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Summary

The oscillatory phenomena happen almost everywhere in our life, ranging from
macroscopic to microscopic level. They are usually described and governed by some
highly oscillatory nonlinear differential equations from either classical mechanics or
quantum mechanics. Effective and accurate approximations to the highly oscillatory
equations become the key way of further studies of the nonlinear phenomena with
oscillations in different scientific research fields.

The aim of this thesis is to propose and analyze some efficient numerical meth-
ods for approximating a class of highly oscillatory differential equations arising from
quantum or plasma physics. The methods here include classical numerical dis-
cretizations and the multiscale methods with numerical implementations. Special
attentions are paid to study the error bound of each numerical method in the highly
oscillatory regime, which are geared to understand how the step size should be cho-
sen in order to resolve the oscillations, and eventually to find out the uniformly
accurate methods that could totally ignore the oscillations when approximating the
equations.

This thesis is mainly separated into three parts. In the first part, two multiscale
time integrators (MTIs), motivated from two types of multiscale decomposition by

either frequency or frequency and amplitude, are proposed and analyzed for solving




Summary

highly oscillatory second order ordinary differential equations with a dimensionless
parameter 0 < € < 1. This problem is considered as the fundamental model problem
of all the studies in this thesis. In fact, the solution to this equation propagates waves
with wavelength at O(e?) when 0 < ¢ < 1, which brings significantly numerical
burdens in practical computation. We rigorously establish two independent error
bounds for the two MTIs at O(72/&?) and O(e?) for ¢ € (0,1] with 7 > 0 as step
size, which imply that the two MTIs converge uniformly with linear convergence
rate at O(7) for € € (0,1] and optimally with quadratic convergence rate at O(7?)
in the regimes when either ¢ = O(1) or 0 < ¢ < 7. Thus the meshing strategy
requirement (or e-scalability) of the two MTIs is 7 = O(1) for 0 < ¢ < 1, which is
significantly improved from 7 = O(&3) and 7 = O(£?) requested by finite difference
methods and exponential wave integrators to the equation, respectively. Extensive
numerical tests support the two error bounds very well, and comparisons with those
classical numerical integrators offer better understanding on the convergence and
resolution properties of the two MTIs.

The second part of the thesis studies the Klein-Gordon equation (KGE), in-
volving a dimensionless parameter ¢ € (0, 1] which is inversely proportional to the
speed of light. With a Gautschi-type exponential wave integrator (EWI) spectral
method and some popular finite difference time domain methods reviewed at the
beginning, a time-splitting Fourier pseudospectral (TSFP) discretization is consid-
ered for the KGE in the nonrelativistic limit regime, where the 0 < ¢ < 1 leads
to waves propagating in the exact solution of the KGE with wavelength of O(g?)
in time and O(1) in space. Optimal error bound of TSFP is established for fixed
e = O(1), thanks to a vital observation that the scheme coincides with a Deulfhard-
type exponential wave integrator. Numerical studies of TSFP are carried out, with
special efforts made in the nonrelativistic limit regime, which gear to suggest that
TSFP has uniform spectral accuracy in space, and has an asymptotic temporal error
bound O(72/e?) whereas that of the Gautschi-type method is O(72/¢?). Compar-

isons show that TSFP offers the best approximation among all classical numerical
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methods for solving the KGE in the highly oscillatory regime. Then a multiscale
time integrator Fourier pseudospectral (MTI-FP) method is proposed for the KGE.
The MTI-FP method is designed by adapting a multiscale decomposition by fre-
quency (MDF) to the solution at each time step and applying an exponential wave
integrator to the nonlinear Schrodinger equation with wave operator under well-
prepared initial data for e2-frequency and O(1)-amplitude waves and a KG-type
equation with small initial data for the reminder waves in the MDF. Two rigorous
independent error bounds are established in H?-norm to MTI-FP at O(h™ +712+¢?)
and O(h™ + 72 /&%) with h mesh size, 7 time step and mg > 2 an integer depending
on the regularity of the solution, which immediately imply that MTI-FP converges
uniformly and optimally in space with exponential convergence rate if the solution is
smooth, and uniformly in time with linear convergence rate at O(7) for all ¢ € (0, 1]
and optimally with quadratic convergence rate at O(72) in the regimes when either
e =0(1) or 0 < ¢ < 7. Numerical results are reported to confirm the error bounds
and demonstrate the best efficiency and accuracy of the MTI-FP among all methods
for solving the KGE, especially in the nonrelativistic limit regime.

The last part of the thesis is to apply and extend the proposed methods in previ-
ous parts to solve the Klein-Gordon-Zakharov system in the high-plasma-frequency
and subsonic limit regimes. Numerical results show the success of the applications

and shed some lights in future applications to other more oscillatory systems.
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Chapter

Introduction

1.1 The highly oscillatory problems

Oscillate: ‘to swing backward and forward like a pendulum; to move or travel
back and forth between two points; to vary above and below a mean value.” (Web-
ster’s Ninth New Collegiate Dictionary (1985)). In our life, there are many oscillation
phenomena from the macroscopic level for example, a vibrating spring, a pendulum
et al, to the microscopic level like the motion of molecular [73,92]. Due to the
extensive background of oscillations from the studies of scientists, engineers and nu-
merical analysts, it is almost not possible to give a precise mathematical definition
of the word ‘highly oscillatory’ [88].

Our story begins with the simple harmonic oscillator, which is governed by the

Newton’s second law and Hooke’s law as a second order differential equation:
mi(t) = —kx(t), t>0,

where = denotes the displacement of the oscillator, m is the mass of it and k is
the Young’s modulus. When k is large, for example the stiff spring, the solution
of the equation becomes highly oscillatory as time evolves. Although this is just
a simple example, many physical phenomena in the Hamiltonian mechanics are in

very similar situations. For example, the dynamics of the outer solar system, the
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Hénon-Heiles model for stellar motion, the molecular dynamics [57] and even some
stochastic differential equations [39] et al. They are all described by certain second
order ordinary differential equations and the high oscillations occur when some large
frequencies are involved into the forces in these systems. These oscillations, due to
the nonlinear forces and nonlinear interactions, are not just simple periodic motions
described as trigonometric functions in most cases. In general, the dynamics in
the highly oscillatory system are quite complicated. The high oscillations do not
only happen in the classical mechanics, but also happen frequently in the quantum
mechanics and plasma physics especially under some limit physical regimes. In
the quantum and plasma physics, things are usually described by nonlinear partial
differential equations, and the oscillations could occur either in space or in time or in
both. For example, the nonlinear Klein-Gordon equation in the nonrelativistic limit
regime [10] is highly oscillatory in time, and so is the Klein-Gordon-Zakharov system
in the high-plasma-frequency and subsonic limit regime. The nonlinear Schrédinger
equation in the semiclassical limit regime [14] has oscillations in both time and
space. Some other equations like the complex Ginzburg-Landau equation, Allen-
Cahn equation et al, could possess more complicated oscillations usually known as
layers [39].

These highly oscillatory problems find great interests in current research fronts
and applications in industries. To solve the problems, exactly it is not possible since
they are usually nonlinear coupled differential equations. Thus, finding effective
approximations to the governing equations becomes the effective way to study these

nonlinear phenomena with high oscillations.

1.2 Existing methods

The oscillatory differential equations have been studied for almost a century.
The methods can be classified into two branches. One is developed from the ap-

plied mathematics and the methods are known as the analytical approaches in the
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literature. The other is from the computational mathematical studies where peo-
ple developed different numerical methods. Both branches share the same spirit:
looking for good approximations to the oscillatory system.

On the analytical approaches, the first classical method is the standard averaging
method, also known as Krylov-Bogolyubov method of averaging. This method is
developed by N. Krylov and N. Bogoliubov in their very first French paper on oscil-
latory equations in 1935. One can refer to an English version in their book [72]. This
method applies to find an effective model to replace the oscillatory equations which
consists of slow variables and fast variables by averaging the original equations over
the statistics of the fast variables properly. Extensions of the averaging method to
study the elliptic type problems with multiple scales are known as the homogeniza-
tion method [39,86]. A special averaging known as the stroboscopic averaging was
found as a very useful technique in analyzing the oscillatory equations in [90]. The
key interest of stroboscopic averaging is that it allows to preserve the structure of
the original problem along the averaging process, as pointed out in [23,90]. Around
2000, E. Hair, Ch. Lubich and D. Cohen et al studied and developed the modulation
Fourier expansion method in a series of their work [27-30,55-57] to approximate and
analyze the highly oscillatory differential equations arising from molecular dynamics
(MD), where they found the method a powerful tool for analyzing the oscillating
structures of the equations and the long time preserving properties of different nu-
merical methods.

On the numerical approaches, various numerical methods have been proposed
in the literature over the past decades. The early traditional methods like finite
difference methods and Runge-Kutta methods, even though with the implicit stable
versions, will lead to totally wrong approximations if the time step of the numerical
methods is not small enough to fully resolve the highly oscillatory structure in the
problem. The exponential wave integrators (EWIs) were then proposed to release the
meshing requirements of early methods, where the very first two kinds were designed

by W. Gautschi [45] and P. Deuflhard [36] in 1961 and 1979, respectively, based
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on different quadratures. Later, the EWI methods were developed as the impulse
methods and mollified impulse methods in [44,91] to overcome the convergence order
reduction problems pointed out in [44]. The two EWI methods were also generalised
to combine with different filter functions in order to get good long time energy
preserving property in [55,57]. Other numerical methods include some efficient
quadratures for general highly oscillatory integrals studied by A. Iserles et al in
[64-66] and the references therein.

Recently, combining the analytical methods and the numerical methods becomes
a popular way to study the highly oscillatory problems. The numerical strobo-
scopic averaging method was proposed in [23,25]. The modulation Fourier expansion
method has been used to design numerical methods for the equations from MD and
linear second-order ODEs with stiff source terms in [27,29,54-57,91]. The general
framework for designing efficient numerical methods for problems with mulitscale
and multiphysics is systematically developed as the heterogeneous multiscale method
in [3,39-41]. However, all these methods are strongly problem-dependent. That
means for a different oscillatory equation arising from a certain background, differ-
ent analytical tools and numerical methods should be chosen or designed properly.
Thus, the studies of solving oscillatory problems never end. The combination of
analytical methods and numerical methods is the one we are referring to in this

thesis: the multiscale methods.

1.3 The subjects

Although many oscillatory problems such as the MD equations have been well
studied in the literature, there are still lots of unclear but interesting highly oscilla-
tory phenomena unsettled. This thesis considers the following problems with high

oscillations in time which are mainly arising from quantum or plasma physics.
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1.3.1 Highly oscillatory second order differential equations

The highly oscillatory second order differential equations (HODES) read

29(0)+ Ay() + 5y +E(¥(0) =0, ¢>0,

YO =, y(0) =2

(1.3.1)

Here t is time, y = y(t) = (y:1(t),...,ya(t))T € C? is a complex-valued vector
function with d a positive integer, y and y refer to the first and second order
derivatives of y, respectively, 0 < ¢ < 1 is a dimensionless parameter which can
be very small in some limit regimes, A € R¥? is a symmetric positive semi-definite
matrix, ®;, ®, € C? are two given initial data at O(1) in term of 0 < ¢ < 1, and
fly) = (fily),..., faly))' : C¢ — C? describes the nonlinear interaction which
is independent of . The gauge invariance implies that f(y) satisfies the following

relation [77]
f(e"y) = "f(y), Vs € R. (1.3.2)

We remark that if the initial data ®;,®, € R? and f(y) : RY — R? then the
solution y € R? is real-valued. In this case, the gauge invariance condition (1.3.2)
for the nonlinearity in (1.3.1) is no longer needed.

The above problem is motivated from our recent numerical study of the non-
linear Klein-Gordon equation (KGE) in the nonrelativistic limit regime [10, 76, 77],
where 0 < ¢ < 1 is scaled to be inversely proportional to the speed of light. In
fact, it can be viewed as a model resulted from a semi-discretization in space, e.g.,
by finite difference or spectral discretization with a fixed mesh size (see detailed
equations (3.3) and (3.19) in [10]), to the nonlinear KGE. In order to propose new
multiscale time integrators (MTIs) and compare with those classical numerical in-
tegrators including finite difference methods [10,38,73,92,99] and exponential wave
integrators [44,54,55,57,91] efficiently, we thus focus on the above HODEs instead
of the original nonlinear KGE. The solution to (1.3.1) propagates highly oscillatory
waves with wavelength at O(g?) and amplitude at O(1).
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The model problem (1.3.1) is quite different from the following oscillatory second
order differential equations arising from Newtonian mechanics such as molecular
dynamics [27,29,54,55,57,91],

FU0) + () + () =0, 10

y(0) =@y, y(0) = Py.

(1.3.3)

In fact, the above problem (1.3.3) propagates waves with wave length and amplitude
both at O(g), where the problem (1.3.1) propagates waves with wave length at O(&?)
and amplitude at O(1), and thus the oscillation in the problem (1.3.1) is much more
oscillating and wild. In addition, dividing € on both sides of the model equation

(1.3.1), we obtain

L A2+ 1 1
y+ =y + 5fy) =0, (1.3.4)

Of course, when ¢ = O(1), both (1.3.3) and (1.3.4) are perturbations to the harmonic
oscillator. However, in the regime of 0 < ¢ < 1, due to the factor 6% in front of the
nonlinear function, the nonlinear term in (1.3.4) is no longer a small perturbation
to the harmonic oscillator! Resonance may occur at time ¢ = O(1). Another major
difference is that the reduced energy [54-56,56,57] of the problem (1.3.3) H, :=
y'y + Zy" Ay is uniformly bounded for ¢ € (0, 1], while that of the problem (1.3.1)
H, :=e’y'y + y' Ay + 5y”’y is unbounded when ¢ — 0. The unbounded energy
could make the analysis and computations more difficult. In fact, with a scaling

y — %y, one can convert the small initial data or the energy bounded case in (1.3.3)

to

§(0) + Sy () + fey(t) =0, >0

1 (1.3.5)
y(0) =y, y(0)= 5@2-

In most practical cases, such as the Fermi-Pasta-Ulam problem, the Hénon-Heiles
model from Newtonian dynamics [57] and the scalar field self-interaction in quantum
dynamics, f(y) is a polynomial function and the nonlinearity 1f(cy) = o(1) in (1.3.5)

is actually a very small perturbation to the linear problem and is much weaker than
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that in (1.3.4). Thus, compared to (1.3.3), the model (1.3.1) is a much more highly
oscillatory problem with a very strong nonlinearity, and consequently is much more
challenging numerically. It is also believed that the study of (1.3.1) could also shed
some lights on that of (1.3.3).

Different efficient and accurate numerical methods, including finite difference
methods [10, 38], exponential wave integrators (EWIs) [27,54,55], mollified impulse
methods [29,57,91], modulated Fourier expansion methods [29,54,57,91], heteroge-
neous multiscale methods [42], flow averaging [101], Stroboscopic averaging [25] and
Yong measure approach [4] have been proposed and analyzed as well as compared for
the problem (1.3.3) in the literatures, especially in the regime when 0 < ¢ < 1. How-
ever, based on the results in [10], all the above numerical methods do not converge
uniformly for € € (0, 1] for the problem (1.3.1) which usually arise from quantum

and plasma physics.

1.3.2 Nonlinear Klein-Gordon equation in the nonrelativis-
tic limit regime

The nonlinear Klein-Gordon equation (KGE) in d dimensions (d = 1, 2, 3) reads

h? h?
—5O0uu(x,t) — —Au + mc®u+ f(u) =0, xR t>0, (1.3.6)
me m

where t is time, x is the spatial coordinate, and ¢ and A denote the speed of light and
Plank constant, respectively. With the dimensionless variables: ¢ — #t and x —

1%, the KGE (1.3.6) takes the following non-dimensional form [10,75-77,81,104]:

1
e20uu(x,t) — Au(x,t) + ;u(x, )+ flu(x,t)) =0, xeRY t>0, (1.3.7a)

with initial conditions:

w(x,0) = d1(x),  Dpu(x,0) = 5—12¢2(x), x € R (1.3.7b)
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Here the dimensionless parameter 0 < € < 1 is inversely proportional to the speed
of light ¢. The given initial data ¢, ¢ and the unknown u := u(x,t) are complex
valued scalar functions. f(u): C — C describing the nonlinear interaction is a given

gauge invariant nonlinearity which is independent of € and satisfies [43, 75-77,89]
fe"u) = e f(u), Vs € R. (1.3.8)

Similarly as before, when everything is real, the condition (1.3.8) is not necessary.
Thus (1.3.7) includes the classical KGE with the solution u real-valued as a special
case [24,38,80,93,96,99,102]. In most applications and theoretical investigations
in literatures [10,21,43,47-50,73,75-77,80,87,93,96, 98|, f(u) is taken as the pure

power nonlinearity, i.e.
f(u) = g(Jul*)u, with g(p) = \p? for some A € R, p € Ny := NU{0}. (1.3.9)

The KGE is also known as the relativistic version of the Schrodinger equation and
used to describe the motion of a spinless particle; see, e.g. [32,89] for its derivation.
The KGE (1.3.7) is time symmetry or time reversible, i.e. with t — —t, u(x, —t) is
still the solution of the KGE (1.3.7).

When ¢ > 0 in (1.3.7) is fixed, for example € = 1, which is corresponding to the
O(1)-speed of light, i.e. the relativistic regime, the KGE (1.3.7) has been studied
extensively in both analytical and numerical aspects. For analytical part, the global
existence of solutions to the Cauchy problem was considered and well-established
in [19,21,63,71,96]. Along the numerical aspect, many numerical schemes such
as finite difference time domain methods, and the finite difference integrators with
finite element or spectral discretization in space have been proposed in literatures
(1,24, 33,38, 74,99, 103]. Comparisons between these numerical methods in this
regime have been given in [10,67].

When 0 < ¢ < 1 in (1.3.7), which is corresponding to the speed of light
going to infinity and is known as the nonrelativistic limit regime, recent stud-

ies [10,75-77,81,104] show that the solution of the KGE (1.3.7) propagates waves
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with wavelength of O(g?) and O(1) in time and in space, respectively. Thus, the so-
lution has high oscillations in time when 0 < ¢ < 1. The highly oscillatory nature in
time causes severe numerical burdens, making the computation in the nonrelativis-
tic limit regime extremely challenging. Even for the stable numerical discretizations
(or under stability restrictions on meshing strategies), the approximations may come
out completely wrong unless the temporal oscillation is fully resolved numerically.
Thus, developing and analyzing numerical methods for solving the KGE (1.3.7) with
the allowance of step size as large as possible become a main and hot topic in the

numerical study of KGE in the nonrelativistic limit regime.

1.3.3 Klein-Gordon-Zakharov system in the high-plasma-

frequency and subsonic limit regime

The d-dimensional (d = 1,2,3) Klein-Gordon-Zakharov (KGZ) system for de-
scribing interaction between Langmuir waves and ion sound waves in plasma [20,35,

78,100] reads
2
Oub(%,1) + ™ = 1oV (V ) + PV x V x ¢ = =g, (1.3.10a)
0
Dud(x,t) — AP = ;—&AW;F, x€RY t>0, (1.3.10D)

where (-, t) : RY — R? is the electric field, ¢(-,t) : R? — R is the ion density
fluctuation from the constant equilibrium ¢y > 0, w denotes the plasma frequency,
Yee 18 the electron heat ratio, v denotes the thermal velocity, ¢; is the speed of light,
¢s is the ion sound speed, gg is the vacuum dielectric constant and M is the ion

mass. The physical parameters in details satisfy

2 C0€2 K)Te 2 _ K/(’Y@'eTe + ’yuﬂ)

w :m€07 V= m; Cs M ) ine:17 7@6:7’%:3;

with e and m denote the eletron charge and mass, respectively,  is the Boltzmann
constant, T, and T} are the electron and ion temperatures, M is the ion mass, ;. and
;i are the heat ratios of the electrons and the ions. The KGZ system is derived from

the Euler equations for the electrons and ions, coupled with the Maxwell equation for
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the electric field [100,108]. With a dimensionless parameter ¢ > 0, let the rescaling
in (1.3.10) be

kT.co wx wt Co wx wt
X, 1) = 1/ =2, x, 1) = 2 (=, 2,
Y1) soczw(eu 82) o, 1) 82¢(8l/ 82)
and denote v = 1/%, then we get the dimensionless form

A 1
POt 8) = 3V(Y ) + () VXV X+ v =60,
Y Oud(x, 1) = Ag = & AP, xeR? t>0.

2 <7ieTe + 722111)

Furthermore, let

Y — \/Q(WT@T—EF 7)) ¥, and notice V x (V xv)=V(V- 1) — A,

with ¢ = O(1) [78], one considers the following simplified scalar dimensionless KGE

system [78,79,84,105]:

20u)(x,t) — Ah(x,t) + 5—12¢(x, t) + (x,t)p(x,t) =0, (1.3.11)

VOud(x,t) — Ad(x,1) — A (P2 (x,1)) =0, x€R%L ¢>0, (1.3.12)

with initial conditions

$(x,0) = pV(x), Bp(x,0) = PV (x), ¢(x,0) = 60 (x), dp(x,0) = ¢V (x).
(1.3.13)

Here, the real-valued scalar functions ¢ = ¥(x,t) and ¢ = ¢(x,t) are the fast time
scale component of electric field raised by electrons and the derivation of ion density
from its equilibrium, respectively; 0 < ¢ < 1 and 0 < v < 1 are two dimensionless
parameters which are inversely proportional to the plasma frequency and speed of
sound, respectively.

For fixed ¢ =gy > 0 and v = 79 > 0, i.e. O(1)-plasma frequency and speed of
sound regime, the above KGZ system (1.3.11)-(1.3.12) has been well-studied both

analytically and numerically [84,105]. For either ¢ — 0 which is corresponding
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to the high-plasma-frequency limit regime, or (¢,7) — 0 under € < ~, which is
corresponding to the simultaneous high-plasma-frequency and subsonic limit regime,
the solution of the KGZ system becomes highly oscillatory in time, which makes the

analysis and computation complicated and challenging.

1.4 Purpose and outline of the thesis

The purpose of this study is to propose and analyze efficient and accurate nu-
merical methods for solving the mentioned highly oscillatory problems.

The following chapters are organized as follows. Chapter 2 is devoted to study the
HODEs (1.3.1). Existing numerical integrators, namely finite difference integrators
and exponential wave integrators (EWIs), are firstly reviewed to understand the
sever restrictions on the time steps of the numerical methods for resolving the high
oscillations and the numerical burden caused by it. To overcome the difficulty, two
multiscale decompositions based on the frequency or frequency and amplitude are
derived for the HODEs. Based on the decomposed systems, two multiscale time
integrators (MTIs) are then proposed and analyzed to solve the HODESs, where the
rigorous error estimates and extensive numerical results show that the MTIs are
uniformly accurate and the time steps can be chosen despite of the oscillations. The
result in Chapter 2 is also the fundament of studies in subsequent chapters.

Chapters 3 and 4 consider the KGE (1.3.7) in the nonrelativistic limit regime with
the parameter 0 < ¢ < 1. In Chapter 3, reviews on existing numerical methods in-
cluding finite difference time domain (FDTD) methods and an EWI with Gautschi’s
quadratue Fourier pseudospectral (EWI-GFP) method are firstly listed to show the
temporal error bounds of the two methods are O(7%/e%) and O(72/e?), respectively,
where 7 denotes the time step. Then another classical numerical method namely
the time-splitting Fourier pseudospectral (TSFP) method is proposed for solving
the KGE by first rewriting the KGE into a first order system and then applying
the operator splitting technique. Based on a vital observation that the TSFP is
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equivalent to a Deulfhard-type EWI pseudospectral, rigorous and optimal error es-
timate of the TSFP method is obtained in regime ¢ = O(1). Extensive numerical
studies in the nonrelativistic limit regime show that the temporal error bound of
the TSFP is O(72/¢?) as 0 < € < 1, which indicates TSFP is the optimum among
all classical methods towards discretizating KGE directly. To further release the e
dependence in temporal error, in Chapter 4, a multiscale time integrator Fourier
pseudospectral (MTI-FP) is proposed based on a multiscale decomposition by fre-
quency to the KGE. The method is to first adapt the Fourier spectral method for
spatial discretization and then apply the EWI for integrating second-order highly
oscillating ODEs decomposed from the original problem. Rigorous error estimate of
the MTI-FP for the KGE is established in energy space which show that MTI-FP
is uniformly accurate for all £ € (0, 1], and optimally in space with spectral con-
vergence rate, and uniformly in time with linear convergence rate for ¢ € (0, 1] and
optimally with quadratic convergence rate in the regimes when either ¢ = O(1) or
O<e<T.

In Chapter 5, we apply the proposed EWIs and MTI method to solve the KGZ
system in highly oscillatory regimes. To the end of this chapter, a Gautschi-type
EWT sine pseudospectral method and a Deulhard-type sine pseudospectral method
are proposed to solve the KGZ under the simultaneous high-plasma-frequency and
subsonic limit regime. A MTT sine pseudospectral method is proposed to solve the
KGZ system under high-plasma-frequency limit regime. Numerical results show that
the performance of these methods are very much similar to those for KGE.

In Chapter 6, conclusions are drawn and some possible future studies are dis-
cussed.

Throughout this thesis, we adopt the notation A < B to represent that there
exists a generic constant C' > 0, which is independent of 7 (or n), h and ¢, such that

Al < OB.



Chapter 2

For highly oscillatory second order

differential equations

2.1 Introduction

This chapter considers the highly oscillatory second order differential equations

as stated in Section 1.3.1,

29(0)+ Ay() + 5y +E(¥(0) =0, ¢>0,
(2.1.1)

y(0) =@, §(0) = 2,
where t is time, y := y(t) = (y1(t),...,9a(t))T € C? is a complex-valued vector
function in d-dimension, y and y denote the first and second order derivatives of y,
respectively, 0 < € < 11is a dimensionless parameter which can be very small in some
limit regimes, A € R%9 is a symmetric nonnegative definite matrix, ®;, ®, € C¢ are

two given initial data at O(1) in terms of 0 < ¢ < 1, and f(y) = (f1(y), ..., faly))" :

C? — C9 is independent of ¢ and satisfies the gauge invariance
f(e"y) = "f(y), Vs € R, (2.1.2)

in case y is complex valued.
The solution to (2.1.1) propagates high oscillatory waves with wavelength at
O(g?) and amplitude at O(1). To illustrate this, Fig. 2.1 shows the solutions of

13
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(2.1.1) with d = 2, fi(y1,¥2) = Yive, fa(yr,%2) = vsun, A = diag(2,2), &, =
(1,0.5) and ®, = (1,2)7 for different . The highly oscillatory nature of solutions
to (2.1.1) causes severe burdens in practical computation, making the numerical
approximation extremely challenging and costly in the regime of 0 < ¢ < 1.

For the global well-posedness of the model problem (2.1.1), we refer to [58,59].
For simplicity of notation, we will present our methods and comparison for (2.1.1)

in its simplest case, i.e. d =1, as

i)+ (o 5 ) w0+ F ) =0, ¢

(2.1.3)

where y = y(t) € C is a complex-valued scalar function, a > 0 is a real constant,
o1, 92 € C, and f(y) : C — C. In particular, in many applications [47-50, 76,77,
87,93,96], f(y) is taken as the pure power nonlinearity as

fy) = g(ly|*)y, with g(p) = A\p? for some A € R, p € Ng:=NU{0}. (2.1.4)

In addition, if f is taken as the pure power nonlinearity (2.1.4), it is easy to see that

(2.1.3) conserves the Hamiltonian or total energy, which is given by
) 1
B@) = @l + (a5 ) WOl + F (b))
1 1
= > 6o + (04 + §> 61> + F (|1f?) == E(0), t>0, (2.1.5)

with F(p) = [ g(¢')dp'. Although the numerical methods and their error estimates
in this paper are for the model problem (2.1.3), they can be easily extended to solve
the problem (2.1.1).

In fact, for existing numerical methods to solve the problem (2.1.3), in order
to capture ‘correctly’ the oscillatory solutions, one has to restrict the time step 7
in a numerical integrator to be quite small when 0 < ¢ < 1. For instance, as
suggested by the rigorous results in [10], for the frequently used finite difference
(FD) time integrators in the literature [10,38,99], such as energy conservative, semi-

implicit and explicit ones, which will be presented and reviewed in Section 2.2, the
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Figure 2.1: Time evolution of the solutions of (2.1.1) with d = 2 for different e.
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meshing strategy requirement (or e-scalability) is 7 = O(e®) [10]. Also, a class of
trigonometric integrators which solves the linear part of (2.1.3) exactly [10,44, 54,
55,57,91], namely the exponential wave integrators (EWIs), require 7 = O(&?) for
nonlinear problems [10]. In view of that the solutions to (2.1.3) are highly oscillatory
with wavelength at O(g?), the EWIs could be viewed as the optimal one among all
the methods which integrate the oscillatory problem (2.1.3) directly. Section 2.3 will
give a detailed review on the work of EWIs.

The rest and the main part of this chapter is going to propose and analyze multi-
scale time integrators (MTIs) to the problem (2.1.3), which will converge uniformly
for e € (0, 1] and thus possess much better improved e-scalability than those classical
FD and EWI methods in the regime 0 < ¢ < 1, by taking into account the sophis-
ticated multiscale structures (see details in (2.5)) in frequency and/or amplitude of
the solutions to (2.1.3). The new proposed methods, at each time interval, adopt
an ansatz same as the one used in [76,77], then carry out multiscale decomposi-
tions of the solution to (2.1.3) by either frequency or frequency and amplitude, and
obtain a coupled equations for two O(1)-in-amplitude non-oscillatory components
and an O(e?)-in-amplitude oscillatory component. The coupled equations are then
discretized by an explicit EWI method [54,55,57] with proper chosen transmission
conditions between different time intervals. Our methods are different from the
classical way of applying the modulated Fourier expansion methods for oscillatory
ODEs [27,29,31] in terms of not only considering the leading order terms but also
solving the equation of the remainder which is O(g?) in the pure power nonlinear
case so as to design a uniformly convergent integrator for any 0 < ¢ < 1. For
the MTTs, two independent error bounds at O(7%/&?) and O(e?) for € € (0, 1] are
rigorously established by using the energy method and multiscale analysis [5,8,10].
These two error bounds immediately suggest that the MTIs converge uniformly with
linear convergence rate at O(7) for € € (0, 1] and optimally with quadratic conver-
gence rate at O(72) in the regimes when either ¢ = O(1) or 0 < & < 7. Thus, the

MTIs offer compelling advantages over those FD and EWI methods for the problem
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(2.1.3), especially when 0 < ¢ < 1. Extensions of the proposed MTIs from solving
the power nonlinearity case to the general nonlinearity (2.1.2) are made in Sections

2.6. Numerical results are reported in Section 2.7.

2.2 Finite difference methods

Let 7 = At > 0 be the step size, and denote time steps by t, = n7t for n =

0,1,.... For a sequence {y"}, define the standard finite difference operators as
n+1 n n n—1 n+1 n n—1
n_ YT~y Yy no_ YT 29"ty
STyt = Syt = 2y = 5 .
T T T

Then a conservative Crank-Nicolson finite difference (CNFD) integrator for solving

(2.1.3) reads

1 n+1 n—1
e20ry" + (oz + ?) % +G YTy =0, n=12,..., (22.1)

where

F n+1(2) _ F n—1|2 n+1 n—1
G (y ) = (g™ %) (ly" 1) v +y '
PR 2

A semi-implicit finite difference (SIFD) integrator reads
g2 2

1 n+1+ n—1
E257y" + (a + —) LA A g([y")y* =0, n=1,2,.... (2.2.2)

An explicit finite difference (EXFD) integrator, which is known as the famous

Stormer-Verlet or leap-frog method [55,57, 73], reads
2¢2. n 1 n n|2 n
0}y +(a+§)y +g(ly'P)y" =0, n=12,.... (2.2.3)

Here the initial conditions are discretized as

sin (wr) |, 7sin(wT)

v =1, y' = cos(wr) e + 02 g (|¢1|2) 01. (2.2.4)

2w 2e2w

In order that the methods CNFD and SIFD are stable uniformly in the regime

0 < & < 1, here y! is computed according to the exponential wave integrator (2.3.5)
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introduced later with n = 0 instead of the classical way below. In fact, if one adapts

the usual way to obtain y! as

ot 20k 5 ) ara(aP)el (2.2.5)
our numerical results suggest that it would cause severe instability issue when 7 =
O(1) and 0 < ¢ < 1. Thus we adopt (2.2.4) instead of (2.2.5) to discretize the initial
data since we want to consider 0 < € < 1, especially 0 < ¢ < 1.

For the above FD integrators, all are time symmetric. CNFD is implicit, SIFD
is implicit but can be solved very efficiently, and EXFD is explicit. For CNFD, it

conserves the following energy in the discretized level, i.e.

1 n+12+ n|2 F n+1|2 + F n|2
o 82‘5t+yn’2+(a+§)\y \2 yE L F oy I)2 (ly"*)

= E° n=0,1,...

However, at each step, a fully nonlinear equation needs to be solved, which might
be quite time-consuming. In fact, if the nonlinear equation is not solved very accu-
rately, then the above quantity will not be conserved in practical computation [7].
Thus CNFD is usually not adopted in practical computation, especially for par-
tial differential equations in high dimensions. EXFD is very popular and powerful
when ¢ = O(1), however, it suffers from a server stability constraint 7 < € when
0<e<1I[10].

For the above finite difference integrators, defining the error functions as

e = y<tn) - ynv e = y(tn) - yn’ (226)

we have the following convergence result, providing the exact solution y(¢) to (2.1.3)
satisfying

1

S =
€2m

Lo=(0,T)

dm
feC*R), yeC*0,7T), Hdt—my m=0,1,2,3,4, (2.2.7)

where 0 < T" < T* with T* denotes the maximum existence time of the solution.
The proof proceed in analogous lines as the technique used in [10, Theorem 2 and

5], and we omit the details here for brevity.
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Theorem 2.2.1 (Error bounds of FD). For the CNFD (2.2.1), SIFD (2.2.2) and
EXFD (2.2.3), under the assumption (2.2.7), there exists a constant 19 > 0 inde-
pendent of € and n, such that for any 0 < ¢ <1 when 7 < 17923, we have

72 T

21 -
"]+ £%én| S 5,

, 0<7 <70 (2.2.8)

2.3 Exponential wave integrators

We rewrite the solution of (2.1.3) near ¢ = t,, by using the variation-of-constant

formula, i.e.

. s s
y(t, +s) = cos(ws)y(t,) + Smf:us)y‘(tn) - /0 W}“”(G)d@, (2.3.1)
where f"(0) := f(y(t, +0)). Taking s = £7 in (2.3.1) and then summing them up,

we have

lta)+tn-r) = 2costerly(tn)— [ =D o) 1 pr-oy]an. (232

0 2w
Then exponential wave integrators (EWIs) approximate the integral term by proper
quadratures. For example, if a Gautschi’s type quadrature [10,45,54,57] is applied,
one can end up with the following EWI in Gautschi’s type (EWI-G). The stabilized
EWI-G [10] reads

— "'+ 2cos (W'T) y" —2G™,  n > 1,
n+1
Yoo in (0" (2.3.3)
COs (WOT) o1+ Wﬁb _ GO, n =0,
g*w
where
n 1 — cos (w”7—> n|2 n n,n
G:W[Q(l?ﬂ)y —a"y"], n>0,
V14 e (a+an)

n

, o =max {a"’l,g (\y”\Q)} , with o™t = 0.

Here a linear stabilizing term with stabilizing constant a™ is introduced so that the

method is unconditionally stable [10, Theorem 6]. Of course, one can use other
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ways to filter oscillation in the resonance regime [55,57-59,91] instead of the above
linear stabilizing term. In addition, if the approximation to y(t,) is of interest, for

example, evaluating the discrete energy, one can use

. ) . sin(wr) -
o) = 2wsin(un)y” = 2——=g(ly"[")y", n>1,
gt = . (2.3.4)
. 0 .o sin(wr) 0/2y,0
—wsin(wr)y” + cos(wr)y” — ———=g(ly" )y’ n=0,

which is derived similarly from the differentiation of (2.3.1) with respect to s and
then taking s = +7.

On the other hand, if the standard trapezoidal rule is applied to approximate
the integral in (2.3.2), then one can end up with the following EWI in Deuflhard’s
type (EWI-D) [36,55],

— 9"t 4 2cos (wr)y" —2D", n>1,

n+1
y" = : (2.3.5)
cos (wT) ¢1 + o EWT)@ - D% n=0,
2w
where,
V1+ ae? . Tsin(wt N
e = r (AR LR

Similarly, to approximate ¢(t,), we can use the scheme (2.3.4).

Generalizations of the above two EWIs based on (2.3.1) are the mollified impulse
methods or EWIs with filters [44, 54,55, 57], which have been well-developed for
solving problem (1.3.3) with a uniform convergence and good energy preserving

properties. Now with a stronger nonlinearity in the problem (2.1.3), the scheme

reads
(1 = cosemy” + 2T g4 ) ).
§ = —wsin(wn)y” + cos(@r)i" + 3 [vo(wr)f (B(wr)y") (23.6)
+va(wn)f (olwr)y™) |,

where 1, ¢, 1y and 1; are known as the filters under some consistent conditions

[55,57]. For example, two popular sets of filters mentioned in [55,57] are chosen as

wo(p) = cos(p)n(p),  wr(p) = ¥(p)

= Sl (2.3.7)
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with

¥(p) = ¢(p)sinc(p),  ¢(p) = sinc(p), (2.3.8)

or

b(p) =sinc*(p),  o(p) =1, (2.3.9)

where sinc(p) = sin(p)/p for p € R. Hereafter, we refer to the EWIs (2.3.6)-(2.3.7)
with filters (2.3.8) as EWI-F1, and (2.3.6)-(2.3.7) with filters (2.3.9) as EWI-F2.

For convergence results of the EWIs, assuming that the solution of (2.1.3) satisfies

dm

1
feC*R), yeC*0,T), |-=y <—, m=0,1,2, (23.10)
dt L1 €

2m’

for 0 < T < T* with T* the maximum existence time, we have the following theorem.
The proof proceed in analogous lines as the technique used in [10, Theorem 9]

towards the estimates in time or [54] and we omit the details here for brevity.

Theorem 2.3.1 (Error bounds of EWIs). For the EWI-G (2.3.3), EWI-D (2.3.5),
EWI-F1 (2.3.8) and EWI-F2 (2.5.9), under the assumption (2.3.10), there exists
a constant 7y > 0 independent of € and n, such that for any 0 < ¢ < 1 when
0 <7 <7982,

n 2| -n T2
e"|+e’le"| S =, 0<n<
£

1N

(2.3.11)

2.4 Multiscale decompositions

In this section, we present multiscale decompositions for the solution of (2.1.3)

on the time interval [t,,t,1] with given initial data at ¢t = t,, as

yt) =61 =0(1), gty =22 -0 (i) , (2.4.1)

by either frequency or frequency and amplitude.



22

2.4 Multiscale decompositions

2.4.1 Multiscale decomposition by frequency (MDF)

Similar to the analytical study of the nonrelativistic limit of the nonlinear Klein-

Gordon equation [76,77], we take an ansatz to the solution y(t) := y(¢,+s) of (2.1.3)

on the time interval [t,, t,41] with (2.4.1) as

0<s<T (2.4.2)

Y(tn +5) = /20 (s) + 7T (5) 4 17(s),
Hereafter, z denotes the complex conjugate of a complex-valued function z. Differ-

entiating (2.4.2) with respect to s, we have
3 (s) — iﬁ@] i (s). (2.4.3)

) ~ . 1 .
y%+$=¥MFﬂ$+;ﬁ@yW”M{‘

Plugging (2.4.2) into (2.1.3), we get
[2027 (5) + €227 (s) + @zl (s)] /%" + [~2i27 (s) + 227 ()

+ &% (s) + (a + 6%) r™(s)+ f(y(t,+s5)) =0, 0<s<T. (2.4.4)

Multiplying the above equation by e~/ < and e/ 52, respectively, we can decom-
pose the above equation into a coupled system for two e2-frequency waves with the

unknowns 27 (s) and the rest frequency waves with the unknown r"(s) as

=0, 0<s<r,

2021(s) + €221 (s) + azi (s) + fi (1(5), 27(5))

ORI CRFACIOIBNAER

(2.4.5)
=0,

where
(2.4.6)

1 |

fe(z4,2-) = —/ f (21 +€75) a9,
2m Jo

Folerzomis) = F (B2 £ o B 4r) = fi(zz) e = Tz 2 ) e 2

(2.4.7)

In order to find proper initial conditions for the above system (2.4.5), setting s =0

in (2.4.2) and (2.4.3), noticing (2.4.1), we obtain

24(0) 4+ 27(0) +r"(0) = y(tn) = o1,
0 _ _ n (2.4.8)
pm»wﬂM+ﬁ@+ﬁm+W@:mm_ﬁn

e2
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Now we decompose the above initial data so as to: (i) equate O (%) and O(1) terms
in the second equation of (2.4.8), respectively, and (ii) be well-prepared for the first
two equations in (2.4.5) when 0 < e < 1, i.e. 27(0) and 2" (0) are determined from

the first two equations in (2.4.5), respectively, by setting ¢ = 0 and s = 0 [5,8]:

0)+20(0) = ¢t i[25(0) = ZE(0)] = ¢,
2127 (0) + az(0) + fx (271(0),2"(0)) =0, (2.4.9)
r(0) =0,  #"(0)+ 27 (0) + 22(0) = 0.

Solving (2.4.9), we get the initial data for (2.4.5) as

20)= 5 (6 —igh),  =(0) =5 (FF i ).

= % [@z2(0) + fx (27(0),27(0))] , (2.4.10)
r(0) =0, #"(0) = =2} (0) = Z2(0).

3
The above decomposition can be called as multiscale decomposition by frequency
(MDF). In fact, it can also be regarded as to decompose slow waves at e2-wavelength
and fast waves at other wavelengths, thus it can also be called as fast-slow frequency
decomposition.

Specifically, for pure power nonlinearity, i.e. f satisfies (2.1.4), then the above

MDF (2.4.5) collapses to
23 (5) + £220(5) + afi(s) + gu (122(5) 2 |22 (5)2) 22(s) =0, (24.11)
1
i7(6) 4 (4 %) (6) 4 (16200 8) =0, 055,

where
gx (o p=) = D M+ )" (pep-)(p5 )7, (24.12)
<p17p27173>0
p
gr (2120 m38) = 3 (g (20, 20 ) @B/ g (o 2y emiREDS/)
k=1

+h(zy,2-,158), (2.4.13)
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with

g (20, 22) = AT D (P o)™ [ PPl Pt (2.4.14)

(P1,P2,03)
h(ze,2o,m38) =g <|eis/52zJr 1S/t 7n|2> (eis/szer 1 mis/ete— 7’>
—g (\e”/52z+ + e*”/ﬁz_,\z) <ei5/52z+ + e*i5/522_7> , (2.4.15)

and (p1,p2, p3), = {p1,p2,p3 €Ny | p1 +2p2+p3s=p—k, p3=0,1}fork=0,...p.

2.4.2 Multiscale decomposition by frequency and amplitude

(MDFA)

Another way to decompose (2.4.4) is to decompose it into a coupled system for
two e2-frequency waves at O(1)-amplitude with the unknowns 2% (s) and the rest

frequency and amplitude waves with the unknown "(s) as
2i21(s) + azl(s) + fi (21(s), 2" (s)) =0, 0<s<r,
1 (2.4.16)
g% (s) + (a + ?> r(s) 4+ fr (21(s), 2" (s),7"(s); s) + €°u"(s) =0,

where

u™(s) = ei5/52éi(s) + e B E (). (2.4.17)

Similarly, the initial data (2.4.1) can be decomposed as the following for the coupled
ODEs (2.4.16)

n _ 1 i P — 1 an i gn
Z+(0) ~ 9 (¢1 ¢2)» —(O) 9 (¢1 ¢2) ) (2.4.18)
m(0) =0, #(0) = —£1(0) - ZF(0),

with

In the following, for simplicity of notation, we denote

FRs) = Fe(2(s) 2 (s), F0(s) o= fr (2(),20(s), 1 (s);s) . (24.19)
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The above decomposition can be called as multiscale decomposition by frequency
and amplitude (MDFA). In fact, it can also be regarded as to decompose large
amplitude waves at O(1) and small amplitude waves at O(g?), thus it can also be
called as large-small amplitude decomposition.

Similarly, for pure power nonlinearity, i.e. f satisfies (2.1.4), then the above

MDFA (2.4.16) collapses to
201 (s) + azl(s) + g2 (|25 ()], [27(s)]?) 2% (s) =0, 0<s <,

(2.4.20)
£%(s) + (Oé + é) r(s) + g (24(5), 22 (), 7" (5); ) + %" (5) = 0.

After solving the MDF (2.4.5) or (2.4.11) with the initial data (2.4.10), or the
MDFA (2.4.16) or (2.4.20) with the initial data (2.4.18), we get 27 (1), 2% (7), r"(7)
and 7"(7). Then we can reconstruct the solution to (2.1.3) at t = t,,1 by setting
s =7 in (2.4.2) and (2.4.3), i.e.,

Y(tnir) = 722 (7) + T () 447 () 1= g
1 (2.4.21)
y(tn—f—l) = §¢721+17

with

gyt = e [2247 (1) + iz (1)) + e/ [2E0 (7) — iz (7)) + €% (7).

2.5 Multiscale time integrators for pure power
nonlinearity

Based on the decomposed system in the pure power nonlinearity case, i.e. the
MDFA (2.4.20) or MDF (2.4.11), we propose two multiscale time integrators (MTTI)
for solving (2.1.3), respectively. At each time grid ¢ = t,,, we solve the decomposed
system (2.4.20) or (2.4.11) by proper integrators within the time interval [0, 7], and
then use (2.4.21) to reconstruct the solution to (2.1.3) at t = ¢,,1;.
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2.5.1 A multiscale time integrator based on MDFA

Based on the MDFA (2.4.20), a MTI is designed as follows.
An exact integrator for 2% (s) in (2.4.20):

Noting from (2.4.12) that g4 (p4, p—) is real-valued, similar to [13,14], multiply-
ing the first two equations in (2.4.20) by 2% (s), respectively, then subtracting from

their complex conjugates, we have

22(s)] = |240)),  0<s<r (2.5.1)

Therefore, the equations for 2% (s) in (2.4.20) are exactly integrable, i.e.,

21 (s) = eis[gi(|zi(o)‘2"zﬁ(0)|2)+a]/221(0), 0<s<T. (2.5.2)
Taking s = 7 in (2.5.2), we get
(1) = eiT[gi(|Zi(0)\27‘22(0)|2)+0‘]/2Zi<0)' (2.5.3)

Differentiating (2.5.2) with respect to s and then taking s = 0 or 7, we get

£1(r) = 5 [g= (12O, 122 (O)F) + o] 24(7),
22 (0) = —i [9+ (]22(0)2, |2 (0) ) + a]* 22(0), (2.5.4)
| 220) = 1 [0 (2 OP 2 O)P) + o] 220,

An EWI for r™(s) in (2.4.20):

For the third equation in (2.4.20), we apply the exponential wave integrator
(EWT) [8,10, 36,44, 45,54,55,57,91] to solve it, which has favorable properties for
solving the second-order oscillatory problems. By applying the variation-of-constant

formula to r"(s), we get

r(s) = 325 i) /O "sin (s Z0) 1) 4 2un(6)] o, (2.5.5)

2w

_ Vit ( : ) - g0 =g 0), 22 (6), 00 (256)
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Taking s = 7 in (2.5.5), we get
. . _ 9
() = ST g / S W7 = 0)) (6 + 2 (8)) de. (2.5.7)
w 0 2w
Differentiating (2.5.5) with respect to s and then taking s = 7, we get
T —0
(1) = cos(wr)i™(0) — / ws(wi—z)) [g7(6) + £2u™(6)] db. (2.5.8)
0
Plugging (2.4.13) into (2.5.7) and (2.5.8), we find
n Sin((,uT) -1 - n TN n
() = =2 0) = Y [+ ] -
k=1
r . . (2.5.9)
7™ (1) = cos(wt)r™(0) — Z [I,ZJF + ],?’7} - J",
k=1
where
( n ! sin(w(T—H)) i e® n
.= [ e g g)ds
0
T &1 o 0
J" = / Sm(“(z;)) [1"(0) + *u™()] db,
o COS(Z‘(*’T 9) (2.5.10)
7 — i €2 n
[l?,j: :/O TGZ(2k+1)9/ gk,:l:(e)dga
™ ! COS(W<T B 6)) n n
\ J" = i = [1"(0) + *u™()] db,

with
gr+(0) = ge(21(0), 2%(0)),  R™(0) :=h (21(0),22(0),7"(0);0) . (2.5.11)

In order to have an explicit integrator and achieve uniform error bounds, we approx-
imate the integral terms [}’ and f,’j’i in (2.5.10) by a quadrature in the Gautschi’s

type [45] as the following which was discussed and used in [8,10]

( n T SiH(UJ(T - 9)) 7 &2 n -n
Ik’i = /0 52—we Ehrne/ [gk,ﬂ:(o) + ng,i(o)} do

= Pirgr+(0) + argi +(0),

(2.5.12)
. T cos — 0 ) 2 .n
oo / cos(lr = 0)) gariose [gn (0) + 47, (0)] db

g2

( = Drgi+(0) + grgi 1 (0),
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where
Tsin(w(T —60)) . 2 Tsin(w(T —6)) . 2
Pr = / %el(mwrl)wt? d@, Qe = / ( ;Qw ))ez(2k+1)9/s eda
0 0
T —0)) . T —0)) .
D :/ COS(wi—Z))ez(%—i-l)e/ﬁde’ i :/ cos(w(; ))ez(zkﬂ)e/a?gda
0 0

After a detailed computation, we have

_ *wcos(wr) +i(2k + 1) sin(wr) — 2200l (2k+1)7/e2

Pr (2k + 1)2w — ew? ’
b _i(2k +1) cos(wr) — e2wsin(wr) — i(2k + 1)ei(2k+1)7/€2’ l<k<p.
(2k +1)? — etw?
R

= i(4k + 2)e*w cos(wT) — (e*w? + (2k + 1)?) sin(wr

b= [+ D contr) = (247 + 2+ 1) sinfr)
+ ('’ — (2k + 1)’wr — i(4k + 2)c’w) ei(%H)T/EQ} :

: 1 6, 2 2.2 : 4.

= — (e’w” + (2k + 1)%¢”) cos(wT) — i(4k + 2)e"wsin(wT

+ (i(2k + 1)7e'w® —i(2k + 1)°1 + e%w® + (2k + 1)%7) ei(%“)T/EQ} :

In addition, approximating J” and J” in (2.5.10) by the standard single step trape-

zoidal rule and noticing h"(0) = 0, we get

JEES gsﬂgf) (17 (0) + 2™ (0)] = g—smiw)u”m),
. T [cos(wT) 1 (2.5.13)
J" & 5 { - (R™(0) + *u™(0)) + = (R™(1) + ezu”(T))} :

Plugging (2.5.12), (2.5.13) and (2.5.10) into (2.5.9) and noticing h"(0) = 0, we

obtain

HOEEDY [pk92,+(0) + argr +(0) + prgp _(0) + ng?,—(o)}

k=1

sin(wt) T. T

—— [7"(0) = ;u"(0) ],

Y [ 2 } (2.5.14)
P(7) &~ = D |Prgit s (0) + gt (0) + Brgf_(0) + g (0)|
+ cos(wT) [7'“"(0) — gu”(())] — % {hi(;’) + u”(T)} .
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Detailed numerical scheme

For n =0,1,..., let y™ and 5" be the approximations of y(t,) and y(t,), 2"

Y

sn+l ontl
Rt R T

Uand 7"*! be the approximations of 2% (1), 2%(7), 2%(7), r*(7) and
7™(7), respectively, where 2 (s) and r"(s) are the solutions to the system (2.4.20)
with initial data (2.4.18). Choosing 3° = y(0) = ¢; and ¢° = §(0) = £ 2¢,, for

n

n=0,1,..., 4" and y"*! are updated as follows:

/.2 2T
ynJrl — em—/z—: ZSLrJrl +e it/e ZﬁJrl +7”n+1,

-n+1 it/e? [ sn+1 i n+1 —ir/e? [ sn+l i n+1 ~n+1 (2515>
Y =e Zy —|—§z+ +e z_ —5—22_ +r,
where
¢ Zi+1 _ ewirzf)7 2i+1 _ wile, él+1 _ —(Mi)2zi+la
. p
n1 _ SID(WT) /o) T g (0) - (0) ©) - (0)
= — (r( ) — EU( )> - ; [pkgk,Jr + Qe 4 T PRy -t ngza_J ;
¢ 0 0 0 0
= =y [Pkgl(f,i +dkghy + Proh + q/sg;(g)_J
k=1
n+1
(0 _ T 0\ _T(h ntl
+ cos(wT) (r Tk ) 5 ( > +u ) : (2.5.16)
Wt = e”/522_’ﬁ+1 + e—h/&ﬁ’
n n mn n n 2 n n
\h 1 g(ly™ )y H—g(’y +1_ . +1} > (y +1_ . +1)7
with
(o Y i o U EY 0 ()
Ay = T AL E T Ak TR,
2 2
.(0) () 0 “(0)
PO = =20 OO = ()2 — (a2,
1 2 N o (2.5.17)
Bt = Qgi <‘ZSFO) ) Z(_O) ) +§, gz(fi:gk (Z$)>Z$))>
i = L g (21(9), 2 () . k=l..p
L d {zi:zf), 2i=2$)}

We call the proposed numerical integrator (2.5.15) with (2.5.16) as a multiscale
time integrator based on MDFA which is abbreviated as MTI-FA in short. Clearly,

MTI-FA is fully explicit, and easy to implement in practice. In fact, in this scheme,
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at the beginning of each time interval [t,, t,1], we decompose the numerical solu-
tions y™ and 3™ to specify the initial conditions of the system (2.4.16); then we solve
the decomposed system numerically; at the end of each time interval, we recon-

1

struct the approximations y"™' and §"*! from the numerical solutions to (2.4.16).

Therefore, at each time step, the algorithm proceeds as decomposition-solution-

reconstruction.

2.5.2 Another multiscale time integrator based on MDF

Based on the MDF (2.4.11), we propose another MTI as follows. Since the
system (2.4.11) consists of three second order oscillatory problems, so we use EWIs

to solve it.
An EWI for (2.4.11):

By applying the variation-of-constant formula to the first two equations in (2.4.5),

we have
21 (s) = a(s) 2 (0) 4+ €%b(s) 22 (0) —/ b(s —0)fL(0)do, 0<s<r (25.18)
0
where
4 A ezs)\f b eis)\+ ezs)\+ ezs)\,
= b(s) := 0<s<
a/(s> )\+ _ )\7 Y (S) 252()\7 )\ )7 — S T?
1 1
AL = = 1—|—v1+a€2> =0 (5_2) , (2.5.19)
1
A== (1 Vit oz52> ~0(1)
\ €

Taking s = 7 in (2.5.18), we get

28 (1) = a(7)22(0) + %b(7) 2% (0) — /OT b(r —6)fL(0)d6. (2.5.20)

Differentiating (2.5.18) with respect to s and then taking s = 7, we get

(1) = a(r)22(0) + £2b(1) 27 (0) — /0 ' b(T — ) f1(6)d6, (2.5.21)
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where

eis)\_ _ eis)\+ . /\+eis)\+ - /\_eis/\_

f = 1AL A b(s) =
CL(S) (24 >\+ — ) (8) 62()\+ _ )\_) )

0<s<T.

Then approximating the integral terms in (2.5.20) and (2.5.21) by the Gautschi’s

type quadrature similarly as (2.5.12), we have

21 (7) ~ a(7)21£(0) + £%0()22(0) — () f2(0) — d(7) f2(0),

. S (2.5.22)
#1() & a(7)21(0) + e%b(m)21(0) — ¢(r) f2(0) — d(7) f£(0),
where
o(r) = / b(t —6)dh, d(r) ::/ b(T — 6)0do,
0 0
o(r) = / b — 0)do,  d(r) = / b(r — 0)0do.
0 0
In details, we have
( ) - )\_e’iT)\+ _ >\+ez’7)\_ + )\+ — 2\ ( ) B .eiﬂ')\_,_ _ ei‘r)\_
ar= 20 Ao T anT oy
)\2 ITAL )\2 ITA AN (AL — M )\2 _ )\2
d(r) =%~ £ T ITAA Jr X A d(t) = c(7)

2(A; — AD)A2 N2 ’
Now, substituting
Fi(s) = g (|21 ()%, 22 (s)[*) 22 (s)
into (2.5.22), we obtain the approximations to z%(7) and 2% (7).
As for the last equation in (2.4.11), again by the variation-of-constant formula
and noticing (2.4.13), we can derive the integral forms for r"(7) and 7"(7) same as

(2.5.9) but without the u” terms defined in J” and J”. Then the rest approximations
are similar to (2.5.14).

Detailed numerical scheme

Following the same notations introduced in subsection 2.5.1, choosing y° =

y(0) = ¢1 and 9° = §(0) = e 2¢y, for n = 0,1,..., y"™ and y"™! are updated
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in the same way as (2.5.15)-(2.5.17) except that

(

2 = a(r)2f) + ()2 — e(r) fu (20, 20) = d(r) £,

2 = ()l 4+ A — o) e (0,20 — (),

p
" sin(wT) . ‘
1 _ Eu >r(0) [pkgl(gol + ng(o) —l—pkg,(f)_ + qu,(c?)_J : (2.5.23)
)
T p
i+ = cos(wr)(© — 2_52}1 +1_ Z [pkg;(g,i + qu;(gjr +pkg,537)_ 4+ quéﬁ)_J ,

k=1

F0 = & [falzi (), 2 ()]

{zi Zi , 24 (O)}

Again, we call the proposed numerical integrator (2.5.15) with (2.5.23) as a
multiscale time integrator based on MDF which is abbreviated as MTI-F in short.
Clearly, MTI-F is fully explicit, and easy to implement in practice.

2.5.3 Uniform convergence

Here, we shall give the convergence result of the proposed MTIs for the pure
power nonlinearity case. In order to obtain rigorous error estimates, we assume
that the exact solution y(t) to (2.1.3) satisfies the same assumptions as (2.3.10).
Denoting

Co = max {lyll =0, Eillz=o), e lilli=om} - (2.5.24)

and the error functions same as (2.2.6), then we have the following error estimates

for the MT1Is [12].

Theorem 2.5.1 (Error bounds of MTI-FA). For numerical integrator MTI-FA, i.e.
(2.5.15) with (2.5.16), under the assumption (2.3.10), there exits a constant 19 > 0
independent of € and n, such that for any 0 < e <1 when 0 < 7 < 79,

2

le"| + £2]é"| < = = le| + e%[e”| < €7, (2.5.25)
Co+1 T
" < Co+1, 5" < 0; . 0=n<— (2.5.26)
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Thus by taking the minimum of two error bounds for 0 < e <1, we have a uniform

error bound as

2 T
le"| + £%[e"| < min {7—2,52} <7, 0<n<—. (2.5.27)
0<e<l | € T

Theorem 2.5.2 (Error bounds of MTI-F). For the numerical integrator MTI-F,

i.e. (2.5.15) with (2.5.23), under the assumption (2.3.10), there exists a constant

To > 0 independent of € and n, such that for any 0 < e <1 when 0 <7 < 79,

,7_2

S e N P G o D (2.5.28)
Co+1 T
PISG+l, ST, 0<ns o (2.5.29)

Thus by taking the minimum of two error bounds for 0 < e <1, we have a uniform

error bound as

2
le"| + £%[e"| < min {T 7‘2—|—€2} <7, 0<n<=—. (2.5.30)

T r
0<e<1 | €2’ T
Remark 2.5.1. If ¢1, ¢3 € R, y := y(t) is a real-valued function and f(y) : R — R
in (2.1.3), then it is easy to see that 2" (s) = 21 (s) for 0 < s < 1 in (2.4.2) from
(2.4.5) and (2.4.10), and (2.4.16) and (2.4.18) for MDF and MDFA, respectively.
Thus the multiscale decompositions MDF and MDFA and their numerical integra-
tors MTI-F and MTI-FA as well as their error estimates are still valid and can be

simplified. We omit the details here for brevity.

Remark 2.5.2. The two MTIs for the problem (2.1.3), i.e. MTI-FA and MTI-F,
are completely different from the modulated Fourier expansion methods proposed in
the literatures [27,29, 54, 55,57, 91] for the problem (1.5.3) in the following aspects.
(i) As stated in Section 1.3.1, they are used to solve second order ODEs with differ-
ent oscillatory behavior in the solutions. (ii) In our MTIs, we adapt the expansion
(2.4.2) at each time interval [t,, t,4+1] and update its initial data via proper transmis-
siton conditions between different time intervals, and the decoupled system consists
of only three equations including two equations for the two leading frequencies and

one equation for reminder. However, in the modulated Fourier expansion methods,
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it expands the solution only once att = 0 and up to finite terms with increasing fre-
quencies by dropping the reminder, and thus the decoupled system consists of finite
number of equations. (iii) Our MTIs are uniformly accurate for ¢ € (0,1] for the
problem (2.1.3) and the error only depends on the time step and is independent of e
and the terms in the expansion (2.4.2). However, if the modulated Fourier expansion
methods are applied to the problem (2.1.3), they are usually asymptotic preserving
methods instead of uniformly accurate methods. In addition, the errors depend on
time step, € and the number of terms used in the expansion. If high accuracy is
needed, one needs to use many terms in the expansion and thus they might be expen-
sie. () Our MTIs work for the regimes when € is small, large and intermediate;
where the modulated Fourier expansion methods only work for the regime when € is

small.

2.5.4 Proof of Theorem 2.5.1

In order to proceed with the proof, we introduce the following auxiliary problem

~n 1 ~n ~n ~n
2o+ (a4 ) 6 +a (FOF) 0 =0, 520
O =y",  y"0)=9", n=01...,
and denote two local errors and an error energy as

0'(s) = y(ta +5) = g"(s),  0"(s):=gltu+5) —y(s), 520, (25.32)

— gj”(T) o yn+17 én—&—l — gn(7_> . y-n-&-l7 (2533)

£n+1
1
Ele,é) =e2|el* + (oz + §> lel, Ve, eeC. (2.5.34)
Noticing (2.2.6) and using the triangle inequality, we have
n"(0) = e", n"(0) = é", (2.5.35)

e < ()] + Jen+t g

N e Y UR R . (2.5.36)

Before we present the detailed proof, we first establish the following lemmas.
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Lemma 2.5.1. For anyn =20,1,..., we have

E(emh ™) <X+ n)E MM (), 0" (7)) + (1 + %) £ (5”“,57"+1> . (2.5.37)

Proof. Noticing (2.5.34), (2.5.36), the above inequality follows by using the Young
inequality. O]

Let Cy be given in (2.5.24) and define
=20, +4) K7 with K = l9CI | 220 o020 +477) - (2.5.38)

Lemma 2.5.2. For the problem (2.5.31), if (2.5.26) holds for any fivzed n (n =

0,1,..., % — 1), which will be proved by an induction argument later, then we have
19" | e 0.y < 2C0 +3 S 1, 0<71<T7. (2.5.39)
Proof. By using the variation-of-constant formula to (2.5.31), we get for 0 < s <7

*sin(w(s —6))

2w

(9 = costwsly + 2y [ o7 (0) )3 (0)d0. (25.40)

Then the rest of the proof proceeds in the analogous lines as in [102] for nonlinear

dispersive and wave equations by using the bootstrap principle and noticing (2.5.26).

]

Lemma 2.5.3. Under the same assumption as in Lemma 2.5.2, we have for n =

0,1,....,L—1,
EM(r),n" (1)) —E(e",€") S TE (e, €M), 0<7<7. (2.5.41)
Proof. Subtracting (2.5.31) from (2.1.3) and noticing (2.5.32), we obtain

e%i"(s) + (a + 5%) n"(s) +g"(s) =0, s> 0,
(2.5.42)

n"(0) = e", n"(0) = é", n=0,1,...;
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where

7"(s) = g (ly(ta + 5)P) y(ta + 5) — g (15" ()) 5" (s)- (2.5.43)

By using the variation-of-constant formula and the triangle inequality, we get

+ /0 ' g"(s)

|77n(7_)‘ S |—w Sin((,UT)e" +COS(wT)én’ +/
0

sin(wr) o sin(w(r — s))

In"(1)] < |cos(wT)e™ + ds,

w 2w

From (2.5.34) with e = " and é = é", we have

1 i 2
E(e",é") = &% |—wsin(wr)e"™ 4 cos(wr)é >+ (a + _2) sin(wr) o
5

cos(wr)e" +

W

From (2.5.44) and (2.5.34), noticing the above equality and using the Young in-

equality, we get

eormirm)-eng @ < (142) (a4 2) ([relas) . @sm)
Noticing (2.5.24) and (2.5.39), we have
g" () S n"(s)],  0<s<7<m. (2.5.46)

Plugging (2.5.46) into (2.5.45), noticing (2.5.34) and using the Hélder inequality, we
get

EM(m),n" (1)) — (L +7)€ (", e") < (1 + 1) (a + %) T/OT 17" (s)|” d42.5.47)

-
SL/SWW$W%D%,OST§n
0

Then the estimate (2.5.41) can be obtained by applying the Gronwall inequality. [

Lemma 2.5.4. (A prior estimate of MDFA) Let 2% (s) and r"(s) be the solution
of the MDFA (2.4.20) under the initial conditions (2.4.18) with 2% (0) = 29 and
7(0) = 7O defined in (2.5.17). Under the same assumption as in Lemma 2.5.2,
there exists a constant 7o > 0, independent of ¢ and n, such that for 0 < 7 < 15 and

alln:O,l,...,g—l,

i

dm

n

dl
Pt '

<1, m=0,1,2,3; g2 i

<1,1=0,1,2.
L>(0,7)

L>(0,7)
(2.5.48)
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Proof. From (2.4.18), noticing (2.5.26), (2.5.17) and (2.5.2), we obtain

dm

dt_mzi S

L>°(0,00)

’zgn‘ <1 ‘Zgn‘ <1 '  m=0.1.23 (2.5.49)

To estimate 7™(s) in (2.4.20), using the variation-of-constant formula, noting (2.5.17),

(2.4.13) and (2.5.11), we get

hS]

(s — 09) o) )+ ()] = T"6), s>0, (2550

w
k=1

Ssin(w(s —0)) .
(o) = [ e g 0y
0

2w

. (2.5.51)
s —0
J(s) = / w [h™(6) + 2u™(0)] db, s> 0.
0 E°w
Plugging (2.5.49) into (2.5.17) and using the triangle inequality, we have
O] < |20+ |29 s 1. (2.5.52)
Let
8261(2k+1)9/52 Z(2k’ + 1) . )
Ty(0) = S (1) [cos (w(s—0))+ s, sin (w(s—0))| =0(),
(2.5.53)
then we have
d i —0)) . 2
—T(0) = sin@(s = 9)) giaksnprer _ o), k=1,2...,p. (2.5.54)

do

Plugging (2.5.54) into (2.5.51), noticing (2.5.53), (2.5.11), (2.4.14) and (2.5.49), we
get

Iii(s)] =

.0 d
i OTO;— [ T.00) G (0)ao

| gﬁiw%ﬂwme‘ _

Y

< g +/ e2ds = &*(1 +s), s> 0. (2.5.55)
0

From (2.5.51), noting (2.4.17), (2.5.11), (2.5.54) and (2.5.49), we obtain for s > 0

J(s)| 5/05 210" (0)] + [h(0)]] d9§525+/08|h”(9)|d6. (2.5.56)
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Plugging (2.5.55), (2.5.52) and (2.5.56) into (2.5.50), we have
17" (s)] < e*(1 + s) +/ |h (2(6), 2" (0),r"(0);6)|db, s> 0. (2.5.57)
0

By using the bootstrap argument to (2.5.57) [102], noting (2.5.49) and (2.4.15),
there exists a constant 75 > 0 independent of € and n, such that for 0 < 7 < 75 and

alln=0,1,..., L -1,
HrnHL‘X’(O,T) Sé Hf’nHLoo(o,r) S HFHHLOO(O,T) Se (2.5.58)
The proof is completed by combining (2.5.49) and (2.5.58). O

Lemma 2.5.5. (Estimate on local error &™) Under the same assumption as in

Lemma 2.5.2, for any n = 0,1, ... ,% — 1,, we have the following two independent
bounds
. 6 .
e(emné) s, (e e) st 0<r<n (2559)
€

Proof. Similar to Sections 2&3, we can solve the problem (2.5.31) analytically via
MDFA and obtain

gn(T) — eiT/Ezzi(T) + e_iT/‘sQE(T) + T’n(T), (2.5.60)

where 2% (7) and r"(7) are defined as (2.5.3) and (2.5.9), respectively with ¢} = y™
and ¢y = 2y in (2.4.18). Plugging (2.5.60) and (2.5.15) into (2.5.33), noting
(2.5.16), we have

€n+1 — eiT/E? (Z?_(T) _ Zi—&-l) + e—iT/e" <F(T) _ ZE—H) +r(r) — prtl
p
= (1) =" =J"+ Z i, +Tp ], (2.5.61)
k=1
where
T sin(wTt . n
J" = #u@ — I TR = g kg — IR, k=1, p. (25.62)

From (2.5.62), noting (2.5.10) and (2.5.14) where the Gautschi type or trapezoidal

quadrature was used to approximate integrals and using the Taylor expansion, we
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obtain for 0 < 7 < 7y

|II?7:I:‘ ‘5\/ QSln )) (2k+1)9/82927i(t(9))d9‘ S/ 92(19 5 7_3’ (2563)
0
where 0 < #(f) < 7. In addition, similar to (2.5.55) by using integration by parts,
we have
L [" . d 5 o
T 2| = 5 [ OO (t0) 5 Tu(0)d0] S %% 0<7<m. (2.5.64)
0

Similarly, we can get two independent bounds for J" as
-3
NS T STt 0<T < (2.5.65)
€

From (2.5.61), noting (2.5.63), (2.5.64) and (2.5.65), we get two independent bounds

for €71 as

7_3 7.3
ST+ 5 S5 €TSS’ 0<7 < (25.66)

Similar to the above, we can obtain two independent bounds for £ as

&< -, F < 0<r<m (2.5.67)
£
Then (2.5.59) is a combination of (2.5.66) and (2.5.67) by noting (2.5.34). O

Combining Lemmas 5.2.1, 2.5.2, 2.5.3 and 2.5.5, we can prove the Theorem 2.5.1.
Proof of Theorem 2.5.1 The proof proceeds by using the energy method with the
help of the method of mathematical induction for establishing uniform boundedness
of y™ and 3™ [5,7,10]. Since ¢’ = 0 and ¢° = 0, y° = y(0) and 3° = 3(0), noting
(2.5.24), we can get that (2.5.25)-(2.5.26) hold for n = 0.

Now assuming that (2.5.25)-(2.5.26) are valid for all 0 <n <m—1< L —1, we

need to show they are still valid for n = m. From Lemmas 5.2.1 and 2.5.3, we have
1 .
E (! e £ (e ") S TE (€ 6") + =€ (5”“,5"“) . 0<7<m. (2.5.68)
T

Summing the above inequality for n = 0,1,...,m — 1, noticing & (€°,¢") = 0, we

obtain

E(emem) STy E(é) +%Z£ (gl,gf’). (2.5.69)
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Applying the discrete Gronwall inequality to (2.5.69), we get

1 & :
E(em ém) < = 5( 3 l). 2.5.70
(", ") < = Zj £, (2:5.70)
Plugging (2.5.59) into (2.5.70), we get two independent bounds as
) T 7t ) T )
Eem e < oy S o E(em e S §T2€2 <e’ 0< 7 <min{r, 7}

(2.5.71)

Combing (2.5.71) and (2.5.34), we get

2
e < e/E(emem) S =, fem S e

2l <e/E(em M S, e S

)
V]

m

which immediately imply that (2.5.25) is valid for n = m. In addition, we have
[34,68]

. . :
ly™| —Co < le™] < Jnin {6—2,72} S 2 ly™ —Co < 2 |e™| <7 (2.5.72)

Thus there exists a 73 > 0 independent of € and m, such that

L Cy+1
" < Co+1, |57 < 062 :

Thus (2.5.26) is valid for n = m. By the method of mathematical induction, the

proof is completed if we choose 79 = min {7, 72, 73}. ]

2.5.5 Proof of Theorem 2.5.2

The proof is quite similar to that of Theorem 2.5.1. Following the same notations
introduced before, let y™ and §" in (2.5.31) be obtained by the method MTI-F and
assume (2.5.29) holds, then the regularity and stability results, i.e., Lemmas 5.2.1-
2.5.3, for the auxiliary problem (2.5.31) still hold.

Lemma 2.5.6. (A prior estimate of MDF) Let 2} (s) and r"(s) be the solution of the
MDEF (2.4.11) under the initial conditions (2.4.10) with 21 (0) = 29, 21 (0) = 20
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and 7(0) = 7O defined in (2.5.17). Under the assumption (2.5.29), there exists
a constant 74 > 0 independent of € and n, such that for 0 < 7 < 14 and all n =

0,1,..., 2 -1

Proof. For the estimates on 21 (s), we refer the readers to [5, Appendix| and omit the

dm

n

d3
dim“*

a3

dm

n

+e?m 2l —p
dtm

L>(0,7)

+e2 <1, m=0,1,2

L>(0,7)

L>(0,7)
(2.5.73)

details here for brevity. For the estimates on 7"(s), we can have a similar variation-
of-constant formula as (2.5.50) but without the term u™ defined in J"(s). Then the

rest part of the proof can be done in the same manner as Lemma 2.5.4. O

Lemma 2.5.7. (Estimate on local error ") Under the same assumption as in
Lemma 2.5.2 and assume (2.5.29) holds, for any n = 0,1,...,~ — 1, we have two

independent bounds

6

. 6
<€n+1 fn+1> S —, £ <§n+1,§n+1> 5 T_Q _|_7—2527 0< 1< 1y (2.5.74)
e 9

Proof. Again, similar to Sections 2&3, we can solve the problem (2.5.31) analytically
via MDF and obtain that §"(7) satisfies (2.5.60) with z%(7) and r"(7) defined as
(2.5.18) and (2.5.5) with u" = 0, respectively with ¢! = y" and ¢} = £%y" in
(2.4.10). Plugging (2.5.60) and (2.5.15) into (2.5.33), using the triangle inequality,

we get

€ =

eit/e (21(7') ”+1) 4 emiT/e? <T(T)— "H) +7"(1) — "t

|27 (7) = 27| 4 |22 (r) = 22|+ | () — Y (2.5.75)

IA

Similar to the proof in Lemma 2.5.5, we obtain the following two independent bounds
3
}r”(T) — 7“”“‘ < T—Q, ‘r”(T) — r”“’ < 7e?, 0<7<my (2.5.76)
€

Subtracting 27 in (2.5.23) from (2.5.20), using the Taylor expansion, and noting
(2.5.19), (2.4.19) and (2.5.73), we get

1

- / 0%b(t — 0) f7 (t(0)) d&‘ < / 0>do < 72, (2.5.77)
0 0

_z;l:—&-l‘ — 5

|22(7)
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where 0 < ¢(f) < 7. Inserting (2.5.77) and (2.5.76) into (2.5.75), we obtain two

independent bounds for £"*! as

3
e 2T e SRt 0<rsn (25.78)

Similarly, we can get two independent bounds for f”“ as

. 3 . 3 2
et < T e < T +_2T€ ., 0<T<Ty (2.5.79)
5 £
Then (4.4.37) is a combination of (2.5.78) and (2.5.79) by noting (2.5.34). O

Combining Lemmas 5.2.1, 2.5.2, 2.5.3 and 2.5.7, we can prove the Theorem 2.5.2.

Proof of Theorem 2.5.2 The argument proceeds in analogous lines as for the Theorem

2.5.1 and we omit the details here for brevity. O

2.6 Multiscale time integrators for general non-
linearity

In this section, based on the MDFA (2.4.16) or MDF (2.4.5) for a general gauge
invariant nonlinearity f(y) in (2.1.3), we propose two multiscale time integrators

(MTIs) for solving (2.1.3). We will adopt the notations introduced in Section 2.5.

2.6.1 A MTI based on MDFA

Based on the MDFA (2.4.16), we propose a MTI.
Integrating the first two equations for 2/ (s) in (2.4.16) over [0, 7], we get
2 (7) = e T2L(0) + %/ e (779 1 (s)ds. (2.6.1)
0

Similar to (2.5.12), we approximate the integral term by a quadrature in the Gautschi’s
type, i.e.,
() ez (0) + —/ e (m) [fi(O) +5/7(0)] ds
0

o

= 572(0) + Buf2(0) + o f2(0), (2.6.2)
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where
e
= — (e27 — =— (227 —iarT —2]).
' 20 ’ 27 202 ’
Taking s = 7 in the first two equations in (2.4.16), we find
2(r) = ?Zi(T) + éfi(T) (2.6.3)

For the third equation in (2.4.16), we apply the EWI to solve it. Using the

variation-of-constant formula, we obtain

() = STy gy /O AT = O) 1) 4 c2un(9)] db,

w 2w "

(1) = cos(wr)i"(0) — / Feos (T~ 6))

0 g2

(2.6.4)
[ff(@) + 8%"(9)] e,

To have an explicit integrator and achieve uniform error bounds, we approximate
the two integral terms in (2.6.4) by quadratures intended to preserve different scales
produced by the two integrands. In order to do so, due to that f(0) # 0, we

introduce two linear interpolations for f(6) on the interval [0, 7] as

—0 0 -0
[(6) = ——f10),  BO) = Zf1(7) + —

T

M0),  0<6<T (265)

In addition, differentiating the first two equations in (2.4.16) with respect to s and

then taking s = 0 or 7, we get
n o, (. n o, (.
£(0) = THO) + L0, E) = ) + 5 ). (26.6)

Combing the above and applying the trapezoidal rule, we have

/ TS Z0)) 1 ng) 4 2 (9)] db

2w
B / sin(w;;w_ 9) [f1(0) = 17(6) + >u™(0)] df + / ' Ww)d@
~ ) (0) 4 0 200, (2.6.7)
/T w [£7(0) + e2u™(8)] dO

_ /OT cos(w(r —0)) [£7(6) — 13(0) + *u™(8)] d6 + /T WQ(@W
2

0

~
~

[cos(wT)u"(0) + u"(7)] + Y2 £ (0) + s £ (7), (2.6.8)
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where

1 — cos(wT) _ cos(wT) + wrsin(wr) — 1 1 — cos(wT)

M= €2w2 ) Yo = ) V3=

2wt e2wir

Plugging (2.6.7) and (2.6.8) into (2.6.4), we obtain

(r) &~ ST o) - T ()] - £200),
“ : - (2.6.9)
() & cos(wr) [#(0) = Zu(0)] = Su"(r) = 12 f7(0) = % f (7).

u™(0) = 27(0) 4+ 22(0),  w(r) = &/EE (1) + e TEER (7).

Detailed numerical scheme

Following the same notations introduced in Subsection 2.5.1, choosing " =
y(0) = ¢ and §° = 9(0) = e 2¢y, for n = 0,1,..., y"™! and y"*! are updated in
the same way as (2.5.15)-(2.5.17) except that
( ia

2t = o5 g (0,20 4 B,
jnt1 _ SIn(wr) (¢(0> _ gum)) —nf. (Z@’ A0 0, 0) ,

W

zi+1 2 [azi“ +f ( n+1 n+1)} ’

_ i (2.6.10)
7 = cos(wT) <7”(0) - §U(O)> - 5 72fr(2+ PAYALE ;0)
o 73fr< nJrl7 Zﬁ+1,7”n+1; 7_)’
sn+l i sn+1 _i
\ 2y = 5 Ry st [fi<z+(5)727<5))] {ZiZZiJrl, 2i:27il+1}7
with
(.0 1 (0) 0) _(0)
Zy = E [Oézj: + f+ <Z+ . )} )
u® =1 [a (Z@ _ z_o)> + fO_ fO (2.6.11)
(o) _ d
1= E[fi(%(s)az—(s))] {zi—z(ﬁ), Zi_Zm)}
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Remark 2.6.1. As it can be seen from the above integrators, one needs to evaluate
functions fi and fﬁ in the scheme. In fact, these functions are given in the integral
forms as (2.4.6). In practice, if explicit formulas are not available, they can be

computed numerically via the following composite trapezoidal rule

=2

1

J

f (Z:t + ewjz) , z.,2_ €C,

f:l:(2+, Z—)

I
=)

where N € N is chosen to be large enough and 0; = %rj for g =0,1,...,N. Since
the integrand f (zi + ewz) in (2.4.6) is a periodic function with period T = 2,
thus it is spectrally accurate to approzimate the integrals in (2.4.6) via the composite

trapezoidal rule!

2.6.2 Another MTI based on MDF

Based on the MDF (2.4.5), we propose another MTI as follows.

For the first two equations in (2.4.11), the integrator follows (2.5.18)-(2.5.22)
totally. As for the approximations to r"(7) and 7"(7), we follow the EWIs (2.6.4)-
(2.6.8) by setting u"™ = 0.

Detailed numerical scheme

Following the same notations introduced in subsection 2.5.1, choosing 3° =
y(0) = ¢ and ¢° = §(0) = e 2y, for n = 0,1,..., y"™! and gy are updated
in the same way as (2.5.15), (2.5.23) and (2.6.11) except that

it = Sin(m—)f(o) - "nfr <Z$), Z@, (0, 0) ;

w (2.6.12)
i = cos(wr)r ) — 1o f, (zio), z(_o), r©. ()) — 73 fr (zi“, Z L et T) )

2.7 Numerical results and comparisons

In this section, we present numerical comparison results between the proposed
MTTIs including MTI-FA and MTI-F, EWIs including EWI-G, EWI-D, EWI-F1
and EWI-F2, and classical finite difference integrators including CNFD, SIFD and
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EXFD. We will compare their accuracy for fixed e = O(1) and their meshing strat-
egy (or e-resolution) in the parameter regime when 0 < ¢ < 1. To quantify the

convergence, we introduce two error functions:

(T = |y(T) —y™|, el (T):= max {e7(T)}, (2.7.1)

[e.9]

where T' = t); with ¢y, = M.

2.7.1 For power nonlinearity
Accuracy and meshing strategy

The nonlinearity in the problem (2.1.3) is taken as the pure power nonlinearity

(2.1.4) with coefficients and initial conditions chosen as

a=2 g(ly?) =1y oé1=1, ¢ =1 (2.7.2)

Since the analytical solution to this problem is not available, the ‘exact’ solution is
obtained numerically by the MTI-FA (2.5.15) with (2.5.16) under a very small time
step 7 = 1075,

Tab. 2.1 lists the errors of the method MTI-FA (2.5.15) with (2.5.16) under
different € and 7, and Tab. 2.2 shows similar results for the method MTI-F (2.5.15)
with (2.5.23). For comparisons, Tab. 2.3 shows the errors of EWI-G (2.3.3) and
EWI-D (2.3.5), Tab. 2.5 shows the errors of EWI-F1 (2.3.8) and EWI-F2 (2.3.9),
and Tab. 2.7 shows the errors of CNFD (2.2.1), SIFD (2.2.2) and EXFD (2.2.3).

Based on Tabs. 2.1-2.9 and additional results not shown here for brevity, the

following observations can be drawn:

1) For any fixed € under 0 < ¢ < 1, when 7 is sufficiently small, e.g. 7 < &2,
all the numerical methods are second-order accurate (cf. each row in the upper
triangle of the tables). When ¢ = O(1), e.g. ¢ = 0.5, the errors are in the same
magnitude for all the numerical methods under fixed 7 (cf. first row in the tables);

on the contrary, when ¢ is small, under fixed 7 small enough, the errors in MTI-FA
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Table 2.1: Error analysis of MTI-FA: e*7(T') and e_(T') with ' = 4 and convergence

rate. Here and after, the convergence rate is obtained by %log2 <‘3;4+((TT))>

e (T)  1=02 79/2° 70/24 70/28 70/28 70/210 70/2%2
eg=0.5 bH.7IE-1 528E-2 3.40E-3 214E-4 1.34E-5 836E-7 5.21E-8
rate — 1.72 1.98 2.00 2.00 2.00 2.00
50/21 3.14E-1 5.56E-2 5.70E-3 3.51E-4 217E-5 1.35E-6 843E-8
rate — 1.25 1.64 2.01 2.01 2.00 2.00
50/22 1.59E-1 1.53E-1 4.58E-2 280E-3 1.56E-4 936E-6 5.79E-7
rate — 0.03 0.87 2.02 2.08 2.03 2.01

g0/23 590E-3 159E-2 125E-2 590E-3 251E-4 1.16E-5 6.58E-7
rate — -0.72 0.17 0.54 2.28 2.22 2.07

£0/2% 6.70E-3 540E-3 860E-3 7.30E-3 260E-3 133E-4 6.82E-6

rate — 0.16 0.34 0.12 0.74 2.14 2.14
g0/2° 1.10E-3 1.00E-3 6.36E-4 130E-3 130E-3 277E-4 2.06E-5
rate — 0.07 0.33 -0.52 0.00 1.12 1.87

g0/2° 596E-4 218E-5 596E-4 4.10E-4 597E-4 518E-4 1.78E4
rate — 2.39 -2.39 0.27 -0.27 0.10 0.77

0/28 6.51E-6 7.14E-6 104E-5 748E-6 7.00E-6 348E-6 1.03E-5
rate — -0.07 -0.27 0.24 0.05 0.50 0.78

go/2%° 2.32E-7 4.8E-7 266E-7 279E-6 252E-6 5.01E-8 2.66E-6
rate — -0.53 0.43 -1.70 0.07 2.83 -2.87

go/2"2 9.87TE-8 4.34E-8 6.68E-8 233E-8 7.56E-8 1.19E-7 1.12E-7
rate — 0.59 -0.31 0.76 -0.85 -0.33 0.04

g0/214 3.38E-8 3. 7TTE-8 3.84E-8 3.55E-8 349E-8 345E-8 3.43E-8
rate — -0.08 -0.01 0.06 0.01 0.01 0.01

el (T) 5.71E-1 1.53E-1 458E-2 730E-3 260E-3 b5.18E-4 1.78E-4
rate — 0.95 0.87 1.32 0.74 1.16 0.77
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and MTI-F are several order smaller in magnitude than those in EWI-G, EWI-D,
EWI-F1 and EWI-F2, and the errors in EWI-G, EWI-D, EWI-F1 and EWI-F2 are
a few order smaller in magnitude than those in CNFD, SIFD and EXFD (cf. right
bottom parts in the upper triangle of the tables).

2) Both MTI-FA and MTI-F are uniformly accurate for 0 < e < 1 and converge
linearly in 7 (cf. last row in Tabs. 2.1&2.2). In addition, for fixed 7, when 0 < ¢ < 1,
MTI-FA converges quadratically in term of € (cf. each column in the lower triangle
of Tab. 2.1); MTI-F is uniformly bounded (cf. each column in the lower triangle of
Tab. 2.2). These results confirm our analytical results in (2.5.26), (2.5.27), (2.5.29)
and (2.5.30). EWI-G, EWI-D, EWI-F1, EWI-F2, CNFD, SIFD and EXFD are not
uniformly accurate for 0 < e < 1 (cf. each column in Tabs. 2.3&2.5). In fact, for
fixed 7 small enough, when e decreases, the errors for EWI-G, EWI-D, EWI-F1 and
EWI-F2 increase in term of e=* (cf. last row in Tab. 2.3), and resp., for CNFD,
SIFD and EXFD in term of 79 (cf. last row in Tab. 2.5). These results confirm
our analytical results in (2.2.8) and (2.3.11).

3) In summary, when € = O(1), all the methods perform the same in term of
accuracy, however, EXFD is the simplest and cheapest one in term of computational
cost. On the contrary, when 0 < ¢ < 1, especially 0 < ¢ < 1, both MTI-FA and
MTI-F perform much better than the other classical methods. In fact, in order to
compute ‘correct’ numerical solution, in the regime of 0 < ¢ < 1, the e-scalability
(or meshing stragety) for MTI-FA and MTI-F is: 7 = O(1) which is independent
of €, while EWI-G, EWI-D, EWI-F1 and EWI-F2 need to choose 7 = O(&?) and
CNFD, SIFD and EXFD need to choose 7 = O(g%).

Energy comparisons

With the setup (2.7.2) and € = 0.2 in (2.1.3), we test the energy behavior of the
nonconservative numerical integrators. We compute the error between the numerical
energy B":

1
n . - |2 n|2 n
E" =y + (Oz+€—2> "I+ F (ly" ).,
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and the exact energy E(0) = E(t) (2.1.5) over a time interval ¢ € [0,80]. The
energy errors |E™ — E(0)| of methods: SIFD and EWI-G under different step size
are shown in Fig. 2.2, and that of MTI-F and MTI-FA is shown in Fig. 2.3. The
corresponding results of other EWIs are similar to EWI-G. Comparisons between
each method on the maximum energy error eg(t) := Ogltz:)ét{]E” — E(0)|} are shown
in Fig. 2.4. From the numerical results, we can see that: 1) the numerical energy
of SIFD and EWIs is rapid bounded fluctuation from the exact energy, while that
of MTI-F and MTI-FA is approximately linearly growing. 2) at early time of the
computing, MTIs has much smaller maximum energy error than others. 3) until
t = 80, the maximum energy error of the MTTs is still below that of the EWIs, and
both of them are much smaller than SIFD.

An ODE system numerical example

Here we provide a numerical example, which is very similar to the famous Fermi-
Pasta-Ulam problem in literatures [55-57,91], for the proposed MTIs to solve the
high oscillatory ODE system (2.1.1) with

2 AR 1
d= 3, A= 1 s f(y) = ’y3|2y2 s P =d,=111. (273)
0 1?3 1

The errors e=7(T') := max{|y} — y1(T)|, |yy — y2(T)|, |y — y2(T)|} of MTI-FA and
MTI-F at T' =1 are shown in Tab. 2.10.

2.7.2 For general gauge invariant nonlinearity

The nonlinearity and initial conditions in the problem (2.1.3) are chosen as

a=3,  fly)=si*(|yP)y, =1 ¢=1

Again, the ‘exact’ solution is obtained numerically by the MTI-FA (2.5.15) with
(2.6.10) and (2.6.11) under a very small time step.
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Figure 2.2: Energy error |E™ — E(0)| of SIFD and EWI-G for different 7 during the

computing under ¢ = 0.2.

Tab. 2.11 shows the errors of the method MTI-FA (2.5.15) with (2.6.10) and
(2.6.11) under different € and 7, and Tab. 2.12 lists similar results for the method
MTI-F (2.5.15) with (2.6.12). The results for EWI-G, EWI-D, EWI-F1, EWI-F2,
CNFD, SIFD and EXFD are similar to the previous subsection and they are omitted
here for brevity.

From Tabs. 2.11&2.12 and additional results not shown here for brevity, again
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Figure 2.3: Energy error |[E™ — E(0)| of MTI-F and MTI-FA for different 7 during

the computing under € = 0.2.
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Figure 2.4: Maximum energy error eg(t) := max {|E" — E(0)|} of SIFD, EWI-G,

0<tn <t

MTI-F and MTI-FA under 7 = 1E — 3 and € = 0.2.

we can see that both MTI-FA and MTI-F are uniformly accurate for 0 < ¢ < 1,
especially when 0 < ¢ <« 1. In addition, the results suggest the following two
independent error bounds for both MTI-FA and MTI-F under a general nonlinearity
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Figure 2.5: Solution of the HODE system (2.7.3) with ¢ = 0.05.
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in (2.1.3)

,7_2

le"] + &*[e"| f,?, le"| + 2|é"| S 7+ &2, 0<7<m.

Rigorous justification for the above observation is going to be the future study.
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Table 2.2: Error analysis of MTI-F: ¢*7(T") and e (7T") with 7" = 4 and convergence

rate.

eE’T(T) 7'0:0.2 70/22 7'0/24 7'0/26 7'0/28 7'0/210 70/212
gg=0.5 533E-1 4.05E-2 280E-3 1.84E-4 1.16E-5 727E-7 4.53E-8

rate — 1.86 1.93 1.96 1.99 2.00 2.00
€0/2 3.71E-1 5.54E-2 560E-3 348E-4 216E-5 134E-6 &8.38E-8
rate — 1.37 1.65 2.00 2.01 2.00 2.00
go/22 278E-1 1.60E-1 4.51E-2 280E-3 155E-4 935E-6 5.79E-7
rate — 0.40 0.91 2.00 2.09 2.03 2.01
g0/2° 4.95E-2 1.68E-2 120E-2 580E-3 250E-4 116E-5 6.57E-7
rate — 0.78 0.24 0.52 2.27 2.22 2.07
g0/24 1.07TE-1 9.20E-3 8.70E-3 7.30E-3 260E-3 1.33E-4 6.82E-6
rate — 1.77 0.04 0.13 0.87 2.14 2.14
g0/2° 6.15E-2 3.90E-3 8.00E-4 140E-3 130E-3 276E-4 2.06E-5
rate — 1.99 1.14 -0.40 0.05 1.12 1.87
go/2° 1.14E-1 480E-3 854E-4 424E-4 597TE-4 5.18E-4 1.78E-4
rate — 2.28 1.25 0.50 -0.25 0.10 0.77
/28 260E-2 140E-3 998E-5 131E-5 7.36E-6 3.50E-6 1.03E-5
rate — 2.11 1.91 1.47 0.41 0.54 -0.78
g0/21° 1.23E-1 530E-3 291E-4 204E-5 36lE-6 120E-7 2.67E-6
rate — 2.27 2.09 1.92 1.25 2.45 -2.24
g0/212 1.35E-1 6.00E-3 3.41E-4 208E-5 125E-6 236E-7 1.53E-7
rate — 2.24 2.07 2.02 2.03 1.20 0.31
go/2 457E-2 230E-3 136E-4 828E-6 327TE-7 167TE-7 1.97E-7
rate — 2.15 2.04 2.02 2.32 0.49 -0.12

el (T) 5.33E-1 1.60E-1 4.51E-2 730E-3 2.60E-3 518E-4 1.78E-4

o

rate — 0.87 0.91 1.31 0.74 1.16 0.77




2.7 Numerical results and comparisons 55
Table 2.3: Error analysis of EWI-G: e=7(T") with 7" = 4 and convergence rate.
EWI-G 70 = 0.2 70/22 70/24 70/28 70,/28 70,/21°
o =0.5 1.09E -2 1.59E -3 1.01E+4 6.36E -6 3.97E-7 2.44E -8
rate — 1.39 1.98 2.00 2.00 2.01
€0/2 2.34E4-0 2.74F 2 1.75E-3 1.10E-4 6.86E —6 4.29E -7
rate — 3.21 1.98 2.00 2.00 2.00
g0/2* 9.65E -1 9.87TE-1 6.50E -2 3.90E -3 2.43E -4 1.52E-5
rate — -0.02 1.96 2.03 2.00 2.00
60/23 3.06E -1 1.90E-1 2.68E+0 2.20E -2 1.18E-3 7.33E-5
rate — 0.34 1.91 3.46 2.11 2.01
go/2* 2.73E-1 3.01E-1 3.06E-1 2.41E40 5.40E -2 3.08E-3
rate — -0.07 0.01 -1.49 2.74 2.07
go/2° 2.03E+0  2.06E+0  1.95E+0  2.09E4+0  2.09E40  3.56E-1
rate — -0.01 0.04 -0.05 0.00 1.28
£0/28 2.66E4-0 2.66E4-0 2.68E4-0 2.65E40 2.71E+0 2.63E40
rate — 0.00 -0.01 0.01 -0.02 0.02
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Table 2.4: Error analysis of EWI-D: =7 (T") with 7' = 4 and convergence rate.

EWI-D 70 = 0.2 70/22 70/24 70/28 70/28 70/210
g0 =10.5 1.02E-1 5.97E -3 3.66E 4 2.29E-5 1.43E-6 9.05E-8
rate — 2.05 2.01 2.00 2.00 1.99
€0/2 7.61E-2 3.20E -2 1.52E-3 9.37TE-5 5.80E 6 3.66E -7
rate — 0.61 2.21 2.01 2.00 2.00
g0/2* 5.66E -1 6.04E -1 2.19E 2 1.19E-3 7.36E -5 4.60E 6
rate — -0.05 2.39 2.10 2.01 2.00
g0/23 1.10E-1 2.83E-1 2.96E-1 2.56E-3 1.41E-4 8.76E -6
rate — 0.68 -0.03 3.43 2.09 2.00
go/2* 3.78E-1 5.85E -2 1.52E-1 1.57TE-1 1.16E-3 6.47E -5
rate — 1.35 0.69 -0.02 3.54 2.08
go/2° 1.03E4-0 2.09E-1 5.92E -2 5.74E -3 1.17TE-2 1.20E -2
rate — 1.15 0.91 1.68 -1.17 -0.02
£0/28 1.39E-1 1.32E -2 717E-3 1.92E-3 6.57E 4 6.80E -5

rate — 1.70 0.44 0.95 0.77 1.64
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Table 2.5: Error analysis of EWI-F1: ¢=7(T") with 7' = 4 and convergence rate.
MI-F1 70 = 0.2 70/22 70/24 70/28 70,/28 70,/21°
go=05 973E-1 698E-2 440E-3 2. 72E4  1.70E-5 1.01E-6
rate — 1.90 2.00 2.00 2.00 2.04
€0/2 1.70E+0 1.30E -1 4.87TE -2 3.20E-3 2.03E 4 1.26E -5
rate — 1.85 0.71 1.96 1.99 2.00
g0/2* 3.49E -1 3.49E -1 9.81E-1 1.01E-1 6.40E -3 4.02E -4
rate — 0.00 -0.74 1.64 1.99 2.00
g0/23 2.76E+0  2.76E+0  2.76E+0 1.01E40  3.33E-2 1.90E-3
rate — 0.00 0.00 0.73 2.46 2.08
go/2* 2.26E4+0  2.26E40  2.26E40  2.26E4+0  1.35E4+0  7.63E-2
rate — 0.00 0.00 0.00 0.37 2.07
go/2° 2.04E4+0  2.04E+0  2.04E+0  2.04E4+0  2.04E40  2.04E40
rate — 0.00 0.00 0.00 0.00 0.00
£0/28 2.66E+0 2.66E4+0 2.66E4+0  2.66E+0  2.66E+0  2.66E+0
rate — 0.00 0.00 0.00 0.00 0.00
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Table 2.6: Error analysis of EWI-F2: ¢=7(T") with 7' = 4 and convergence rate.
MI-F2 70 = 0.2 70/22 70/24 70/28 70,/28 70,/21°
eo=0.5 218E-1 1.30E-2  815E-4  5.09E-5  3.13E-6 1.44E-7
rate — 2.03 2.00 2.00 2.01 2.21
€0/2 2.00E4-0 1.564E -1 1.17TE-2 7.41E -4 4.63E -5 2.81E-6
rate — 1.85 1.86 1.99 2.00 2.02
g0/2* 2.12E-1 4.99E -1 3.68E -1 2.48FE -2 1.60E-3 9.66E -5
rate — -0.62 0.22 1.95 2.00 2.02
g0/23 27TE+0  277E40  2.75E4+0  1.74E-1  7.50E-3  4.55E-4
rate — 0.00 0.00 1.99 2.26 2.02
go/2* 2.25E40 2.30E4-0 2.30E4-0 2.21E40 3.32E-1 1.86E -2
rate — -0.01 0.00 0.03 1.37 2.08
go/2° 2.04E4+0  2.04E+0  2.03E+0  2.08E+0  2.09E4+0  1.99E40
rate — 0.00 0.00 -0.01 0.00 0.03
£0/28 2.66E+0 2.66E4+0 2.66E4+0 2.66E+0  2.6TE+0  2.63E+0
rate — 0.00 0.00 0.00 0.00 0.01
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Table 2.7: Error analysis of CNFD : ¢=7(T") with 7" = 4 and convergence rate.
CNFD 10 = 0.2 70/22 70/24 70/28 70,/28 70,/21°
g0=05 324E-1 449E-1 27E-2 1.71E-3 1.07E-4 6.69E-6
rate — -0.24 2.01 2.00 2.00 2.00
€0/2 1.75E40 2.42E+0 1.90E-1 3.41E -2 2.21E-3 1.38E 4
rate — -0.23 1.84 1.24 1.97 2.00
g0/22 1.OSE4+0  1.50E40  5.02E-1  3.54E-1 1.94E-1  1.24E-2
rate — -0.26 0.79 0.25 0.43 1.98
g0/23 3.78E-1  1.78E4+0  3.71E-1  2.69E+0  2.60E4+0 3.93E-1
rate — 1.11 1.13 1.43 0.02 1.36
go/2* 6.49E-2 151E-1 1.05E40 7.87E-1 5.36E-2  248E+0
rate — 0.61 -1.40 0.21 1.94 -2.76
go/28 1.95E+0  1.95E4+0  1.97E4+0  3.55E-1  246E+0  1.25E+0
rate — 0.00 -0.01 1.24 -1.40 0.49
£0/28 3.63E-1 3.64E-1 3.64E-1 3.63E-1 0. 75E -2 2.49E+0
rate — 0.00 0.00 0.00 1.33 -2.72
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Table 2.8: Error analysis of SIFD: e*7(T") with 7" = 4 and convergence rate.
SIFD 10 = 0.2 70/22 70/24 70/28 70,/28 70,/21°
g0=05 T761E-1  288E-1 1.76E -2 1.09E-3  6.83E-5 4.27TE-6
rate 0.70 2.02 2.00 2.00 2.00
€0/2 2.32E-1 1.25E+0  2.13E-1  2.82E-2 1.82E-3 1.14E 4
rate -1.21 1.28 1.46 1.98 2.00
g0/22 1.61E+0  1.15E40  1.73E4+0  5.08E-1 1.83E-1 1.17TE-2
rate — 0.24 -0.29 0.88 0.74 1.98
g0/23 242E-1  6.85E-1  5.05E-1  221E4+0 2.50E4+0  3.85E-1
rate -0.75 0.22 -1.06 -0.09 1.35
go/2* 1.13E-1  4.44E-2 1.91E4+0  3.28E-1 1.58E+0  2.48E40
rate 0.67 -2.71 1.27 -1.13 -0.33
go/28 1.95E+0  1.95E4+0  1.92E+0 6.89E-1  2.05E+0  6.26E-1
rate 0.00 0.01 0.74 -0.78 0.86
g0/28 3.63E-1 3.63E-1 3.65E-1 3.63E-1 942E-2  2.70E+0
rate 0.00 -0.01 0.01 0.97 -2.42
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Table 2.9: Error analysis of EXFD: e7(T") with T' = 4 and convergence rate.

EXFD 70 = 0.2 T0/2? 70/24 70/2° 70/28 70/2%°
eo=05 884E-1 752E-2 466E-3  290E-4 1.81E-5 1.13E-6
rate — 1.78 2.01 2.00 2.00 2.00
€0/2 unstable  2.51E4+0  1.15E-1 6.49E-3 4.03E-4  251E-5
rate — — 2.22 2.07 2.01 2.00
g0/2? unstable  unstable  1.76E4+0  6.36E-1  387E-2  2.41E-3
rate — — — 0.73 2.02 2.00
go/23 unstable  unstable  unstable  1.34E+0  1.23E4+0  3.25E-2
rate — — — — 0.06 2.62
go/2* unstable  unstable  unstable  unstable 9.96E -1 3.37TE-1
rate — — — — — 0.78
g0/2° unstable  unstable  unstable  unstable  unstable  unstable
rate — — — — — —

£0/28 unstable  unstable  unstable  unstable  unstable  unstable
rate — — — — — —

Table 2.10: Error of MTI-FA and MTI-F for HODE system: =7 (7") with 7" = 1.

MTI-FA TOIO.l 7'0/2 7'0/4 7'0/8 7'0/16
gg=5x%10"" 4.21E-02 1.22E-02 3.20E-03 8.13E-04 2.05E-04

g0 =H* 1072 2.50E-03 1.10E-03 4.70E-03 4.31E-04 3.70E-03

g0 =5%1073 8.35E-06 2.27E-05 1.43E-06 2.79E-05 2.47E-05

co=5%10""  863E-07  898E-07  9.13E-07  1.15B-07  1.60E-07
MTI-FA 70=0.1 T0/2 To/4 70/8 70/16
co=5%10"1  401E-02  1.12E-02  290E-03  7.51E-04  1.90E-04

g0 =H* 1072 8.00E-03 2.20E-03 5.00E-03 4.69E-04 3.70E-03

g0 =H*1073 5.00E-03 1.10E-03 2.83E-04 9.71E-05 7.59E-06
go=5%1074 3.10E-03 6.94E-04 1.63E-04 3.94E-05 9.51E-06




2.7 Numerical results and comparisons

62

Table 2.11: Error analysis of MTI-FA for general nonlinearity: =7 (7T") with 7' = 1.

e (T) 79=02 79/2° 70/24 70/28 70/28 70/210 T0/2%2

gg=1 197E-2 1.22E-3 735E-5 454E-6 283E-7 178E-8 125E-9
£0/2 6.92E-3 1.34E-3 T742E-5 443E-6 273E-7 1.71E-8 1.19E-9
£0/2? 1.61E-4 40lE-4 4.04E-4 263E-5 166E-6 104E-7 6.53E-9
£0/23 1.21E-2 225E-3 5.63E-4 847E-5 4.91E-6 3.00E-7 1.84E-8
£0/24 9.04E-3 9.78E-4 168E-3 1.50E-3 158E-6 597TE-9 2.37E-9
£0/2° 927E-3 250E-4 6.14E-6 1.62E-3 58E-5 7.52E-6 4.87E-7
£0/28 396E-3 3.29E-4 848E-6 6.34E-7 940E-4 1.19E-4 1.91E-6
£0/28 1.89E-3 235E-4 290E-5 141E-7 847E-7 3.70E-7 517E-5
£0/2'0  127E-2 846E-4 546E-5 6.29E-6 126E-6 1.27E-6 1.08E-6
g0/2"?  159E-4 147E-4 113E-5 7.51E-7 346E-8 9.93E-8 3.49E-8
g0/2%  989E-3 533E-4 3.I8E-5 1.96E-6 117TE-7 1.72E-9 4.97E-9
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Table 2.12: Error analysis of MTI-F for general nonlinearity: e=7(7T") with 7' = 1.

T (T) 19=02 79/2? 70/24 70/2° 70/28 70/2%° 70/2"2
gg=1 bT9E-3 &819E-4 528E-5 331E-6 207E-7 1.31E-8 9.53E-10
€0/2 754E-3 1.28E-3 6.87TE-5 3.93E-6 239E-7 1.50E-8 1.056E-9
go/22 3.00E-2 358E-4 399E-4 26l1E-5 1.65E-6 1.03E-7 6.48E-9
£0/23 1.19E-2 281E-3 499E-4 8.07E-5 4.67TE-6 285E-7 1.75E-8
g0/24 8.83E-3 6.63E-4 143E-3 149E-3 1.28E-6 240E-8 3.48E-9
g0/2° 9.52E-3 3.02E-4 8.66E-5 154E-3 5.89E-5 7.52E-6 4.87E-7
go/2° 3.76E-3 3.50E-4 482E-6 4.65E-6 935E-4 1.19E-4 1.91E-6
£0/28 1.89E-3 241E-4 287E-5 255E-7 833E-7 391E-7 5.17TE-5
80/210 1.27TE-2 8.46E-4 547E-5 6.33E-6 125E-6 127E-6 1.08E-6
g0/2' 1.59E-4 147E-4 1.13E-5 751E-7 3.51E-8 9.83E-8 3.53E-8
go/2'  9.89E-3 533E-4 3.17TE-5 195E-6 1.06E-7 943E-9 1.62E-8




Chapter 3

Classical numerical methods for the

Klein-Gordon equation

3.1 Introduction

This chapter deals with the relativistic Klein-Gordon equation (KGE) in d-
dimensions (d = 1,2,3) under a proper non-dimensionlization as stated in Section

1.3.2 as
1
e20uu(x,t) — Au(x,t) + ?u(x, )+ flu(x,t)) =0, xeRLt>0, (3.1.1a)

with initial conditions:

w(x,0) = pi(x),  Du(x,0) = 8—12¢2(x>, x € R (3.1.1D)

In this chapter, for simplicity, u = u(x, t) is considered to be a real-valued scalar field,
the dimensionless parameter 0 < € < 1 is inversely proportional to the speed of light,
¢1 and ¢y are two given real-valued functions independent of €. f(-) is a real-valued
function independent of . Provided that u(-,t) € H'(R?) and dyu(-,t) € L*(R?),
the KGE (3.1.1) conserves the energy,

E(t) := /R ) [52 (Oru(x,1))* + [Vau(x, t)]* + é (u(x,t))* + F (u(x, t))] dx  (3.1.2)

1
e?

- / [212(¢2<X>>2+|V¢1<X>|2+ <¢1<x>>2+F<¢1<x>>} dx = B(0), >0,
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with F(u) :=2 [ f(p) dp, u € R.

For a fixed € > 0 in (3.1.1), a surge of analysis and numerics results have been
reported in literatures. For instance, the Cauchy problem was considered in [19,
21,63,71,96]. In particular, global existence of solutions was established in [21] for
F(u) > 0 (defocusing case); and possible blow-up was shown in [19] for F(u) < 0
(focusing case). For other interesting results in this regime, we refer the readers
to [2,80,87,94,98] and references given therein. For the regime 0 < ¢ < 11in (3.1.1),
which corresponds to the nonrelativistic limit or the speed of light goes to infinity,
analytical results in [10,75-77,81,104] reveal that the solution propagates waves with
wavelength of O(¢?) and O(1) in time and, respectively, in space when 0 < € < 1.
Detailed discussions will be given in the next chapter. The high oscillations in time
make the numerical approximations of the KGE (3.1.1) in the nonrelativistic limit
regime very challenging.

In this chapter, we are going to review and study some popular classical nu-
merical methods which are proposed based on directly discretizing the KGE (3.1.1)
or its equivalent integral form. Special efforts are made to study how the error
bound of the numerical method depends on €, as 0 < ¢ < 1. By the recent work
in [10], frequently used finite difference time discretization including energy con-
servative type and semi-implicit type finite difference discretizations [1, 38,74, 99],
and a Gautschi-type exponential wave integrator (EWT) [52,53,57,62] were shown
to have the temporal error bounds as O(¢7572) and O(e~*7?), respectively. So in
order to guarantee ‘correct’ approximations for € small, one needs the constraint on
time step 7 = O(e®) for the finite difference methods and 7 = O(&?) for the EWIs,
respectively. A detailed review on these existing results is provided in Section 3.2.
In the rest sections of this chapter, we shall propose and study a time-splitting inte-
grator (or so-called split-step method), coupled with Fourier pseudospectral (TSFP)
discretization in space, for the nonlinear KGE (3.1.1). The time-splitting schemes
for evolution equations can be even dated back to 1970s [60]; however, few results

are available so far when they are applied to the KGE (3.1.1), even with ¢ = O(1).
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In the literature, although time-splitting schemes are widely used to compute the
solutions to nonlinear Schrédinger equation (NLSE) (see, e.g. [6,106]) and especially
successful for the semiclassical NLSE whose solutions exhibit spatial-temporal os-
cillations (see [14,15]), it dose not give any clue to their performance for KGE in
highly oscillatory regime. The detailed numerical scheme of TSFP is given in Sec-
tion 3.3. A key observation that TSFP is totally equivalent to an exponential wave
integrator with the Deuflhard-type quadrature [36] Fourier pseudospectral method
is pointed in Section 3.4. Thanks to this observation, the rigorous error estimate
of TSFP is established in the relativistic regime, i.e. ¢ = O(1). Numerical stud-
ies of the TSFP method in various regimes, ranging from the smooth regime for
e = O(1) to the highly oscillatory regime for 0 < ¢ < 1 are done in Section 3.5,
which gear to suggest that the temporal discretization error bound for TSFP is
O(e727?) as 0 < € < 1. Therefore, the time-splitting pseudospectral discretization
offers compelling better approximations over other classical schemes, especially in

the nonrelativistic limit regime.

3.2 Existing numerical methods

In this section, we shall briefly review the existing numerical methods for solving
the KGE which temporally are parallel to those integrators introduced in Sections
2.2 and 2.3 for the highly oscillatory ODEs. For simplicity of notation, the methods
are presented in 1D, and generalization to higher dimensions are straightforward due
to the tensor product grids. In practice, we truncate the whole space problem onto
an interval Q@ = (a,b) with periodic boundary conditions. In 1D, the KGE (3.1.1)

with periodic boundary conditions collapses to
1
e20uu(z,t) — Oppul(z, t) + 6—2u(x,t) + f(u(z,t)) =0, a<z<b, t>0,(3.2.1a)

u(a,t) = u(b, ), Oyu(a,t) = Oyu(b, t), t>0, (3.2.1b)

u(z,0) = ¢1(z), Oyu(x,0) = 5—12¢2($), a<z<hb. (3.2.1c)
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Such truncations are due to the fast decay of the solution of the KGE at the far
field, and the boundary conditions are inspired by the physical backgrounds as well
as most studies in literatures [10, 24, 30,38,43,67,99]. The finite interval Q = (a, b)

are usually chosen sufficiently large such that the truncation error is negligible.

3.2.1 Finite difference time domain methods

Denote mesh size h = Az = (b—a)/M with an even positive integer M, time step
7 = At, and denote grid points as z; = a + jh,t, =nr(n=0,1,...,5=0,...,M).

Introduce the finite difference operators as

n+l n n—1 no_ ,m n o __ n n
520 — u’ 2uj + uj St — ul g —uj Pt — (U 2uj +ujy
“ul = (N b S v .

J ,7-2 ’ z 7 h ] h2

Then for j =0,1,...,M —1,n=1,2,..., the energy conservative finite difference

(ECFD) method [10,99] reads

T T R
e2oull — o2 L———~— 5 I 4 5_2—] 5 I + Gt u ) =0, (3.2.2)
where G(v,w) = %, and a semi-implicit finite difference (SIFD) method
[10,74] reads
T e T
e262un — 55% . ?% + F(ul) = 0. (3.2.3)

ECFD conserves the energy (3.1.2) in the discrete level [10], but the full implicit
scheme makes it very time consuming due to a necessary nonlinear solver at each
time level and that motives the SIFD method. For the two finite difference methods,

under assumptions:

ar—i—s
oxsotr

<1 (3.2.4)

)
~ €2r

() e COR), we V0T, W), ]

where W2 := {u € W5*(Q) : dLu(a) = 0Lu(b), 1 =0,1...,4} and T > 0 within
the maximum existence time of solutions, the following error estimates results for

e} = u(x;,t") — u} can be obtained as in [10]:



3.2 Existing numerical methods 68

Theorem 3.2.1. Under assumption (3.2.4), assume T < h, there exist constants
To > 0 and hy > 0 sufficiently small and independent of € such that for 0 < e <1,
when 0 < 7 < 1% and 0 < h < hg, the ECFD (3.2.2) and SIFD (5.2.3) satisfy

[l + 15 e S+, 0<n< L)

€ T
From the above error bounds, indeed one can see that in order to make a correct
approximation to the KGE (3.2.1), even for the full implicit method, one need to
choose time step 7 = O(e?) and mesh size h = O(1). As 0 < ¢ < 1, these FD

methods will cause too much numerical burden.

3.2.2 Exponential wave integrator with Gautschi’s quadra-

ture pseudospectral method

To improve the resolution capacity of the FD methods, an exponential wave
integrator (EWI) with the Gautschi’s quadrature Fourier pseudospectral method is
proposed in [10]. Here we shall briefly review the scheme.

To do the pseudospectral discretization in space, besides those introduced in the

previous subsection, we furthermore introduce the following notations. Let

27l
b—a’
RM+1

Xy = span{e @) = req, —M/2<1<M/2-1},

YM::{w:(wmwl?"'awM)e : ’lU():'lUM}-

For a general periodic function w(x) on Q = [a,b] and a vector w € Yy, let Py
L?(Q) — X s be the standard L2 projection operator onto Xy, Ins : C(Q) — Xy

and Iy : Yar — Xy be the trigonometric interpolation operator [51,61,95], i

M/2-1 M/2-1
(Pyw)(x) = Z we e (Iyw)(z Z wetE=d e, (3.2.5)
I=—M/2 I=—M/2
where
1t . e
Wy = - a/a w(z)e M@= dy, = Z “im(ej—a) (3.2.6)
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with w; interpreted as w(z;) for a function w. It is easy to check that Py and
I); are identical operators on X,;. The spectral discretization begins with finding

up(z,t) € Xy to solve
1
e Ouunt (,8) = Quzuins (2, 8) + —uni(2,8) + Par f(uni (1)) = 0.

By the orthogonality of the bases in X, one ends up for | = =M /2,... M/2 —1,

o) () + (uF + ) (o (8) + (Flanr) ) (6) = 0.
Then with the variation-of-constant formula and similar derivations introduced in
Chapter 2 Section 2.3, one can get an EWI with Gautschi’s quadrature Fourier
spectral method. Finally replacing the projections by interpolations in (5.2.2), one
can get the EWI with Gautschi’s quadrature Fourier pseudospectral (EWI-GFP)
discretization proposed in [10] for solving (3.3.5). The detailed method is as follows:

M/2—1 M/2-1
n+1 Z unJrl gy (5 — a) n+1 Z ~n+1 Wl (x;— a)’ (327)
I=—M/2 l=—M/2

for j=0,1,...,.M, n=0,1,..., with,

N 0(1 — 0 ; 0 0y 1~

e

T = —usin(Bmit + cos(ir)if - S (329)

) ) (1= cos(BPT)] . 2(cos(BrT) — 1

Tt = = 2 oos() + S | g 2D = D
(3.2.10)

= - 2sin(an 2D (32.11)

l

Here forn =0,1,...,

1
ﬁl”:—2\/1+52(ul2+oz"), a”zmax{&”l, maxf( 5/ } a =0,
€ ]

where o is introduced to ensure the unconditional stability [10].
For some positive integer my > 0 depends on the regularity of the solution, an

error bound is established in [10] as
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Theorem 3.2.2. Assume 7 < €2h, there exist constants 7o > 0 and hg > 0 suffi-

ciently small and independent of € such that for 0 < e <1, when 0 < 7 < 19 and
0 < h < hgy, the EWI-GFP (3.2.7)-(3.2.11) satisfies

2
- ) — Inp(u™) || gr < W™ + 2—4, 0<n<

i !

From the error bound, clearly one can see that in order to capture the O(g?)-
oscillation in time when 0 < ¢ < 1, the meshing strategy constraint for EWI-GFP
method is 7 = O(¢?) and h = O(1) for nonlinear KGE problem. Compared to
FD methods, the resolution capacity in time of EWI-GFP is remarkably improved.

Extensive numerical comparisons are already given in [10].

3.3 Time splitting pseudospectral method

Now, we are going to the study another popular classical numerical integrator:
the time splitting method for temporal discretizations, coupled with the Fourier
pseudospectral method for spatial discretizations. The starting point of the time
splitting Fourier pseudospectral (TSFP) method is to rewrite the second order equa-
tion as an equivalent but simple form of first order system in time. The key ideas
of the method are: (i) split the evolution system in a proper way such that the
nonlinear subproblem can be integrated exactly in time space; (ii) solve the linear
subproblem in phase space by applying the Fourier pseudospectral approximation
to the spatial derivative and integrating the equations (which is a first order linear
ODE system) about the Fourier coefficients exactly.

As a preparatory step, we begin by recalling the construction of a time-splitting

(or split-step) integrator for a general evolution system in the form:
oy = @(y) = Ay + By, (3.3.1)

where the mapping ®(y) is usually a nonlinear operator and the decoupling ®(y) =
Ay + By (or called operator-splitting) can be arbitrary; in particular, A and B can

be two non-commutative operators. With a given time step 7 > 0, let t, =n7, n =
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0,1,2,..., and y" be the approximation of y(¢,). A commonly used second-order
time-splitting integrator for (3.3.1), y"* = [®5(7)] (y"), can be constructed due to
the Strang formula [97],

1 1
y = exp (§TA> y", yP =exp(tB)yV, y"l=exp (§TA) y?, (3.3.2)

which is explicit and symmetric, i.e., ®o(7)Po(—7) = 1. A fourth-order symplectic
time integrator for (3.3.1), y"*' = [®4(7)] (y"), is constructed as follows (cf. [16,
107]):

Dy (1) = Po(wT)Po((1 — 2w)T) Do (wT), (3.3.3)
where,

w =

(2+2"% +2713). (3.3.4)

W =

Clearly, the above fourth-order integrator is still explicit and time reversible. It is
also possible to construct higher-order symplectic integrators (cf. [107]). In general,
the operators A and B may be interchanged without affecting the accuracy order of
the method.

Introducing v(x,t) = dyu(x,t), then (3.2.1) is equivalent to the following first-

order-in-time system,
Owu(z,t) —v(z,t) =0, a<xz<b t>0, (3.3.5a
1
e20w(x,t) — Opgu(z,t) + 6—2u($,t) + f(u(z,t)) =0, a <z <b, t>0,(3.35b
u(a,t) = u(b,t), Oyu(a,t) = Ozu(b,t), w(a,t) =v(b,t), t>0, (3.3.5¢
1
u(z,0) = ¢1(x), v(z,0) = ggbz(x), a<xz<h. (3.3.5d

We now rewrite the system (3.3.5a)-(3.3.5b) in the form of (3.3.1) with

U U 0 U v

v v —e2f(u) v e 20 u — e My
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Thus, the key to an efficient implementation of the time-splitting integrator ®q(7)

or &,(7) is to solve efficiently the following two subproblems:

Oyu(z,t) =0, a<x<b t>0, (3.3.6a)
1
Op(x,t) + 8—2f(u(x,t)) =0, a<zr<b t>0, (3.3.6b)
and
Owu(z,t) —v(x,t) =0, a<x<b t>0, (3.3.7a)
1 1
O (v, t) — 6—28mu(x,t) + gu(x, t) =0, a<zx<b t>0, (3.3.7b)

u(a,t) =u(b,t), O0yu(a,t)=0,u(b,t), wv(a,t)=wv(bt), t>0. (3.3.7¢)

The solutions to (3.3.6) are trivial by noting that (3.3.6a) leaves u(z,t) invariant in
t and therefore (3.3.6b) can be integrated exactly, i.e., for t > ¢, (t5 any given time),

ulest) = ule 1), ol t) = (e, t) = 50— ) fuler), a<a<b 21,

Now, the issue remains to find an efficient and accurate method for (3.3.7). We shall
solve (3.3.7) below in phase space by applying the Fourier spectral or pseudospectral
approximation in space discretization; and in particular, the equations about the
Fourier coefficients are linear ODEs which can be solved exactly.

Following the same notations introduced in Section 3.4, the Fourier spectral

method for (3.3.7) is to find up(z,t) € Xy and vy (z,t) € Xy (cf. [95]), e,

M/2-1 M/2—1
up(,t) = Y W)y (e t) = Y BT zeQ, 20,
I=—M/2 I=—M/2
(3.3.8)
such that,
Owupr(x,t) — vy, t) =0, ref, t>0, (3.3.9a)

1 1
Owopr(v,t) — gamuM(a:,t) + guM(x,t) =0, reQ, t>0. (3.3.9b)
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Plugging (3.3.8) into (3.3.9), noticing the orthogonality of Fourier functions, we find,

- ~ N M M

uy(t) —u(t) =0, g (t) + Biw(t) =0, 52—77~--,7—1, t=>0.
where 8, = e 2y/e2u? + 1. The above system is a first order linear ODE system,
whose analytical solutions can be obtained directly, i.e. for ¢ > ¢, (t; any given

time) and | = =M /2,....M/2 — 1,
(1) = cos (Bt — 1)) Tu(ts) + 0 Wﬁi ~ )

vi(t) = —Frsin (Bi(t —ts)) wlts) + cos (Bit — ts)) vills). (3.3.10b)

Bi(t,), (3.3.10a)

The above procedure for solving (3.3.7) is not suitable in practice due to the difficulty
in evaluating the integrals in (3.2.6). Thus, we shall approximate the integrals in
(3.2.6) by a quadrature rule on the grids {x]} o» 1-e., replacing the projections by
the interpolations, which refers to the Fourier pseudospectral approximation [95].
For j = 0,1,...,M and n = 0,1,..., let uj and v} be the approximations of
u(xj, t,) and v(x;,t,), denote by u"” and v" the solution vectors with components
u? and v}, and choose u) = ¢y(z;) and v) = ¢5(z;)/e*>. Then the second order

J
time-splitting Fourier pseudospectral (TSFP) discretization for the 1D KGE (3.3.5)

is given by
n, n n, n T n
uj+:uj, vj+:11j ~ 52 (u?), (3.3.11a)
u}”l’_ = L, (r,u™t 0™, ’U}H_l’_ = L,(r,u™ " 0™, (3.3.11b)
n n y— n n y— T n -

T ij = 5, (3.3.11c)
Here, £, (7,U,V); and L, (7,U,V); (j =0,1,..., M) are computed from any 7 € R,
U= (Uy,Uy,...,Uy)t and V = (VO,Vl,...,VM)T:

Sy sin(4i7)
~ T) ~ .
L,(r,UV); = Z |:COS(BZ7')U1 + : Vl} eim(@i=a),
I=—M/2 &
M/2-1
ﬁv(Tu U7 v)] - Z [_Bl Sin(ﬂlT)Ul + COS(BZT)‘/I] ei“l(mj_a)7
I=—M/2
M- M-
M M
~iju(z;—a) i) g 20
Z Z 2’ )

j=0 7=0
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A fourth order TSFP discretization for (3.3.5) can be constructed according to
(3.3.3) in a similar way. We omit the details here for brevity.

The time discretization error of the TSFP discretization is only the splitting
error, which is second /fourth order in 7. Moreover, TSFP is explicit, time symmetric
and easy to be extended to 2D and 3D. The memory cost is O(M ) and computational
load per time step is O(M In M) thanks to FFT.

Remark 3.3.1. Clearly, (3.3.11a) and (3.3.11c) imply that u™ 1+ = ¢ = yuth—
so the TSFP (3.3.11) can be implemented according to

u}‘“ = Lo (r,u", 0™, U?H’* = L,(r,u™, 0" 7);,
At
nt+l,+ _  ntl— n+1
v; = v; = fui™).

n+1

Thus, it is not necessary to output v unless it s of interests.

Remark 3.3.2. Note that for the special case f(u) = 0, i.e., the linear problem, the

TSFP collapses to the following one-step formula:

U?Jrl = Eu((n—i‘ 1)7', anvo)ﬁ 'U;LJrl = ﬁv((n"i‘ 1)7—7 uO’UO)j, n=01,...,

thereby introducing no time discretization error.

3.4 EWI with Deuflhard’s quadrature pseudospec-
tral method

As a fact pointed out in [57, Section XIII.1.3], for the first-order-in-time evo-
lution equations, the split-step method is reduced to a trigonometric integrator
proposed by P. Deuflhard [36]. Here, we discuss an alternative approach to de-
rive the proposed TSFP (3.3.11) via using the EWI with Deuflhard’s quadrature in
temporal discretization and Fourier pseudospectral discretization in space, which in
consequence gives rise to a simple way to analyze the convergence of the splitting

method.
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3.4.1 Numerical scheme

Similar as the solver to (3.3.7), we seek for ups(z,t), vy (z,t) € Xy defined
in (3.3.8) as spatial approximations to solutions u(x,t) and v(z,t), respectively.

Plugging uy/(,t) into (3.2.1) and applying the L*-projection, we get
2 1
15 8ttuM — &muM -+ ;uM + PMf(uM) =0.

Noticing the orthogonality of Fourier bases, we get

~ ,\ 1. — M M
52u2'(t)—|—,u12ul(t)+gul(t)—kf(uM)l(t) =0, = e ?—1, t>0. (3.4.1)

By using the variation-of-constant formula and noting v = O,u, we get

sin (61(;[ - tS))i)\l

w(t) =cos (B(t —ts)) wilts) +

t o (3.4.2)
t — —
- /t Wﬂw)l(s)ds, 0<t, <t
Taking derivative with respect to t on both sides of (3.4.2), we get
u(t) = — Bisin (Bi(t — t5)) wy(ts) + cos (Bi(t — ts)) vi(ts)
—5)) —— (3.4.3)
_ /t Wﬂumz(s)ds-

Applying the standard trapezoidal rule to the two unknown integrations in (3.4.2)
and (3.4.3), we get

sin (ﬁl(t - ts))A

w(t) = cos (Bi(t —ts)) w(ts) + 5 vi(ts)
— S sin (At — 1) Fluan) (e,

Bi(t) = = Busin (Bt — 1)) lts) +cos (Blt — £) Tt
= 5 [eos (tt — 1) Fluan) ) + Fluan )]

Replacing the above Fourier spectral approximations by pseudospectral discretiza-
tion, we obtain the following EWI with Deuflhard’s quadrature Fourier pseudospec-

tral (EWI-DFP) method. For j =0,1,..., M andn =0, 1,..., choosing u? = ¢1(x;)
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and v) = ¢o(z;)/e?, then

M/2—-1 M/2-1
u;L'H — Z ~;@+1 wz(zj—a n+1 Z ~n+1 wl(xj—a) n > 07 (3.4.4&)
l=—M/2 I=—M/2
utt = cos (Bim) ' + Smélﬁ o 2; 7 sin (Brr) fr, (3.4.4b)
1 un T o n
@“ZH—I = —ﬂl Sin (ﬂﬂ') Uu; + cos (BZT) fi)? — 2_52 [COS (6”') fl + f +1 ’ (344C)
where,
1 M-1 1 M-1
~}/L - M Z U? e_“”(rj_a)’ 5? = M Z Un e—z,u,l(m]—a)
Jj=0 7=0
_ 1 M—-1
P g 2 Tl e
=0

A simple calculation shows that [37]

Theorem 3.4.1 (Equivalence of EWI-DFP and TSSP). The TSFP method (3.5.11)
coincides with the EWI-DFP method (3.4.4). Thus, EWI-DFP is time symmetric.

Proof. First, the initial choices of TSFP and EWI-DFP are the same, i.e. u? =
d1(x5), v) = ¢a(x;)/e*. From the TSFP method (3.3.11), plugging (3.3.11a) into
(3.3.11b) and noticing from (3.3.11c) that v = u"*h~ we get

= cos(m + 0 (5 - L), (345

which is indeed (3.4.4b) in the EWI-DFP method, and

T = —Grsin( )T -+ cos(Br) (7 — 5577 (3.4.6)

Plugging (3.4.6) into (3.3.11c), we are led to (3.4.4c) in the EWI-DFP method,
which completes the proof. O

3.4.2 FError estimates

In this section, we will establish rigorously the error bounds of the TSFP method
(3.3.11) in the energy space H' x L? for fixed € = ¢y = O(1) (the O(1)-speed of light
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regime). Without loss of generality and for simplicity of notation, we set € = 1 in this
section. The rigorous arguments are achieved thanks to its equivalent formulation,
i.e. the EWI-DFP method (3.4.4).

Let T, be the maximum existence time for the solutions to the KGE (3.2.1). In
order to establish the error estimates for the TSFP method, we make the following

assumptions on the nonlinearity and the exact solutions: for 0 < T < T,

feCHR), uwe C([0,T);Wh>n HMnC ([0, T); Wh n H)nC? ([0, T); H')
(3.4.7)

for some integer k, mg > 2. Under assumption (3.4.7), we let

m = min{k, mg}, Ky = HuHLoo([o,T];Loo(Q)mHl(Q)), Ky = HatuHLW([O,T];LQ(Q))'

Denote the trigonometric interpolations of numerical solutions as u/ (x):=1y(u")

(x), v}(x) := Iy (v"™)(z), and define the error functions as
en(x) = U(I7tn) - U?(CL’), en(l,) = atu(xatn) - ’U?(ZL’), T Q, n >0,
then we have the following main error estimate result [37]:

Theorem 3.4.2. Let u™ and v™ be the numerical approximations obtained from
the TSFP method (3.3.11). Under the assumption (3.4.7), there exit two constants

To, ho > 0, independent of T (orn) and h, such that for any 0 < 7 < 79, 0 < h < hy,

T
Il +lle™lz S 75+ n=0,..0,—, (3.4.8a)

HU?HHI S K1 + 1, ||U;LHL2 S K2 + ]., Hu"”loo S K1 + 1. (348b)

Thanks to the EWI-DFP formulism, the error estimates can be done in analogous

lines as [10] by means of energy method. We first introduce the following notations.



3.4 EWI with Deuflhard’s quadrature pseudospectral method 78

Suppose u, v are exact solutions to KGE (3.3.5). Denote the L?-projected solu-

tions as !
M/2-1
ups(z,t) := Py(u(z, t)) = Z Ty(t)ettu@=a),
i vEQ, £20,  (349)
vp(x,t) == Py(v(z,t)) = Z By(t)etl@=o),
I=—M/2
and the projected error functions as
M/2—-1
e (x) = Pyle™(z)) = Z enei(e=a)
== T
l M/2 n = 07 y . (3410)
M/2—-1 . pn
6?4(1’) = PM(e”(x)) — Z él ez,u,l(x—a)’
I=—M/2
Then we should have
=) -, & =Blt) =T, n=0,..., (3.4.11)
T

Based on (3.4.4b) and (3.4.4c), define the local truncation errors as

M/2-1 M/2-1 _

& (x) = Z getrle=a), £(x) = Z £eMED peQ n=0,..., I 1.
I=—M/2 I=—M/2 T
(3.4.12)
where
gln = W(tnt1) — cos (BiT) wi(tn) — Sinélﬁm—)@\l(tn)

+ QL& sin (Bi7) (far), (), (3.4.13a)

& = i(tuyr) + Brsin (B7) @(t,) — cos (Bi7) Bi(t,)
+ % (cos (87) (Far)y(t) + (an)i (b)) (3.4.13D)

'We remark that the uy; defined in (3.4.9) is different with the one in spectral method formu-
lation, since for the later case uy; ~ Pysu, and similar for vy;. Here we adopt the same notations

for simplicity.
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and 3 = \/u? + 1, with </f-1\/f\)l(t) the Fourier coefficient of f(up/(z,t)). Subtracting
the local truncation errors (3.4.13) from the scheme (3.4.4b) and (3.4.4c), we are led

to the error equations

et = cos (BiT) € + Sm(ﬁﬂéf + E," -, (3.4.14a)
!
27“ = — [y sin (Bi7) €] + cos (ﬁﬁ)gy + é:l — 57, (3.4.14b)
where
’7' . —_— Nn
i = 5 sin(6m) ((Ani(en) = 7). (3.4.152)
/‘\n T —— Nn — ,-Vn
i =5 [cos(Br) ((An(ta) = ) + ((Ai(tass) = F1)] . (3:4.15D)
with the nonlinear error functions defined as
M/2-1 M/2-1
@)= Y Al @)= Y Rlt)ene D, zeq
I=—M/2 I=—M/2

Define the error energy as
E(P,Q) = [IP|fn + Q7. (3.4.16)

for two arbitrary functions P(z) and Q(x).
In order to proceed with the proof of Theorem 3.4.2, we give the following lem-
mas. Firstly, we have estimates for the local truncation errors, stated in the following

lemma.

Lemma 3.4.1. Based on assumption (3.4.7), we have estimates for the local trun-

cation errors as

: T
1€ e+ 11€7 M2 S 72 4 7 B0 =0, — = 1 (3.4.17)

Proof. Applying L%-projection on both sides of (3.2.1), due to the orthogonality and

variation-of-constant formula, the Fourier coefficients w;(t,,), u;(t,) should satisfy

Bltin) = oos (r) ty) + (0 — [ SO =D fgas

(3.4.18)
U(tng1) = —Bisin (BiT) wi(ty,) + cos (57) vi(tn) — / " cos (Bi(tns1 — 9)) ﬁ(s)ds,
n (3.4.18b)
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forn=0,...,T/7, where ﬁ(t) denotes the Fourier coefficient of f(u(x,t)) for short,
provided that no confusion occurs. Subtracting (3.4.18) from the local truncation

errors (3.4.13), we get

[ sin (O;7 () — e sin (ﬁl(tnﬂ _ S>) f s)ds a

& = g7 (6m) ()~ [ = feas, (4.90)

&1 = [eos () (att) + Tatasn)] = [ cos (b — ) o
(3.4.19b)

For a general function g(s) € C?, we have the quadrature error for the standard

trapezoidal rule written in the second order Peano form [46],

(90)+9() ~ [ 9t =r—/e 0)g"(67)00.

o[ S

Rewriting £ in (3.4.19a) as

é\ln :Q_Bl sin (BZT> fl( ) /t "+l sin (5l(tg;—1 - 8))ﬁ(s)ds

+ % sin (47) [@z(tn) - ﬁ(t”)} '

we then have,

<3 /01 (1 — 0) {ﬂl (ﬁ(tn + 97)‘ + ’%ﬁ(tn +67) ] de (3.4.20)

+7 ‘ flt +QT

T |— ~
A0+ | (aodi(ta) = Flta)|.
I
Taking square on both sides of (3.4.20) and using the Cauchy’s inequality, we get
1 R 9 d . 2
S,TG/ Bf‘fl(tn-i—@ﬂ‘ + gfl(twref) do
0
1 2 2 o,
o[ 40 + = | (Far)i(tn) = it
e = [ = i

Multiplying both sides of (3.4.21) by 8? = (1 + p) and then summing up for

d2

T il £ 07) (3.4.21)

l=—-M/2,..., M/2 — 1, thanks to the Parseval’s identity, we get

€17 S 7° - sup [ILf ()2 + 100f (@)ll7gs + 100 f (u)I72]

0<t<T

72 g 1)) = FuC b))
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Then based on assumption (3.4.7) and the standard projection error bounds [95],

we have
n2 < 6 -2 72(motl) _ T
1€ 5 ST°+ 77 h : n—O,...,;—l. (3.4.22)
Similarly, from (3.4.19b) we could get
‘n 12 < 6 2 2(mo+1) T
1€ML ST°+ 7 h .on=0...,—-1 (3.4.23)
Combining (3.4.22) and (3.4.23) gives the assertion (5.2.44). O

For the nonlinear error terms, we have estimates stated as the following lemma.

Lemma 3.4.2. Based on assumption (5.4.7), and assume (3.4.8b) holds for some

0<n<T/r—1 (which will be given by induction later), then we have
"z + " 1ze S 7 (lebrllze + ey Hlze) +7 - B™ (3.4.24)

Proof. From (5.2.42), we have

-~n

1 < 5 [Garltn) = | Ji

g [‘@l(tn) - J?;n

+ ‘(/fﬂ/f\)l(tn"'l) - 7““ :

For the first part, similarly as before, we can get

7" HH1<—HPMf(uM( n)) = Tn f (u")[72

Under assumption (3.4.7), we should have f(ux(z,t)) € C([0,T]; H}'), then

" HH1<—Hfo(uM( W) = D f ()72

TP Cunr e t)) = D FCan )
2 2
S T f e t) = T f @) 3 + 0, (3.4.25)

By Parseval’s identity, together with the assumption (3.4.7) and (3.4.8b), we have
Hfo(UM( n)) = D f (")l 2 = 1 (uar (-5 80)) = f(u™)] 2

f st (- + (1 = s)u™)ds - (up(-,tn) — u”) (3.4.26)

l2

S IIuM(-,tn) —ulp = [luar (-5 tn) = w2 = €]l 2
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Plugging the above estimate back to (3.4.25), we get
10"l S Tlledsllze + 7 B (3.4.27)
For the second part, similarly, we can have
-n 2 7—2 n 2
[7"]]z2 < T | Pas f (ups (-, t0)) — I f (™) || 72 (3.4.28)
72 2
+ Z ||PMf<uM(7t'rL+1)) - IMf(u +1)HL2

n m n 2
S mllenllze + 7 R4 [ I f (uar (s ton)) = Tan f (™[ -

To carry out a similar argument as (3.4.26), now we only need to show the maximum
value of the numerical solution at t,.; level, i.e. [[u"™|;, is bounded by some

generic constant under assumption (3.4.8b). By the Sobolev’s inequality,

M/2—1
[l e < oo S Nlup i = | (0—a) D (1+ pd)lap™)
I=—M/2

From (3.4.4b), we get

1 T | =
,&'nJrl < a’n +_’,Jn 4+ — n|
) < @]+ 2 I+ 5l
Then with 7 < 1 similarly as before, we can get
luz ™l < 20l + 20072 + 1f @) e < 2lwfllm + 2007z + [1F (@)l

< 2(Ky + Ko +2) + || ()l 2o 0,51 41)-

Thus, following the argument done as (3.4.26), we can get a further estimate for

(3.4.28) as
17"z S 7 (lehellze + lehf rz) + 7 - ™ (3.4.29)
Combing (3.4.27) and (3.4.29), we finish the proof. O

With the error energy functional notation (5.2.43), it is ready to show the fol-

lowing fact.
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Lemma 3.4.3. Forn=0,...,T/7 — 1, we have
2 .
E(es et = E(ehr i) < TE(ehréhy) + = |E(€7. €7 + £ - (3.4.30)

Proof. Multiplying (3.4.14a) with its complex conjugate, and by Cauchy’s inequality,

we have
: 2
sin (5;7)~n s, wl?
il < @ eos (imy e + UG D - (3.4.31)
!
Similarly for (3.4.14b), we have
~n+112 . ~n |2 RN 2
€ ‘ <(1+7) ‘—ﬂl sin (Bi7) €}’ + cos (Bi7) ¢, | + gl S/ ‘ (3.4.32)
Multiplying (3.4.31) by 32 =1 + p? and then adding to (3.4.32), we get
112 ~n+1]2 —~ ~n|? 1 S~ 2 M a2
gl e | <+7) (Bf|el|2+ ¢ )+; (6? &-m| +& - )

Summing the above inequalities up for { = —M /2, ..., M /2—1, and noticing (5.2.43)

we get

. ) 1 i
E(en, ) < (L+m)E(ehy, €hp) + —E(E =", & =),
and then by applying Cauchy’s inequality again, we get assertion (5.2.61). O

Now, combining the Lemmas 5.2.1-5.2.3, we give the proof of Theorem 3.4.2
with the help of mathematical induction argument [10], or the so called cut-off

technique [7] for the boundedness of numerical solutions.

Proof of Theorem 3.4.2. For n = 0, from the scheme and assumption (3.4.7),
€| + (€12 = ll¢1 — Tnenlln + |2 = Tl S H™.

Then by triangle inequality,

lurllm < loullm 11" < Kit 1, [lopllze < ll@allp2+ 162 < Ko+1, 0 < h <y,

for some hy; > 0 independent of 7 and h, and obviously ||u’|;~ < K; + 1. Thus,
(3.4.8) is true for n = 0.
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Assume (3.4.8) holds for n < N < T/t — 1. Now we need to show the results

are still true for n = N 4 1. First, by triangle inequality,

ez +Nle e < llehsllan 4 [1en e 4 [lul ) = wn (5 tn) |
oG tn) = om ()l 2

S el + lléx ez +h™. (3.4.33)
Then from Lemma 5.2.3, we have forn =0,..., N,
n+l :n+l noosn o\ <L n  n 1 n én n on
E(er" &) — E(chr, ) S TE(€Rr €h) + = [E(€" €M) + EGr )|

Since (3.4.8b) is assumed to be true for all n < N, we can plug the estimates in

Lemmas 5.2.1 and 5.2.2 into the above estimate and get
Elent enf) —Eehn, éh) S [Elenf, ent) + Eehy, i) +7° +7-h*™. (3.4.34)

Summing (3.4.34) up for n = 0,..., N, and then by the discrete Gronwall’s inequal-
ity, we get

E(eNHL, eN+1y < pt 4 p2m,
Thus, we have |le3/ "z + |€ ™ |2 < 72 + A™, which together with (3.4.33) show

(3.4.8b) is valid for n = N + 1. Then by triangle inequality,

lur e < Multye) [ + 1€ Hm < K+ 1,
0<7<m, 0<h<ho,
lo e < o tnn) e + 168 e < Ko + 1,
for some 7, hy > 0 independent of 7 and h. Noting the Sobolev’s inequality

e e < |l we also have
™ e < lug Hlzee < flul tvn) e + e e < Ko+ 1,

for 0 <7 <7, 0<h<hsgand 7, hg > 0 independent of 7 and h. Therefore, the

proof is completed by choosing 79 = min{7, 72} and hg = min{hy, ho, hs}. ]

Remark 3.4.1. In higher dimensional space, the Sobolev’s inequality reads ||p|| e S
lpll a2, then one only need to rise the energy space for error functions to H* x H?,

under a stronger reqularity assumption than (3.4.7).
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Remark 3.4.2. In the nonrelativistic limit regime, i.e. (3.2.1) with 0 < ¢ < 1,
following the analogous procedure made in this section, one can establish an error

bound of the TSFP method (3.5.11) as

2
. T

le™lar + el Ve lar + 2 fle [ S = + ™, (3.4.35)
9

under a stronger reqularity assumption than (3.4.7) and an oscillation assumption
lull + e[| Q] + *|Owull < 1,

for certain norms. We omit the detailed arguments here for brevity.

The error bound (3.4.35) is quite similar to the one obtained in [10] for EWI-
GFP, of which the e-dependence 7 < €2 has been numerically shown to be optimal
for EWI-GFP. On the other hand, the error bound (3.4.35) also agrees with the ex-
pectation since the local truncation errors mainly come from trapezoidal quadrature,
which is second-order accurate with a factor before T of the same order as Oyu.
However, our extensive numerical results, presented in the forthcoming section, will
show that the e-dependence in the estimate (3.4.35) is indeed not optimal for TSFP
when 0 < ¢ < 1. In fact, it suggests that the error of TSFP would asymptoticly
behave like

-2
e < = + A", (3.4.36)
Thus, rigorous arguments towards an optimal error estimate of TSFP for 0 < e < 1

are still absent, which will be the substantial work.

3.5 Numerical results and comparisons

In this section, we report the numerical results of the classical method for solving
the KGE (3.2.1) together with comparisons. Numerical comparisons between the
FD methods and EWI-GFP are already systematically done in [10]. Here we focus
on results for TSFP and comparisons with EWI-GFP. We will first test the TSFP
method in the O(1)-speed of light regime. Then we will study the accuracy of
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Table 3.1: Spatial discretization errors of TSFP at time ¢ = 1 for different mesh

sizes h under 7 = 107°.

emh h=1 h=1/2 h=1/4 h=1/3
A=1 3.71E — 2 1.70E — 3 1.34E — 6 2.22F — 12
A=—1 3.95E — 2 1.70E — 3 1.58E — 6 2.53E — 12

Table 3.2: Temporal discretization errors of TSFP at time t = 1 for different time

steps 7 under A = 1/16 with convergence rate.

el T=1/5 T=1/10 T=1/20 T =1/40 T=1/80
A=1 1.50F — 3 3.6bF —4 9.06F — 5 2.26F — 5 5.64F — 6
rate - 2.03 2.01 2.00 2.00
A=—1 240F — 3 6.14F — 4 1.54F — 4 3.84F — 5 9.61F —6
rate - 1.97 2.00 2.00 2.00

TSFP for solving the KGE for ¢ € (0,1), especially when 0 < ¢ <« 1. Since
the oscillations of the problem happen in time and the temporal error is mainly
concerned, so 1D problems are solved as examples. We choose the pure power
nonlinearity f(u) = AuF* with p = 2,A = +1 in (3.2.1), and choose the initial

conditions (3.2.1c) as

2

3sin(x) 2e7
U(ZL‘,O) = 0.522 + o—0.522 'U(l',O) = W, r e R.
We truncate the problem onto a finite domain Q = [—16, 16], i.e. b = —a = 16, which

is large enough to ignore the aliasing errors relative to the whole space problem.

3.5.1 Accuracy tests for ¢ = O(1)

We take fixed ¢ = 1 (i.e. the O(1)-speed of light regime). In this case, there is

no analytical solution and we let u(x,t) be the ‘exact’ solution which is obtained
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Table 3.3: Conserved energy analysis of TSFP: 7 =102 and h = 1/8.

A=1 10.0957456  10.0957438  10.0957437  10.0957450  10.0957441
A=-—1 7.6534166 7.6534174 7.6534178 7.6534176 7.6534175

(a) A =1 (b) A= 1
x10° K10
p 25 \
\
oy -
hyy = = =\=4E-3 AR
251w ' 1 2t ’ \\
o - = RS /; \
7 |' 1 14,0 7 \
— 1! \ STeTs o~ = s -] = — \t=1E- ! '
S Ok Il \
w,r ! = = (t=4E-3 i - \ 1
’L15| 1! L ,' \ ’
2 . Il I t I B ~ 4
oo 1! Mt=2E-3 ol
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Figure 3.1: Energy error of TSFP in defocusing case (A = 1) and focusing case
(A = —1): |E(t) — E(0)] for different 7 during the computing under h = 1/8 and

e=1.

numerically by using TSFP method with very fine mesh size and small time step,
e.g., h =1/32 and 7 = 10~°. We solve the problem on the interval 2 = [—16, 16] till
time ¢t = 2 in two cases: A = 1 (defocusing case) and A = —1 (focusing case). Here,
we test the spatial and temporal discretization errors separately, and then test the

conservation of the conserved energy of TSFP. To quantify the numerical results,

we present the error:

Mt =ta) = lle" [ = llul ta) — Dr(W™) | (3.5.1)
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Firstly, we test the discretization error in space, and in order to do this we
take a very fine time step 7 = 107° such that the error from time discretization
is negligible compared to the spatial discretization error. Tab. 3.1 lists the errors
(3.5.1) at time ¢ = 1 with different mesh sizes h and parameters A. Secondly, we
test the discretization error in time, and mesh size is chosen as h = 1/16 such that
the error from space discretization is negligible. Tab. 3.2 shows the errors (3.5.1)
at time ¢t = 1 with different time steps 7 and parameters A\. Thirdly, we test the
conservation of the energy F(t) (3.1.2). Here we choose a small mesh size in space
such that the energy E(t = 0) which is approximated spectrally from the initial
data is very close to the exact conserved energy. Tab. 3.3 lists the discrete energy
at different time points with 7 = 1073 and h = 1/8. Fig. 3.1 shows the convergence
of the energy error as 7 decreases. Here for the focusing case, i.e. A = —1, the
results are only shown till 7" = 2 because of the finite time blow up of the solution.

From Tabs. 3.1-3.3 and Fig. 3.1, we can draw the following observations:

1. In the O(1)-speed of light regime, the TSFP (3.3.11) is of spectral-order ac-
curacy in space, and is of second-order accuracy in time (cf. Tabs. 3.1&3.2),

which verifies our error estimate (3.4.8a) and indicates the result is optimal.

2. TSFP conserves the energy very well. The energy obtained from the numerical
solution is just a small fluctuation from the exact energy during the computa-
tion (cf. Tab. 3.3). As time step 7 decreases to zero, the energy error during

the computing converges to zero (cf. Fig. 3.1).

3.5.2 Convergence and resolution studies for 0 < ¢ < 1

We now consider € € (0,1) in (3.2.1), in particular 0 < ¢ < 1, i.e. the non-
relativistic limit regime. Here we study the temporal and spatial errors of TSFP
under different mesh sizes and time steps as ¢ — 0. By doing so, we mainly want
to investigate two questions. The first question is how the convergence/accuracy of

the numerical method be affected as € decays. The second question is within the
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Table 3.4: Spatial error analysis of TSFP for different € and h at time ¢ = 1 under

T =1075.
o =0.5 7.99E-02 4.20E-03 3.01E-06 2.78E-12
€0/2 8.13E-02 5.40E-03 2.28E-06 2.84E-12
go/22 2.7T7E-02 1.30E-03 1.07E-06 1.75E-12
/23 4.88E-02 4.60E-03 3.05E-06 1.67TE-12
go/2* 8.24E-02 4.30E-03 2.74E-06 1.72E-12
£0/2° 4.57E-02 5.00E-03 3.02E-06 1.89E-12
(a) TSFP (b) EWI-GFP
! ‘ —f— g
—A— g
—6— AEIES
—— A5
- = e

Figure 3.2: Dependence of the temporal discretization error on e (in log-scale) for

different 7 at ¢ = 1 under h = 1/8: (a) for TSFP and (b) for EWI-GFP.

convergence regime, how the error bound depends on . Again, the ‘exact’ solution
u(x,t) is obtained by a similar way as before. Since the numerical results of TSFP

are similar in defocusing and focusing cases, so we here only consider a defocusing
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Table 3.5: Temporal error analysis of TSFP for different € and 7 at time ¢ = 1 under

h = 1/16 with convergence rate.

TSFP 7'0:0.2 T0/22 ’7'0/24 7'0/26 7'0/28 ’7'0/210

g0 =05 1.52E-02  5.66E-04 3.49E-05 2.18E-06 1.36E-07  8.37E-09

rate - 2.37 2.01 2.00 2.00 2.01
go/2! 1.27E-01  3.80E-03 1.97E-04 1.22E-05 7.62E-07  4.69E-08
rate - 2.53 2.13 2.00 2.00 2.01
g0/2? 1.13E-01  1.13E-01 8.93E-04 4.85E-05 3.01E-06 1.85E-07
rate = 0.00 3.49 2.10 2.01 2.01
go/23 1.21E-01  4.57E-02  4.52E-02  2.33E-04 1.27E-05  7.76E-07
rate - 0.70 0.01 3.80 2.10 2.02
g0/24 1.35E-01  8.90E-03  1.02E-02 1.04E-02  6.75E-05  3.69E-06
rate - 1.97 -0.98 -0.01 3.62 2.10
go/2° 1.38E-01  1.42E-02  3.70E-03  4.90E-04 6.70E-04  6.83E-04
rate - 1.64 0.97 1.46 -0.22 -0.01
£0/28 8.80E-02  1.99E-02  2.10E-02  7.54E-04 2.32E-04 1.62E-05
rate = 1.07 -0.04 2.40 0.85 1.92
go/2%0 1.14E-01  5.43E-02  1.50E-03 1.00E-03  1.10E-03  3.78E-05
rate - 0.53 2.58 0.26 -0.09 2.43

case with A = 1 as a numerical example.

The spatial error and temporal error here are computed in a similar way as before.
For the error in space, either from our numerical experience or from the theoretical
result (3.4.35) and estimates in [10] , the spatial errors of TSFP and EWI-GFP are
almost the same due to the same spectral discretization used in space. Thus here
we omit the results of EWI-GFP for brevity and tabulate the spatial error of TSFP
under different € and mesh sizes h in Tab. 3.4. Tabs. 3.5&3.6 show the temporal
error of TSFP and EWI-GFP, respectively, under different £ and time steps 7. To
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Table 3.6: Temporal error analysis of EWI-GFP for different ¢ and 7 at time t = 1

under h = 1/16 with convergence rate.

EWLGFP 7,=02 75/2? 70/2* 70/28 70/28 7o/ 2"

€0 =0.5 1.96E-02  7.82E-04 4.87E-05 3.04E-06 1.90E-07 1.20E-08

rate - 2.32 2.00 2.00 2.00 1.99
€0/2 4.37E-01 1.16E-02 6.86E-04 4.29E-05 2.68E-06 1.68E-07
rate - 2.61 2.04 2.00 2.00 2.00
g0/2? 1.19E-01  4.98E-01 1.17E-02 7.09E-04 4.43E-05 2.77E-06
rate - -1.03 2.71 2.02 2.00 2.00
go/23 1.68E-01 1.64E-01 4.73E-01 1.19E-02 7.06E-04 4.41E-05
rate - 0.02 -0.46 2.66 2.04 2.00
g0/24 1.76E-01  1.85E-01 1.96E-01 6.85E-01 1.12E-02 6.63E-04
rate - -0.04 -0.04 -0.90 2.96 2.04
go/2° 1.13E-01  2.04E-01 2.22E-01 2.17E-01 2.20E-01 8.77E-01
rate - -0.42 -0.06 0.02 -0.01 -0.99
£0/28 1.53E-01  1.94E-01 2.01E-01 4.00E-01 2.13E-01 5.72E-01
rate - -0.17 -0.03 -0.04 0.45 -0.71
go/2%0 1.76E-01  1.99E-01 2.09E-01 2.12E-01 2.16E-01  2.14E-01
rate - -0.08 -0.04 -0.01 -0.01 0.01

study the error bounds of the numerical methods inside the convergence regime, we
plot the temporal discretization errors of TSFP and EWI-GFP as functions of ¢ for
some fixed 7 in log-scale. The results are shown in Fig. 3.2. Moreover, we study the
performance of TSFP in temporal approximations in Tab. 3.7 under the meshing
strategy 7 = O(e?), which is the exact e-scalability of EWI-GFP [10].

From Tabs. 3.5-3.7 and Fig. 3.2, we can draw the following observations:

1. TSFP has uniform spectral accuracy in space for all € € (0, 1] (cf. each column
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Table 3.7: e-scalability analysis: temporal error at time ¢ = 1 with h = 1/16 for

different 7 and ¢ under meshing requirement 7 = ¢ - 2.

TSFP g0 =0.5 €0/2 £0/4 €0/8 £0/16

c=0.8 1.52E-02 3.80E-03 8.93E-04 2.33E-04 6.75E-05
c=04 2.40E-03 8.10E-04 1.99E-04 5.20E-05 1.52E-05
c=0.2 5.66E-04 1.97E-04 4.85E-05 1.27E-05 3.69E-06
EWI-GFP o= 0.5 €0/2 £0/4 €0/8 £0/16

c=08 1.96E-02 1.16E-02 1.17E-02 1.19E-02 1.12E-02
c=04 3.20E-03 2.70E-03 2.90E-03 2.90E-03 2.70E-03
c=0.2 7.82E-04 6.86E-04 7.09E-04 7.06E-04 6.63E-04

in Tab. 3.4 ). The spatial discretization error is totally independent of €. Thus
the spatial resolution of TSFP is

h=0(1), 0<e<1,

i.e. the mesh size can be chosen independent of ¢, which is the same as EWI-

GFP [10].

2. As e vanishes, both TSFP and EWI-GFP are second-order accurate in time
when 7 is sufficiently small, i.e. within the convergence regime 7 < &2, (cf.
the upper diagonal part of Tabs. 3.5&3.6). Both methods either have some
convergence order reductions or lose the convergence outside the convergence
regime (cf. the lower diagonal part of Tabs. 3.5&3.6). Between the two
numerical methods, TSFP always offers better temporal approximations than

EWI-GFP under the same time step, especially when ¢ becomes small (cf.

Tabs. 3.5&3.6).

3. The temporal discretization error bound of EWI-GFP within the convergence
regime behaves like O(e7*72) (cf. Fig. 3.2(b)) and the e-scalability is 7 =
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O(&?) which are consistent with the results in [10]. Fig. 3.2(a) indicates that
the temporal error bound of TSFP would asymptotically behave like O(s7272)
within the convergence regime, which on the other hand indicates that the
estimate provided in (3.4.35) is not optimal in time. Tab. 3.7 illustrates a
clearly second convergence in terms of € for the temporal error of TSFP as ¢ —
0 under the mesh strategy 7 = O(¢?), while EWI-GFP shows no convergence,
which again indicate the temporal error bounds for the two methods and shows

that TSFP will dominant in the highly oscillatory regime.



Chapter I

Multiscale methods for the Klein-Gordon

equation

4.1 Existing results in the limit regime

In this section, we continue with the KGE given in Section 1.3.2:

1
e20u(x,t) — Au(x,t) + gu(x, )+ flu(x,t)) =0, xeRY t>0, (41.1a)

w(x,0) = di(x),  Ou(x,0) = 8—12¢2(x), x € RY, (4.1.1b)

with the dimensionless parameter 0 < ¢ < 1. Here we consider the initial data
¢1, o and the unknown u as complex-valued scalar functions, and the nonlinearity
f(-) : C — C is independent of € satisfying the gauge invariance (1.3.8). Provided
that u(-,t) € H'(R?) and Qu(-,t) € L*(R?), for f(u) = g(Ju|?)u with g(-) a real-

valued function, the KGE (1.3.7) conserves the energy:

1
E(t) == / [62 Byu(x, t)* + |Vu(x, )] + = lu(x, t)| + F (Ju(x, t)|2)} dx (4.1.2)
Rd

1
= [ |5 100 + [ForoP +

Re | E

with F(o) := [ g(p)dp.

Over the past decade, more attentions on the study of KGE have been paid

Lt 4+ F <|¢1<x>|2)} dx = B(0), t >0,

3

to the regime 0 < ¢ < 1, which corresponds to the nonrelativistic limit or the

94
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speed of light goes to infinity. In this regime, the analysis and efficient simulation
are mathematically rather complicated issues; see, e.g. [10,75-77,81,104]. In fact,
due to that the energy E(t) = O(¢72) in (4.1.2) becomes unbounded when & — 0,
significant difficulties are brought into the mathematical analysis of the problem
(4.1.1) in the nonrelativistic limit regime. Recently, Machihara et al. [76] studied
the nonrelativistic limit in the energy space, and Masmoudi et al. [77] analyzed the
similar limit in a strong topology of the energy space. Their results show that the
nonlinear KGE converges to two coupled nonlinear Schrédinger equations (NLSE)

as the speed of light tends to infinity, that is for the solution u(x,t) of (4.1.1),
u(x, t) —et¥ 2 (x,t) —e (%, 1) = 0 in C([0,T%); H'), ase— 0, (4.1.3)
where z4(x,t) is the solution of the coupled NLSE

20,21 (x,1) — Azy(x,t) + fr(ze(x,1),2_(x,1)) =0, xe€R% ¢t>0, (4.1.4)
24 06,0) = 30100 — (X)), 2 (%,0) = 5(Ba(x) — B3)),
% 027r flaz+

Zz)df. For more recent progresses made to understand this limit, we refer to

with the maximal existence time of solutions 7* > 0 and fy(z4,2-) =
oif
[81,104]. Based on their results, the solution propagates waves with wavelength of
O(g?) and O(1) in time and in space, respectively, when 0 < ¢ < 1. To illustrate
this, Fig. 4.1 shows the solution of the KGE (4.1.1) with d = 1, f(u) = |ul?u,
P1(z) = /2 and ¢y(x) = 31 () for different €. As discussed in previous chapters,
the high oscillations in time bring challenges to the computations of the KGE in
the nonrelativistic limit regime. The time step of classical numerical methods such
as FD and EWIs, is severely restricted by the €. Thus, recent studies turns to
design numerical methods based on some proper transformed formulism of the KGE
instead of approximating it directly. By (4.1.3), an asymptotic preserving method
that requests h = O(1) and 7 = O(1) when 0 < € < 1, is proposed in [43] by solving
the NLSE (4.1.4), but it clearly brings O(1)-error when ¢ = ¢y = O(1). Thus all

the above numerical methods for the problem (4.1.1) do not converge uniformity
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u(x,1)

u(o,t)

Figure 4.1: The solution of (4.1.1) with d = 1, f(u) = |u|?u, ¢1(z) = e~/ and
¢o(z) = 3¢y (z) for different e.

for e € (0,1] [10,43]. Very recently, some uniformly accurate numerical schemes
for high oscillatory Klein-Gordon and nonlinear Schrodinger equations have been
proposed and analyzed [26] based on embedding the problem in a suitable “two-
scale” reformulation with the induction of an additional variable and using the
Chapman-Enskog expansion to separate the fast time scale and the slow one.

In Chapter 2, by using the highly oscillatory second-order ordinary differential
equation (2.1.1) which has the same oscillatory nature as the problem (4.1.1) in
time, we proposed and analyzed two multiscale time integrators (MTIs) based on
multiscale decompositions of the solution. The two MTIs converge uniformly for

e € (0,1] and have some advantages compared to the FDTD and EWIs as well as
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asymptotic preserving methods in integrating highly oscillatory second order ODEs
for e € (0, 1], especially when ¢ is not too big and too small, i.e. in the intermediate
regime. This chapter is to design and analyze a multiscale time integrator Fourier
pseudospectral (MTI-FP) method for the problem (4.1.1) based on a multiscale
decomposition of the KGE and the MTIs to the highly oscillatory second order
ODEs studied in Chapter 2. The proposed MTI-FP method to (4.1.1) is explicit,
efficient and accurate in practical computation, and converges in time uniformly at
linear convergence rate for all € € (0, 1] and optimally at quadratic convergence rate
in the regimes ¢ = O(1) or 0 < ¢ < 7. Thus our method is different with those
numerical methods in [10,26,43].

4.2 Multiscale decomposition

Let 7 = At > 0 be the step size, and denote time steps by t, = nrt for n =
0,1,.... In this section, we present a multiscale decomposition for the solution of
(4.1.1) on the time interval [t,,,t,+1]. The decomposition is similar to that studied

in Section 2.4.1. With given initial data at t = t,, as

e2

wx,t) = $1(x) = O(1), Dl by) = égb;‘(x) _0 ( ! ) | (4.2.1)

Similarly to the analytical study of the nonrelativistic limit of the nonlinear KGE
in [75-77], we take an ansatz to the solution u(x,t) := u(x,t, + s) of (4.1.1) on the

time interval [¢,,t,41] with (4.2.1) as

u(x,t,+s) = eis/€2z§’r(x, $)+e /T (x, s)+r"(x,s), x€RY, 0<s< 7T (4.2.2)

Differentiating (4.2.2) with respect to s, we have

Oyu(x,t, + ) et D527 (%, s) + %zﬁ(x, 5)} te 2 {(’LE(X, s) — %z(x, s)
€ £

+0,(x,8), xeRY 0<s<T (4.2.3)
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Plugging (4.2.2) into (4.1.1), we get for x e R and 0 < s < 7

et [£%0,52 (x, 5) + 200,21 (x, 8) — Az (x, 8)] + 051" (x, 5) + Ar™(x, 5)

LE]

+e = [20,527 (%, 8) — 200,27 (x, ) — AZ"(x,5)] + ri(x,s)

e2

+ f(u(x,t, +s)) = 0.

Multiplying the above equation by e =%/ ¢ and e’/ 52, respectively, we can decompose
it into a coupled system for two e2-frequency waves with the unknowns 27 (x, s) := 27}
and the rest frequency waves with the unknown r"(x, s) := r" as

20,520 + 200,21 — AL + fy (21,2") =0,
) x€RY 0<s<7T, (4.24)
£20,r™ — Ar™ —|— ="+ fr (27,27, r"s) =0,

where

1 2 )
f+ (z+,z_)—27r/ f(zi—i—ewE) do, z4,r € C, 0<s<T,
0
2

fr(z4,22,m58) = f (eiS/EQZJr +e7/ e ¢ 7’) — fi (o, 22) €35 = T (2, 2o T
To find initial conditions for the above system (4.2.4), setting s = 0 in (4.2.2) and
(4.2.3) and noticing (4.2.1), we get

24 (x,0) +27(x,0) +7"(x,0) = ¢7(x), x€RY,

i) (429)

e2

L[ (x,0) — T7(x,0)] + B2 (x, 0) + B,77(x, 0) + 0" (x, 0) =

-2
Then we choose initial data with the principles from Section 2.4.1: (i) equate O (Eig)
and O(1) terms in the second equation of (4.2.5), respectively, and (ii) be well-
prepared for the first two equations in (4.2.4) when 0 < ¢ < 1, i.e. 0,2} (x,0) and
052" (x,0) are determined from the first two equations in (4.2.4), respectively, by
setting e = 0 and s = 0 [5,8]:

2 (x,0) +27(x,0) = ¢7'(x), i [21(x,0) = 27(x,0)] = ¢5(x),
210,21 (x,0) — Az} (x,0) + f1 (2}(x,0),2"(x,0)) =0, x € RY, (4.2.6)

r"(x,0) =0, dsr™(x,0) + 0527 (x,0) + 0527 (x,0) = 0.
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Solving (4.2.6), we get the initial data for (4.2.4) as

[ 220x,0) = 5 [01(x) — i3], 2(x,0) = 2 [37(0) — i Fx)].
2
r"(x,0) = 0, 051" (x,0) = —0,2% (x,0) — 952" (x,0).

0521 (x,0) = = [-AZ1(x,0) + f1 (21(x,0), 2" (x,0))] , x € RY, (4.2.7)

\
Again, we call the above decomposition (4.2.2) as multiscale decomposition by fre-
quency (MDF). Specifically, for the pure power nonlinearity, i.e. f satisfies (2.1.4),
explicit formulas for f. and f,. have been given in Chapter 2.

After solving the decomposed system (4.2.4) with the initial data (4.2.7), we get
20 (x,7), 02 (x,7), r(x,7) and Osr"™(x,7). Then we can reconstruct the solution
to (4.1.1) at t = t,,41 by setting s = 7 in (4.2.2) and (4.2.3), i.e.,
w(X, tyy1) = e”/€2zi(x, T)+ e_iT/EQE(x, )+ r(x, 7)== ¢ H(x),

. (4.2.8)
atu(xv Zfn-i—l) = 8_2¢g+1(x)a X € Rda

with

Put(x) —efT/e [€20,21 (x,7) + iz (x,7)] + e /e [£20,27 (x,7) — i2" (x, T)]

+ 82887’”(x, 7).

4.3 Multiscale method

In this section, based on the MDF (4.2.4), we propose a new numerical method for
solving the KGE (4.1.1) with the pure power nonlinearity (2.1.4), which is uniformly
accurate for ¢ € (0,1]. For the simplicity of notation, we present the numerical
method in 1D with a cubic nonlinearity, i.e. d = 1in (4.1.1) and f(u) = Mu|?u with
A € R a given constant in (2.1.4). In this case, we have

fi(z 7’2*):)\ ‘Zi‘2+2‘2 ‘2 s Zi7TEC7 OSSSTa
! ( I (4.3.1)

Fo(ze,z,m8) = €9/ g (24, 20 ) + €729/ (2, 20 ) +w(zy, 2, 13 8),
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with
gi(zy,2-) = A 25 2o, zy,1m € C, 0<s<m,
w(z+, Zor S) = f <eis/g?ZJr + e—is/g2z+ 7") —f <eis/g?ZJr + e_is/52z) ‘

Generalizations to higher dimensions and general power nonlinearity are straight-

(4.3.2)

forward and all the results presented in this paper are still valid with minor modifi-
cations. Due to fast decay of the solution to the KGE (4.1.1) at far field, similar as
Chapter 3, the whole space problem (4.1.1) in 1D is truncated onto a finite interval

2 = (a,b) with periodic boundary conditions:
u(z,t)
-2
u(a,t) = u(b,t), Oyu(a,t) = dyu(b,t), t>0, (4.3.3)

e20u(w,t) — Ogpu(z,t) +

+ f(u(x,t)) =0, z€Q=(ab), t>0,

1 _
u(z,0) = ¢1(x), Ow(zx,0) = ;¢2($), r € Q=ab].
Consequently, for n > 0, the decomposed system MDF (4.2.4) in 1D collapses to

%0552 + 2002 — Oppzt + fu (21, 27) =0,

1 (4.3.4)
€20457™ — Opur™ + =+ [ (z_’f_,zf,r”;s) =0, a<zx<b 0<s<T.

€

The initial and boundary conditions for the above system are
(

a9) =408, D(as) = 0,2 (bs),
o) =r"08) O s) =0 (), 0Ss<T
0) = 3010 — i8], (w0 =5 [ —i%@],  485)
0, (,0) = 5 [~0rah(2,0) + fi (1(5,0),2(5,0))], a<w<b,

[ 7@0) =0, 0u"(2,0) = ~0,27(2,0) — 8, 7 (x, 0).

In order to discretize (4.3.4) with (4.3.5), we first apply the Fourier spectral
method in space and then use the exponential wave integrator (EWI) for time inte-
gration. Choose the mesh size h := Az = (b — a)/M with M a positive integer and

denote grid points as x; := a + jh for j =0,1,..., M. Again, denote

M M

XM = span {¢l<x) = ei,ul(ac—a) ‘ [ = —7, Ceey 7 — 1} with =

2ml
b—a’

M-1
YM = {V = (U())Ula s aUM) € CM+1 | Vo = UM} with ||V||l2 =h Z |,Uj|2'
7=0
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For a periodic function v(z) on Q and a vector v € Yy, let Py @ L2(2) — Xy be
the standard L2-projection operator, and Ip; : C(2) — X, or Yy — Xy be the

trigonometric interpolation operator [95], i.e

M/2-1 M/2—1
(Pyv)(z) = Z oy M@ (Tyv)(z) = Z o et@ma g < g < b, (4.3.6)
I=—M/2 I=—M/2

where v; and v; are the Fourier and discrete Fourier transform coefficients of the
periodic function v(z) and vector v, respectively, defined as

M—-1

N 1 b . 1 .
v = / ’U(QE‘) e_lul(m_a)diﬁ, v = — Z (] e_l#l(xj_a). (437)

b—a M

=0
Then a Fourier spectral method for discretizing (4.3.4) reads:

Find 2% 5, = 2% (0, 8), vy =1y (z,s) € Xy for 0 < s <7, e,

M/2-1 M/2—1
ales)= D () (s)e™ 0 e s) =y () (s)e™ETY, (4.3.8)
l=—M/2 I=—M/2

such that for 0 < s < 7

6285523:’]\/[ + 2i0:2% pp — Opa2f pp + Py fs (ZZ_’M7 ZZM) =0, a<z<b,
4.3.9)
1 (

e 0ustlyy = Ouatiy + 7 + Pty (0 2 a7l 8) = 0.
Substituting (4.3.8) into (4.3.9) and noticing the orthogonality of ¢;(z), we get

—_—

2020, (s) + 2i(Z0),(5) + 12 (), (s) + (f)(s) =0, 0<s<

200+ (1 + % ) 700) + TGs) =0~ <1<

7—7
v (43.10)
—-1
2 Y

where @l(s) and G\,ﬂl(s) are the Fourier coefficients of fI(,s) := fi(2] )/ (7,5),
2" y(x,s)) and fP(x,s) = fr (2 a(2,8), 2" (2, 8), 7 (2, 8); s), respectively. In
order to apply the EWIs for integrating (4.3.10) in time, for each fixed —M /2 <1 <

M/2 — 1, we rewrite (4.3.10) by using the variation-of-constant formulas

—

(20),(5) = a(s)(Z1),(0) + £2bi(s) (21),(0) — /Osbxs—e)@,(e) dé

(?"/"\)l(s) _ sin(w;s) —/ *sin (wi(s — 0)) ?\

(r),(0) —
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where w; = /1 4 pfe? and

AteishT — \— isAf isAT isAT
as) =L T OLE L py(s) im i 0<s<T,
)\l - )\l EZ(AZ - )\l ) (4 3 12)
P VA R 1 1= T+ ke -
A =— 5 =05, N =- 5 =0(1).
£ 5 £
Differentiating (4.3.11) with respect to s, we obtain
— — — S —
(21),(s) = ai(s)(21),(0) + €*bi(s) (=), (0) — /0 bi(s — 6)(f2),(0) 6,
(4.3.13)
— — *cos (w(s —0)) —
i(s) = costans)(0) - [ <=EE=DE a8, 0<s <,
0
where
QSN _ qisA| AFeisA _ \~eisA
I(s) = INF AT e bl(s) = 2 l 0<s<r (4314
ay(s) = iAA, N A !(s) 2N — A7) <s<T )

Taking s = 71in (4.3.11) and (4.3.13), noticing (4.3.1) and (4.3.2), and approximating
the integrals either by the Gautschi’s type quadrature [45,57] or by the Deuflhard’s

type quadrature (the standard trapezoidal rule) [36,57], we get

/ — — — — —

(22),(7) = a(7)(22),(0) + (1) (2£),(0) — eu(T)(f2),(0) — di(T)(f£),(0),

() = DG 0) — ()G O) - ) 0)

—5(r) (@) (0) — @(r) (g7),(0), (4.3.15)
(Z0),(7) ~ aj()(22),(0) + (1) (21),(0) — (7)) (FE),(0) — di(m)(F),(0),
(7)) = cos(wir) (r),(0) — pj(7) (), (0) — g(7) (g, (0) — Pi(r) (a7),(0)

—

/() (g7),(0) = 555w, ().

— — — o — —

where (g2),(s), (w™),(s), (F2),(s) = (0.£2),(s) and (g2),(s) = (Dugh),(s) are the

Fourier coefficients of ¢} = g4 (ZSL-,M7ZE,M)7 w" = w (zi,M,zﬁ’M,T}}/[;s), 05 f =
227 Re [210,21 + 2@85,22} + X0,2% (|21 + 2|z$|2} = fy (27, 2"; 0,27, 052™) and

0594 = 2A2} 200,25+ A (21)2 Os2 = g (271, 27; 0,27, 052", respectively, and (their



4.3 Multiscale method 103

detailed explicit formulas are shown in Chapter 2)

( Cl<7_) _ /OT bl(T B 0) 4, pl<7—) _ /OT sin (wl(T - 9))e3i9/62 do,

ar = [ b —0)0d0,  q(r) = /

T sin (w (1 — 0))
a(r) = /OT by(T — 6)db, (1) = /OT cos (wi(7 — 9>>e3i9/<52 do,

631'9/629 d@,

(4.3.16)

€2wl
52

T cos (wi (1 —0))

dy(7) = / bi(r = 0)0do,  q(r) = / ; /=9 dg.
\ 0 0 €

Inserting (4.3.15) into (4.3.8) and its time derivative with setting s = 7, and noticing
(4.2.8), we immediately obtain a MTI-FP discretization for the problem (4.3.3).

In practice, the integrals for computing the Fourier transform coefficients in
(4.3.7), (4.3.11) and (4.3.13) are usually approximated by numerical quadratures
8,10,95]. Let u} and 4} be approximations of u(z;,t,) and dyu(z;,t,), respectively;
and 25t Z0HL 2t and 7 be approximations of 27 (x, 7), 052l (5, T), (x5, T)
and Or"(x;,7), respectively, for j = 0,..., M. Choosing uj = ¢;(z;) and ) =
¢a(x;)/e? for 0 < j < M and noticing (4.2.8), (4.3.8) with s = 7, (4.3.15), (4.3.5)
and (4.2.1), then a MTI-FP discretization for the problem (4.3.3) reads for n > 0

n+l _ it/e? n+l —it)e? _ntl n+1 s
u;=e / zi e / LA o 7=0,1,..., M,
- . - . (4.3.17)
sn+1l _ iT/e sn+1 o on+l —iT /€ cn+l 7 n+l n+1
up o =e (Z+,j T 3 ) te (Z—,j 2% ) T
where
( M/2-1 M/2-1
n+l __ n+1\ i (zj—a) n+l __ 1\ st (zj—a)
2y = E (27) et m ) rit = (rntl)e (@j—a)
I=—M/2 I=—M/2
(4.3.18)
M/2-1 M/2-1
ZN‘(> +1 Z/\Twua)
n+1 __ :n+1 i (zj—a - _ 4 1(x;—
Zﬂ:,j - (Z:I: )le ! ) Tj - (rn )le ! ’
L I=—M/2 I=—M/2
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with

(), = () (D), + 20(7) (L), — alm) (12), — du(7) (7).
(2, = al(1) (D), + 2B(1)(32), — ¢(7)(
(0, = 2@, (o) ), — )G, — 1) (), ~ ) ()

(771), = cos(ear)(7), = ph(r) (91) = ai(r) (90, — F(r) (o),

and
( (ZA?:)Z = % [(Uf\n/)z _252(7'7"/)1] , (Z/\g/)z = % [(U_f\@z _252({7—;)1} ;
@z_%[g (2Nl2 )(VO) +(f"g)l}’ G\(ﬁl:_@z_(z)lv

fdoz,j =[x (zij, Zg,j) ; fi] = fi (Zi,j’ 29,39 Zim Zg,j) g
( 0

0o _ 0 0 0 0 .:0 30
iy =9+ (4,20 ,), diy=0x (8,20 580,520 ),
n+1 n+1 ir/e? n+1 —it/e? _n+1 :
| ] —f( ) f(e zZ +e 200 0<7< M.

This MTI-FP method for the KGE (4.3.3) (or (4.1.1)) is explicit, accurate, easy
to implement and very efficient due to the fast Fourier transform (FFT), and its

memory cost is O(M) and the computational cost per time step is O(M log M).

Remark 4.3.1. Instead of discretizing the initial velocity 0sz%(x,0) from (4.5.5)
in Fourier space as @;(0) = L[y} (zi) (0) + @l(O)] which will result a second
order decreasing in the spatial accuracy, we change to the modified coefficients given
in (4.3.20) as filters where the accuracy is now controlled by the time step T (cf.
(4.4.51) ). There are other possible choices of the filters.

Remark 4.3.2. When the initial data ¢1(z) and ¢o(x) are real-valued functions
and f(u) : R — R in (4.1.1), then the solution u(x,t) is real-valued. In this case,
forn >0, it is easy to see that 2} (x,s) = 2" (z,s) forx € Q and 0 < s < 7 in
the MDF (4.2.4). In the corresponding numerical scheme, we have 2%} ; = 2" ; for
j=0,...,M in the MTI-FP (}.3.17). Thus the scheme can be simplified and the

computational cost can be reduced.
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4.4 Error estimates

In this section, we establish an error bound for the MTI-FP (4.3.17) of the
problem (4.3.3), which is uniform for ¢ € (0,1]. Let 0 < 7" < T* with 7™ the
maximum existence time of the solution u to the problem (4.3.3), motivated by the
analytical results in [75-77], here we make the following assumption on the solution

u to the problem (4.3.3) — there exists an integer my > 2 such that
ue ([07T]5 HZ?OH(Q)) ’ ||U||L°°([O,T];Hm0+4)+€2 ||atu||L°°([0,T];Hmo+4) S, (44.1)

where () = {¢(z) € H™(Q) | ¢¥(a) = oW (b), k=0,1,...,m —1} C H™(Q).

Denote
Co = 01232(1 {HUHLOO([O,T};HmoJr‘l) , € Hatu||Loo([o,T];Hmo+4)} : (4.4.2)
Let u® = (u@,uy,...,uf,) € CM* an = (¢ ay,... 4%,) € CMHL (n > 0) be

the numerical solution obtained from the MTI-FP method (4.3.17), denote their

interpolations as

up(z) == (Ipu")(x), uy(z) = (Iya"™)(x), x €€, (4.4.3)
and define the error functions as

e"(x) = u(w, t,)—ul(z), €"(z):=du(z, t,)—uf(xr), v€Q, 0<n< =, (44.4)

then we have the following error estimates for the MTI-FP method (4.3.17) [9].

Theorem 4.4.1 (Error bounds of MTI-FP). Under the assumption (4.4.1), there
exist two constants 0 < hyg <1 and 0 < 19 < 1 sufficiently small and independent of

e such that, for any 0 < e <1, when 0 < h < hg and 0 < 7 < 19, we have
2

. T .
le™ |2 + € [1€7 1 S 2™ + =20 el + e [l€" g2 S A+ 77+ €%, (44.5)

. Co+1 T
6l < Co+1, il < =5~ 0<n<—. (4.4.6)
T

Thus, by taking the minimum of the two error bounds in (4.4.5) for e € (0,1], we

obtain an error bound which is uniformly convergent for e € (0, 1]

T
n 2| sn < pmMo 2 . £
"7+ e o S 072+ aminy L an)

2
{T— 82},§hm0+7', 0<n<

)
{_:2



4.4 Error estimates 106

In order to prove the above theorem, for 0 < n < %, we introduce
e (x) == (Pyu)(z, t,) —uf(x), é%(x) = Py(Owm)(z,t,)—u7(x), = €Q. (4.4.8)
Using the triangle inequality and noticing the assumption (4.4.1), we have

le™ 12 < llu(,tn) = Parulct)llm + llef Il <A™ + [l€fy |2, (4.4.9a)
.n - 1 m X0
16|z < 0l tn) = ParOrul, o) |z + €3z S 5™ + €3y - (44.9D)

Thus we only need to obtain estimates for ||}, || g2 and ||é},|| g2, which will be done

by introducing the following error energy functional

T
—, (4.4.10
~, (44.10)

E () = e lehil + 10ueillire + S el 0<m <
and establishing the following several lemmas.

Lemma 4.4.1 (Formulation of the exact solution). Denote the Fourier expansion

of the exact solution u(z,t) of the problem (4.3.3) as

u(z,t) = i": ay(t) em@=a), reQ, t>0, (4.4.11)
I=—o0
then we have
Bt ) = cos(err)Tita) + S /0 ealr — O s (7, o)
e () (6) + ¥/ (g+ o312 (gT) (0 (9)] df, (4.4.12a)

Uy (tp1) = cos(wim)uy(t,) — wysin(wy ) (t,) — /0 w [ew/g(f/f)lw)

e 0/ (7T) (6 )+e3i9/52(9/$\)l(9)+e‘3i9/52(§_\2)l(9)+(wn)l(9)] df. (4.4.12b)

Proof. Substituting (4.4.11) with ¢ = ¢, + s into (4.3.3), we have

1 R —_
4T (b + 5) + <M?+ 5—2) Wt + )+ flu)(ta +9) =0, 5>0.  (44.13)
Applying the variation-of-constant formula to (4.4.13) and noticing (4.3.12), we get
R = sin(w;s)
w(t, +s) = cos(ws)u(t,) + i} l )ug(tn)
!

- / wﬂﬁ)l(tn +60)do, 0<s<T. (4.4.14)

2w,
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For the cubic nonlinearity f(u) = A|ul*u and noticing (4.2.2), (4.3.1) and (4.3.2),

we have
f(u(l',tn + S)) _ eis/ng:(l‘7 S) + e_i8/82ﬁ($78) + ei&z’s/e2gi(x7 S)
e I (g s) +w(x,s), e 0<s<T, (4.4.15)

where

filz,s) = fo(2i (2, 5), 20 (2, 5)),  gile,s) = g+(21(, 8), 2% (2, 8)),

B (4.4.16)
w"(z,s) = w"(2(z,s), 2" (x,s),r"(x,5); 5), re, 0<s<T.
Plugging (4.4.15) and (4.4.16) into (4.4.14), we get
. . sin(w;s) “sin(wi(s —0)) T ige2 7o
Bt +) = costurs) () + e, [ [ 7 o
wy 0 €Wy

— o

e () ,(0) + €0/ (), 0) + e/ (G7),(0) + (w),(0)] do. (4.4.17)

Then we can obtain (4.4.12a) by setting s = 7 in (4.4.17) and get (4.4.12b) by taking
derivative with respect to s in (4.4.17) and then letting s = 7. O

Lemma 4.4.2 (A new formulation of MTI-FP). For n > 0, ezpanding u}(x) and

WHz) in (4.4.3) into Fourier series as

M/2-1 Mj2-1
W)= Y0 () e, @) = S (@) ene, wed, (4418)
I=—M/2 I=—M/2

then we have

—~  sin(wT) T &

(up™), = cos(wi)(uy), + m (u}), — G}, (4.4.19)
— — = M M
(u’;“)l = —w;sin(wT)(u}), + cos(w)(u}), — Gy, 1= oy 1,

where
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Gy = 7/ [C;m + ei;c,(f)} (0), + i7" [dgm + Ei;d,(f)} (f2), (4.4.21)
v [G(r) = S| (I0), + e [ - S| (72),

(7)), + ai(r) (0, + () (67) + () (), + 55 (0,

Proof. Combining (4.3.20), (4.4.18) and (4.4.3), we have

R o A s s S | 7 ST
S—Z\—I;)l 2/|}—/I)l /:( I)l:| ) (]\})l ZJ\E( I)l ( I)l:| ) (4422)
== — (F),  1==F 5L

Inserting (4.4.22) into (4.3.19) and noticing (4.3.17), (4.3.18), (4.4.18) and (4.4.3),

we get

() = 071 (), 4 el () G,
l
= Re {ea(r)} (up) + <8 Im {7 () (i), + e () (),

M M
+€2 717/5 < ) | smirT) sin WlT ) G?’ | = —7, ey 7 — 1, (4423&)
l

L o (), )

n i) [ 7 ontiy
(UIH)Z = e'7/* [( ++1)z + 22

: (s P —ir/e? |77 b 20
= Re {e”/52a2(7) + geEQ a(7) p (u}), + g2=iT/e? |:b;(7’) — —bl(T)} (zQ)l

52
e Im{e”%(f) + gear) | (i), + e/ {”( ) %W} &),
— - M M
+cos(wim) (i), = G, 1= =T 5 — L (4.4.23b)

where Re(«) and Im(«r) denote the real and imaginary parts of a complex number
a, respectively. Thus we can obtain (4.4.19) from (4.4.23) by using the fact that
a; (1) = a_y(7) and by(1) = b_y(7) for | = =M /2,...,M/2 — 1 in (4.3.12). O

For 0 < n < L let 27 (x, s) and r"(z, s) be the solution of the MDF (4.3.4)-(4.3.5)
with ¢} (z) = u(:z:, t,) and ¢ (x) = e20uu(w, t,) for x € Q, then we have

Lemma 4.4.3 (A prior estimate of MDF). Under the assumption (4.4.1), there

exists a constant 7, > 0 independent of 0 < € < 1 and h > 0, such that for
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O<7<m
Hzi”LOO([O,T];H’"OJF?) + HasleLoo([O,ﬂ;Hmoﬂ) + HassZiHLOO([O,T};Hmo) S 1o (44.24)
n 2 n 4 n 2
| ||L°°([O,T];H4) +e7[[0sr ||L°°([0,T];H3) + & [[Ossr ||L°°([0,7'];H2) Se (4.4.25)
Proof. From (4.3.5) and noticing the assumption (4.4.1) and (4.3.1), we have
1225 0)lrmors S llul, ta)llmors + %10, ta) [l mors < 1,

10525, Ol zrmo+> S 10222 (-5 0 mrmore + (12 (23 (-5 0), 22 (-, 0) [ rmo+> S 1,

which immediately imply
10sr™ (-, 0) || rmo+2 < || 0525 (-, 0) || grmo+2 4+ [|0s2" (-, 0) || grmo+2 S 1. (4.4.26)

Similar to the proof for the nonlinear Schrédinger equation with wave operator [5,8],
we can easily establish (4.4.24) and the details are omitted here for brevity. Taking
the Fourier expansion of 7*(x, s) and noticing (4.3.4), (4.3.5), (4.3.1) and (4.3.2), we

obtain
(2, 5) = i (r/n\)l(s) eit(a=a) zeQ, 0<s<r, (4.4.27)
l=—
where for [ € Z
) = o) - [EEE Ol g a4z
- /0 " sin (wils — 6)) <°g§il— 0)) a0/ G5 (0) o - /0 "sinents - 6)) <‘j§;‘ DG (6) ab.

Let M. := [I;_Tg] =0 (%) be the integer part of I;_Tg From (4.4.28), integrating by

parts and using the Cauchy’s and Holder’s inequalities, we obtain for || < M,

— —_

1 O] + €2 [|GD, ()] + 1), ) + 1ED, ()] + 1G]]

—

(GO S

w [ |2 (1w @) + o) 2

— — — —_ i|

< e [IENOP + @D + GO + 1), () + G, 0)

v [ | (e - @) + wer| e @)
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Here we use the fact that for |I| < M.

82631'9/52 RY )
T,(0) = 79 cos(wi(s —0)) + 2 sin(w;(s — 6))| = O(e?),

/() = We%/&? =0(1), 0<f<s<r, O0<e<l.
l

Similarly, we can get for || > M,

— —

I S TR0+ [ GO + IGLEOF + [ O)F] do. (4430

Multiplying (4.4.29) and (4.4.30) by 1+ u? + ...+ u, then summing them up for

[ € Z, we obtain

I Cos) e S ) (L4 + o+ ) () ()
l=—00
=D (Zu ) | @8 + < 1070 + 92 o
l=—00

+||g7_1||L°°([O,T];H4) + S||asgi||L°°([O,T];H4) + SHOS.QZHLOO([O,T];H‘I)]
+5|llg% = Pas. e e oy + Il = PMggﬁu%mqo,ﬂ;m)]
<e +/ [w" (-, ) |32 d0 S € +/ 7" (-, 0)| 4. df, 0<s<T (44.31)

Combining (4.4.31), (4.4.26), noticing r"(x,0) = 0 for x € Q, and adapting the
standard bootstrap argument for the nonlinear wave equation [102], we have that

there exists a positive constant 7 > 0 independent of ¢ and h such that

HrnHLw([o,T};]—ﬂ) Se (4.4.32)

Similarly we can obtain
n < n < 1
HaST HLOO([OJ];HL%) ~ ].7 ||ass7n ||Loo([O7T];H2) ~ ?, (4433)
which, together with (4.4.32), immediately imply the desired inequality (4.4.25). O

Combining the above lemmas and defining the local truncation error as

M/2-1 M/2-1

Yoogemma @)= Y et 2 e, (4.4.34)

I=—M/2 I=—M/2
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where
N N R sin(w;7) =
= (ths) — {cos(wﬂ)ul(tn) + (e )Ug(tn) - gln} ’
! Wy . (4.4.35)
P =0 (b)) — [—wl sin(w; ) (t,) + cos(wT) U (t,) — gln] ,
with

G = &1 [a(r) (F),(0) + () (P, 0)] + &7 [(r) (72),(0) + () (72),(0)]
+pu(T)(gD),(0) + @i () (@), (0) + i(r) G),(0) + @ (r) G ), (0), (4.4.362)
g‘ln — i/ [cf(T) n ;CZ(T)} (@z(o) +e”/5 [dg(r) + ezdl(r)] @);(0) (4.4.36Db)
+em 12 [G(r) = St | (7,000 +1 [ ) - S| (7,0

/ o — — T —

+p1(7) (g, (0) + g;(7) (g, (0) + Pi(7) (g7),0) + gf(7) (™) (0) + 55 (w™) (7).
Then we have the following estimates for them.

Lemma 4.4.4 (Estimates on " and £"). Under the assumption (4.4.1), when 0 <

7 < 11, we have two independent estimates for 0 < e <1

: 76 : 76 T
£ (5”,5") ST 47 and € <5n,5n) <T  n=01,...,— 1 (4437
€ € T
Proof. Noticing the fact
: 2 i - 0 : 2
b(r — gyl = ST Z0) oz g g (4.4.38)

52wl

subtracting (4.4.35) from (4.4.12) and then using the Taylor’s expansion, we get

G- /O ' W 2 (e /0 (70, (0p)(1 = p)dp (4.4.39)
+e /e / (T2, ) (1 — p)dp + 6/ i (g1, (0)(1 = p)dp
res0 LG 001 - p)dp) + T )] b, 1= —%% -1

Using the triangle inequality, we obtain for [ = —

|£l|<—/ [/\ﬁ dﬂ+

¥ / @, (60) o] a0 +

Y

(/\//Qp'dp+/ (
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Noting a%wl = 1 <1lforl= —%, ceey % — 1 and by Lemma 4.4.3, we get

\1+e2u? T
16752 S 7° [Ilé’ssfilliw([o,ﬂ;m) + 10ssf 2 Loe o2y + 055Gt 1 oo 10,71 12)

+||3ssgr_l||%oc([07T];Hz)] + 7'2||w”||%oo([07T];H2) S 7'6 + 7'254, O0<r S T1.- (4440)

Similarly, noting!?—i}'l:\/l‘%—gug < % forl:—%,...,%—l, we obtain
9.£m12 <7'6 2.2 d 12 <7'6 2 < 444
|| I§ ||H2N§+T€ an ||§ ||H2N§+T7 O<T_T1' ( s 1)

Plugging (4.4.40) and (4.4.41) into (4.4.10) with e?, = £” and é%, = £", we immedi-
ately get the first inequality in (4.4.37). On the other hand, forl = —M/2,... M /2—
1, noticing (Tu"\)l(O) = 0 and using the error formula of trapezoidal rule for an inte-
gral, we get

(4.4.42)

Combining (4.4.42) and (4.4.39), we have

R 2 T 1
gz [ |
E:CUZ 0 0

1

_'_/

0

Noting w; S (1 + [pw)/e? for 1 = =%, ... 2 — 1, we obtain

—

00| dap+ | 1

—

(97),(09) | dp

"
l

(1) (Gp)‘d/ﬂr/ol

—

@, <ep>\ dp + o

@ 0] +a [ 0) + [t @] | .

HgnH%{2 57—6 |:||858f—?||%°°([0,7];H2) + ”885ff|’%°°([0,7'];H2) + ||6859—7-‘|%°°([0,T};H2)

n 1 n n
+ ||assg—||2L°°([0,‘r};H2) + g”w ||%oo([o,f];H4) + g”asw ||%oo([o,f];H3)

6
.
+ ||885w”||%oo([07ﬂ;H2) 5 ;, 0<7<T. (4443)
Similarly, we can get
9 75 12 75
10:8" 7> S 50 N2 S 50 O<T <7 (4.4.44)

Again, substituting (4.4.43) and (4.4.44) into (4.4.10) with €7, = &" and ¢}, = £,
we immediately get the second inequality in (4.4.37). O
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For any v € Y);, we denote v_1 = wvy;_; and v,;; = v; and then define the

difference operators §;v € Yy and 6%v € Yy, as

R R
5$Vj:%’ 55ijvj+1 ;2)2]+U]17 J=0.1,.... M.
In addition, we define the following norms as [|v|[3.; = [[v[|z + |0 V| and [|[v|5., =
[V[|% 4+ ||0f v||% + ||02v||% and it is easy to see that
vl S 1l S Havlla Havlia: S IVIve S Mavilaz, Vv e Y

(4.4.45)

Let 2% € Ya, 22 € Y, £ € Vi, £ € Vi, gl € Yy and g% € Vi with 22,
Zi’j, fid, f.i’j, ggcﬁj and gi’j, respectively, for 7 = 0,1,..., M be defined in (4.3.20),
and define the following error functions e, € Yy, €7, € Yy, ey, € Y, é;ﬁi € Yu,

ey, € Yy and €, € Y as

_n 0 ‘n
e, ;= 2e(r;,0) — 2y 5, €7,

G?i,j = fi(ﬂ?j,o) - fi,ja é;“l,j = asfi($j70) - fi,jv 0<j< M, (4-4-46)

= 0,2 (x;,0) — 733[,]'7

€orj = g:TIL:(xja O) - g?l:,ja é;i,j = 5591(%, O) - g?ﬁ:,j'

Lemma 4.4.5 (Interpolation error). Under the assumption (4.4.1) and assume

(4.4.6) holds (which will be proved by induction later), then we have

s a2 + [ areg, 2 < Nebsllme + €%lleR [l + B,

. (4.4.47)
s e+ € e S+ (el + <l + 7+ 72).
Proof. From (4.4.46), (4.4.45), (4.3.20) and (4.4.16), we have
[ 1ar€f, 2 S llef, [lve (4.4.48)

1
< [ Nor ) ety 0o s (a2) e ] 0,

where 2 € Yy, and z1 € Yy, are defined as z% ; = 027 (2;,0) + (1 — )21 ; and

zll = zI ;, respectively, for j = 0,1,..., M and 0 < ¢ < 1. Under the assumption
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(4.4.6) and using the Sobolev’s inequality, we get

[0 ) e 95 - 0 o o)

1
T N N e N N O N O R

< [le. |
~ 1€z Y2’

Similarly, we have

1
[ oo sty e |y a0 5 e,
Plugging the above two inequalities into (4.4.48), we get
lveflle 5 ez lly, + et lly, S el [l + 1 Tarel_] o
S Mau( ta) = uill gz + & | T Oul ta) — 7 || o
S lebllye + e 1€l e + A (4.4.49)
In addition, combining (4.2.7) and (4.3.20), we obtain
1€ Ml SHe.llvie S (| Tarel (| o + T[] o + (2082 [ + [ T2 o
Slefllse + 2 el +A™ +[|0:22(,0) = T2y |

+ 1|52 (-, 0) = Tn22]| e - (4.4.50)

Noticing 9,21 (2,0) = £[—0,.2%(x,0) + fI(z4(2,0),2_(z,0))], we have in Fourier

space
@220 =5 [0 + (D] (4.4.51)
- [ ] 5 (- ) G

Since the ’sinc’ function sinc(s) = #2¢ if s £ 0 and sinc(0) = 1 has the property

that sinc’(0) = 0 and all the derivatives of sinc are bounded, we find

~sin (3747)
2TH

1 1
sinc(0) — sinc (57',1”) ' 27',ul [|sine’(4)]] ;o -
Then from (4.3.20) and Lemma 4.4.3 we have for small 7,

0.2, 0) = Tt o S = (el + 2 150l ge + ™) 472 0) s (4.4.52)
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Plugging (4.4.52) into (4.4.50), we get

1

€7, N2 < =

= (el + 15 L + B +72)

Similarly, we can get the estimate results for ||Iyse]_ |2 and ||Iy/€], ||z2. Combining

all, we immediately get (4.4.47). O

Defining the errors from the nonlinear terms as

M/2-1 M/2-1
= Y et @)= Y et 2 n20,
I=—M/2 I=—M/2
(4.4.53)
where
= = ~ - M M
=G =G =g =G = 5 o (4.4.54)

then we have

Lemma 4.4.6 (Estimates on 0" and ™). Under the same assumptions as in Lemma

4.4.5, we have for any 0 < 7 < 7,
T
Emm,n™) S TAE (e, ény) + —=t3 n=01...,—-1L (4.4.55)
Proof. Denote
ef, (v) = filw) = (InfD) (), €}, (x) = Dufi(w) — (InfD)(2), (4.4.56)
ey, (2) = fi(x) — (Iuf2)(2), €5, (x) = 0501 (z) — (Ingl)(z), x €

Forl=—-M/2,...,M/2—1, from (4.4.56), (4.4.54) and (4.4.36), using the triangle

inequality, we have

il < el ||,
()l || ez,

From (4.3.16) directly, we have

T

—— 3
V14 pZer
S . (4.458)

T 2

- <
Viewe =

/\

>H+|dz< )| [|@)

@]+ ][)

\ +

) H
@) H . (4.4.57)

()] + p(7)| S

|di(T)] + a(T)] S
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Inserting (4.4.58) into (4.4.57) and using the Cauchy’s inequality, we obtain
e 7 [ NP o NP [+ P [+ P I

1w+ 1P+ P05 [+ P

2 n ||2 n ||2 n ||2 n ||2
S LN e e A Y e T
7 a0 [l + a0+ 1a05 s + Mas5 [l | + 7205
T MEs || g MEs_|| g2 MEg, |l g2 MEg_|| g2 T
S PPleb NG + TN 1€ |3 + TRET + 7O, (4.4.59)
and
. 2 . S2p2mo 16
1020 1 Fr2 S 5 Nesllze + 72 € lI7 + Q= Tt (4.4.60)
Similarly,
» 2o . S2p2mo 6
i 5 T eble + P2l + o+ T (4.461)
Combining (4.4.59), (4.4.61) and (4.4.10) we immediately obtain (4.4.55). O

Proof of Theorem 4.4.1. The proof will be proceeded by the method of mathe-
matical induction and the energy method. For n = 0, from the initial data in the

MTI-FP (4.3.17)-(4.3.20) method and noticing the assumption (4.4.1), we have

1€ 2 + )1 2 = |1 — Tnan ||z + || D2 — Tna@oll sz S W™0H2 < B

In addition, using the triangle inequality, we know that there exists h; > 0 indepen-
dent of € such that for 0O <h < h; and 7 >0
|92 ]| 72

22
Thus (4.4.5)-(4.4.6) are valid for n = 0. Now we assume that (4.4.5)-(4.4.6) are

Co+1

1 < =05

lull e < Noullmz + 1Mz < Co+ 1, [ligllme <

valid for 0 <n <m —1 <T/7 — 1. Substracting (4.4.12) from (4.4.19), we have

— =N — sin(w;t
(@), = ltsn) — (), = cos(err) (o), + S2r”)

(em), + &' = ',

(4.4.62a)

—_— — — A~

(€n+0), = W(tnsr) — (7 *), = —wisin(wr)(en), + cos(wir)(én), + & — 7"

(4.4.62b)
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Using the Cauchy’s inequality, we obtain

2 — sin(w;7) —— 14+7 1o ~)2

‘(en+l)l) < (1+7) [cos(wT)(e™), + Edll )(6”)1 + &=,
(4.4.63a)

@) < (1 +7) |eos(wm)(en), — wisin(rm) (e |+ ——|&r — i
(4.4.63b)

Multiplying (4.4.63a) and (4.4.63b) by (uf + %)(1 + pf + ) and e2(1 + 4 + 1),
respectively, and then summing them up for [ = —M/2,..., M /2 — 1, we obtain

5(61\/;1,6]\;1>§(1+T)5<€M7€M)+ 8<€ -7 76 -n )

Using the Cauchy’s inequality, we get

n n n  :n n :n 1+7 n é&n non
Elenft enf ) —E(ehy, éhr) 575(61\476]\4)‘?‘7 [5(5 EYHEMN D). (4.4.64)

Inserting (4.4.55) and the second inequality in (4.4.37) into (4.4.64), we get

Th2mo n 70
g2 gb’

E(erft ety —E(ehynény) STE (ehy, éy) +

Summing the above inequality for 0 < n < m — 1 and then applying the discrete

Gronwall’s inequality, we have

h2m0 7_4

Similarly, by using the first inequality in (4.4.37), we obtain

h2m0 ,7_4

+ Ty (4.4.66)
g

€ (e €r) S

Combining (4.4.10), (4.4.9), (4.4.65) and (4.4.66), we get that (4.4.5) is valid for

g2

n = m, which implies [34,68]

le™ 12 + *[l€™ || 2 < B + 7.
Using the triangle inequality, we obtain that these exist hy > 0 and 7 > 0 indepen-
dent of € such that

[ur' ([ > < Nluls tm) a2z + 1€ g2 < Co + 1,

-m m Co+1
i |2 < 0wl o)z + 1€7 |12 < —5—,

0<h§h2, 0<7<1m.
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Thus (4.4.6) is also valid for n = m. Then the proof is completed by choosing

To = min{m, 72} and hg = min{hy, ho}. O

Remark 4.4.1. Here we emphasize that Theorem /.4.1 holds in 2D and 3D and the
above approach can be directly extended to the higher dimensions without any extra

efforts. The only thing needs to be taken care of is the Sobolev inequality used in

Lemma 4.4.5 in 2D and 3D,

[ullr(@) < Cllullmz(), in 2D and 3D,
@ @ (4.4.67)

ullwir) < Cllullpz@), 1<p<6in 2D and 3D,
where S is a bounded domain in 2D or 3D. By using assumption (4.4.6), Lemma

4.4.5 will still hold in 2D and 3D. (4.4.6) and error bounds can be proved by induction

since our scheme s explicit.

Under a weaker assumption of the regularity
(B) u E Cl ([077—1]7 H;n0+3<Q)) 5 H'U/HLOQ([O’T];HWLOwLS) +€2 “atu|’L°°([0,T];Hm0+3) S 1,

with mg > 2, we can have the H'-error estimates of the MTI-FP method by a very

similar proof with all the H?norms in above changed into H'-norms.

Theorem 4.4.2. Under the assumption (B), there ezist two constants 0 < hy < 1
and 0 < 19 < 1 sufficiently small and independent of € such that, for any 0 < e <1,

when 0 < h < hg and 0 < 7 < 719, we have

2
S0 m T n 0 m
e+ 1€l S 2™+ 55 el + Ml S A™ + 77+ €7 (4.4.68)

Co+1
2 Y

T
0<n<—. (4.4.69)
T

[ oo < Co+ 1, (a1 <
Remark 4.4.2. In 1D case, Theorem /.4.2 holds without any CFL-type conditions.
However for higher dimensional cases, i.e. d =2 or d =3, due to the use of inverse
inequality to provide the [°° control of the numerical solution [13], one has to impose

the technical condition
1/|Inh|, d=2,

T < pa(h), with  pa(h) =
Vh, d=3.



4.5 Numerical results 119

If the solution of the KGFE is smooth enough, we can always turn to Theorem 4.4.1

and such CFL type conditions are unnecessary.

Remark 4.4.3. If the periodic boundary condition for the KGE (4.5.3) is replaced
by the homogeneous Dirichlet or Neumann boundary condition, then the MTI-FP
method and its error estimates are still valid provided that the Fourier basis is re-

placed by sine or cosine basis.

Remark 4.4.4. Here we only consider the multiscale time integrator based on the
decomposition by frequency, which is corresponding to the MTI-F (2.5.23) given
in Section 2.5.2. For the other MTI-FA (2.5.16) proposed in Section 2.5.1, we
remark that although the integrator can be applied to solve the KGE (4.1.1) as well,
it suffers from stability problems based on our analysis and numerical experience.
The stability problem is essentially caused by the approximations of the second order
time derivative of function zi in the remainder equation of r. Meanwhile, the second
error bound of (2.5.25) for the MTI-FA obtained by Theorem 2.5.1 is no longer
valid when it is extended to the KGE, because now the Schrodinger type equations

in (2.4.16) can not be solved exactly in the PDE case.

Remark 4.4.5. If the cubic nonlinearity in the KGE (4.1.1) is replaced by a general
gauge invariant nonlinearity, the general MTI-FP method can be designed similarly

to those in Chapter 2.

4.5 Numerical results

In this section, we present numerical results of the MTI-FP method to confirm

our error estimates. We take d = 1 and f(u) = |u[*u in (4.1.1) and choose the initial

data as
3 —x2/2
$i(x) = (1 +1)e ™2, y(z) = = —, TeR (4.5.1)
The problem is solved on a bounded interval Q = [-16,16], i.e. b = —a = 16,

which is large enough to guarantee that the periodic boundary condition does not
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Table 4.1: Spatial error analysis: eZ"(T' = 1) with 7 =5 x 107 for different ¢ and
h.

eTM(T) ho = 1 ho/2 ho/4 ho/8

g0 =05 1.65E-1 3.60E-3 1.03E-6 7.34E- 11
£0/2! 2.65E-1 9.70E-3 9.07E~7 5.03E-11
£0/22 9.02E- 1 1.34E - 2 1.73E -7 4.60E- 11
£0/23 1.13E+0 2.98E-2 2.25E-7 410E-11
£0/24 467E-1 3.14E -2 1.79E—7 478E-11
£0/2° 7TAIE-1 2.73E-2 2.50E- 7 5.49E - 11
e/ TAIE-1 2.62E -2 2.12E-7 4.96E-11
£0/2° 6.33E- 1 3.57E—2 1.92E -7 5.04E-11
£o/2! 9.19E- 1 2.44E -2 2.19E-7 6.18E- 11
£o/213 1.18E+0 2.38E- 2 2.50E -7 5.86E - 11

introduce a significant aliasing error relative to the original problem. To quantify

the error, we introduce two error functions:

elM(T) o= |Ju(-, T = M7) —u}'|| 2, e(T) := max {"(T)} .

& o0

Since the analytical solution to this problem is not available, so the ‘exact’ solution
is obtained numerically by the MTI-FP method (4.3.17)-(4.3.20) with very fine mesh
h = 1/32 and time step 7 = 5 x 107%. Tab. 4.1 shows the spatial error of MTI-FP
method at 7' = 1 under different ¢ and h with a very small time step 7 = 5 x 1076
such that the discretization error in time is negligible. Tab. 4.2 shows the temporal
error of MTI-FP method at 7" = 1 under different ¢ and 7 with a small mesh size
h = 1/8 such that the discretization error in space is negligible. The profiles of the
solutions at € = 1/4 and € = 1/8 are given in Fig. 4.2.

From Tabs. 4.1-4.2 and extensive additional results not shown here for brevity,

we can draw the following observations:
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Table 4.2: Temporal error analysis: eZ"(T = 1) a nd e2(T = 1) with h = 1/8 for

€

different € and 7.

eT’h(T) T0 =0.2 7'0/22 T0/24 7'0/26 ’7'0/28 7'0/210 7'0/212

£

go=0.5 T7.17E-1  5.72E-2 3.50E-3 2.14E-4 1.33E-5 8.14E-7 3.67E-8

rate — 1.82 2.02 2.01 2.00 2.01 2.20
g0/2! 5.40E-1  1.58E-1 1.12E-2 6.74E-4 4.15E-5 2.54E-6 1.18E-7
rate — 0.89 1.91 2.02 2.01 2.01 2.21
g0/2? 50.23E-1  1.47E-1 3.70E-2 2.70E-3 1.62E-4 987E-6 4.62E-7
rate — 0.91 0.99 1.90 2.02 2.01 2.20
£0/23 6.30E-1  6.28E-2 4.13E-2 8.90E-3 6.51E-4 3.92E-5 1.82E-6
rate — 1.66 0.30 1.11 1.89 2.02 2.21
go/2* 6.11E-1  3.00E-2 1.16E-2 1.05E-2 2.20E-3 1.60E-4 7.41E-6
rate — 2.17 0.68 0.07 1.13 1.89 2.21
g9/2° 6.17E-1  3.01E-2 2.70E-3 2.90E-3 2.80E-3 5.26E-4 2.98E-5
rate — 2.17 1.75 -0.04 0.02 1.17 2.07
g0/27 6.16E-1  2.90E-2 180E-3 2.37E-4 137E-4 196E-4 191E-A4
rate — 2.20 2.01 1.46 0.40 -0.26 0.02
£0/2° 6.13E-1  2.90E-2 1.69E-3 1.12E-4 1.09E-5 5.51E-6 1.69E-6
rate — 2.20 2.03 1.96 1.68 0.49 0.85
go/21 6.16E-1  2.90E-2 1.69E-3 1.05E-4 6.95E-6 9.97E-7 3.38E-7
rate — 2.20 2.03 2.00 1.96 1.40 0.78
go/2"3 6.20E-1  2.92E-2 1.69E-3 1.06E-4 6.61E-6 3.94E-7 2.38E-8
rate — 2.20 2.04 2.00 2.00 2.03 2.02

eTM(T) 717E-1  1.58E-1 4.13E-2 1.05E-2 280E-3 5.26E-4 1.91E-4

o)

rate — 1.09 0.97 0.99 1.00 1.15 0.74
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Figure 4.2: Profiles of the solutions of 1D KGE (4.5.1) under different e.

(i) The MTI-FP method is spectrally accurate in space, which is uniformly for
0 <e <1 (cf. Tab. 4.1).

(ii)) The MTI-FP method converges uniformly and linearly in time for € € (0, 7]
(cf. last row in Tab. 4.2). In addition, for each fixed ¢ = ¢y > 0, when 7 is small
enough, it converges quadratically in time (cf. each row in the upper triangle of
Tab. 4.2); and for each fixed £ small enough, when 7 satisfies 0 < ¢ < 7, it also
converges quadratically in time (cf. each row in the lower triangle of Tab. 4.2).

(iii) The MTI-FP method is uniformly accurate for all € € (0, 1] under the mesh
strategy (or e-scalability) 7 = O(1) and h = O(1).

With the MTI-FP method, we can solve the KGE (4.1.1) in the nonrelativistic
limit regime effectively in 2D and 3D cases. Fig. 4.3 and Fig. 4.3 show the contour
plots of the solutions of the KGE in 2D case, i.e. d =2 with f(u) = |u|*u and

r(z,y) = exp (—(z+2)° —¢*) +exp(—(z = 2)* —y%), (4.5.2)

¢2($7 y) = exXp (—1'2 - y2)7

in (4.1.1) under different . Fig. 4.5 shows the isosurface plots of the solutions of
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Figure 4.3: Contour plots of the solutions of 2D KGE with (4.5.2) at different time
t under € = 5F — 3.

the KGE in 3D case, i.e. d =3 with f(u) = |u*u and

01(2,y,2) = 2exp (—a® — 2 — 3:2),

(4.5.3)
¢2(z,y) = exp (—(x + 0.5)% — y* — 27),

in (4.1.1).
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Figure 4.4: Contour plots of the solutions of 2D KGE with (4.5.2) at different time

t under ¢ = 2.5F — 3.
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¢=5E-3, 1=0, u=0.1 £=2.5E-3, =0, u=0.04

£=5E-3, t=0.5, u=0.1 £=2.5E-3,t=0.5, u=0.04

£=5E-3,t=1, u=0.1

Ak

Figure 4.5: Isosurface plots of the solutions of 3D KGE with (4.5.3) at different time

t under e.



Chapter 5

Applications to the

Klein-Gordon-Zakharov system

5.1 Introduction

In this chapter, we consider the following dimensionless Klein-Gordon-Zakharov
(KGZ) system in d-dimensions (d = 1,2, 3) as given in Section 1.3.3, which is a clas-
sical model describing the interaction between the Langmuir waves and ion acoustic

waves in a plasma [20,35],

20u1(x, t) — Ap(x,t) + 8—12¢(x7 t) +U(x,t)p(x,t) =0, (5.1.1a)
VOuo(x,t) — Ap(x,t) — A (YP(x,t)) =0, x€eR? >0, (5.1.1b)
with initial conditions:
¥(x,0) = O (%), dp(x,0) = v (x), ¢(x,0) = ¢V (x), Dgp(x,0) = ¢ (x).
(5.1.1¢)

Here, the real-valued functions ¢ = ¥ (x,t) and ¢ = ¢(x,t) are the fast time scale
component of electric field raised by electrons and the derivation of ion density from
its equilibrium, respectively; 0 < ¢ < 1 and 0 < v < 1 are two dimensionless

parameters which are inversely proportional to the plasma frequency and speed of

126
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sound, respectively. It is well-known that the KGZ system (5.3.1a)-(5.3.1c) is time

symmetric or time reversible, and conserves the total energy [78,79], i.e. for t > 0,

E(t)'—/ 2 (0 + [Vl + L + L 9P + L2 2l dx = E(0
= [ |5 @) VUl vt 4 5 Vel + 5674 9u” | dx = E(0),
(5.1.2)

where ¢ is defined via Ap = 9,¢ with limy| . ¢ = 0.

For fixed ¢ = g9 > 0 and v = vy > 0, i.e. O(1)-plasma frequency and speed
of sound regime, the above KGZ system has been studied in both analytical and
numerical aspects. Along the analytical front, the local well-posedness of the Cauchy
problem (5.3.1a)-(5.3.1c) in the energy space H' x L? was performed by Ozawa et
al. [84] when ¢ = O(1) and v = O(1) with ¢ # ~. In addition, as pointed out
in [78,78] that there is no null form structure as in [70] for the KGZ system, which
suggests that the KGZ system (5.3.1a)-(5.3.1¢) may be locally ill-posed in the energy
space when € = 7. Along the numerical front, Wang et al. [105] presented an energy
conservative finite difference method and established its error estimate.

However, in the high-plasma-frequency limit regime, i.e. ¢ — 0 and v = O(1), or
in the simultaneous high-plasma-frequency and subsonic limit regime, i.e. (¢,7) — 0
under ¢ < +, the analysis of the KGZ system are more complicated. The analysis
difficulty is also mainly due to that the energy E(t) in (5.1.2) is unbounded when
e = 0or (679 — 0 under ¢ < 7. In these two limit regimes, Masmoudi et al. [7§]
showed that the energy E(t) is at least O(¢72) when ¢ — 0. They investigated
the convergence in H* x H*™! (s > 3/2) as ¢ — 0 under ¢ < 7 and subsequently
showed the convergence results in the energy space H' x L? [79]. Based on their
results [78,79], in the subsonic limit, i.e. v — 0, the KGZ system converges to the
KGE (1.3.7); and in the high-plasma-frequency limit, the KGZ system converges
to the Zakharov system [17,69]. In addition, the solutions ¢ and ¢ of the KGZ
system propagate waves with wavelength O(g?) and O(¢), respectively, in time when
0 < e < 1 under ¢ < v. This highly oscillatory nature in time provides severe

numerical burdens which is similar to the case of numerical resolution for the KGE
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in the nonrelativistic limit regime, making the computation in the limit regime
extremely challenging. So far there are few results on the numerics of the KGZ
system in this regime.

Based on our investigation in previous chapters on the various numerical meth-
ods for solving the HODEs (1.3.1) or KGE (1.3.7) in the nonrelativistic limit regime
where the solution has the similar oscillatory behavior as that of the KGZ system
(5.1.1), in order to compute ‘correct’ solutions, the frequently used FDTD meth-
ods [1,38,74,99] share the same e-scalability: time step 7 = O(e?®) and mesh size
h = O(1). The Gautschi-type EWI spectral method for the KGE improves the
e-scalability to 7 = O(e?), and the Deuflhard-type EWI or equivalently the time-
splitting spectral method furthermore shows smaller temporal error bound. Finally,
the multiscale time integrator (MTI) spectral method could achieve 7 = O(1).

In this chapter, we are going to apply those numerical methods established before
to solve the KGZ system in the highly oscillatory regims. In detail, the two kinds of
EWTIs for solving the KGZ in the simultaneous high-plasma-frequency and subsonic
limit regime are proposed in Section 5.2, and the MTI method to KGZ in the high-
plasma-frequency limit regime is established in Section 5.3, followed by numerical

results given in Section 5.4.

5.2 Exponential wave integrators

For simplicity of notation, we shall only present the methods in 1D as usual.
Generalization to higher dimensions are straightforward and results remain valid
with tensor products. In practice, we truncate the whole-space problem (5.3.1a)-

(5.3.1c) into an interval 2 = (a, b) with homogeneous Dirichlet boundary conditions.
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In 1D, the problem collapses to

20 (w,t) — Ol (2, 1) + éw(ac,t) +(z,t)p(z,t) =0, 2 €Q, t > 0,(5.2.1a)
VOup(x,t) — Oped(2, 1) — Op (V?(2,1)) =0, z€Q, t>0, (5.2.1b)
Wla,t) = p(bt) =0, é(a,t)=d(bt) =0, t>0, (5.2.1¢c)
(x,0) = O(x), Oub(x,0) =ypD(z), x€Q=]a,bl], (5.2.1d)
o(x,0) = ¢ V(x), 9p(x,0) =W (z), x €. (5.2.1e)

We remark here that the boundary conditions considered here are inspired by the
inherent physical nature of the system and they have been widely used in the liter-
atures for dealing with analysis and computation of the KGZ system (see, e.g. [105]
and references therein). It could be replaced by periodic boundary conditions which
makes little difference in numerical aspects but would cost more effort in the error
estimates.

Choose the mesh size h := Az = (b—a)/M with M a positive integer and denote
grid points as z; := a + jh for 7 =0,1,..., M. Define

_ l
XM::span{sin(ul(x—a)) cr e, = i ,l:L"-7M_1}>
M—
Yy = {V = (Uo,’Ul,...,UM> c CM+1 | Vo = VUm 20}7 ||V||l2 = hz |vj|2'
=1

For a function v(x) on  and a vector v € Yy, let Py, : L*(Q) — Xy, be the standard
L2-projection operator, and I, : C(2) — Xy or Yy — Xy be the trigonometric

interpolation operator [51,95], i.e

M-1
(Pyo)(x Z ursin((x —a)),  (Iyv)(x Z vrsin((x —a)), (5.2.2)

where 7; and v; are the sine and discrete sine transform coefficients of the periodic
function v(z) and vector v, respectively, defined as

9 M—

b
- @/a v(z)sin(w(r — a))dz, Z ssin(py(x; —a)). (5.2.3)

~

v =

Now, the sine spectral discretization [51,95] for (5.2.1a)-(5.2.1b) is as follows:
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Find ¢y (z,t) and ¢p(x,t) € Vi, iee.

M- M-1
Z )sin(y(x—a)), o(t) sin(py(z —a))), (5.2.4)
=1 =1
such that
1

Plugging (5.2.4) into (5.2.5)-(5.2.6), noticing the orthogonality of the sine bases, we
have for I =1,...,M — 1 and w € R, when ¢ is near ¢, (n =0, 1,...),

d? ~ ~ o~
il + w) + Gt + w) + i? Frw) =0, (5.2.7)
2
dw 2¢(t +w) + O} Ai(tn + w) + 0757 (w) = 0, (5.2.8)
where
1 2,2 o — —
=" = Y ) = Wadn) bt w). 37 () = (ar) b+ ),

Using the variation-of-constants formula, for n > 0 and w € R, the general solutions

of the above second order ODEs are

@z(tn + w) = cos (fw) @,(tn) 4 2 sin @w / fz Sln 5;251 8>>ds,
(5.2.9)
Oi(tn + w) = cos (Ow) dy(t,) + sin gl“’)g;(tn) — 6 /w@“(s) sin (6,(w — s)) ds.
0
(5.2.10)

Differentiating (5.2.9) and (5.2.10) with respect to w, we obtain with ¢ = ¢,, + w

i) = —Bisin (Buw) Du(tn) + cos (Bw) Bt / ()% 51 —5)
(5.2.11)

Gi(t) = —Orsin (6w) du(ty) + cos (6rw) 9}(tn) — 67 / Gi'(s) cos (Bu(w — s)) ds.
(5.2.12)
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When n = 0, from the initial conditions (5.2.1d)-(5.2.1e), we have

~ L — — ~ o~ ~ —

Di(0) = (@), &j0) = (WD), Gi(0) = (69),  F(0) = (¢M),. (5.2.13)

Then based on the different quadratures applied to the above unknown integrations
as introduced before, we can derive the following EWI with Gautschi’s quadrature
sine pseudospectral (EWI-GSP) method and the EWI with Deuflfhard’s quadrature
sine pseudospectral (EWI-DSP) method.

5.2.1 EWI-GSP

Evaluating (5.2.9)-(5.2.10) and (5.2.11)-(5.2.12) with w = 7 and n = 0, we get

QZl(h) = cos (37) WZ + sin ( ml / ﬁo sin (B(1 — s))ds7

e
(5.2.14)
B(tr) = cos (6r7) (0, + Sméf”)@l—el / " G0sin (0(r — ) ds, (5.2.15)
Gi(t2) = s () G000, + cos 6ur) (00, — [ )™ 7=
(5.2.16)
i(t1) = —Busin (6,7) (90), + cos (67) (G0, — 62 / ) cos (Bi(r — s)) ds.
(5.2.17)

For n > 1, choosing w = 7 and w = —7, respectively, in (5.2.9)-(5.2.10), and then

summing the corresponding equations together [45,52,53], we obtain

Giltren) = 2008 () i) ~ ltac) = [ (P9 = N, (5218)

2
Gilbsn) = 208 (07) dr(tn) — Dultn 1) — /O () (s)sin (6,(7 — s)) ds.(5.2.19)

where

—n

(PO (s) = Fr(s)+ (=), (g7),(s) = Gi(s) + G (—s).
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Carrying out the similar procedure to (5.2.11)-(5.2.12) by subtracting instead of
summing [54,62], we get

Dy (tns1) = Dj(tn—1) — 26;sin (B7) u(tn) — /O ) (s)2 (ﬁzg - S))ds,

(5.2.20)

Hltnsr) = Fyltur) — 2Wrsin (O7) di(t) — 62 / (g (s) cos (B — 5)) ds.
(5.2.21)

Then we adopt the following Gautschi’s type quadrature with A € C([0,7]) and
0#0 € R [45]

/0 " A(s)sin (0(r — 5)) ds ~ A(0) /0 “sin (6(r — ) ds — 1‘%5(57)/1(0),
(5.2.22)
/OT A(s) cos (6(1 — s)) ds ~ A(0) /O cos (5(7 — 8)) ds = Sinc(;ST)A(O),
(5.2.23)

to approximate all the integrals in (5.2.14)-(5.2.21), and then replace all the inte-
grals defining the sine transform coefficients by intercalations for the pseudospectral
method.

Choosing 19, (x), (¢)%,(x), #% (x) and (4)9,(z) as the interpolations of 1 (z),
YW (z), ¢ (x) and ¢V(z) on the grids, respectively, and approximating the inte-
grals by a quadrature rule on the grids [51,95]. Let ¢, ¢7, (lb)? and (gb)? be the
approximations of ¥ (z;,t,), ¢(z;,tn), Op(z;,t,), and O,p(x;,t,), respectively, for

j=0,1,...,M and n > 0, and denote ¥", ¢", ()" and (¢)" be the vector with com-

ponents ¢}, ¢7 (@D)? and (qb)?, respectively. Choosing @D? = O (z;), gbg = ¢ (z;),
(1))% = 9™ (z;) and (qﬁ)? = ¢W(z;) for j =0,1,..., M, then a Gautschi-type expo-

J

nential wave integrator sine pseudospectral (EWI-GSP) discretization for computing
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YL gttt and ¢t for no> 0 reads

M—-1 M—-1

U= 3T @ sinu(ay — ), 05 = 7 (07, sinGua; — )
=1 =1
(5.2.24)
. M-1 —~—n+1 M—-1 —n+1
Wyt =30 (¥), sinGuta; —a)). (@) =32 (6), sinGula; — o)
(5.2.25)

where for n =0

— —  sin(G7) N cos (Bir) — 1~
(1), = cos (Byr) (¥°), + T@)l + szo,

(f(ﬁ)l = cos (6;1) (¢f7)l + % (¢>z + [cos (9;7) —1] g}b

(), = —fisin (Br7) (W), + cos (B7) (VD) - 25, 1

—~1 — — ~

(¢)l = —0;sin (,7) (¢©), + cos (6;7) (¢M), — O, sin (6,7) g

and forn >1
(70, = (), + 2 cos () (), + 2L Om) “ U g
(e81)°
(¢+1), = —(¢71), + 2 cos (6) (6"), + 2 [cos (G7) — 1] g},
~ o+l el , —  2sin(f7) =
(¢)z = (1/))1 — 2f;sin (Bi7) (w”)l - 25 s
—~n+1 —~n—1

(4), =(¢), —20;sin(6r)(¢"), —26;sin (6,7) g .
with f" = (Vgdn, ... . ondin”, " = (W8) ..., (Wi)?) .

5.2.2 EWI-DSP

For n > 0, by applying the standard trapezoidal rule or the Deuflhard-type
quadrature [36] directly to those unknown integrations in (5.2.9)- (5.2.12), and then
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setting w = 7, we get

sin (1) ~ Tsin(f7) -

Diltas1) & cos (B7) di(ta) + i Gi(tn) = = - R o), (5.2.26a)
Biltasn) = cos (07) Bt + ST G,y - TG0y (5.206m)
!

Biltara) = —Brsin (Br7) Dulta) + cos (B7) Ti(ta) — 5 |cos (4) F(0) + F(7)]
(5.2.26¢)

~ — N 2

Hi(tasr) ~ —Oysin (O17) (L) + cos (67) Gy(L) — % [cos (67) G7(0) + 57 (7)]
(5.2.26d)

Then a detailed Deuflhard-type exponential wave integrator sine pseudospectral
(EWI-DSP) method reads as follows. Denote 97, .”, ¢ and gb” (j=0,....,M, n=
0,1,...) be the approximations to ¥ (z;,t,), Oub(x;,t,), ¢(:1:], n) and 0o (z;,tn,),
respectively. Choose 1) = wj(»o), w? = w§1), ¢ = gbj , q§0 gb , then forn =0,1,.. .,

¢?+1 Z 1/)"“ sin(py(z; — a) (/5"“ Z gb"“ sin(py(xz; — a)), (5.2.27a)

-1 ——n+1 M—-1 —n+1
grtt = Z (¥), sinGuia; —a), &+ = Z (4), sinfu(e; —a).
(5.2.27h)
where

il ~ sin(BT) N\ Tsin(BT) o

P = cos (Br) Y + 5 <¢)l 25, —— I (5.2.28a)
~ ~ in(0;7) 7\ 70 0

ot = eosom) 3+ 0 (3), -, (5.2.25)
—— n+1 _ < .

(¢), = —Busin(Br) 97 +cos (57) () = 5 |cos (Br) i+ Ji"| . (5.2:280)
— 41 ——n

<¢>l = —6;sin (6,;7) " + cos (6,;7) <gz$>l — %012 [cos (6i) g7 + g7] ,(5.2.284)

: T
with f* = (UF0F, . vioh)" g" = ((W5),. . (VR)°) -
Similarly to that shown in Chapter 3 (refer to Theorem 3.4.1), the TSSP method

is equivalent to an EWI with Deulhard’s quadrature for solving the KGZ system.
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The above EWI-GSP and EWI-DSP methods for the KGZ system are explicit,
time symmetric and easy to extend to 2D and 3D. The memory cost is O(M) and

computational cost per time step is O(M In M) thanks to fast sine transform.

5.2.3 Convergence analysis

Here we give the convergence results of the EWI-GSP and EWI-DSP methods in
the regime: € = O(1) and v = O(1). Without loss of generality and for the simplicity
of notation, we set € = v = 1 in this subsection. Let 7™ be the maximum existence
time for the solutions of the KGZ system [78,79,84] and denote 0 < T' < T*. Assume
the exact solutions (¢, ¢) of (5.2.1a)-(5.2.1e) satisfy

Y eC([0,T;whnH™nH) NC ([0, T; W) nC?([0,T); H'), (5229
o€ C(0,T);L2(Q) N H™ N HY) nC (0,7 L) N2 (0,7): L),

for some integer my > 3. Under the assumptions (5.2.29), we denote, for Qp =
Q% (0,77,

Ky = max { |9 oo (o,17:000m2), 10001 oo o738 }

Ky = maX{”¢HL°°([O,T];L°°OH1)7 ’laxSOHLOO([O,T};LQ)} .
Denote the trigonometric interpolations of numerical solutions as

Ui () = (@) (@), o) = (") (@), Pf(x) = Iu(¥")(z), zeQ,
(5.2.30)

and an auxiliary function instead of ¢" as

M-1
ph(x) = Z prsin((x —a)), with p} = ;(qb)l . (5.2.31)
=1

Define the ‘error’ functions as

ep(x) =Y, t,) — Y7 (x), ej(x) = d(w,t,) —df(x), n=0,1..., (52.32a)

éy(x) == 0p(x,tn) — (), ey () == Oup(,t,) — pi(x), €, (52.32D)
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then we have the following two convergence theorem of the EWI-GSP and EWI-DSP,
respectively [11].

Theorem 5.2.1 (Convergence of EWI-GSP). Let )" and ¢™ be the approximations
obtained from the EWI-GSP (5.2.24)-(5.2.25). Under the assumption (5.2.29), there
exists hg > 0 and 9 > 0 sufficiently small and independent of h and 7, such that

for any 0 < h < hg and 0 < 7 < 719 satisfying T <

W” we have

alie

ed |1 + ledll oy S 72+ ™, 0<n< (5.2.33)

< K;+
L (Q)

—_

n d n
68w < K1, | o0

o DTl ooy € B+ 1.
(5.2.34)

Proof. The proof of Theorem 5.2.1 is quite similar to the proof of Theorem 3.2.2,

so we omit here for brevity. m

Theorem 5.2.2 (Convergence of EWI-DSP). Let ¢, ¢™, " and O™ be the numer-
ical approzimations obtained from the EWI-DSP method (5.2.27)-(5.2.28). Under
the assumption (5.2.29), there exist two constants 19, hg > 0, independent of T (or

n) and h , such that for any 0 <1 < 19, 0 < h < hy,

-n n n n m T
€1z + lleglla + lleplize + llegllze S 72+ h™, n=01....— (5235)
107l < Ki+1, o7l S Ko 4+1,  [[@"ie <K +1,  (5.2.35h)
Wl < Ki+ 1, pfllee < Ko+ 1. (5.2.35¢)

To proceed to the proof of Theorem 5.2.2, we introduce the following notations.
Let 1, ¢ be the exact solution of the KGZ system (5.2.1) with ¢ = 7 = 1. Denote

the L2-projected solution as

S

Uy (x,t) ==

Bt sin(pu(x — a)),

WM

(5.2.36)

=

~

On(z,t) = Py(o(z,t)) = l( )sin(y(x — a)), ref, t>0,

N
Il
—_
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and the projected error functions as

ey () = Pu(ey(x),  eg (@) = Puleg(z)),

Epar(m) = Pyley(x)), e () = Pule)(z)), n=0,1,...,

r (5.2.37)
?7

where from (5.2.32), the corresponding coefficients in frequency space should satisfy

(/6\1/,)7:2//;1(75”)—15?, (e/dj)?:;gl(tn)_(g?ﬂ lIl,...,M—l,

(BTP)[ - ¢Z(tn) - <1/}> ) (ep)l = _¢;(tn> - ﬁ?, n = O, 1, ey,
t Hi T
Based on (5.2.26), define the local truncation errors for n = 0,1, ..., g — 1 as
M-1 M-1

—n —n

Eo(@) == ) (&) sin(u(z; —a)), &(x) = ) (&), sin(uu(z; —a)),

=1 =1

' M-1__, M-1
€)= 3 (&), sinGule; ), ()= Y (&), sin(ule; —a)), v €2,
=1 =1
where
(€)1 =hiltas) — con (37) () — 2D gy ) o TG g
: B 20,
(5.2.39a)
(€ =Biltnss) = cos ur) (1) — TG, ) o BT g,
(5.2.39b)
o)y =0l(tusr) + Busin (Bi7) i(ta) — cos (Ar) By(t) (5.2.39¢)
+ 2 [cos (8m) i (0) + ()]
(€01 =it +sin () ) — ) (5:2:390
+ 25 feos (um) §7 (0) + 57 (7).
with

(2, 8) == Yo(x, ty +5), ¢"(x,5):=|v(x,t, +s)° (5.2.40)



5.2 Exponential wave integrators

138

Subtracting the local truncation errors (5.2.39) from the scheme (5.2.28) and noting

(5.2.31), we are led to the error equations forn = 0,1, ...

(o =cos (i) few), + NG, + &) — Gl
(ea), " =cos () (eg); +sin (uur) (e); + (&0)r — (10);
Gy == Busin (Bir) (e, +cos (Bm) (&), + (&), — )y
(e = —sin () (eg); +cos (ur) (&), + (&), — (M)
where
o)y = 0T (Fro - ) Gy = R () -
(o) =5 |cos (8) (F(0) = Fit) + Frr) = ]
(10); = 5+ [eos (um) (G (0) = 37) + 57 (7) — 5]
with the nonlinear error functions defined as
M-1 o M-1 S
mp(x) = (ny), sin(u(x; —a)), mp(x) =D (ny), sin(u(z; -
Mot et
() = (f), sin(u(x; —a)), mp(z) =Y (n,), sin(m(z; —

=1 =1

Define the error energy functional as
E(P,Q, R, S) = ||P|72 + IQU7 + [IRIZ2 + IISIZ2,

for some arbitrary functions P(z), Q(z), R(x) and S(z) on €.

Ilandi=1,...,M—1,

(5.2.41a)
(5.2.41b)

(5.2.41c)

(5.2.41d)

a)),

x € Q.

a)),

(5.2.43)

In order to prove Theorem 5.2.2, we establish the following lemmas. Define the

discrete H'-norm as

lellys = y/llol% + gt il
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where
M-1 M-1
ol =1 S ol arol = Y 6ol
j=1 j=0

for some v € Yy,. For the local truncation errors (5.2.39), we have estimates stated

in the following lemma.

Lemma 5.2.1. Based on assumptions (5.2.29), we have estimates for the local

truncation errors as

- T
e(énengne) s n=01..,--1 (5.2.44)

-
Proof. Applying the L?-projection on both sides of (5.2.1), due to the orthogonality
of basis functions and the variation-of-constant formula, the sine transform coeffi-
cients Jl(tn) and 5,(%) should satisfy

sin (5,7) ~, B TSin(ﬁl(T_S))’\nS <
i) / R O

(5.2.45a)

Di(tnr) = cos (Bir) Du(tn) +

Biltnin) = cos () Bilta) + Si“if%;(m) - / sin (u(r — 5)) g7 (s)ds.

(5.2.45D)

Ui(tarr) = —Bisin (Bi) Wi(t,) + cos (Bir) ) (ta) — / cos (B(7 — s)) f1'(s)ds,

(5.2.45¢)
iq?;(tw) Cosfjj’”a? (1) — sin () Bu(t) — pu / " cos (u(r — ) G (s)ds.
(5.2.45d)

Subtracting (5.2.39) from (5.2.45), we get

€ = [ =D feyas - T o)

€ = [ sin Gl - )i (9)as - 2 gp)

€ = [ cos(autr = ) Fr(s)ds = & [eos(aim) Fr(0) + Fr(o)]

— T

€1 = [ cos utr =) G (s = T3 cos(pur )57 0) + 7).
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Thus, the local truncation errors here are in fact the error introduced by applying
the trapezoidal rule. By the standard error formula [22] of the trapezoidal rule for

a general function v(s) € C?(0, 7], i.e

/Tv(s)ds I [v(0) + v(T)] = T—Sv”(ﬁ), for some x € [0, 7], (5.2.46)
; 2 12
we have
_—n 3 N\ N/
(€0l =1y | sin(Bms) (') s2) = 281 cos(ims) (F7) ()
— B sin(Bykz fl K1 ] (5.2.47a)
o TS/M 7, ~n!
€y =T Tsinyuna) @) (s2) — 23m cos(puna) (57 ()
— g sin(p ko) G } (5.2.47b)
Nt 3 N/
<5w>l 12 [005(51/@) 1 > (k1) + 20, sin(fik2) <f1n> (k1)
— B2 cos(Byriz) [ (k } (5.2.47c)
TN 7—3ﬂl " . ~nn/
&y =T costuns) @) () + 23m sin(us) 37 ()
— 1 cos(prka) g ( ] (5.2.47d)

for some ky = 7 — K1 and k; € [0, 7).
Taking square on both sides of the inequalities in (5.2.47) and then using Cauchy’s

inequality, we get

/\nz 76 ~ 2 NYFAY 2 e 2
Ehi] = 5 || (7)) 88 |(F) G|+ s | (52480
(@zﬁ)z § °ui -‘@? " (k1 | +ui (@) (’ﬁ)f + |§7(F01)’2] ; (5.2.48Db)
"2 _ N\ 2 N7 2 R 9
(5@0)[ ST [ (fln> (k1)| + B} zn> (k)| + B[ f (k1) ] , (5.2.48¢)
@? 2 < 70u? \(@f )Y (k1 | +ui | @) (/4:1)\2 S Ifq\f(m)f] . (5.2.48d)

Multiplying (5.2.48a) on both sides by 3?7 = 1 4 p? and then summing up for
l=1,...,M — 1, by Paserval’s identity, we get

€85 S 70 [0 Com) 72 + 10" Comn) 15+ 17 Co ) 2]
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By assumption (5.2.29) and noting (5.2.40), we get

lllh, <% n=0,..., g ~1. (5.2.49)

Summing (5.2.48b) up directly for [ =1, ..., M —1 and noting (5.2.29) and (5.2.40)

again, we can get

1621172 < 7° [19ug™ (s 57 + 199" G k) e + 1™ 1) o]

T
<79 n=0,...,——1 (5.2.50)

~ T
Similarly for (5.2.48¢) and (5.2.48d), we can get

T
e, <% n=0,...,= -1 (5.2.51)
T

2
2’

&
Combing (5.2.49)-(5.2.51) and noting (5.2.43), we get assertion (5.2.44). O
For the nonlinear error terms, we have estimates stated as the following lemma.

Lemma 5.2.2. Based on assumption (5.2.29), and assume (5.2.35b) holds for some

0<n< g — 1 (which will be given by induction later), then we have
n . n . n ,n 2 n n n n ‘n+1 n+1 n+l _n+l
& (i) ST°E (€4 ars €ars €pas €gr) + € (€550 €5 €pars €]

+ T2h2m0, (5.2.52)

Proof. From (5.2.42), we have

" T ATL ~’I’L " -n

(i) S 5 [FO = 7| || < mlai 0) ~ a1,

/‘\n AT'L N’IL ATL Nn T

oy | ST {|fro - i)+ [ -] n=0 2 -1,

(p); | S 7 [[G70) = G + [ =g, 1=t M1
Similarly as before, we can get for n =0,..., % —1,

el S 707G 0) = g f ey (03]l S 71974 0) = "I, (5.2.53a)
ol e S 7 1F7CL0) = e f™ e + [ £7Cor) = Taa £ L] (5.2.53b)

110 S 7 19" 6. 0) = Zag" L + |97 Co7) = Taag™ ] (5.2.53¢)
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By Parserval’s identity, we have
1" 0) = Iar f* 2 S I f™ (5 0) = g f" |2 + 1745 0) = Lar f" (-, 0) | 12
S C0) = f e + A
S G )@ tn) = 06"l + [ 0 ta) = [0 47 +A™. (5.2.54)
Then by triangle inequality, under assumption (5.2.29) and (5.2.35b), we have
H¢('7tn)¢('7tn> - wngbn”l? SJ HGTJ) . qb('?tn)le + H¢n ’ engQ
S lledlle + lledlle S Nledllza + lledll e
Similarly,
P o t) = 10" 07| S fled ]
Plugging the above two estimates back to (5.2.54), we get
1F7C0) = Doaf "Ml S [led]] o + €G]l o + B (5.2.55)
Also we have
19" (- 0) = Ineg" [l S 229" (-, 0) = Lneg"[| o + [lg™ (- 0) = Lag f™ (- 0) | o
Slg"(,0) = g [y, +h™
SN ta)? = 167 Pl + B
Sllei - wta)lly, + v -eilly, +rm. (5.2.56)
Then with assumption (5.2.29),
I - G tadllyy S llef - s talllp + (07 €R) - ot + e - (G 8))
S lledlle + Nt el + el
Sledlly, < Ml -
By assumption (5.2.29) and applying the discrete Sobelov’s inequality [85],
1o - ellly, S N7 eblle + 11007 es) - 07l + lled - (5797) ],
S el + lodeblls + llebll

S lledlly, = lledll -
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Plugging the above two estimates back to (5.2.56), we get

g™ (-,0) = Tneg" [l gn < [|ei || + 2. (5.2.57)

As for the estimates of || f"(-,7) — Iy /™| 2 and ||g" (-, 7) — T g™ ™| in (5.2.53),
following the same manner as above, we only need to show that under the induction
assumption (5.2.35b) for some n, the numerical solutions 7™ and ¢} are also

bounded. In fact from the scheme (5.2.28), we can find

07 | < 1971

5 IS e < 280+ 24 [ Taa S
(5.2.584a)
67 2 < 1512 + [lPF Il 2 + % 11209™ ([ < 202 + 2 + [ Targ" [l 1 -
(5.2.58b)
Noting by Parserval’s identity and (5.2.35b),
a2 < N190"0" |2 < (K + 1)(Ky + 1),
arg" s < 10717y < 2(K0 +1)%,
which together with (5.2.58) show the boundedness of ¥ and ¢}*!. Thus, simi-
larly as before, we can get
177 Com) = Do S e S Nl ™ W e+ lleg™ o+ 27, (5.2.59a)
9" o) = Tnag™ || o S €™ ||y + 27 (5.2.59Db)
At last, plugging (5.2.55), (5.2.57) and (5.2.59) back to (5.2.53), and noticing by
applying the projection and triangle inequality,
leb i < edallan + 10 tn) = oarC bl S (€G] + 2™
T
€51 2 < NleBarll o + 00 ta) = aa (s talle S (|G aull o + 27 m=0,000, =
so we have
3l S 7 [ebnells + llearlle + 27 1l S 7 {11l +27]
gl S 7 e aell s + legnelle + Neihbl + bl + 7]

T

e S 7 (el + bl + 07 m=00 = -,
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Then by (5.2.43) and Cauchy’s inequality, we get

€ () S 7 (learl o+ Nelarllse + gl + sl + 7R

2 : 1 1 1 1 9,9
<7 LE (Chan el €han har) + € (€55 €l epil eiin)] + 7R

and we complete the proof. O]

With the error energy functional notation (5.2.43), it is ready to show the fol-

lowing fact.

Lemma 5.2.3. Forn=0,..., % — 1, we have

(c:( n+1 n+l n+1 n+l)

N n n n
€y Mo Cp M €p Mo s M g(ewMaewMaepM7€¢,M)

(5.2.61)
< TE (ewMaeq/;Ma pM7€¢M) |: (§¢a§¢7 75{2) +5 (7]1?;777172’77;7772)} :

Proof. Taking square on both sides of (5.2.41) and applying Cauchy’s inequality, we

get

o[ <+ ) |eos (m) (e0); + Smé%”@? 2

+ (1 + %) €)r = )y g (5.2.62a)
e[ <47 [eos (ur) o)y +sim Gur) )y [

+ (1 + %) € — (o) " (5.2.62b)
G| <) s (81m) @), + cos (6m) @), |

N (1 N l) ‘@n G B (5.2.62¢)
| <) | s rr) (), + cos o) (o) |

+ (1 + ;) ‘(fp)l — | (5.2.62d)

Multiplying (5.2.62a) by 37 and then adding to (5.2.62c), we get

—n

+ ‘(éw)z

/\n 1‘2

(1+N1)‘ ‘ + [(éy),

()

/-\n’2

<(1+7) {(1 +47) ‘(%)l

|

2] . (5.2.63)

—

(1+32) |63 = G|+ | & - G
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Adding (5.2.62b) to (5.2.62d), we get

2 2 2

—

<+ 7|

+ (1 + %) U@zﬂ - (77/05\)7‘2 + ‘(/557 a @;ﬂ '

——n—+1

+ ‘(ep)z

—n

’/\”H + ‘(e/J)z

(es),

21 (5.2.64)

Adding (5.2.63) to (5.2.64), and then summing up for [ = 1,..., M — 1, noting
(5.2.43), we get

E (€3 et ephrs o) S+ 7)E (€ ar € ars €5 s> €5.01)
1 ‘n ‘n ¢n n o ¢n n ¢n n
+ (1 + ;) € <§¢ = s &g — Mn & — M &g —77¢> )
which with triangle inequality prove assertion (5.2.61). O

Now, combining the Lemma 5.2.1-5.2.3, we give the proof of Theorem 5.2.2
by energy method with the help of mathematical induction argument [10], or the

equivalent cut-off technique [7] for the boundedness of numerical solutions.

Proof of Theorem 5.2.2. For n = 0, from the scheme and assumption (5.2.29), we

have

legllze + lleglla + llegllze

S = IOl + 0O = L@l +116© = Tar6 @12 S B,
Moreover, noting (5.2.31) and (5.2.38), we get
€% z2 S N6 = Iyl S W™
Then by triangle inequality,

[l < G tn)llar + lleglla < Ky+1,
167112 < loC tn)llz2 + llegll> < K2+ 1,
197112 < N0(, t)llze + €]z < Ki+ 1,

o7l < N10wp( ta)llc2 + lleglice < Ko +1,
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for 0 < h < hy, where h; is a constant independent of 7 and h. Obviously, ||4°||; <
K 4 1. Thus (5.2.35) is true for n = 0.

Assume (5.2.35) is valid for n < N < T/At—1. Now we need to show the results
still hold for n = M + 1. First of all, by triangle inequality and projection error

estimate with assumption (5.2.29), we have

lleg M lzz + ey ™ lm + lley™ e + lleg ™l :

S legdr ez + llegiar i + lepss e + lleg s ze + ™. (5.2.65)

Since (5.2.35b) is assumed to be true under induction for all n < N, so we can
plug the estimates (5.2.44) from Lemma 5.2.1 and (5.2.52) from Lemma 5.2.2 into
(5.2.61) and get forn =0,..., N,

E (€5 e epias €inr) — € (€har €5 ars €pars € r) (5.2.66)

. 1 1 1 1 . 5 2
S 7€ (EGhn eph o €par) T € (€hars €hars €pars o) | + 70+ 7 R

Summing (5.2.66) up for n = 0,1,..., N, and then by the discrete Gronwall’s in-

equality, we get
n+l  ntl _ntl ntl 4, 32
E (€3 €l epnn o) ST+ R

Thus, we have
legarllze + leg il + lepni e + llegar Iz S 72 + R,

which together with (5.2.65) show that (5.2.35b) is valid for n = N 4 1. Then by
triangle inequality,

[0 e < Gt [+ [ley ™l < Ki+ 1,

o7 ez < oG tna)llee + lleg e < Ko+ 1,

. 0<T§T1,0<h§h2,

7 Mz < 100y tnen) ez + [leg ™ m < K1+ 1,

o7 e < 100 (tng)llzz + lle) Tl < Ko+ 1,
for some constants 71, hy > 0 independent of 7 and h. Noting the Sobolev’s inequal-
ity

leg iz < ey ™ o,
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we also have
[N H e < Mleb7 e < N0C tve) o + lled e < Ko+ 1,

for 0 < 7 < 7, 0 < h < hg, where 7, hg3 > 0 are two constants independent
of 7 and h. Therefore, the proof is completed by choosing 79 = min{m, 72} and

h(] = min{hl,h27h3}. ]

Remark 5.2.1. Here we only managed to get the error estimates of the numerical
methods in regime ¢ = v = O(1). As we have mentioned, different from the KGE,
¥ and ¢ in the KGZ stay in different energy spaces. When the small parameters
step in, it is hard to find a suitable pair of energy spaces to establish the rigorous
error estimates in the limit regimes via energy method. We will continue to study

this problem in our future.

5.3 Multiscale method

In this section, we shall derive a MTI with sine pesudospectral method to solve
the KGZ system in the high-plasma-frequency limit regime. Without loss of gener-
ality, we take v =1 in (5.1.1), i.e.

PO (x, 1) — AP 1) + (1) + 0%, )60, 1) = 0, (5.3.1a)

Oud(x,1) — Ap(x,t) — A (1/)2(X, t)) =0, x e R >0, (5.3.1b)

¥(x,0) = vo(x), O (x,0) = éwl(x)a P(x,0) = do(x), 0g(x,0) = ¢1(x),
(5.3.1c)

where 0 < ¢ < 1, with the uniform convergence in purpose. To illustrate the
oscillations in this case, Fig. 5.1 shows the solutions (0,t), ¢(0,t), ¥(z,1) and
¢(x,1) of the KGZ system at different e, with d = 1, ip(x) = e /2, () =
300(z)/2, ¢o(x) = sech(x2/2), ¢1(z) = e /% in (5.3.1a)-(5.3.1c). Similarly as
before, we will first derive the decomposition system and then propose the MTI

based on it.
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‘‘‘‘‘‘‘ - £=0.4

0.9

Figure 5.1: Profile of the solutions of KGZ with d = 1 for different e.

5.3.1 Multiscale decomposition

Let 7 = At > 0 be the step size, and denote time steps by ¢, = n7t for n =

0,1,.... In this section, we apply the multiscale decomposition by frequency which
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is established for the KGE in Section 4.2 to the solution of the KGZ system (5.3.1a)-

(5.3.1b) on the time interval [¢,,t,+1] with given initial data at t = ¢,, as

Ve t) =500 = O(1).  Guets) = Svi) =0 ( ! ) L (5320)

6%, t) = G1(x) = O(1), B, tn) = $1(x) = O(1). (5.3.2b)

Apply the ansatz to the variable ¥(x,t) := ¥(x,t, + s) of (5.3.1a) on the time
interval [t,, t,.1] with (5.3.2)

(X, t,+8) = e 2"(x,8) +e 22(x,5) +1"(x,8), xE€RL 0<s<r (53.3)

We remark here since 1 is real-valued, so (5.3.3) implies that r" is a real-valued

function. Differentiating (5.3.3) with respect to s, we have

O (x,t, + 9) —et [(%z"(x, s) + ;—22”(X, s)} + 01" (%, 8) (5.3.4)

te 3 {852_”()(, s) — %z_”(x,s)} . xeRL 0<s<T.
£

Plugging (5.3.3) into (5.3.1a), we get for x € R% 0 < s < 7 and ¢(x,t, + 8) =:
P"(x,5)

o [£20,52" (x, 8) + 2i0,2" (x, 5) — A2"(x, 8) + 2"¢"(x, 5)]
+e_;’% [526852_"(X, 8) _ Q,L'asz_n(x’ 3) — AZ_n(X, 8) + Z_n¢n(X, 5)]
(X, 5)

+£20,m" (%, 5) + Ar"(x, 5) + -

+7r"¢"(x,s) = 0.

Multiplying the above equation by e~ % or ee%, respectively, we can decompose it
into a coupled system for a e2-frequency wave with the unknown 2"(x, s) := 2" and
the rest frequency waves with the unknown r"(x, s) := r" as

(

£20352" + 200,2" — A2 4 2"¢" = 0,
1 xeRY 0<s<rT (5.3.5)
205" — A1 4+ 1" + 17" = 0,
€

\
By plugging (5.3.3) directly into (5.3.1b), we get
( is is - is

Des™ — AG" — eF A ((2")?) — e  FA((Z7)?) — 20 A(2"r)

— Ze_e%A(z_”T”) — A"+ (")) =0, xeR) 0<s<T, (53.6)

\ ¢n(X, O) - ¢6L(X)7 8s¢n<x, 0) = gb?(x)) x € R%.
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For initial conditions for the system (5.3.5) coupled with (5.3.6), similarly as (4.2.5),

we have
2"(x,0) 4+ 27°(x,0) + r"(x,0) = ¥ (x), xe€R? (5.3.7)
Eiz [2™(x,0) — 27(x,0)] + 052" (x,0) + 9:27(x, 0) + I,r™(x,0) = wi;(;o

Then we decompose the above initial data similarly as (4.2.6) to get

[(x,0) = 3 0500 — 0 ()]

9,2"(x,0) = % [~ A2"(x,0) + 2"(x,0)¢"(x,0)], x € R (5.3.8)

r"(x,0) =0, 01" (x,0) = —0,2"(x,0) — 052" (x,0).

(
The initial data for (5.3.6) comes naturally from (5.3.2b).
After solving the decomposed system (5.3.5)-(5.3.6) with the initial data (5.3.8),
we get
P, 7) = ), 0 ) = BI(x),
and 2™(x,7), 0s2™(x,7T), (%, 7T), Osr™(x,7). Then we can reconstruct the variable
to (5.3.1a) at t = t, 41 by setting s = 7 in (5.3.3) and (5.3.4), i.e.,
WYX, tarr) = /2" (x,7) + e TE (X, T) + 17 (x, ) = T (%),
| (5.3.9)
O (X, tnt1) = ;W“(X% x € RY,
with

T

H(x) = e? [52882”()(, ) +i2"(x,7)] e [528527(X, ) —i27(x,7)] +20,r™(x, 7).

5.3.2 MTI

In one space dimension for simplicity, with the whole-space problem (5.3.1a)-

(5.3.1c) truncated into an finite interval Q@ = (a,b) with homogenous Dirichlet
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boundary conditions, the decomposed system reads:

(£20352" + 200,2" — Dpp2™ + 2"" = 0, (5.3.10)
£20,sT™ — O™ + 1 r + 1" =0,
Dss " — D™ — €7 Dy ((27)%) — € 2 Dy ((F7)%) — 2032 Dy (2717

\ —2e*z%8m(z_"r”) — O 212"+ (r")?) =0, a<z<b 0<s<T.

The initial and boundary conditions for the above system are

( Z”(a,7 S) = Z"<b7 S) =0, T"(a, 8) _ Tn(b, 8) 0,
" (a,s) = ¢"(b,s) =0, 0<s<T;
2"(z,0) = % [2(x) — i (z)],

052" (2,0) =

(5.3.11)
[—0pe2"(2,0) 4+ 2" (x,0)¢" (x,0)],

TR

r"(z,0) =0, 051" (x,0) = —0s2"(x,0) — 05 2™(x,0),
¢n(x70> = gﬁg(%), @s¢n(x70) = ¢711(1:>’ a<z< b.

Following the same notation introduced in the previous section, we begin with a

\

sine spectral discretization for (5.3.10): find 23, := 23, (x, s), 7, == i (z, s), ¢ =

O (x,s) € Xy for 0 < s <7, 1ie.

Salw9) = 3 S sinlu(e — 0)), Fiy(e8) = 3 hi(s) sinGul — a)),
,5) = 3 @I(s) sin(ua(e — ), (5.3.12)

=1

such that for 0 < s < 7,
204525y + 20052y — Owu2iy + Pu (23,07%,) =0, a < x <b,
£205s7y; — Oty + 8—127”](4 + Py (riyohy) =0, (5.3.13)
Oss@hr — Oua®lyy — Ona (P fip)(w, 5) = 0,

where

iz, s) ::e%(zf\})z—i-e*ii?( ) —i—2es (zhrh) +2e <2 (ZMT’M)

+ 2|20 12 + (r'y)>. (5.3.14)
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Substituting (5.3.12) into (5.3.13) and noticing the orthogonality of bases, we get

20, () + 2iz30),(5) + () + Fardiani(s) = 0, (5.3.15)
o)+ (4 + 5 ) TR+ (i) =0

—n — —
l

(@30, () + i (Sh)(s) + i (Fi)y () =0, 0<s <7 1<I<M—1,
In order to apply the EWIs for integrating (5.3.15) in time, for each fixed 1 <[ <
M — 1, we rewrite (5.3.15) by using the variation-of-constant formulas

— — o —

Ci(s) = an(s) Z3,(0) + 2 ()2 (0) — / (s — 0)(Z3,0%),(0) db.

(Fi(s) = Smfjls)@;(m— /0 Tsin(ils 2 0) Sy 0yas,  (5.3.16)

@iu(s) = cos(uus) @3, (0) + 2213 T’ )

(fr),(0)do, 0<s<r,

- / sin (ju(s — 6)

where
a(s) == )‘;reisi; : ije“)‘f’ bi(s) := i%, 0<s<m,
M= —612 (1 +4/1 +u§g2) , w = —Vlj;“?éa (5.3.17)
Differentiating (5.3.16) with respect to s, we obtain
G0 (5) = ()0 + (R 0) — [ (s = 0GR (0) b
Ti) = eostrs) i) - [ =G a3

] o e~

(i) = —pusin(us) [93),(0) + cos(u15) (D), 0)
i / cos (uu(s — ) (i), 6)d,  0<s<r,

where

ezs)\l _ ezs)\l )\lﬁ-ezs)\l _ )\l ezs)\l

(l;(S) = Z)\?—)\Z_W, b;(S) = 0<s<r.
l l

S -a) 0T
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Taking s = 7 in (5.3.16) and (5.3.18), and using (5.3.14) we get

( _——_ — — o ———

(23)i(7) = a(7)(25),(0) + e%bu(7) (=5, (0) — /OT bi(T — 0) (23, 94,),(0) d6),

Cii(r) = al(m) Eini(0) + E25(r) (7)1 0) - / (e — 0)(Z3,0%),(0) do.

i) = 200 - [T =5 0
i) = costarn) (o) — [ EE=D GG a0, (5319

— — sin (g 7)

(@3r),(7) = cos(ur)(¢5,),(0) +

(Gii(0) — (F2),

(@3, (7) = —pusin(uur) (95,),(0) + cos(ur)(@5,),(0) = (Fip,

2]

where

(Fi = / sin (u(r — 0)) [ (2),0) + o (GT)2,6)] do
g [ sinGu(r = 0) [205P)(0) + (@R 0)] do
g [ sin (e —6)
(B =it [ cos u(r = o) [ CRPUO) + ¥ (FP)0)] a
it [ cos utr = 0)) [205)(0) + (@R

42 / cos (1u(r — 0)) [2eﬁ<zg4rg4>,(9) + zefﬁ@%)lw)} do.
0

Approximating the integrals in (5.3.19) either by the Gautschi’s quadrature or by

the standard trapezoidal rule, we get

[ Gan () = a(r)(E50),(0) + 5(r)E50),(0) — (250, (0) — (25830, (0),
Gini(r) ~ a1 EED,(0) + 2 Ei(0) — &0, (0) — dilZ5,63,),(0),
i) ~ D @), (5..20)

| (3() % cos(erm) (T3 ,(0) = 55 (R0 (),
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and

where

( o — — — —

(Ex ) ~=pi((23)2),00) + @i ((23)2),00) + 2ul((25,)%),(0) + @((25,)%),(0)
+ T sin(uzf)(W)l(O),

(Ep =i (ZE)P)0) + @ (Z3)2),(0) + i (27)2),(0) + @ ()2, (0)
[cos(ur) (Z5,,0) + (P (r) + 5 (02

| cos(um)(1231),(0) + (125 ),(7) + 5 ((r5)*)i(7)

+ T

— — ]
)

+ e (2yri)y(7) + e < (2 i), (7)

cl:/ b(t—0)do, pl:m/ sin(ul(T—Q))e%e do,

0 0

dz—/ (T —0)6 db, QI—,UI/ sin (uu(r — 0)) e £ 0 df,
0 0

i 0 y (5.3.21)
¢ = / b(r—0)dh, p = u?/ cos (pu(T — 0)) e db,
0 0

d,:/ b (T — 6)6 de, ql:u?/ cos (u(T — 0)) e 0 do.
\ 0 0

Inserting (5.3.20) into (5.3.12) with s = 7, and noticing (5.3.9), we immediately

obtain a multiscale time integrator sine spectral method based on (5.3.10) for the

problem (5.3.1). Furthermore, let W7, \Il?, ®% and @? be approximations of ¢(x;, t,),
Op(zj,tn), ¢(xj,t,) and Opp(x;,t,), respectively; and Z;‘“, Zf“, R}Hl and R;LH

be approximations of 2"(x;,7), 052" (x;,7), r"(z;,7) and Osr™(x;, T), respectively,
for j = 1,...,M — 1. Choosing W9 = v(x;), ¥ = ¢y(z;)/e?, ®Y = ¢o(z;) and
<i>? = ¢1(z;) for 0 < j < M and noticing (5.3.9), (5.3.12) with s = 7, (5.3.20),
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(5.3.11) and (2.4.1), then a multiscale time integrator sine pseudospectral (MTI-

SP) discretization for the KGZ (5.3.1) in 1D reads: for n > 0,

(
n+1
\Ilj

T nt+l _
\IIJ'

n+1
(I)j

\

n+1 __
Zj =

on+1
Zj -

z'r/s (Zn—H 4 —

M-1

= > (@) sin(u(z; —

=1
M-1

=1
M-1

=1

where for 1 <[ < M —1,

—_—

1
i
g2

> (Zm ) sin(ua; —

> (271, sin(p(w; —

— ei7/52Zn+1 + —i7/522n+1 + R;-H—l,

j=1,...,M—1,

(5.3.22)

—iT/e? 7n+1 i n+1 n+1
)+e c (Zj €QZJ ) R

—_——

). @ =
a)), Ry =

a)), R}t =

M-1 —_——

=1
M-1

=1
M-1

=1

—_——

(2751), =a () (2°), + 2(7)(2°), — ei(2°%7), — dy(2°%),

—_——

_ dz(Zocbn)l

—_—

—_—

(Z1), =ai(T)(2°), + 2H(7)(2°), — au(Z0®), — di(200™),

(R,

—_—

— dy(Z0dn),,
smE:)zT) (RY),, (Rnt), = cos(wlT)(/}%O/)l _ 2i€2(Rn+1)l’
(@71), = cosjur)(87), + 22T (), — 77,

(@"H)l = — psin(y7)(P"), + Cos(uﬁ)(@")l —

n
Fis

> (B sinpu(z;

> (Bt sin(pu (e —

> (@) sin(u(e; — a)),

_a))>

a)),

(5.3.23a)

(5.3.23b)

(5.3.23¢)
(5.3.23d)

(5.3.23¢)
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with

()

@l _ % [3 sin (%Mff) (29, + (50715)1} ,

T

;

—_—

(Zo)l =

—~——
e~ e~

Fi' = nl(2°7), +2a(2°2°), + ((Z°P), + 24 (2°2°),

—~—

+7py sin()(12°2),, (5.3.24)

—_ /S~~~
—~—

Fr = n(299), + 20 (202°) +((2072), +20(2°2°)

1 iT
(127512, + S((R2), 4 e (24 R,

o5 (F0) ot ()

\
This MTI-SP method for the KGZ equation (5.3.1) (or (5.3.1a)-(5.3.1b)) is clearly
explicit, accurate, easy to implement and very efficient due to the fast discrete sine
transform, and its memory cost is O(M) and the computational cost per time step

is O(M log M).

5.4 Numerical results

Since the methods are extensions from those established for the KGE (1.3.7), so
the numerical results for the KGZ system (5.1.1) are very much similar to those of
KGE. The results of EWI-GSP and EWI-DSP for KGZ in the simultaneous high-
plasma-frequency and subsonic limit regime are similar to Tabs 3.5&3.6. For brevity,
we only present the numerical results of MTI-SP for solving the KGZ system (5.1.1)

in high-plasma-frequency limit regime. We choose the initial data in (5.3.1) as

T P

¢o(x) = sech(z?), ¢i(x) = 0. (5.4.1)

The problem is solved on a bounded interval 2 = [-16, 16}, i.e. b = —a = 16, which
is large enough to guarantee that the zero boundary condition does not introduce a

significant truncation error relative to the original problem. To quantify the error,
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we introduce the error functions:

ey (T) = [0 T) = v7'|| oo €7(T) := max {e}(T)},

0<e<1

efb(T) = ||¢(,T) — waHl , ezo(T) = max {ez(T)},

0<e<1

with M = % Since the analytical solution to this problem is not available, so
the ‘exact’ solution here is obtained numerically by the MTI-SP method (5.3.22)-
(5.3.24) with very fine mesh h = 1/32 and time step 7 = 5 x 107%. Tab. 5.1 and
Tab. 5.2 show the spatial error of MTI-SP method at T' = 1 under different € and h
with a very small time step 7 = 5 x 107% such that the discretization error in time
is negligible. Tab. 5.3 and Tab. 5.4 show the temporal error of MTI-SP method
at T = 1 under different ¢ and 7 with a small mesh size h = 1/8 such that the
discretization error in space is negligible. Fig 5.2 shows the profiles of the solutions
of the KGZ (5.3.1) with (5.4.1) during the dynamics under different €. Fig 5.3 shows
the solutions of the KGZ (5.2.1) with the initial data (5.4.1) in the simultaneous
high-plasma-frequency and subsonic limit regime under different ¢ with v = 2e.

From Tabs. 5.1-5.4 and extensive additional results not shown here for brevity,
we can draw the following observations:

(i) The MTI-SP method is spectrally accurate in space, which is uniformly for
0 <e <1 (cf. Tabs. 5.1&5.2).

(ii) The MTI-SP method converges uniformly and linearly in time for £ € (0, 7]
(cf. last row in Tabs. 5.3&5.4). In addition, for each fixed ¢ = g9 > 0, when 7 is
small enough, it converges quadratically in time (cf. each row in the upper triangle
of Tabs. 5.3&5.4); and for each fixed ¢ small enough, when 7 satisfies 0 < ¢ < 7,
it also converges quadratically in time (cf. each row in the lower triangle of Tabs.
5.3&5.4).

(iii) The MTI-SP method is uniformly accurate for all € € (0, 1] under the mesh
strategy (or e-scalability) 7 = O(1) and h = O(1).

With the MTI-FP method, similarly as before, we can solve the KGZ system
(5.3.1) in the high-frequency limit regime effectively in high dimensional cases. Fig.
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Table 5.1: Spatial error analysis: e5(T) at T = 1 with 7 = 5 x 107° for different ¢
and h.

e5(T) ho =1 ho /2 ho /4 ho/8

g0 = 0.5 3.84E-02 7.85B-04 1.53E-07 8.36E-12
£0/2" 3.79E-02 2.00E-03 1.49E-07 7.51E-12
£0/22 3.72E-02 2.10E-03 8.49E-08 7.53E-12
£0/23 3.69E-02 2.10E-03 8.14E-08 7.39E-12
£0/2 3.68E-02 2.10E-03 8.05E-08 7.44E-12
£0/25 3.67E-02 2.10E-03 8.02E-08 7.43E-12
£0/2 3.68E-02 2.10E-03 8.01E-08 7.40E-12
£0/2° 3.68E-02 2.10E-03 8.01E-08 7.46E-12
£0/21 3.68E-02 2.10E-03 8.01E-08 7.54E-12
£0/213 3.68E-02 2.10E-03 8.01E-08 7.42E-12

5.4 and Fig. 5.5 show the contour plots of the solutions of the KGE in 2D case, i.e.
d = 2, with initial data

Yo(,y) = exp (—(z +2)? = y?) + exp (—(z — 2)* — ¢?),
do(z,y) = sech(z? + (y + 2)?) + sech(z? + (y — 2)?), (5.4.2)

7/11(1'7y) = exp (—Q?2 - y2)7 ¢1($,y) = S€Ch(£€2 + y2)7

in (5.3.1) under different ¢ and ¢.
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Table 5.2: Spatial error analysis: e, (T) at T' = 1 with 7 = 5 x 107° for different e

and h.

ex,(T) ho =1 ho/2 ho/4 ho/8

g0 =05 1.07E-01 2.40E-03 9.23E-08 5.77E-11
go/2" 1.29E-01 2.10E-03 2.13E-07 3.68E-11
g0/2? 2.25E-01 1.90E-03 2.20E-07 3.36E-11
£0/23 2.17E-01 2.10E-03 4.27E-07 3.94E-11
go/2* 1.03E-01 7.70E-04 1.62E-07 4.21E-11
g9/2° 7.52E-02 1.00E-03 4.06E-07 4.62E-11
£0/2" 9.20E-02 1.20E-03 3.58E-07 4.99E-11
g0/2° 1.87E-01 1.80E-03 1.72E-07 3.90E-11
go/21 1.14E-01 1.40E-03 3.70E-07 3.91E-11
g0/213 2.33E-01 2.50E-03 3.72E-07 4.71E-11
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Table 5.3: Temporal error analysis: e5(7") and ex*(T) at T' = 1 with A = 1/8 for

different € and 7.

e (T)  1=02 7/2° T0/2* 70/2° T0/28 70/2%° T0/2*2

g0 =05 141E-01 1.16E-02 6.85E-04 4.19E-05 2.60E-06 1.60E-07 7.37E-09
rate — 1.80 2.04 2.02 2.00 2.01 2.21
go/2" 4.08E-02 2.92E-02 2.10E-03 1.22E-04 7.51E-06 4.60E-07 2.14E-08
rate — 0.24 1.90 2.05 2.01 2.01 2.21
£0/2? 3.81E-02 1.55E-02 6.80E-03 4.63E-04 2.75E-05 1.66E-06 7.77E-08
rate — 0.65 0.59 1.94 2.04 2.02 2.21
g0/23 5.25E-02 4.40E-03 6.70E-03 1.70E-03 1.12E-04 6.58E-06 3.03E-07
rate — 1.79 -0.30 0.99 1.96 2.05 2.21
g0/24 5.29E-02 2.60E-03 1.80E-03 1.90E-03 4.12E-04 2.75E-05 1.23E-06
rate — 2.17 0.26 -0.04 1.10 1.95 2.24
g0/2° 5.31E-02 3.00E-03 1.22E-04 4.92E-04 4.86E-04 1.01E-04 5.19E-06
rate — 2.07 2.31 -1.01 0.01 1.13 2.14
g0/27 5.38E-02 3.40E-03 1.95E-04 2.53E-05 2.59E-05 4.05E-05 3.95E-05
rate — 1.99 2.06 1.47 -0.02 -0.32 0.02
g0/2° 5.39E-02 3.40E-03 2.10E-04 1.21E-05 1.09E-06 9.34E-07 3.38E-07
rate — 1.99 2.01 2.06 1.73 0.11 0.73
go/21 5.39E-02 3.40E-03 2.11E-04 1.31E-05 7.14E-07 8.43E-08 3.33E-08
rate — 1.99 2.00 2.00 2.10 1.54 0.67
go/2" 5.39E-02 3.40E-03 2.11E-04 1.31E-05 8.24E-07 5.75E-08 2.42E-09
rate — 1.99 2.01 2.00 2.00 1.92 2.28
e(T)  1.41E-01 2.92E-02 6.80E-03 1.90E-03 4.86E-04 1.01E-04 3.95E-05
rate — 1.13 1.05 0.92 0.98 1.13 0.68
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Table 5.4: Temporal error analysis: ej(7) and e (7)) at T = 1 with h = 1/8 for

different € and 7.

ey (T)  1=02 70/2° T0/2* 70/2° T0/28 70/2%° T0/2*2

g0 =0.5 4.52E-02 4.10E-03 2.62E-04 1.63E-05 1.02E-06 6.26E-08 2.86E-09
rate — 1.73 1.99 2.00 2.00 2.01 2.22
go/2" 6.66E-02 1.28E-02 1.10E-03 6.74E-05 4.20E-06 2.58E-07 1.20E-08
rate — 1.19 1.77 2.01 2.00 2.01 2.21
£0/2? 6.35E-02 1.66E-02 4.00E-03 3.18E-04 1.99E-05 1.22E-06 5.71E-08
rate — 0.97 1.03 1.83 2.00 2.01 2.20
g0/23 5.88E-02 7.80E-03 5.00E-03 9.82E-04 7.73E-05 4.77E-06 2.23E-07
rate — 1.46 0.32 1.17 1.83 2.01 2.20
g0/24 6.66E-02 4.30E-03 1.30E-03 1.20E-03 2.11E-04 1.64E-05 7.80E-07
rate — 1.98 0.86 0.06 1.25 1.84 2.19
g0/2° 6.34E-02 4.10E-03 3.61E-04 2.95E-04 2.95E-04 4.85E-05 2.92E-06
rate — 1.98 1.75 0.15 0.00 1.30 2.02
g0/27 6.21E-02 3.90E-03 2.51E-04 3.19E-05 1.48E-05 1.98E-05 1.98E-05
rate — 1.99 1.98 1.49 0.55 -0.21 0.00
£0/2° 6.80E-02 4.10E-03 2.56E-04 1.65E-05 1.32E-06 7.10E-07 2.15E-07
rate — 2.02 2.00 1.98 1.82 0.45 0.86
g0/2'1  6.11E-02 3.80E-03 2.39E-04 1.50E-05 9.95E-07 1.30E-07 4.70E-08
rate — 2.00 1.99 2.00 1.96 1.47 0.73
g0/2'3  6.11E-02 3.80E-03 2.38E-04 1.49E-05 9.27E-07 5.70E-08 7.76E-09
rate — 2.00 2.00 2.00 2.00 2.01 1.45
ex(T)  6.66E-02 1.66E-02 5.00E-03 1.20E-03 2.95E-04 4.85E-05 1.98E-05
rate — 1.00 0.87 1.02 1.01 1.30 0.65
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Figure 5.2: Solutions of the KGZ (5.3.1) with (5.4.1) in the high-plasma-frequency

limit regime under different e.
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Figure 5.4: Solutions of the 2D KGZ (5.3.1) with (5.4.2) at different ¢ under ¢ =
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Chapter

Conclusion remarks and future work

This thesis is devoted to study efficient and accurate numerical methods for
solving highly oscillatory differential equations with focus on proposing and ana-
lyzing multiscale methods. The subjects studied here include the high oscillatory
second order differential equations (HODESs) (1.3.1), Klein-Gordon equation (KGE)
(1.3.7) in nonrelativistic limit regime and Klein-Gordon-Zakharov (KGZ) system
(1.3.11)-(1.3.12) in high-plasma-frequency and subsonic limit regime. The conclud-
ing remarks on each topic and possible future studies are drawn as follows.

1. On the high oscillatory second order differential equations

In Chapter 2, different numerical methods were either designed or reviewed as
well as compared with each other for solving the HODEs with a dimensionless pa-
rameter 0 < ¢ < 1 which is inversely proportional to the speed of light, especially
in the nonrelativistic limit regime 0 < € < 1. In this regime, the solution propa-
gates waves at wavelength O(g?) and amplitude at O(1), which brings significantly
numerical burdens in practical computation. Based on two types of multiscale de-
composition by either frequency or frequency and amplitude, two multiscale time
integrators (MTIs), e.g. MTI-FA and MTI-F, were designed for solving the prob-
lem when the nonlinearity is taken as either a pure power nonlinearity or a general
gauge invariant nonlinearity. Two independent error bounds at O(7%/£?) and O(g?)

for € € (0, 1] of the two MTIs were rigorously established when the nonlinearity is
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taken as a pure power nonlinearity, which immediately imply that the two MTIs
converge uniformly with linear convergence rate at O(7) for ¢ € (0, 1] and optimally
with quadratic convergence rate at O(7?) in the regimes when either ¢ = O(1) or
0 < e < 7. For comparison, classical methods, such as exponential wave integra-
tors (EWIs) and finite difference (FD) methods, were also presented for solving the
problem. Error bounds for them were given with explicitly dependence on the pa-
rameter €. Those rigorous error estimates lead to the conclusion that, in the regime
0 < € < 1, the e-scalability for the two MTIs is 7 = O(1) which is independent
of g, where it is at 7 = O(¢?) and 7 = O(&?) for EWIs and FD methods, respec-
tively. Therefore, the proposed MTTs offer compelling advantages over those classical
methods in the regime 0 < ¢ < 1. Numerical results confirmed our analytical error
bounds. We remark here that both MTI-FA and MTI-F and their error estimates
can be extended to (2.1.3) when g(p) in (2.1.4) is a polynomial in p.

For future studies, we will give mathematical analysis to the MTIs for solving
the HODEs with general nonlinearities. We will try to furthermore improve the
performance of the MTIs and apply them to solve massive problems arising from
molecular dynamics.

2. On the Klein-Gordon equation

Chapter 3 studied the classical numerical methods including finite difference
time domain (FDTD) methods, exponential wave integrators (EWIs) and the time-
splitting method with spectral spatial discretization for solving the KGE with a
dimensionless parameter ¢ € (0,1] that is inversely proportional the speed of the
light. The existing popular FDTD methods and an EWI with Gautschi’s quadra-
ture Fourier pseudospectral (EWI-GFP) method given in [10] were reviewed with
special attentions paid to the error bounds in the highly oscillatory regime, i.e. the
nonrelativistic limit regime 0 < ¢ < 1. As a known result, the EWI-GFP method
has much better performance than the FD methods due to the released temporal
resolution capacity in the nonrelativistic limit regime. Then a time-splitting Fourier

pseudospectral (TSFP) discretization, which was derived for a simple equivalent



168

first-order-in-time form of the KG equation, was applied and analyzed for the KGE.
It was shown that the TSFP is essentially equivalent to an EWI with the Deulfhard’s
type quadrature pseudospectral method, and thanks to the fact, rigorous and op-
timal error estimates of the TSFP method were achieved for the regime ¢ = O(1).
Extensive numerical studies carried out in the nonrelativistic limit regime 0 < ¢ < 1
demonstrated that the TSFP has uniform spectral accuracy in spatial discretization,
and has the temporal discretization error bound within the convergence regime as
O(e7%7%), whereas that of the EWI-GFP method is O(¢~%72), where 7 denotes the
time step. Comparisons between the methods show that TSFP offers compelling bet-
ter temporal approximations over the EWI-GFP method, and consequently TSFP
has the optimal performance among all the classical numerical methods for directly
solving the KGE in the nonrelativistic limit regime. Rigorous arguments for optimal
error bounds of the TSFP when 0 < ¢ < 1 are of great interests and it is proposed
to be done in a future work.

In Chapter 4, a multiscale time integrator Fourier pseudospectral (MTI-FP)
method was proposed and analyzed for solving the KGE with the dimensionless pa-
rameter 0 < € < 1. The key ideas for designing the MTI-FP method are based on (i)
carrying out a multiscale decomposition by frequency at each time step with proper
choice of transmission conditions between time steps, and (ii) adapting the Fourier
spectral for spatial discretization and the EWI for integrating second-order highly
oscillating ODEs. Rigorous error bounds for the MTI-FP method were established,
which imply that the MTI-FP method converges uniformly and optimally in space
with spectral convergence rate, and uniformly in time with linear convergence rate
for ¢ € (0,1] and optimally with quadratic convergence rate in the regimes when
either ¢ = O(1) or 0 < € < 7. Numerical results confirmed these error bounds and
suggested that they are sharp. The MTI method has wide future potential applica-
tions to solve other nonlinear equations arising from quantum and plasma physics
in some limit physical regimes, where similar oscillations happen. For example, the

Klein-Gordon-Schrodinger equations in the nonrelativistic limit regime [18], and the
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Zakharov-Rubenchik system in the adiabatic limit regime [82,83]....

3. On the Klein-Gordon-Zakharov system

We successfully applied and extended the EWI and MTI methods from previous
chapters to solve the KGZ system in highly oscillatory regimes in Chapter 5. In
this chapter, a Gautschi-type EWI sine pseudospectral method and a Deflhard-type
sine pseudospectral method were proposed for the KGZ in the simultaneous high-
plasma-frequency and subsonic limit regime. Error estimates of the two EWIs were
established in non-limit regime. A MTI sine spectral was proposed to the KGZ
in high-plasma-frequency limit regime with uniform convergence. All the proposed
methods have similar numerical performance as that in the KGE case.

The future studies on multiscale methods for the KGZ are fruitful. Firstly,
the coupling of two nonlinear equations and the small parameters make the error
estimates of the numerical methods very hard to be established rigorously in the
limit regimes. So far, it has not been done yet even for finite difference methods.
Thus, establishing the rigorous error bounds of the EWIs and MTT is a challenging
mathematical work. Secondly, here the MTI method is only proposed to the KGZ
in the single high-plasma-frequency limit regime. The technique used here is mainly
based on our study of KGE in the nonrelativistic limit regime. However, in the
subsonic limit regime of the KGZ, it is completely a different story. Thus another
challenging work is to propose MTTIs for solving the KGZ in the subsonic limit regime

and even in the simultaneously high-plasma-frequency and subsonic limit regime.
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