

To prove this we consider a macroelement M = T7 U Ty U T3 U Ty and the
corresponding reference macroelement M =T, uT,UTsU Ty as shown in Fig. 1.
Let F = (F1, F3) be the continuous piecewise bilinear mapping from M onto M.
Suppose (g", ") € My, i.e.

(div v*, ¢"ar + (rot v, uM)ar =0, Vvt e V&M.
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Using integration by parts, we have

(div v®, g*)ar + (ot v, ") ar = —(v", grad q")ar + (v*, rot p")as

+ 3 [ (v np((g) + v* - r((u])]dS

Eedy,
+ ) f vhrrphdS = 0. (5.1)

Ecéh, 5
Since grad ¢"|p; for i = 1,...,4 are constants, v* grad ¢"|r; € Qo(T%) for
i=1,...,4 and the composite integration (nine-point integration) gives the exact

values for the integrals (v”,grad ¢")r;. Following the procedure of Ref. 18 and
choosing v* € Vé"‘ a such that the only nonvanishing degrees of freedom are the
values of both components at the center nodes x%2, x?, x2* and x% of Ty, Td,
T3 and Ty, respectively, we obtain grad g¢®|p; = 0 for ¢ = 1,..., 4, which implies
that both g" and u” are piecewise constant. Then we choose v* & Vé‘ M such that
the only nonvanishing degrees of freedom are v* - ny, v* - nz, v* . nz and v" - ny,
where m, na, n3 and ny are the normals of the segments x3x8, x7x18, x*1x18 and
x15x18, evaluated at the points x*%, x!?, x?! and x17, respectively, it is not difficult
to confirm that ¢” is constant on M. Therefore,

(div v*, ¢")ar + (ot v*, ") pg

Z fv crp([pt])ds + z ]v crrptdS=0.  (5.2)

Eety, Beth o

Now we choose v* Vé‘, a such that the only nonvanishing degrees of freedom
are vh .7y, vP .1y, vP . 75 and vh . T4, where T, T2, T3 and T, are tangents of
the segments x3x18, x"x18, x11x18 and x15x18, evaluated at the points x2°, x!9,

1 and x'7, respectively. We confirm that p* is constant on M. IFOM N 8 = 0,
we obtain the desired macroelement condition, including the fact that A t N is two-
dimensional. If M ﬂ S # @, without loss of generality, suppose Ey = x1x3 € L
We need to choose v* € V} , such that the only nonvamshmg degree of freedorn is

v# . g, evaluated at the point x2. Then we obtain p* = 0 on M, t.e. Ny is one-
dimensional. Thus the desired macroelement condition is proved for a macroelement
of four elements, and based on Lemma 3.2 and Theorem 3.1, the inf-sup condition

of (2.20) is satisfied.

Example 5.2, The 9-4c-1 element.

Again, here for the sake of simplicity, we consider a special case. For the general
case, one has to check the macroelement condition numerically.
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We assume V' to be a rectangle and 7% be a partition of V containing squares
with the same size.
= {Vh e VolvlT < [QQ(T)]2, Te Th},

% = {¢" € QNCW)gh|r € Qu(T), TeT},
Ph = {uh e Plut|r € P(T), T eTh}).

Suppose the partition 7" satisifes: For each T € T*, there exists at least one
node of 7 in V. Then, we proceed to prove that the macroelement condition in
Lemma 3.2 is valid for a macroelement consisting of four elements.

Following the procedure above, we choose v € VO s such that the only non-
vanishing degrees of freedom are the values of both components at the center points
of T1, To, T3 and Ty, respectively, as shown in Fig. 1. Since here the elements Ty,
T3, T3 and T} are squares, from grad ¢® = 0, we get

" (x') = (x'®) = "(x°) = " (x*) = " (x¥) =
and
g"(x%) = ¢"(x") = P (x'") = ¢"(x1°) =,
where a and b are constants.
Then we choose v" € Vg‘, um such that the only nonvanishing degrees of freedom

are v 7y, vP .79, v# .73 and v* .74, evaluated at the points x20, x19 , x%1 and x!7
aq"

g
respectively. Without much difficulty, using v - grad ¢" = v* . n—— 3 +vh. 8 :
-

we obtain ¢ = b and ,uh|T1 |T2 = ph|pg = h|T4 = constant. Therefore, ¢g* and
u are always constant functlons on M. If OM NIV #£ B, we suppose that one edge,
say Eo, of M is such that By = x1x3 € £%, .5~ Then we choose v € Vé‘ a such that
the only nonvamshmg degree of freedom is v* - T g, evaluated at the point xZ, and
obtain g* = 0 on M, i.e. N3 is one-dimensional. Hence, the desired macroelement
condition is proved for a macroelement of four elements and the inf-sup condition
(2.20} is satisfied based on Lemma 3.2 and Theorem 3.1.

6. Conclusions

In this paper, we have considered some mixed finite element formulations for an
acoustic fluid and have proven that certain finite element discretizations satisfy the
inf-sup condition of solvability, stability, and optimal error bounds. The ellipticity
condition can be satisfied by using a small shear (material) constant or by using
regularization parameters. The procedure employed herein to prove the inf-sup
condition can also directly be applied to other discretizations of the mixed finite
element formulations considered in the paper. We have also related the numerical
inf-sup values calculated in the inf-sup test to the free vibration frequencies of the
problem considered. The free vibration frequencies give only insight in some special
cases whether an element discretization might be reliable.

Finally, readers are referred to Refs. 4 and 5 for more discussion on the conver-
gence of eigenvalues of mixed finite element formulations.
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