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Summary

Clustering is a fundamental task in machine learning that consists in grouping
a set of objects such that the objects in the same group (called a cluster) are more
similar than those in other groups. Clustering is a ubiquitous problem in various
applications, such as analyzing the information contained in gene expression data,
performing market research according to firms’ financial characteristics or analyzing

stock price behavior.

The main purpose of this thesis is to theoretically analyze the applications of
clustering in various unsupervised learning problems, including the learning of mix-

ture models and nonnegative matrix factorization (NMF).

The thesis mainly consists of two parts. The first part considers the informa-
tiveness of the k-means algorithm, which is perhaps the most popular clustering
algorithm, for learning mixture models. The learning of mixture models can be
viewed as a clustering problem. Indeed, given data samples independently gener-
ated from a mixture of distributions, we often would like to find the correct target
clustering of the samples according to which component distribution they were gen-
erated from. For a clustering problem, practitioners often choose to use the simple
k-means algorithm. k-means attempts to find an optimal clustering which mini-

mizes the sum-of-squared distance between each point and its cluster center. In




vi

Summary

Chapter 2 of this thesis, we provide sufficient conditions for the closeness of any
optimal clustering and the correct target clustering assuming that the data sam-
ples are generated from a mixture of log-concave distributions. Moreover, we show
that under similar or even weaker conditions on the mixture model, any optimal
clustering for the samples with reduced dimensionality is also close to the correct
target clustering. These results provide intuition for the informativeness of k-means
(with and without dimensionality reduction) as an algorithm for learning mixture
models. We verify the correctness of our theorems using numerical experiments and
demonstrate using datasets with reduced dimensionality significant speed ups for
the time required to perform clustering.

In the second part, we propose a geometric assumption on nonnegative data ma-
trices such that under this assumption, we are able to provide upper bounds (both
deterministic and probabilistic) on the relative error of nonnegative matrix factor-
ization. The algorithm we propose first uses the geometric assumption to obtain an
exact clustering of the columns of the data matrix; subsequently, it employs several
rank-one NMFs to obtain the final decomposition. When applied to data matri-
ces generated from our statistical model, we observe that our proposed algorithm
produces factor matrices with comparable relative errors vis-a-vis classical NMF al-
gorithms but with much faster speeds. On face image and hyperspectral imaging
datasets, we demonstrate that our algorithm provides an excellent initialization for
applying other NMF algorithms at a low computational cost. Finally, we show on
face and text datasets that the combinations of our algorithm and several classical

NMF algorithms outperform other algorithms in terms of clustering performance.
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Chapter

Introduction

1.1 Clustering

Generally speaking, clustering is the task of maximizing the similarity of objects
within a cluster and minimizing the similarity of objects between different clus-
ters. Clustering is a ubiquitous problem in various applications, such as analyzing
the information contained in gene expression data [1], performing market research
according to firms’ financial characteristics or analyzing stock price behavior [2].
Objective-based clustering is a commonly-used technique for clustering. This is
the procedure of minimizing a certain objective function to partition data samples
into a fixed or appropriately-selected number of subsets known as clusters. The
k-means algorithm [3] is perhaps the most popular objective-based clustering ap-
proach. Suppose we have a data matrix of N samples V = [v, v, ..., vy] € RF*N,
a K-clustering (or simply a clustering or a partition) is defined as a set of pairwise
disjoint index sets € := {61, %3, ..., €k} whose union is {1,2,..., N}. The corre-

sponding sum-of-squares distortion measure with respect to V and % is defined as

DV.%) =3 Y va—cill3 (L.1.1)

k=1n€e%;
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where ¢ := ﬁ > new, Vn is the cluster center or centroid of the k-th cluster. The

goal of the k-means algorithm is to find an optimal clustering €°P* that satisfies
D(V,¢°"") = n}éi)n D(V,%), (1.1.2)

where the minimization is taken over all K-clusterings. Optimizing this objective
function is NP-hard [4]. Despite the wide usage of k-means and the theoretical
analysis of k-means [5-7], there are few theoretical investigations with respect to
optimal clusterings. Moreover, in real applications, such as clustering face images
by identities, there are certain unknown correct target clusterings. While using k-
means as a clustering algorithm, we make a key implicit assumption that any optimal
clustering is close to the correct target clustering [8]. If there is an optimal clustering
that is far away from the correct target clustering, then using k-means is meaningless
because even if we obtain an optimal or approximately-optimal clustering, it may
not be close to the desired correct target clustering.

Besides the k-means algorithm, there are many other objective-based clustering
algorithms, such as k-medians [9] or min-sum clustering [10]. In addition, there
are many other types of clustering algorithms besides objective-based clustering,
for example, hierarchical clustering [11,12]. Furthermore, it is well-known that the
k-means algorithm is sensitive to initialization [5]. Various initialization techniques
have been proposed, and the most popular one among them may be the k-means+-+
algorithm [5]. It uses a randomized greedy search algorithm to select initial cluster
centroids from the samples. We use a deterministic greedy search algorithm in the
clustering step of our algorithm for nonnegative matrix factorization and we derive

corresponding theoretical guarantees for our algorithm.

1.2 The Learning of Mixture Models

Suppose there are K unknown distributions Fi, Fs, ..., Fx and a probability
vector w := [wy, wy, ..., wk]. The corresponding K-component mixture model is a

generative model that assumes data samples are independently sampled such that
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the probability that each sample is generated from the k-th component is wy, the
maxing weight for the k-th component. Suppose that vi,vs,..., vy are samples
independently generated from a K-component mixture model, the correct target
clustering € := {61, %, ..., €k} satisfies the condition that n € %, if and only if
v,, is generated from the k-th component. One of the most important goals of the
learning of a mixture model is to find the correct target clustering of the samples
(and thereby inferring the parameters of the model). The learning of mixture models,
especially Gaussian mixture models (GMMs) [13-15], is of fundamental importance

in machine learning and applied statistics.

1.3 Dimensionality Reduction

Due to the inherent inefficiencies in processing high-dimensional data, dimension-
ality reduction has received considerable attention. Applying dimensionality reduc-
tion techniques before clustering high-dimensional datasets can lead to significantly
faster running times and reduced memory sizes. In addition, algorithms for learning
GMMs usually include a dimensionality reduction step. For example, Dasgupta [16]
shows that general ellipsoidal Gaussians become “more spherical” and thereby more
amenable to (successful) analysis after a random projection onto a low-dimensional
subspace. Vempala and Wang [17] show that reducing dimensionality by spectral
decomposition leads to the amplification of the separation among Gaussian com-
ponents. For performing the k-means algorithm to learn mixture models, we also
consider reducing the dimensionality of data samples first before clustering. For the
dimensionality reduction task, we start with considering principal component anal-
ysis (PCA) [18], which is perhaps the most popular dimensionality reduction tech-
nique. Because we need to perform singular value decomposition (SVD) in PCA,
and SVD is time-consuming when the number of samples and the dimensionality of
samples are large, we also consider performing randomized SVD [19,20] in PCA and

performing random projection similarly to [16] for dimensionality reduction for the
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sake of achieving faster running time.

1.4 Nonnegative Matrix Factorization (NMF)

The nonnegative matrix factorization (NMF) problem can be formulated as fol-
lows: Given a nonnegative data matrix V € REXN and a positive integer K, we
seek nonnegative factor matrices W € RY*% and H € RE*YN | such that the dis-
tance (measured in some norm) between V and WH is minimized. Due to its
non-subtractive, parts-based property which enhances interpretability, NMF has
been widely used in machine learning [21] and signal processing [22] among oth-
ers. In addition, there are many fundamental algorithms to approximately solve the
NMF problem, including the multiplicative update algorithms [23], the alternating
(nonnegative) least-squares-type algorithms [24-27], and the hierarchical alternating
least square algorithms [28] (also called the rank-one residual iteration [29]). How-
ever, it is proved in [30] that NMF problem is NP-hard and all the basic algorithms
simply either ensure that the sequence of objective functions is non-increasing or
that the algorithm converges to the set of stationary points [29,31,32]. To the best
of our knowledge, none of these algorithms is suitable for analyzing a bound on the
approximation error of NMF.

In an effort to find computationally tractable algorithms for NMF and to provide
theoretical guarantees on the errors of these algorithms, researchers have revisited
the so-called separability assumption proposed by Donoho and Stodden [33]. An ex-
act nonnegative factorization V.= WH is separable if for any k € {1,2,..., K},
there is an n(k) € {1,2,...,F} such that W(n(k),j) = 0 for all j # k and
W(n(k),k) > 0. That is, an exact nonnegative factorization is separable if all the
features can be represented as nonnegative linear combinations of K features. It is
proved in [34] that under the separability condition, there is an algorithm that runs
in time polynomial in ', N and K and outputs a separable nonnegative factoriza-

tion V. = W*H"* with the number of columns of W* being at most K. Furthermore,
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to handle noisy data, a perturbation analysis of their algorithm is presented. The
authors assumed that V is normalized such that every row of it has unit ¢; norm and
V has a separable nonnegative factorization V.= WH. In addition, each row of V is
perturbed by adding a vector of small /; norm to obtain a new data matrix V'. With
additional assumptions on the noise and H, their algorithm leads to an approximate
nonnegative matrix factorization W'H' of V' with a provable error bound for the ¢;
norm of each row of V'— W'H’. To develop more efficient algorithms and to extend
the basic formulation to more general noise models, a collection of elegant papers

dealing with NMF under various separability conditions has emerged [35-41].

1.5 Purposes and Scope of This Thesis

There are three main contributions in Chapter 2.

1. We prove that if the data points are independently generated from a K-
component spherical GMM with an appropriate separability assumption and
the so-called non-degeneracy condition [42,43] (see Definition 1 to follow), then
any optimal clustering of the data points is close to the correct target cluster-
ing with high probability provided the number of samples is commensurately

large. We extend this result to mixtures of log-concave distributions.

2. We prove that under the same generation process, if the data points are pro-
jected onto a low-dimensional space using the first K —1 principal components
of the empirical covariance matrix, then, under similar conditions, any opti-
mal clustering for the data points with reduced dimensionality is close to the
correct target clustering with high probability. Again, this result is extended

to mixtures of log-concave distributions.

3. Lastly, we show that under appropriate conditions, any approximately-optimal

clustering of the data points is close to the correct target clustering. This
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enables us to use the theoretical framework provided herein to analyze var-
ious efficient dimensionality reduction techniques such as random projection
and randomized singular value decomposition (SVD). It also allows us to com-
bine our theoretical analyses with efficient variants of k-means that return

approximately-optimal clusterings.
The main contributions in Chapter 3 are:

e Theoretical Contributions: We introduce a geometric assumption on the data
matrix V that allows us to correctly group columns of V into disjoint subsets.
This naturally suggests an algorithm that first clusters the columns and sub-
sequently uses a rank-one approximate NMF algorithm [44] to obtain the final
decomposition. We analyze the error performance and provide a deterministic
upper bound on the relative error. We also consider a random data genera-
tion model and provide a probabilistic relative error bound. Our geometric
assumption can be considered as a special case of the separability (or, more
precisely, the near-separability) assumption [33]. However, there are certain
key differences: First, because our assumption is based on a notion of cluster-
ability [45], our proof technique is different from those in the literature that
leverage the separability condition. Second, unlike most works that assume
separability [35-39], we exploit the 3 norm of vectors instead of the ¢; norm
of vectors/matrices. Third, V does not need to be assumed to be normalized.
As pointed out in [37], normalization, especially in the ¢;-norm for the rows
of data matrices may deteriorate the clustering performance for text datasets
significantly. Fourth, we provide an upper bound for relative error instead of
the absolute error. Our work is the first to provide theoretical analyses for
the relative error for near-separable-type NMF problems. Finally, we assume
all the samples can be approximately represented by certain special samples
(e.g., centroids) instead of using a small set of salient features to represent
all the features. Mathematically, these two approximations may appear to

be equivalent. However, our assumption and analysis techniques enable us to
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provide an efficient algorithm and tight probabilistic relative error bounds for

the NMF approximation (cf. Theorem 8).

e Experimental Evaluations: Empirically, we show that this algorithm performs
well in practice. When applied to data matrices generated from our statistical
model, our algorithm yields comparable relative errors vis-a-vis several clas-
sical NMF algorithms including the multiplicative algorithm, the alternating
nonnegative least square algorithm with block pivoting, and the hierarchical
alternating least square algorithm. However, our algorithm is significantly
faster as it simply involves calculating rank-one SVDs. It is also well-known
that NMF is sensitive to initializations. The authors in [46,47] use spherical
k-means and an SVD-based technique to initialize NMF. We verify on several
image and hyperspectral datasets that our algorithm, when combined with
several classical NMF algorithms, achieves the best convergence rates and/or
the smallest final relative errors. We also provide intuition for why our al-
gorithm serves as an effective initializer for other NMF algorithms. Finally,
combinations of our algorithm and several NMF algorithms achieve the best
clustering performance for several face and text datasets. These experimental
results substantiate that our algorithm can be used as a good initializer for

standard NMF techniques.

This thesis is organized as follows.

In Chapter 2, we focus on using the k-means clustering and dimensionality re-
duction for learning mixtures models. More specifically, we mention some related
works on learning Gaussian mixture models, k-means clustering, and dimensional-
ity reduction in Section 2.1. Our main theoretical results concerning upper bounds
on the misclassification error distance (ME distance) for spherical GMMs are pre-
sented in Section 2.2. In addition, numerical results examining the correctness of
our bounds for spherical GMMs are also presented in this section. These results are

extended to mixtures of log-concave distributions in Section 2.3. Other extensions
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(using other dimensionality-reduction techniques and the combination of our results
with efficient clustering algorithms) are discussed in Section 2.4.

In Chapter 3, we propose a new initialization method for NMF which recovers
a pair of factor matrices with provable relative error bounds under our geometric
assumption. We discuss related works in Section 3.1. After that, we present our
geometric assumption as well as certain useful lemmas in Section 3.2. In Section 3.3,
we present our main theorem for deterministic data and we provide an algorithm
named cri-nmf which is able to recover a pair of factor matrices with relative error
bounds. In addition, we verify in numerical experiments on several real datasets that
this algorithm can be used as a good initialization method for NMF. We present our
theorems for data matrices generated from a probabilistic model in Section 3.4. Au-
tomatically determining the latent dimensionality for NMF is an important practical
problem and we consider this problem in Section 3.5. Finally, we verify the correct-
ness of our theorems by synthetic experiments in Section 3.6.1 and we present the
effectiveness and efficacy of our algorithm by real-data experiments in Section 3.6.2.

In Chapter 4, conclusions are drawn and we discuss some possible future works.



Chapter

k-Means Clustering and Dimension

Reduction for Learning Mixture Models

We mentioned that the learning of mixture models is of fundamental importance
in machine learning and applied statistics. In addition, as we will mention in Section
2.1.1 to follow, there are plenty of algorithms designed to learn mixture models. The
learning of mixture models can be considered as a clustering problem that attempts
to find the correct target clustering of samples according to which component dis-
tribution they were generating from. For a given clustering problem, it is natural to
first try the popular k-means algorithm. However, a natural question beckons. Is
it even appropriate to use the k-means algorithm to learn mixture models? What
are some sufficient conditions such that the answer to the above question is “Yes”?
In this chapter, we answer these questions by comparing the correct target cluster-
ing with any optimal clustering of the objective function of the k-means clustering.
Furthermore, motivated by the reduction in complexity (running times and memory
sizes) in applying clustering algorithms on reduced-dimensionality datasets, we also
provide theoretical guarantees for the case in which the dataset first undergoes a

dimensionality reduction step.
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Chapter 2. k-Means Clustering and Dimension Reduction for Learning
Mixture Models

2.1 Background

In this section, we discuss some relevant existing works.

2.1.1 Learning Gaussian Mixture Models (GMMs)

Suppose there are K unknown distributions F}, Fs, ..., Fx and a probability
vector w := [wy, ws, . .., wk]. The corresponding K-component mixture model is a
generative model that assumes data samples are independently sampled such that
the probability that each sample is generated from the k-th component is wy, the
mixing weight for the k-th component. For a K-component mixture model and for
any k € [K], we always use uy to denote the component mean vector, and use Xy, to
denote the component covariance matrix. When 3, = o071 for all k € [K], where I
is the identity matrix, we say the mixture model is spherical and o? is the variance
of the k-th component. Suppose that vi,vs, ..., vy are samples independently
generated from a K-component mixture model, the correct target clustering € :=
{%1,%,...,Cx} satisfies the condition that n € % if and only if v,, is generated
from the k-th component. One of the most important goals of the learning of a
mixture model is to find the correct target clustering of the samples (and thereby
inferring the parameters of the model).

The learning of mixture models, especially Gaussian mixture models (GMMs)
[14,15], is of fundamental importance in machine learning. The EM algorithm [48,49]
is widely used to estimate the parameters of a GMM. However, EM is a local-search
heuristic approach for maximum likelihood estimation in the presence of incom-
plete data and in general, it cannot guarantee the parameters’ convergence to global
optima [50]. Recently, Hsu and Kakade [42] and Anandkumar et al. [43] provide ap-
proaches based on spectral decomposition to obtain consistent parameter estimates
for spherical GMMs from first-, second- and third-order observable moments. To
estimate parameters, they need to assume the so-called non-degeneracy condition

for spherical GMMs with parameters {(wy, uy, 07) bre(x]-
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Definition 1. (Non-degeneracy condition) We say that a mizture model satisfies
the non-degeneracy condition if its component mean vectors uy,...,ux span a K-

dimensional subspace and the probability vector w has strictly positive entries.

On the other hand, under certain separability assumptions on the Gaussian com-
ponents, Dasgupta [16], Dasgupta and Schulman [51], Arora and Kannan [52], Vem-
pala and Wang [17], and Kalai et al. [53] provide provably correct algorithms that
guarantee most samples are correctly classified or that parameters are recovered with
a certain accuracy with high probability. In particular, equipped with the following

separability assumption

F
|w; — ujl|2 > C'max{o;, 0;}(] K log — V,i,j € [K],i# ], (2.1.1)

for a spherical GMM, where C' > 0 is a sufficiently large constant® and wpy, =

minge (g wy, Vempala and Wang [17] present a simple spectral algorithm with run-
ning time polynomial in both F' and K that correctly clusters random samples

according to which spherical Gaussian they were generated from.

Remark 1. We present more detailed discussion about previous work. In particular,
we summoarize known results for learning GMMs under pairwise separation assump-
tions. For simplicity, logarithmic factors in separation assumptions are ignored.
Denote o2 as the mazimum variance of the k-th component of the mizture along any
direction. Dasgupta [16] provides an algorithm which is based on random projection
to learn GMMs with the conditions that the mixing weights of all distributions are
about the same, and the distance between any two different component mean vectors
|w; — uj|ls is at least cv/F max{o;,0;}, where ¢ is a positive constant. Dasgupta
and Schulman [51] further provide an EM based algorithm with the condition that
|lu; — ujll2 is at least cFi max{o;,0,}. Arora and Kannan [52] also consider a

learning algorithm with similar separation assumptions. Vempala and Wang [17]

!Throughout, we use the generic notations C and C;,i € N to denote (large) positive constants.

They depend on the parameters of the mixture model and may change from usage to usage.
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Mixture Models

are the first to consider using spectral algorithms (based on singular value decompo-
sition) for dimensionality reduction to enable the learning of spherical GMMs. Their
spectral algorithm requires a much weaker condition, i.e., ||u; — u;||2 being at least
cKi max{o;,0;}, for spherical GMMs. Achlioptas and McSherry [54] extend Vem-
pala and Wang’s results [17] to miztures of arbitrary Gaussians with ||u; —u,||2 being
at least ¢ (K + m> max{o;,0;}. Kannan et al. [55] also present an algo-
rithm for learning miztures of arbitrary Gaussians with the corresponding separation

3
K2
w2,
min

between u; and u; being at least c¢(o; + 0;)

Despite the large number of algorithms designed to find the (approximately)
correct target clustering of a GMM, many practitioners use k-means because of its
simplicity and successful applications in various fields. Kumar and Kannan [56]
show that the k-means algorithm with a proper initialization can correctly cluster
nearly all the data points generated from a GMM that satisfies a certain proximity
assumption. Our theoretical results provide an explanation on why the k-means

algorithm that attempts to find an optimal clustering is a good choice for learning

mixture models. We compare and contrast our work to that of [56] in Remark 5.

2.1.2 A Lower Bound on Distortion and the ME Distance

Let V = [vi,vy,...,vy] € RI™N be a dataset and € := {%),%s,...,6x} be a
K-clustering. Let H € REXY with elements H(k,n) be the clustering membership
matrix satisfying H(k,n) = 1 if n € €, and H(k,n) = 0 if n ¢ %} for (k,n) €

[K] x [N]. Let nj, = |%| and H := diag( ——)H be the normalized

11
\/T—l, \/Tj? ey \/W
version of H. We have HH” = I and the corresponding distortion can be written

as [57]

D(V,%)=|V-VHH|}: = ||V|3 - tr(HVTVH"). (2.1.2)
The centering of any data matrix V = [vy, Vs, ..., vy] is a shift with respect to the
mean vector v = % SN | v, and the resultant data matrix Z = [z, 2o, . .., zy], with

z, = v, — v for n € [N], is said to be the centralized matriz of V. Let Z be the
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centralized data matrix of V and define S := ZTZ. Note that D(V,¢) = D(Z,%)
for any clustering ¥. Ding and He [57] make use of this property to provide a lower
bound D*(V) for distortion over all K-clusterings. That is, for any K-clustering %,

D(V,%) > D*(V) := tr(S) — Kf M(S), (2.1.3)

where A\ (S) > Xo(S) > ... > 0 are the eigenvalues of S sorted in non-increasing
order.
For any two K-clusterings, the so-called misclassification error (ME) distance

provides a quantitative comparison of their structures.

Definition 2. (ME distance) The misclassification error distance of any two K-
clusterings €V = {€V, V... ,‘KI((I)} and €@ = {€? €7, ... ,‘5]((2)} is
K

1
1) @)y .1 _ (1) (2
dup(€,€%) =1 I 7{2%); ];:1 ‘%k N wa(k)

, (2.1.4)

where Py is the set of all permutations of [K|. It is known from [58] that the ME

distance is indeed a distance.

For any 4,9’ € [0, K — 1], define the functions
, ) o’
)

r(8) := (5,6) = 25(1 - ﬁ) (2.1.6)

Combining Lemma 2 and Theorem 3 in [59], we have the following lemma.

Lemma 1. Let € = {6,%,,..., 6k} and €' = {¥],6;,..., €} be two K-
clusterings of a dataset V.€ RF*N | Let prax = max;, %|‘€k| and Pmin := miny %|‘Kk|
Let Z be the centralized matriz of V and S = ZTZ. Define

CDVE) DY) DV DY)
 Ag_1(S) = Ak(S) Ak 1(S) — Ak (S)
Then if 6,0 < %(K —1) and 7(6,¢") < Pmin, we have

(2.1.7)

dME(%, cg/) S 7'(5, (5’)pmax. (218)
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This lemma says that any two “good” K-clusterings (in the sense that their
distortions are sufficiently close to the lower bound of distortion D*(V)) are close

to each other. In addition, we have the following useful corollary.

Corollary 1. Let € := {6\, 6, ...,6x} be a K-clustering of a dataset V.€ RI*N
and define Pmax, Pmin, L, S, and § as i Lemma 1. Then if § < %(K — 1) and

7(6) < Prin, we have
dME(ng (gopt) S pmaXT(é)a (219)
where €°P* represents a K-clustering that minimizes the distortion for V.

This corollary essentially says that if the distortion of a clustering is sufficiently
close to the lower bound of distortion, then this clustering is close to any optimal

clustering with respect to the ME distance.

2.1.3 Dimension Reduction by Principal Component Anal-
ysis (PCA)

Due to the inherent inefficiencies in processing high-dimensional data, dimen-
sionality reduction has received considerable attention. Applying dimensionality
reduction techniques before clustering high-dimensional datasets can lead to signif-
icantly faster running times and reduced memory sizes. In addition, algorithms for
learning GMMs usually include a dimensionality reduction step. For example, Das-
gupta [16] shows that general ellipsoidal Gaussians become “more spherical” and
thereby more amenable to (successful) analysis after a random projection onto a
low-dimensional subspace. Vempala and Wang [17] show that reducing dimension-
ality by spectral decomposition leads to the amplification of the separation among
Gaussian components.

Principal component analysis (PCA) [18] is a popular strategy to compute the
directions of maximal variances in vector-valued data and is widely used for dimen-

sionality reduction. We write the singular value decomposition (SVD) of a symmetric
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matrix A € R as A = UDU7 with U € R being an orthogonal matrix and
D € RF*F being a diagonal matrix. In addition, when R := rank(A) < F, the
so-called compact SVD of A is written as A = URDRUE, where U :=U(:,1: R)
and Dp := 3(1: R, 1: R). For any dataset V. € RN and any positive inte-
ger k < F, the so-called k-PCA for the dataset usually consists of two steps: (i)
Obtain the centralized dataset Z; (ii) Calculate the SVD of Xy := %ZZT, ie.,
obtain Xy = PDP7, and project the dataset onto a k-dimensional space to obtain
V= PIV, where P, := P(: ,1: k). For brevity, we say that V is the post-k-PCA
dataset of 'V (or simply the post-PCA dataset). If only the projection step is per-
formed (and not the centralizing step), we term the corresponding approach k-PCA
with no centering or simply k-SVD, and we say that the corresponding V is the
post-k-SVD dataset (or simply the post-SVD dataset) of V.

When performing dimensionality reduction for clustering, it is important to com-
pare any optimal clustering for the dataset with reduced dimensionality to any op-
timal clustering for the original dataset. More specifically, any optimal clustering
for the dataset with reduced dimensionality should be close to any optimal cluster-
ing for the original dataset. However, existing works [60,61] that combine k-means
clustering and dimensionality reduction can only guarantee that the distortion of
any optimal clustering for the dataset with reduced dimensionality, €°Pt can be
bounded by a factor v > 1 times the distortion of any optimal clustering for the

original dataset, €°P'. That is,
D(V,€°P) < +D(V,€°™). (2.1.10)

As mentioned in [60], directly comparing the structures of €°P* and €°** (instead
of their distortions) is more interesting. In this chapter, we also prove that, if the
samples are generated from a spherical GMM (or a mixture of log-concave distribu-
tions) which satisfies a separability assumption and the non-degeneracy condition,
when the number of samples is sufficiently large, the ME distance between any opti-
mal clustering for the original dataset and any optimal clustering for the post-PCA

dataset can be bounded appropriately.
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In addition, we can show that any optimal clustering of the dimensionality-
reduced dataset is close to the correct target clustering by leveraging (2.1.10). This
simple strategy seems to be adequate for data-independent dimensionality reduction
techniques such as random projection. However, for data-dependent dimensional-
ity reduction techniques such as PCA, we believe that it worth applying distinct
proof techniques similar to those developed herein to obtain stronger theoretical
results because of the generative models we assume. See Section 2.4.1 for a detailed

discussion.

2.2 Error Bounds for Spherical GMMs

In this section, we assume the datasets are generated from spherical GMMs. Even
though we can and will make statements for more general log-concave distributions
(see Section 2.3), this assumption allows us to illustrate our results and mathematical
ideas as cleanly as possible. We first present our main theorem for the upper bound
of ME distance between any optimal clustering and the correct target clustering for
the original dataset in Section 2.2.1. Then, in Section 2.2.2, we present our main
theorem for the upper bound of ME distance between any optimal clustering and the
correct target clustering for the dimensionality-reduced dataset. Finally, numerical

results examining the correctness of our bounds are presented in Section 2.2.3.

2.2.1 The Theorem for Original Data

First, we show that with the combination of a new separability assumption and
the non-degeneracy condition (cf. Definition 1) for a spherical GMM, any optimal
clustering for a dataset generated from the spherical GMM is close to the correct
target clustering with high probability when the number of samples is sufficiently
large.

We adopt the following set of notations. Let V| € RF*M and V, € RF*M2 | we

denote by [V, Vy| the horizontal concatenation of the two matrices. Let Xy =
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%VVT and Ty = %ZZT, where Z is the centralized matrix of V. Fix a mixture
model with parameters {(wg, Wx, Xx) }re(x) Where wy, uy, and Xj denote the mixing
weight, the mean vector, and the covariance matrix of the k-th component. Let

K K
Y= Z Wi (ukuz + Zk> s and Z() = Z wkukuf. (221)

k=1 k=1

Denote u := 3.5, wpuy, and write

2 = ]; Wy ((uk — ﬂ)(uk - ﬁ)T + Ek> s (222)
and X, := kz_: wi(uy, —a)(u, — )7, (2.2.3)

and Apin 1= A K,l(io). For a K-component spherical mixture model with covariance
matrices o7l for k € [K], we write 62 := 35| wio?.

For p € [0, (K — 1)], we define the function

L p
C(p) = P — (2.2.4)

We have %p < ((p) < p. Our first theorem reads:

Theorem 1. Suppose all the columns of data matriz V € REF*N are independently
generated from a K-component spherical GMM and N > F > K. Assume the
spherical GMM satisfies the non-degeneracy condition. Let wy;, = ming wy and

Wiax ‘= Maxy Wy. Further assume
K —1)52
§o 1= (A>U < C(Win). (2.2.5)
Let € := {6),%,,..., 6Kk} be the correct target K-clustering corresponding to the
spherical GMM. Assume that € > 0 that satisfies
K —1)5?
(K —1)" +¢ < (Wi — €).
>\min — €
(2.2.6)
Then for any t > 1, if N > CF K?t?/¢*, where C > 0 depends on
{(wg, ug, 07) treix), we have, with probability at least 1 — 36 K F? exp (—t*F),
(K —1)5% +¢

)\min — €

€ < min {%, Amin, (K — 1)62} and

dun(6.6) <7 ) Gt + ), (2.27)

where €°P* is an optimal K -clustering for V. and 7(-) is defined in (2.2.12).
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Remark 2. The condition (2.2.5) can be considered as a separability assumption.

In particular, when K = 2, we have Ay, = wiws||u; — ugl|3 and (2.2.5) becomes

o

w1w2<(wmin) ’

[ur — sz > (2.2.8)

which is similar to (2.1.1), the separability assumption of [17].

Remark 3. The separability condition in (2.2.5) is different from some other pair-
wise separability assumptions in the literature [16,17,51-53]. Our condition is a
global separability condition. The intuitive reasons for this are twofold. First, we
study the optimal solutions to the sum-of-squares distortion measure in (1.1.1). This
is a global measure, involving all clusters, and so we believe a global separability
condition is natural. Second, we leverage several technical lemmas in the literature,
such as Lemma 1. These lemmas also involve global parameters such as Ax_1(S) and

Ak (S), thus a global separability condition of the form of (2.2.5) seems unavoidable.

Remark 4. The non-degeneracy condition is used to ensure that Ay, > 0. When
K = 2, to ensure that \,;, > 0, we only need to assume that the two component
mean vectors are distinct. In particular, we do not require u; and u, to be linearly

independent.

The proof of Theorem 1 is based on Corollary 1 and various concentration
bounds. We need to make use of the following probabilistic lemmas. First, we
present the following lemma from [62] that provides an upper bound for perturba-

tion of eigenvalues when the matrix is perturbed.

Lemma 2. If A and A + E are in RM*M | then
[Am(A +E) = Ay (A)] < [[E|2 (2.2.9)
for any m € [M] with \,,(A) being the m-th largest eigenvalue of A.

Because we will make use of the second-order moments of a mixture model, we

present a simple lemma summarizing key facts.
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Lemma 3. Let x be a random sample from a K-component mizture model with

parameters {(wg, Uy, Xy reir). Then,

E (xx") = i wy, (weup + %) =3,  and (2.2.10)

B
Il
—

To apply Corollary 1, we need to ensure that Ax_1(S) — Ax(S) which appears
in the denominators of the expressions in (2.1.7) is positive. Note that if we as-
sume all the columns of data matrix V are independently generated from a K-
component spherical GMM, we have & (Ax_1(S) — Ax(S)) = Ax_1(Zo), where =
represents convergence in probability as N — oco. Under the non-degeneracy con-
dition, A\g(Xg) > 0. In addition, by the observation that £y = Xy — tii? and the

following lemma in [62], we have Apin = Ax—1(Z0) > Ax (o) > 0.

T

Lemma 4. Suppose B = A + 7vv"' where A € R™" is symmetric, v has unit

2-norm (i.e., ||v|]ls = 1) and T € R. Then,
)\ZA,)\Z,A 1 TEO,QSZSH
\(B) € Al A (A)] . (2.2.12)
Furthermore, in order to obtain our probabilistic estimates, we need to make use
of following concentration bounds for sub-Gaussian and sub-Exponential random

variables. The definitions and relevant lemmas are extracted from [63].

Lemma 5. (Hoeffding-type inequality) A sub-Gaussian random variable X is one
such that (E]X]p)l/p < Cy/p for some C > 0 and for all p > 1. Let Xy,..., Xy
be independent zero-mean sub-Gaussian random wvariables, then for every a =

a1, az,...,ax]T € RY and every t > 0, it holds that

N 2

¢
1@( S0 X > t) < exp <1 - HC H2) , (2.2.13)
i=1 aj2

where ¢ > 0 is a constant.
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Typical examples of sub-Gaussian random variables are Gaussian, Bernoulli and
all bounded random variables. A random vector x € R¥ is called sub-Gaussian if

x''z is a sub-Gaussian random variable for any deterministic vector z € R¥".

Lemma 6. (Bernstein-type inequality) A sub-Exponential random variable X is
one such that (E|X|P)* < Cp for some C > 0 and for allp > 1. Let Xy,..., Xy
be independent zero-mean sub-Ezponential random variables. It holds that

(3

€ €

2
> eN) < 2exp (—c . min(m, M>N> , (2.2.14)

where ¢ > 0 is an absolute constant and M > 0 is the mazximum of the sub-

N
> X
=1

Ezponential norms* of {X;}i,, i.e., M = max;ein | Xi||w, -

The set of sub-Exponential random variables includes those that have tails heav-
ier than Gaussian. It is easy to see that a sub-Gaussian random variable is also
sub-Exponential. The following lemma, which can be found in [63], is straightfor-

ward.

Lemma 7. A random wvariable X is sub-Gaussian if and only if X? is sub-

Ezxponential.

Using this lemma, we see that Lemma 6 also provides a concentration bound for
the sum of the squares of sub-Gaussian random variables. Finally, we can estimate
empirical covariance matrices by the following lemma. Note that in this lemma, we

do not need to assume that the sub-Gaussian distribution G in R¥ has zero mean.

Lemma 8. (Covariance estimation of sub-Gaussian distributions) Consider a sub-
Gaussian distribution G in RY with covariance matriz 3. Define the empirical
covariance matrix Xy = % SN v, vI where each v, is an independent sample of
G. Lete € (0,1) and t > 1. If N > C(t/e)*F for some constant C' > 0, then with
probability at least 1 — 2 exp(—t*F),

Xy — X2 <e (2.2.15)
2The sub-Exponential norm of a sub-Exponential random variable X is defined as || X ||y, :=

sup,, p~ ' (E|X[P)"/7.
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The general idea of the proof of Theorem 1 is to first estimate the terms defining
d in (2.1.7) probabilistically. Next, we apply Corollary 1 to show that any opti-
mal clustering for the original data matrix is close to the correct target clustering
corresponding to the spherical GMM. Because the complete proof which contains
various probabilistic estimates is somewhat lengthy, we provide the proof sketch

below. Detailed calculations are deferred to the end of this section.

Proof Sketch of Theorem 1: We estimate every term in (2.1.7) for the correct target

clustering ¢’. By Lemmas 5 and 6, we have for any € € (0, 1),

€ Ne?
> 5 <2K((e+2)F + 2)exp | —C4 25 ) (2.2.16)

P (‘;D(V,%) ~ Fo?

where C > 0 depends on {(wy, wg, 07) brepr]- See the complete proof for the detailed
calculation of this and other inequalities in this proof sketch. In particular, for the
justification of (2.2.16), see the steps leading to (2.2.34). These simply involve the
triangle inequality, the union bound, and careful probabilistic estimates. In addition,
by Lemma 8, for any ¢t > 1, if N > C,F3?K?t?/¢* (where Cy > 0 also depends on
{ (wr, wr, 0%) e

P(|Sy — Sy > g) < (9FKe + 2K) exp (—12F) (2.2.17)

Therefore, by the matrix perturbation inequalities in Lemma 16, when N >

CoFPK?t% /e, we have

1 3 €
P (‘N)\K_l(S) — (Amin +07) | > 2) < (9FKe+2K)exp (—t°F), (2.2.18)

P (’;AK(S) .

Furthermore, if N > Co P Kt /€%, we have

€
>
=

< (F - K+1)(9FKe + 2K) exp(—t*F). (2.2.20)

> ;) < (9FKe+2K)exp (—£°F).  (2.2.19)

P (‘;[D*(V) (F— K +1)5

Combining these results, appealing to Corollary 1, the union bound, and the prop-
erty that both 7(-) and ((-) are continuous and monotonically increasing functions

on [0, (K — 1)], we obtain (2.2.7) as desired. O

12
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Note that both 7(:) and ((-) are continuous and monotonically increasing on
[0,2(K — 1)]. When the mixing weights are skewed (leading to a small wp,,), we
require a strong separability assumption in (2.2.6). This is consistent with the
common knowledge [64] that imbalanced clusters are more difficult to disambiguate
for k-means. When 4y is small (i.e., the data is well-separated) and N is large (so
e and t can be chosen to be sufficiently small and large respectively), we have with

probability close to 1 that the upper bound on the ME distance given by (2.2.7) is

close to 0.

When the ME distance between any optimal clustering for k-means €°P* and the
correct target clustering & of the samples generated from a spherical GMM is small
(and thus the implicit assumption of k-means is satisfied), we can readily perform
k-means to find €°P* to infer €. The tightness of the upper bound in (2.2.7) is

assessed numerically in Section 2.2.3.

Remark 5. The result by [56] (discussed in Section 2.1.1) may, at a first glance,
appear to be similar to Theorem 1 in the sense that both results show that un-
der appropriate conditions, k-means is a good choice for learning certain mixture
models. However, there is a salient difference. The analysis of [56] is based on a vari-
ant of k-means algorithm, while we only analyze the objective function of k-means
(in (1.1.1)) which determines all optimal clusterings. Since there are multiple ways
to approximately minimize the ubiquitous but intractable sum-of-squares distortion
measure in (1.1.1), our analysis is partly algorithm-independent and thus fundamen-
tal in the theory of clustering. Our analysis and theoretical results, in fact, underpin
why the separability assumptions of various forms appear to be necessary to make

theoretical guarantees for using k-means to learn mixture models.

Finally, we present the complete proof of Theorem 1.

Complete Proof of Theorem 1: To apply Corollary 1, we first estimate %D(V, %).



2.2 Error Bounds for Spherical GMMs

23

We have
1 i 2 2
~ NZ Yo v —allz = *Z > valls — nellell3
k=1ne%; k 1 nES
(2.2.21)
K
. (Yned, [IValls
=2 (e e = le?) (2.2.22)
k=1

where ny, := |%x|. By Lemma 5 and by the property that if X has a sub-Gaussian
distribution,® || X — EX||y, < 2||X|lw, (similarly, if X has a sub-Exponential distri-

bution, || X — EX||y, < 2[|X||w,) [63], we have for k € [K],

ng

IP’(N

M wk’ > 7) < eexp(—CyN), (2.2.23)

where Cy > 0 is a constant depending on wy, k € [K]. Then with probability at
least 1 — Keexp(—CyN), we have & > %t for all k € [K]. For brevity, we only
consider this case and replace n; with N in the following inequalities. In addition,

forany0<6§%<1,

P (

where 7, > 0 is a constant depending on wy.

Nk

N > e) < eexp(—7Neé?), (2.2.24)

By Lemma 7, the square of each entry of a random vector generated from a
spherical Gaussian distribution has a sub-Exponential distribution. In addition, for

random vector v generated from the k-th component of the spherical GMM, we have

E[v(f)? = uk(f)* + o} for any f € [F]. By Lemma 6, for any k € [K],
Z IVall3 = (Ihuel3 + Foi)

> €
neb”k

Z_: ( e 2 vall) = (we(f)? +07) | = ;,) (2.2.25)

1’L€(&]c
2

3The sub-Gaussian norm of a sub-Gaussian random variable X is defined as || X|g, :=

sup,q p~ /2 (E|X|P) 7.
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where &, > 0 is a constant depending on wy, o7, ug. Similarly, by Lemma 5, there

exists ¢, > 0 depending on wy, o7 and uy, such that

P ([lckll3 — lluel3] > ) < fz P (Jer(? - w(f)?] = ) (2.2.27)
< 2eF exp <—Ck];;€22> . (2.2.28)

The final bound in (2.2.28) holds because for any f, if ug(f) = 0, we have
2 2 €\ _ £
(et w7 = 5) =P (leDl 2\ 5): (2.2.29)
On the other hand, if ug(f) # 0,

P (Jer(? — w(f)?] = )
<P (|ck<f> e W) LB (elf) + wl(H)] = 3lun()]).

(2.2.30)
Now let di := - Ynew, [[Vall3 — llckll3 and Ly := |luy |3 + Foji. Then, there exists a
constant C; > 0 depending on {(wg, 07, ux) }rex) such that
p(|ipv, ) - Fa? > & <§1@("kd —wF02‘>E) (2.2.31)
NV =2) =& \INTE TR TR = -
<§P(nk—w’F02>€>+§:P(‘d ~Fol > 5 (2.2.32)
B U Ry T N I -
K K
€ N
<3S P(|% - ’ P(-E>2
—,;1 (‘N —4KFag>+kzl (N— wk)
K
Z Z IVl = Li| >
~ "\ .5 16w K
K
+32 (fleull - Il > 5 (2.2.39)
< 2K ((e+2)F +e)exp ( F2K2> (2.2.34)

where (2.2.31) is a consequence of (2.2.22). This proves (2.2.16).
Now we estimate the positive eigenvalues of S := ZTZ, where Z is the centralized

data matrix of V. Equivalently, we may consider the eigenvalues of 3y := %ZZT =
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= SN (v = V) (v, = V)T, where v = &+ 3, v,. The expectation of centralized
covariance matrix for the spherical GMM is YK | wy(u, — u) (v, — 0)7 + 521 = X.

For any f € [F],

ng . Zne%”k Vn(f)

€

_ wkukm\ >£) @as)

= N ng K
< 3Keexp (—02][\;622> : (2.2.36)
and
IP(HVV —uau' || > g)
<P(Iv -0 -0 > £) +P (v - wall. > )
€
+(Jav — ), > 6) (2.2.37)
<P(|v-al}> %) 2P (HV—qu > 6||1€1||2) (2.2.38)

Hence, similarly to (2.2.28), and by (2.2.36), we obtain

N 2
P([vv" —aa” |, > %) < 9FKeexp (—(Jng;(z) , (2.2.39)

where C3 > 0 is a constant depending on {(wy, uy, 0}) }repr]- Note that
K T K
o N ez, T k=1

Then similar to (2.2.33) and by Lemma 8, we have that for any ¢ > 1, if N >

CyFPK?t? /e, where Cy > 0 is a constant depending on {(wy, uy, 07) bre(x],

P(I2y =82 ) =P (|5 - %)~ (" — "), 2 )

(

<Py =2l > ) + B (Jov" — o), > )
(

(

< (2K + 9FKe) exp (—t*F) .

This proves (2.2.17).
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Now, if N > C4FPK?t? /€%, we have

1 E €
=P(|= Y MOS)—(F-K+1)5* > = 2.44
(|5 2w -7 - w0 > ) 2241
=P ( S () — (F — K +1)5°| > ;) (2.2.45)
k=K
< 3 (IS0 - (D)2 Q(F_M) (2.2.46)
< (F—K+1)IP’<HZ]N—Z]||2 > M) (2.2.47)
<(F—K+1)(9FKe + 2K) exp(—t*F). (2.2.48)

This proves (2.2.20).
In addition, if N > C,F3K?%t? /€2, similarly,

>

P (\;AH(S) — (Ak-1(S0) + )

) < (9FKe+ 2K)exp (—tzF),

DO ™

(2.2.49)

>

DO ™

P ( — Mg (S) — &2 ) < (9FKe +2K) exp (—*F)..

(2.2.50)

This proves (2.2.18) and (2.2.19).
Finally, let ppm = %mink |€k| and ppax = %maxk |€%|. Then if € > 0 satis-
fies (2.2.6), when N > CF°K?t?/e¢* with C' > 0 being a constant depending on

{(wg, 07, k) tre(x), with probability at least 1 — 36 F?K exp (—t*F),

__D(V,%)-D*(V) _(K—1)5*+e¢
0= e 1(S) = A (S) < N e (2.2.51)
Thus by (2.2.6),
5 S C(wmin - 6) S C(pmin>- (2252)

This is equivalent to

7(6) < Paain- (2.2.53)



2.2 Error Bounds for Spherical GMMs

27

Therefore, by Corollary 1, if N > CF°K?t?/¢? (where C' > 0 is an appropriate

constant depending on {(wg, g, 07) treir])

dme(€, €) < 7(0)Pmax < 7(0) (Wmax + €) (2.2.54)
K —1)5?
S T <()O—i_€) (wmax + 6) (2255)
)\min — €
with probability at least 1 — 36 K F? exp (—t*F). O

2.2.2 The Theorem for Post-PCA Data

Next, we show that under similar assumptions for the generating process and
with a weaker separability assumption for the spherical GMM, any optimal clustering
for the post-PCA dataset is also close to the correct target clustering with high
probability when N is large enough.

Theorem 2. Let the dataset V. € RN be generated under the same conditions
given in Theorem 1 with the separability assumption (2.2.5) being modified to

(K —1)52

01 :=
! AInin + 5-2

< C(Wyin)- (2.2.56)

Let V.e RE-DXN pe the post-(K — 1)-PCA dataset of V.. Then, for any € > 0 that

satisfies

(K —1)5% +¢
)\minﬁ_a-2 — €

S C(wmin - 6)7
(2.2.57)

e < min {w;in, Amin + 02, (K — 1)62} . and

and for any t > 1, when N > CF3K°?/¢®, where C > 0 depends on
{(wg, ug, 07) treix), we have, with probability at least 1 — 165K F exp (—t*K),

(K —1)5%+¢

)\min + 62 — €

due(€, €°P) < 1 ( ) (Wmax + €), (2.2.58)

where € 1is the correct target clustering and E°Pt s an optimal K ~clustering for V.

Remark 6. Vempala and Wang [17] analyze the SVD of ¥y (corresponding to PCA
with no centering) instead of Xy (corresponding to PCA). The proof of Corollary
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3 in [17] is based on the key observation that the subspace spanned by the first K
singular vectors of 3y lies close to the subspace spanned by the K component mean
vectors of the spherical GMM with high probability when N is large. By performing
K-SVD (cf. Section 2.1.3) on Xy, we have the following corollary.

Corollary 2. Let the dataset V.€ R¥*N be generated under the same conditions
given in Theorem 1. Let V be the post-K-SVD dataset of V, then for any positive
€ satisfying (2.2.6) and for any t > 1, if N > CF3K5t? /€2, then with probability at
least 1—167TK F exp (—t2K), the same upper bound in (2.2.7) holds for dyg (€, €°*),

where €°P* is an optimal K -clustering for V.

Combining the results of Theorems 1 and 2, by the triangle inequality for
ME distance, we obtain the following corollary concerning an upper bound for
Ay (€°P, €°PY), the ME distance between any optimal clustering of the original
dataset and any optimal clustering of the post-PCA dataset.

Corollary 3. Let the dataset V.€ RF*N be generated under the same conditions
given in Theorem 1. Let V be the post-(K — 1)-PCA dataset of V, then for any
positive € satisfying (2.2.6) and for any t > 1, if N > CF°K°t*/e?, then with
probability at least 1 — 201K F2 exp (—12K), dyg(€°Pt, €°PY) is upper bounded by the
sum of the right-hand-sides of (2.2.7) and (2.2.58).

The proof of Theorem 2 hinges mainly on the fact that the subspace spanned
by the first K — 1 singular vectors of 3y is “close” to the subspace spanned by the
first K — 1 singular vectors of Xy. See Lemma 9 to follow for a precise statement.
Note that the assumption in (2.2.56) is weaker than (2.2.5) and the upper bound
given by (2.2.58) is smaller than that in (2.2.7) (if all the parameters are the same).
In addition, when K = 2, by applying PCA to the original dataset as described in
Theorem 2, we obtain a 1-dimensional dataset, which is easier to cluster optimally
compared to the 2-dimensional dataset obtained by performing PCA with no cen-
tering as described in Remark 6. These comparisons also provide a theoretical basis

for the fact that centering can result in a stark difference in PCA.
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Now, we prove Theorem 2. Following the notations in Section 2.1.3, we write
Xy =PDP?, Py =P(:,1: K—1),and P_x_1) = P(: , K: F). We also denote
V = PL |V as the post-(K —1)-PCA dataset of V. Instead of using P _; which is
correlated to the samples, we consider the SVD of ¥, and project the original data
matrix onto RX~! using the first K — 1 singular vectors of X,. We can similarly
estimate the terms in (2.1.7) for the corresponding (K — 1)-dimensional spherical
GMM. Furthermore, we estimate the difference between the results obtained from
projecting the original data matrix onto RX~! using the first K — 1 singular vectors
of ¥y and the results obtained from projecting the original data matrix onto R¥~1

using the columns of Pg_1.

Proof of Theorem 2: By the non-degeneracy condition and Lemma 4, we have

rank(3g) = K — 1. Let the compact SVD of 3, be

3 = QKAEKAQ?@p (2.2.59)

where Qx_; € RF*E=1 has orthonormal columns and Ex_; € RE-DXE=1) g 4
diagonal matrix. Since Q% _,Qx_1 = I, by the property of Gaussians, we know if
x is a random vector with a spherical Gaussian distribution N'(u, ¢*I) in RY, then
QL _,x is a random vector with a spherical Gaussian distribution A'(Q%_u, 0T) in
RE-1 Let V := Q%L_,V, Z be the centralized matrix of V and S := ZTZ. Denote
= QL _juand i, = QL_,uy for all k € [K]. Let S := YK | wy (1, — ) (6 — 11)7.
Define X := [/wi(u; — ), ..., /wg (ug — )] € R¥*F and let X := QL _,X. Select

Q_(x-1) € RF*F=K+D guch that [Qx—1, Q_(x—1) is an orthogonal matrix. We have

XX - X"X = X"X - X"(Qr-1Q%_ )X = X"Q_x-1)Q” (x_1)X = 0.
(2.2.60)

Thus we have

Amin = Ar—1(XXT) = A1 (XTX) = A1 (XTX) = Ag_1(S0). (2.2.61)
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Then similar to that in Theorem 1, for any € € (0, 1),

P <‘]1VD(\7, %) — (K — 1)5?

> ;) §2K((e+2)K—|—e)exp< 03]\[6 )

(2.2.62)

In addition, for any ¢ > 1, if N > C,K5t?/é?,

<‘NAK 1(8) ~ (huin + )

> ;) < 9(eK? 4 2K)eexp(—12K),  (2.2.63)

where C, C4 > 0 depend on {(wy, uy, 07) }rex]- Note that LD*(V) = LAk (S) = 0.
Thus, we only need to estimate %’D(V,%) —D(V, ‘5)‘ and ‘/\K 1(S) = Ax_1(S)],
where S := ZTZ and Z is the centralized matrix of V. By (2.1.2) and writing
R :=Qxr 1QL | — PrPL | we have

N\D (V,€) — @)| = ‘< (Vv - vETHVT) ,R>‘ (2.2.64)
— 1
< (14 1) (VIR IR (2.2.65)
1
=+ 8) (VI ) IR (2.2.66)
Note that
1 2 = 2 2
B | IVIE] = 3wl + Fo). (2267
k=1

In addition, by Lemma 16 and routine calculations,

1
7Z"RZ

;V\AKI(S) —Ak1(9) - HN

< sl < -

F

(2.2.68)

1 1 i
< SIRISIZI < R (Nnvn% T Hv||§)  (2.2.60)

Thus in (2.2.66) and (2.2.69), we need to bound ||R||r. According to (2.2.17),
|5 — 2|2 can be bounded probabilistically. By Lemma 9 to follow, the upper
bound of |R||r can be deduced by the upper bound of |y — X||o. By leveraging

additional concentration bounds for sub-Gaussian and sub-Exponential distributions
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given in Lemmas 5 and 6, we deduce that if N > C5F3K°t? /e,

P ( ! DV, %) - D(V,%)| > ;) < 48K F exp(—t2F), (2.2.70)

> ;) < 48K F exp(—t°F), (2.2.71)

where C5 > 0 depends on {(wy, uy, 07) brex). The proofs of (2.2.70) and (2.2.71) are
omitted for the sake of brevity. See inequalities (2.3.61) and (2.3.62) in Section 2.3.2
for calculations similar to those to obtain these bounds. Combining these bounds

with (2.2.62) and (2.2.63) and by using Corollary 1, we obtain (2.2.58) as desired. [

The following is a lemma essential for establishing upper bounds of (2.2.66) and
(2.2.69) in the proof of Theorem 2. Note that if we view the Grassmannian manifold
as a metric measure space, the distance between subspaces £ and F can be defined

as [65]
ds(&,F) = ||[Pe — Px|l, (2.2.72)

where P¢ and P r are the orthogonal projections onto £ and F. Because Qr_1Q%
and Px_1PL | are the orthogonal projection matrices for projections onto the sub-
spaces spanned by the columns of Qx_; and Py _; respectively, [|R||r is a measure

of the distance between these two subspaces.

Lemma 9. For e > 0, if |Zn — X2 <€, then

IV K
IRy < 2 (2273)

min

Proof. By Lemma 16, |Ap(Zn) — 52| = [Ar(Zn) — Ar(2)] < e. Then
Because ¥y — Ap(Z )1 is also positive semidefinite, the SVD is

Sy — Ar(En)I = PDPT, (2.2.75)
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where D := D—Ap(En)L. Let D = D(1: K—1,1: K—1). Note that rank(3) =
K — 1. By Lemma 16, A (PDPT) < 2¢ and thus we have

|PDP” — Px_ Dy 1P% |l = \x(PDPT) < 2e. (2.2.76)

Therefore, there exists a matrix Ey with ||Eg|l2 < 4e, such that

¥y =Px_ D Pt | +E,. (2.2.77)
That is,
Qx 1 Ex_1Qk | =Py D PL | +E,. (2.2.78)

Recall that P_x_1y := P(:, K : F). We obtain

QK—1Q£_1 = EOQK—lEI_(l_ng_1 + PK—lDK—1P£_1QK—1E}_<1_1Q£_1

(2.2.79)

=Py PL_ Px D PL_ SI+ESS (2.2.80)

=Px 1P + Pk yPT x EoE{, (2.2.81)

where 3¢ = Qx_1Ex' Q% _, is the Moore-Penrose generalized inverse (or pseu-

doinverse) of X and its largest eigenvalue is A} . Because P_(K_l)PT( K—1) brojects
vectors in R onto the linear space spanned by the orthonormal columns of P_x_1),

we have

IR[r = |Qx-1Qk 1 — Px-1PE_4|lr (2.2.82)
4V Ke

;
>\min

< |EoZ lr < [ EollaVE S |2 < (2.2.83)

where we use the inequality that |[MN]Jp < |[M]5||N]||g for any two compatible
matrices M and N. The inequality ||S§||r < VK||Z{]|2 arises because 3 only

contains K — 1 positive eigenvalues. O

Remark 7. By Lemmas 8 and 9, we see that the subspace spanned by the first
K — 1 singular vectors of 3 lies close to the subspace spanned by the first K — 1
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Figure 2.1: Visualization of post-2-SVD datasets.

singular vectors of ¥ when the number of samples is sufficiently large. Note that
YK wp(uy, — ) (g — )T = Xy = Q1 Ex 1QL ;. We also obtain that the
subspace spanned by u, — u, k € [K] is close to the subspace spanned by the first
K — 1 singular vectors of > 5. Note that 3y = Zszl wkukuf. A similar result can

be obtained for K-SVD to corroborate an observation by [17] (cf. Remark 6).

2.2.3 Numerical Results

To verify the correctness of the upper bounds given in Theorems 1 and 2 and
the efficacy of clustering post-PCA samples, we perform numerical experiments on
synthetic datasets. We sample data points from two types of 2-component spherical
GMMs. The dimensionality of the data points is F' = 100, and the number of
samples N ranges from 1000 to 10000. Component mean vectors are randomly and
uniformly picked from the hypercube [0, 1]F. Equal mixing weights are assigned to
the components. After fixing the mixing weights and the component mean vectors,

Amin 18 fixed. For all k € [K], we set the variances to be

/\min min . )

ol = 44(%}_ D E), corresponding to C(T?nin) oo (2.2.84)
)\min min — . 5

of = Cl((w_ . 8), corresponding to ﬁ ~ 1, (2.2.85)
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where e = 1075, In all figures, left and right plots correspond to (2.2.84) and (2.2.85)

respectively.

We observe from Figure 2.1 that for (2.2.84), the clusters are well-separated,
while for (2.2.85), the clusters are moderately well-separated. For both cases, the
separability assumption (2.2.5) is satisfied. Similar to that in [60], we use the com-
mand kmeans(V’, K, ‘Replicates’, 10, ‘MaxIter’, 1000) in Matlab to ob-
tain an approximately-optimal clustering of V. Here V’ represents the transpose of
V. This command means that we run k-means for 10 times with distinct initializa-
tions and pick the best outcome. For each run, the maximal number of iterations
is set to be 1000. Define doyy = dur(%, €°"") and define the (expected) upper
bound for dyg(€, €°") as doyg = 7(J0)Wmax (provided by Theorem 1). Similarly,
we define dye, := dyp(%, €°Pt) and the (expected) upper bound for dyg (€, )
is defined as apca = 7(01)Wmax (given by Theorem 2). We use a superscript “emp”
to represent the corresponding empirical value. For example, d5 " := %
is an approximation of dy (calculated from the samples), and dZaP := 7(55"" ) pmax is

an approximation of dos, Where ppax 1= maxy %|C€k|

Our numerical results are reported in Figure 2.2. We observe that the empirical
values of upper bounds are close to the corresponding expected upper bounds. This
observation verifies the correctness of the probabilistic estimates. For the well-
separated case in (2.2.84), we observe that the upper bounds for ME distance are
small compared to the moderately well-separated case in (2.2.85). For the former,
the true distances doy, and dpe, are both close to 0, even when the number of
samples is 1000 (a small number in this scenario). The k-means algorithm can
easily find an approximately-optimal clustering, which is also the approximately-
correct clustering. For the moderately well-separated case, we observe that the
upper bounds given in Theorem 1 and Theorem 2 are informative. In particular,

they are only approximately 2.5 times the corresponding true distances.



2.2 Error Bounds for Spherical GMMs

35

original dataset original dataset
0.14 " i i . . . .
0.12% — 025 —w - o e Rm e
A e — - — g — — Vs —
e e — W — - — = — T = P e demp
o 0.1 _‘_ aelnp 7 0.2f _org
e ors - dor ;
@ 0.08f d 1 &
® ——Uorg 0.157 + dorg
E 0.06 + dorg
S 0.1
0.04¢ i * + + + + + + +
0.02 0.05;
+ + + + * + + +* + + 0 n n L L
2000 4000 ]\?000 8000 10000 2000 4000 ]\?000 8000 10000
o1 post-PCA dataset post-PCA dataset
0.12r ] 0.25f
et — e — e m e —
o Dl s e s =t = = = e = e = ol o ey 0.2+ _,_acmp
8 — aemp pca
< 0.08F peca | 1] (_1
k7] a 0.157 ——dpca
E 0.06 dpca 1 + dpca
= * Upca 01 .
0.04r ] r + + + + * + *
0.02r 0.057
Op + + + + + + + + 4 0 L L L L
2000 4000 6000 8000 10000 2000 4000 6000 8000 10000
N N

Figure 2.2: True distances and their corresponding upper bounds.

From Figure 2.3, we observe that performing k-means for the original (high-
dimensional) datasets is significantly slower than performing k-means for the corre-
sponding post-PCA datasets (the reported running times for post-PCA datasets are
the sums of the running times for performing PCA and for performing k-means on
the post-PCA datasets) when the number of samples is large. This difference is more
pronounced for the moderately well-separated case. For this case and N = 10000,
we have an order of magnitude speed up. The running time for larger N can be less
than the running time for smaller N because the number of iterations for k-means
are possibly different. All the results are averaged over 10 runs. All experiments

we run on an Intel Core i7 CPU at 2.50GHz and 16GB of memory, and the Matlab
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Figure 2.3: Comparisons of running times in seconds. Notice the tremendous speed

up of clustering on the post-PCA dataset compared to the original one.

version is 8.3.0.532 (R2014a).

2.3 Extension to Mixtures of Log-Concave Distri-
butions

In this section, we extend the results in Section 2.2 to mixtures of log-concave
distributions. This is motivated partly by Arora and Kannan [52] who mentioned
the algorithm they design for analyzing the learning of GMMs may be extended
to log-concave distributions (besides Gaussians). Also, Kannan et al. [55] gener-
alize the work of Vempala and Wang [17] from spherical GMMs to mixtures of
log-concave distributions. Furthermore, Brubaker [66] considers the robust learning
of mixtures of log-concave distributions. We also consider the learning of mixtures of
log-concave distributions although the structure of the theoretical analysis is mostly
similar to that for spherical GMMs. In Section 2.3.1, before presenting our the-
orem and proof for the original dataset generated from a mixture of log-concave
distributions, we provide some necessary preliminary definitions and results for log-
concave distributions and random variables. To prove our main results concerning

such distributions for dimensionality-reduced datasets, we need to employ a slightly
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different proof strategy vis-a-vis the one for spherical GMMs. We discuss these dif-
ferences and present the theorem and proof for dimensionality-reduced datasets in

Section 2.3.2 .

2.3.1 The Theorem for Original Data

A function f : RF — R, is log-concave if its logarithm is concave. That is, for

any two vectors x,y € R and any «a € [0, 1],

flax + (1 - a)y) > f(x)°f(y)' . (2.3.1)

A distribution is log-concave if its probability density (or mass) function is log-
concave. We say a random variable is log-concave if its distribution is log-concave.
There are many distributions that are log-concave, including Gaussian distributions,
exponential distributions, and Laplace distributions. In particular, distributions
that belong to exponential families are log-concave. Log-concave distributions have
several desirable properties. For example, the sum of two independent log-concave
random variables (i.e., the convolution of two log-concave distributions) is also log-
concave. In addition, the linear projection of a log-concave distribution onto a
lower-dimensional space remains log-concave. To start off, we need to estimate the
deviation of an empirical covariance matrix from the true covariance matrix. We

leverage the following lemma due to [55].

Lemma 10. Let e,n € (0,1), and y1,ya,...,yn be zero-mean i.i.d. random vectors
from a log-concave distribution in RY. Then there is an absolute constant C > 0
such that if N > C’g log® (g), with probability at least 1 —n,
(1-— €>E[(VTy)2] < ]17 i\[:(VTyn)2 < (1+ e)E{(VTy)Q}, VveRY.  (23.2)
n=1
Note that Lemma 10 provides an estimate for the empirical covariance matrix.
This is because that for any symmetric matrix M, [[M|ls = supyegr |jy|,=1 [{MV, V)|

and (2.3.2) is equivalent to

15 — Sl < €IS (2.3.3)
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Using Lemma 10, we also have the following corollary which provides a useful

concentration bound for the sum of the squares of log-concave random variables.

Corollary 4. Let € € (0,1), and y1,¥ya,...,yn be i.i.d. samples from a log-concave
distribution with expectation p and variance o®. Then if € is sufficiently small, there
s an absolute constant C' > 0 such that for N > C’e% log® (%), with probability at
least 1 —n,

Zyn (12 + %) <e (2.3.4)

Proof. When p = 0, we can apply Lemma 10 with F' = 1 directly. When u # 0, we

r(ly S >e>
(‘ i 2>2> (i Zyn— > 1 |) 235)

By Lemma 10, there is a C' > 0 such that if N > Cl log® ( ) the first term in

have

— (p* + %)

Z\H ||M2

(2.3.5) is less than or equal Z. By Lemmas 5 and 6, the second term is less than or
equal 2 exp(—ce?N), where ¢ > 0. When N > -5 log(é) we have I > 2exp(—ce’N).
If € is sufficiently small, we have —log( ) < Chlog’ ( ) Thus we obtain (2.3.4)
as desired. O

We will make use of the following lemma [62] concerning the eigenvalues of a

matrix which is the sum of two matrices.

Lemma 11. If A and A + E are both n-by-n symmetric matrices, then
M(A) + A (E) S M(A+E) < M (A)+ M (E), VEe€[n]. (2.3.6)

For any k € [K], let 0 .., and o} ;, be the maximal and minimal eigenvalues of
X, respectively, and define &7, 1= 5| Wp0} o a0 Thy 1= S WO iy Other
notations are the same as that in previous theorems. Then in a similar manner as
Theorem 1 for spherical GMMs, we have the following theorem for mixtures of

log-concave distributions.
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RN are indepen-

Theorem 3. Suppose that all the columns of data matriz V €
dently generated from a mizture of K log-concave distributions and N > F > K.
Assume the mizture model satisfies the non-degeneracy condition. We further as-

sume that

F&2 —(F— K+ 1)a2.
0 < 52 — O max ( - _'__ )Umln
)\min + Oin — Oﬁiax

< ((Wmin)- (2.3.7)

Then for any sufficiently small € € (0,1) and any t > 1, if N > C’K:f4 log® (Kjfg),

where C' > 0 depends on the parameters of the mixture model, we have, with proba-
bility at least 1 — n,

Fa?, —(F—K+1)52,, +¢
d % cgopt < max min
ME( ’ ) =7 ( >\min + 5-r2nin - 6r2nax — €

) Gt +) (238)

where €°P* is an optimal K -clustering for V.

The proof, which is presented below, is mostly similar to that for Theorem 1, ex-
cept that we employ different concentration inequalities and slightly different bound-

ing strategies (e.g., Lemma 11 is required).

Proof of Theorem 3. We have that the two inequalities concerning wy in (2.2.23)
and (2.2.24) still hold. In addition, for any k € [K], if N > €15 log” (£) with

C1 > 0 being sufficiently large,
]P) <

By Lemma 6, similarly, we have for a sufficiently small ¢ > 0,

1
e 2 vl = (s llz + (%) ‘ > e>

TLGIk

= > vnlf)? = (u(f)? + 2l S, f)) ‘ > ;) < F. (2.3.9)

Ne?
P (fleall — ] > €) < 47 exp (~er ). (2.3.10)

Therefore, by K | witr(X) < F&2,., similar to that for spherical GMMs, if N >

max’
F2K? 5 ( F2K?
Cl 2 IOg ( €n )

1
P (ND(V, I)—Fo2 > ;) <. (2.3.11)
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Similarly, we have
Ne?
P(v(f) —u(f)] >¢€) < (4+e)K exp (—c) . (2.3.12)

We also have that

_ _ €
P(ISy - Sl > £)
€
<P(|Sy -3, > )+P@W1—m1m 4) (2.3.13)
K T
N D onew, VnV T €
<N P (|| Eenst TnTn ) > —
B g ( i (e + Be) 9 4K>
€
+P (||vv —qal|, > Z> (2.3.14)
K K
k=1 2 8 k= N

K
e, Va Ve
+zpﬂ2€ﬁ4%#4&)
k=1 N

(2.3.15)

Note that the following bound for Xy — X is slightly different from (2.2.43) because

Lemma 10 requires that the log-concave distribution has zero mean. Furthermore,

recall that cj := |71k| S new. Vn, We have
Z D )
VnV llkllk k =

ne‘ﬁk 2 16Kwk
<P iz:(v —w) (v —up)t = || > ‘
= g = n k n k k , = 32Kwk

€
P -2 2.3.1
+ (HCkuk +11ka ukuk||2 = 32Kw ) ( 3 6)

<P 1Z(V —w) (v — )t =2 > ‘
= g = n k n k k ) - 32KU}k

€
2P — > ]. 2.3.17
+ 2P (flow = il > e (2317)

Therefore, we have that if N > C’lF K log ( [; ) with probability at least 1 — 7,

— — €
Xy — X2 < 5 (2.3.18)
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Now, note that by Lemma 11, for k < FF < N,

K

k=1

K
> Me(Zo) + D wedp (k) = Me(Bo) + O
k=1

Therefore, if N > (4 Fg@ log® <F26717(2), we have

IP(lD*(V) (F— K+ 1)o2, < —§>

Or more concisely, if N > C;=5— F4K log (Fif](Z)),

1
P{—=D" —(F-K+152 <—)<
(F2 V)= (F =K+ a2, < ~5) <n

(2.3.19)

(2.3.20)

(2.3.21)

(2.3.22)

(2.3.23)

(2.3.24)

Similarly, by the inequalities Ax_1(X) > Ax_1(Zg) + 72, and M\g(X) < 72, if

N > CIF K?2 log (FKQ)’

€n

P (;)\K—l(s) — (Amin + 0in) < —6> <1,

€

1
P{—=M\x(S)—a2_.>-)<
(N K() O-max—2>—n

Combining these results with Corollary 1, we similarly obtain the conclusion we

desire.

2.3.2 The Theorem for Post-PCA Data

[]

For non-spherical GMMs or more general mixtures of log-concave distributions,

we cannot expect a result similar to that mentioned in Remarks 6 and 7. That is, in

general, the subspace spanned by the top K singular vectors of 3y does not converge

to the subspace spanned by the K component mean vectors, where “convergence” is
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in the sense that the distance defined in (2.2.72) vanishes as N — co. An illustration
of this fact is presented in [55, Figure 1]. However, we can still provide an upper
bound for the distance of this two subspaces for more general mixture models. It
is proved in [55] that the subspace spanned by the top K singular vectors of Xy is
close (in terms of sample variances) to the means of samples generated from each
component of the mixture (see Lemma 12 to follow). Define the maximum variance
of a set of sample points generated from the k-th component of the mixture along

any direction in a subspace S as

1 2
2 T
0. s(V):= max — z' (v, —ci)| 2.3.27
Ls(V) = a0 3 [a (v =) (2.3.27)
where ¢ = @Zne% v, is the centroid of the points in %);. Recall that from

Section 2.1.2, we denote v := +- S0 | v,, and Z as the centralized matrix of V. Let
Cr = ¢, — v. We have 0} 5(Z) = 0 5(V) for any subspace S and the the following
lemma which is similar to Theorem 1 in [55] holds. Note that this lemma holds not

only for mixtures of log-concave distributions, but also for any mixture model.

Lemma 12. Let € be the correct target clustering corresponding to the mizture. Let
W be the subspace spanned by the top K — 1 left singular vectors of Z.. Then
K K
> npd(Cr, W) < (K — 1)) o y(V), (2.3.28)
k=1 k=1
where d(¢x, W) denotes the orthogonal distance of €y from subspace W for any k €
[K].

In addition, recall the notations Px_1,P_(x_1), and Qx_1 (cf. (2.2.59)) from
Section 2.2.2. Let 0y, := uj,—1 for k € [K]. Since YK | w, i, = 0, rank () < K —1.
It is easy to see that d(x,W)? = |x — Px_P%L_,x|% for any vector x and by
denoting o7 .., as the maximal eigenvalue of X, (the covariance matrix of the k-th

component ), we obtain the following corollary of Lemma 12.

Corollary 5. If we further assume that the mixture is a mizture of log-concave

distributions, then for any sufficiently small ¢ € (0,1) and all p > 0, if N >
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C’Fif4 log® (Fe—lf), with probability at least 1 — 1,

K K
> wpd(t, W)? < ((K -1y wka,imax) + €. (2.3.29)
k=1

k=1

Proof. Consider,

K €
( Zwkd Ck, Zwkd llk, = 2)
k=1
s T T
= 112
;PQHP (K—1 P—(K—l)ckHQ — [[P_x-1)PZ (K—1) ukH ‘ Z 2Kw >
(2.3.30)
K
<N P(]|c 2.3.31
< 32 fleull - ol > 55 ) (2331)
Ne?
< 8eK?F exp ( o F2K4) (2.3.32)

where (2.3.31) is because that P_(K_l)PT(K_l) is a projection matrix and C; > 0 is

a constant depending on parameters of the mixture model. On the other hand,
V) <0(5 3 (- e, - ) (23.33)

where A1 (+) denotes the largest eigenvalue of a matrix. Consequently, for some fixed

e (0,1), if N > Cy Fi§(4 log® (Feff) (where Cy > 0 is a constant depending on




Chapter 2. k-Means Clustering and Dimension Reduction for Learning
Mixture Models

parameters of the mixture model), we have

IP’( —1) ZwkakW(V)—( —1) Zwkakmax_;>

k=1
K ) €
< ];P (UkW Jk max > 2K2wk> (2334)
= T 2 €
<Y P(A — ) (Vo — - >__° 2.3.35
=& 1( o 2,V T et e ) Thm = K (233
< fj p(|-2 )( S [ (2.3.36)
— —ci)(v, —cC — > 3.
B k=1 Ny ne‘ﬁk : " F 2 2K2wk
<sp([! v — )~ B >
— —ug)(vp, —ug)" —
o ng g g g s 4K?wy
K €
P 2.3.37
3 (nck wlf> ) (2337)
< 2K7/, (2.3.38)

where (2.3.36) is due to Lemma 16 and (2.3.37) is due to the fact that

1
— Z —Ck —Ck)T = [ Z (Vn — uk)(vn — uk)T:| — (uk—ck)(uk—ck)T.
nefk N IS5
(2.3.39)
Then with probability at least 1 — (8¢ + 2) K1/,

K K
> wpd(uy, — @, W)? < <(K -1y wkai,max) + €. (2.3.40)

k=1 k=1

Now, we define n := (8¢ + 2)Kn'. Then, we obtain (2.3.29) with the sample com-
plexity result as in the statement of Corollary 5. m

Because Corollary 5 only provides a guarantee for the closeness of centralized
component mean vectors to the SVD subspace of centralized samples, we need to
further extend it to show that the subspace spanned by all the centralized component
mean vectors is close to the SVD subspace of centralized samples. This is described

in the following lemma.
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Lemma 13. Let V € RN be generated from a misture of K log-concave dis-
tributions that satisfies the non-degeneracy condition (cf. Definition 1). Using the

notations defined above (see, in particular, the definition of Amn in Section 2.2.1),

2 < 2 Zszl wkd(ﬁk, W)2

HPK—IPII;—I - QK—1Q£_1HF S . (2.3.41)
Proof. We have that
K K
Z wkd(ﬁk, W)2 = Z wkHﬁk — PK,1P£_1ﬁk|’§ (2342)
k=1 k=1
K
=Y wuP_x_yPL i yu, = tr(ATA), (2.3.43)

b
Il
—

where A :=PT ;. UD, U:= [uy,..., 0], and D := diag(,/wy, ..., /wx). Recall
that we write the SVD of Xy := YK | wyal as g = Qx_1Ex_1Q%_,. We have

tr(ATA) = tr(UD*U"P_(x_yP” _y)) (2.3.44)
= tr(Ex1Qk \P_(k—)P” (x_1)Qx—1) (2.3.45)
> )\mintr(Q%-lP—(K—l)PT(K_l)QKfl)7 (2346)

where the inequality is because the diagonal entries of Q%_lP_( K_l)PT( Kfl)Q K1
are nonnegative.
Let 8 := YK, wd(u, W)? By combining the above inequalities, we have

p
>\min '

IPL 1) Qrallf < (2.3.47)

Since

IPh_1Qrallf + P k1) Qr-1llE = [IPT Qri[lf = tr(Qk 1 PP Q1)
(2.3.48)

— K~ 1= |PL_QJ2 = [PL_ Qi 2+ IPEQ a2 (23.49)

where Q_(x_1) € RFXF=E+D g selected such that [Qx—1, Q_(x_1)] is orthogonal,
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we also have that [|[PL_;Q_x—1)||3 < 2. Now we have

Amin.
1Qk-1Qk 1 — Px1Pi_|f

- tr(QYI;_lP_(K_l)PT(K_l)QK-l) + tr(Pﬁ_lQ—(K—l)QT(K-I)PK—I) (2350)

20
)\min 7

= PL (k1) Qralle + Pk 1 Q- l[F < (2.3.51)

concluding the proof of Lemma 13. m

Combining the results of Corollary 5 and Lemma 13, we obtain an upper bound
of the distance between the two subspaces, and we can prove a result concerning
optimal clusterings of the dimensionality-reduced dataset (via PCA) generated from
a mixture of log-concave distributions. This parallels the procedures for the proof
strategy of Theorem 2.

Now, we demonstrate that under similar assumptions on the generating process
of the samples (compared to those in Theorem 3), any optimal clustering for the
post-PCA (cf. Section 2.1.3) dataset is also close to the correct target clustering
with high probability.

Theorem 4. Define L := YK wy (JJug|? +tr(Xy)). Let the dataset V. € RI*N
be generated under the same conditions given in Theorem 3 with the separability
assumption in (2.3.7) being modified to

(K —1)5%, +a

0<dg:= W= p—" < ((Wmin), (2.3.52)
where
_ [2(K —1)52 - 2(K — 1)a2
a:=(1+K)L 2K = 1) )"ma", and b:= (L—|alf3) 2K = 1) (2.3.53)

Amin Amin
Let V e REX(E=D) pe the post-(K — 1)-PCA dataset of V. Then for any sufficiently
small e € (0,1), if N > C% log® (%54), where C' > 0 depends on the parameters
of the muixture model, we have, with probability at least 1 — 7,

(K—-1)52, +a+e
)\min—i_a—?nin - b_ 6

dyg (€, €Y < ( ) (Winax + €), (2.3.54)

where € is the correct target clustering and E°Pt is an optimal K -clustering for V.
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Proof. We use the same notations as those in the proof of Theorem 2 and in the
statement of Theorem 4. Since Qx_; € R”*(K~1 has orthonormal columns,
K-1
tr(Qx1ZkQr—1) < Y Nj(Zp) < (K = 1)0% e Yk € [K]. (2.3.55)
j=1
Therefore, similar to that for the case for the original dataset (cf. the inequality

in (2.3.11)), if N > C’lf—; log® (K—4> with C7 > 0 being sufficiently large,

€n

1 N
P (pr,z) — (K - 1)32,, > ;) <. (2.3.56)
In addition, we have Ax_1(Qk_1XtQx—1) > Ap(Eg) = 0f " Similarly, we have

M(QE_ 1 ZkQx-1) € M(Bk) = 0F . Thus if N > €155 log? (£2)),

1 ~
P =Ako1(S) = Qi +025) < —= ) <. (2.3.57)
N 2
Recall that we write R := QK_1Q1T<_1 — PK_1P7];_1. Let r .= % Com-

bining Corollary 5 and Lemma 13, we have that if N > CF25§4 log® (Ff;B), with

probability at least 1 — 7,
|IR||r < 7+ Cae, (2.3.58)
where Cy > 0 is sufficiently large. In addition, using the inequalities

1 - - 1+ K
N‘D(V, J)=D(V,7)| < —

IR[I=IIZ][7, (2.3.60)

IVI[EIR e (2.3.59)

IN

1 na =~
N S_SH2

*Indeed, assume, to the contrary, that Ax_1(Q% 1 ZxQx-1) < 0f - Then there is a
A< ai min and a corresponding unit vector x € RE=1 such that Q% 21 Qx_1x = Ax. Thus,
2 2 _ 2 2 TOT _ 2 2 2 LI :
Uk,rrlin"x|‘2 - Jk,min”QK*1XH2 <x KflszKflx - )‘”XHQ < Uk,mionH% which is a contradic-

tion.
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we deduce that

P(é@ﬁhﬂ)—@ﬁﬁfﬂ—aZé)

<P (FIVIEIRI: - Ir > 5 ) (2361)
<?((FIVIE-2)r > 5 ) + B (IVIE > £+1)
+P@RM—TZ4@+K&E+D>- (23.62)

Therefore, by (2.3.9) and (2.3.58), we obtain that if N > C} Fifb log® <F2K4),

€n

P@UD@C%)—D@Cﬂﬂ—a2;>§n. (2.3.63)

Similarly, when N > C’l% log® <F2€7]]{4)’

1y~ = €
P(NHS—ﬂt—bZQ)gn. (2.3.64)
Combining these results with Corollary 1, we obtain the desired conclusion. O

Note that by using the fact that w = (wy,ws,...,wg) is a probability vector
and the non-degeneracy condition, we have S"K | wy|lug||3 > [|ul|3 and thus b > 0.
The proof of Theorem 4 is similar to that for Theorem 2, except that the estimate
of [Px_1PL | — Qr_1Q%L || is obtained differently. The separability assump-
tion (2.3.7) for mixtures of log-concave distributions reduces to (2.2.5) for spherical

2

GMDMs because in this case, we have 62 = 52

min

2 = ¢2. If the mixture model is non-

spherical, the separability assumption (2.3.7) is generally stricter than (2.2.5). This

is especially the case when 52, > 2. . This implies non-spherical mixture models

are generally more difficult to disambiguate and learn. For dimensionality-reduced
datasets (using PCA), the separability assumption in (2.3.52) is stricter than the
separability assumption in (2.2.56), even for spherical GMMs, because of the pres-
ence of the additional positive terms a and b in (2.3.53). In addition, unlike that for
spherical GMMs, the separability assumption in (2.3.52) for dimensionality-reduced

datasets may also be stricter than the separability assumption in (2.3.7) also because

of the same additional positive terms a and b.
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2.4 Discussion and Other Perspectives

In this section, we discuss several interesting and practically-relevant extensions
of the preceding results. In Section 2.4.1, we show that Theorems 2 and 4 may be
readily extended to other dimensionality-reduction techniques besides PCA/SVD
by leveraging results such as (2.1.10). In Section 2.4.2, we show that we can apply
efficient clustering algorithms to obtain an approximately-optimal clustering which

is also close to the correct target clustering.

2.4.1 Other Dimensionality-Reduction Techniques

Our results can be used to prove similar upper bounds for the ME distance
between any approximately-optimal clustering and the correct target clustering. The

following corollary follows easily from Lemma 1.

Corollary 6. Consider a K-clustering € with corresponding 0 (cf. Lemma 1) and
a K-clustering €' that satisfies

D(V,%€") <yD(V,€™), (2.4.1)

for some v > 1. Then if

_ 2DV, %) -D*(V)

0y 1= e (S) = Ar(S) (2.4.2)
satisfies

0y < KQ_ L and 7(0) < Prin, (2.4.3)
we have

dvi(€',€) < puaxT(0). (2.4.4)

Proof. We have § < 4, < %(K —1) and 7(6,04) < 7(6y) < Pmin. Lemma 1 thus
yields dyg(€,€") < pmaxT(0). O
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According to the above corollary, we deduce that if we make a stronger sep-
arability assumption as in (2.4.3), we can bound the ME distance between any
approximately-optimal clustering and the correct target clustering. Therefore, by
leveraging (2.1.10), our theoretical results for dimensionality reduction by PCA (in
Theorems 2 and 4) can be extended to other dimensionality-reduction techniques
such as random projection [67-70] and randomized SVD [19,20,70]. We describe
these dimensionality-reduction techniques in the following and provide known results

for  satisfying (2.1.10).

e A random projection from F dimensions to D < F dimensions is represented
by a D x F matrix, which can be generated as follows [71]: (i) Set each en-
try of the matrix to be an i.i.d. N'(0,1) random variable; (ii) Orthonormalize
the rows of the matrix. Theoretical guarantees for dimensionality-reduction
via random projection are usually established by appealing to the well-known
Johnson-Lindenstrauss lemma [72] which says that pairwise distances and in-

ner products are approximately preserved under the random projection.

e Because computing an exact SVD is generally expensive, randomized SVD has
gained tremendous interest for solving large-scale problems. For a data matrix
V € RF*N to reduce the dimensionality of the columns from F to K < F, one
performs a randomized SVD using an F' x K matrix Zy. More specifically, we
can adopt the following procedure [60]: (i) Generate a DX F' (D > K) matrix L
whose entries are i.i.d. N'(0, 1) random variables; (ii) Let A = LV € RP”*" and
orthonormalize the rows of A to construct a matrix B; (iii) Let Zyx € RI*K
be the matrix of top K left singular vectors of VBT € R¥*P  Such Zj is
expected to satisfy |V — ZgZLV]|r =~ |V — PxPLV]|r, where Pk is the
matrix of top K left singular vectors of V. The key advantage of randomized
SVD over exact SVD is that when D < min{F, N}, the computation of the

randomized SVD is significantly faster than the computing of an exact SVD.

e We may also employ feature selection techniques such as those described in [73]
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Table 2.1: Summary of Feature Extraction Techniques

Technique Reference | Dimensions y
[75] K 2
PCA/SVD
[61] [K /€] 1+e
random projection [61] O(K/e*) | 1+e€
randomized SVD [61] [ K /€] 1+e

and [74].

A subset of the results of [61] is presented in Table 2.1. This table shows the
v such that (2.1.10) is satisfied for various reduced dimensions and dimensionality
reduction techniques. Even though the results in Table 2.1 appear promising, we ob-
serve from numerical experiments that for dimensionality reduction by PCA/SVD,
if the data matrix is generated from a spherical GMM, even if it is moderately-well
separated (cf. Section 2.2.3 to follow), D(V,€°P") ~ D(V,€°P"). That is, in this
case, 7 &~ 1 even though the reduced dimensionality is K — 1 or K . Furthermore,
we show in Theorem 2 that for dimensionality reduction by PCA, we require a
weaker separability assumption (compared to that in Theorem 1). However, from
Table 2.1, for SVD, if the reduced dimensionality is K, then v = 2 and we will
require a stronger separability assumption according to Corollary 6. Therefore, the
results for PCA/SVD in Table 2.1 are generally pessimistic. This is reasonable be-
cause PCA/SVD is data-dependent and we have assumed specific generative mixture

models for our data matrices.

2.4.2 Other Efficient Clustering Algorithms

Although k-means is a popular heuristic algorithm that attempts to minimize the
sum-of-squares distortion, in general, minimizing this objective is NP-hard and k-

means only converges to a locally optimal solution. In addition, k-means is sensitive
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to initialization [5]. Fortunately, there are variants of k-means with judiciously cho-
sen initializations that possess theoretical guarantees, e.g., k-means++ [5]. In addi-
tion, efficient variants of k-means [45,76] have been proposed to find approximately-
optimal clusterings under appropriate conditions. Our theoretical results can be
easily combined with these efficient algorithms to produce approximately-optimal
clusterings which are also close to the correct target clustering. We demonstrate this
by using a result in [76]. Namely, if we denote the optimal distortion with £ € N
clusters as OPT}, Theorem 4.13 in [76] states that:

Lemma 14. If O?fg:il < €% for a small enough € > 0, the randomized algorithm pre-
sented before Theorem 4.13 in [76] returns a solution of cost at most ( ¢’ ) OPTg

1-37€2
with probability 1 — O(\/€) in time O(FNK + K*F).

We demonstrate that this lemma and the proposed algorithm can be combined
with our theoretical results to produce further interesting results. For simplicity,

we assume the data matrix V € RF>*N

is generated from a K-component spherical
GMM. Then by previous calculations, the lower bound of the distortion for K — 1
clusters is Dy, := 325 ;1 A(S) (cf. Section 2.1.2). As N — oo, Dj_; converges
t0 Amin + (F — K + 2)G? in probability. In addition, the distortion for the correct
target clustering (with K clusters) converges to F'g? in probability. Therefore, if
the number of samples is large enough, with high probability,
OPTg < Fa?
OPTxk 1 = Amim + (F — K +2)52

(2.4.5)

Thus if &2 is sufficiently small or Ay, is sufficiently large, by Lemma 14, we can
use the algorithm suggested therein to obtain an approximately-optimal clustering
for the original dataset. In addition, by Theorem 1 and Corollary 6, under an
appropriate separability assumption, the approximately-optimal clustering is close
to the correct target clustering that we ultimately seek.

We have provided one example of an efficient algorithm to obtain an

approximately-optimal clustering. Interested readers may refer to the paper by
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Ackerman and Ben-David [45] which discusses other computationally efficient algo-

rithms with guarantees.






Chapter

A New Initialization Method for NMF

As we mentioned in Chapter 1, classical algorithms for NMF [23,29,31,32] typ-
ically have no theoretical guarantees beyond guaranteeing that the sequence of the
values of the objective function is non-increasing and the iterates converge to a
stationary point. Further, there are no analyses concerning error bounds. Re-
cently, near-separable NMF has become popular and researchers are able to derive
error bound analysis for near-separable NMF. However, usually, to leverage on con-
vex analysis technique, a strong assumption that the data matrix V is normalized
such that each column (or row) of it has unit ¢; norm is made. As pointed out
in [37], normalization, especially in the ¢;-norm for the rows of data matrices may
degrade the clustering performance for text datasets significantly. In this chapter,
we propose a geometric assumption which can be considered as a special case of
the near-separability assumption. We design an algorithm named cri-nmf. It first
uses the geometric assumption to obtain an exact clustering of the columns of the
data matrix; subsequently, it employs several rank-one NMFs to obtain the final
decomposition. In particular, we are able to derive error bound analysis without the
normalization assumption. Numerical experiment results reveal that our algorithm

can be used as a good initializer for classical NMF algorithms.

55
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3.1 Background

In this section, we describe some works that are related to ours.

3.1.1 Near-Separable NMF

Arora et al. [34] provide an algorithm that runs in time polynomial in F'; N and K
to find the correct factor matrices under the separability condition. Furthermore, the
authors consider the near-separable case and prove an approximation error bound
when the original data matrix V is slightly perturbed from being separable. The
algorithm and the theorem for near-separable case is also presented in [36]. The
main ideas behind the theorem are as follows: first, V must be normalized such
that every row of it has unit /; norm; this assumption simplifies the conical hull for
exact NMF to a convex hull. Second, the rows of H need to be robustly simplicial,
i.e., every row of H should not be contained in the convex hull of all other rows and
the largest perturbation of the rows of V should be bounded by a function of the
smallest distance from a row of H to the convex hull of all other rows. Later we
will show in Section 3.2 that our geometric assumption stated in inequality (3.2.2)
is similar to this key idea in [34]. Although we impose a clustering-type generating
assumption for data matrix, we do not need the normalization assumption in [34],
which is stated in [37] that may lead to bad clustering performance for text datasets.
In addition, because we do not impose this normalization assumption, instead of
providing an upper bound on the approximation error, we provide the upper bound

for relative error, which is arguably more natural.

3.1.2 Initialization Techniques for NMF

Similar to k-means, NMF can easily be trapped at bad local optima and is sensi-
tive to initialization. We find that our algorithm is particularly amenable to provide
good initial factor matrices for subsequently applying standard NMF algorithms.

Thus, here we mention some works on initialization for NMF. Spherical k-means
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(spkm) is a simple clustering method and it is shown to be one of the most efficient
algorithms for document clustering [77]. The authors in [46] consider using spkm for
initializing the left factor matrix W and observe a better convergence rate compared
to random initialization. Other clustering-based initialization approaches for NMF
including divergence-based k-means [78] and fuzzy clustering [79]. It is also natural
to consider using singular value decomposition (SVD) to initialize NMF. In fact,
if there is no nonnegativity constraint, we can obtain the best rank-K approxima-
tion of a given matrix directly using SVD, and there are strong relations between
NMF and SVD. For example, we can obtain the best rank-one NMF from the best
rank-one SVD (see Lemma 17), and if the best rank-two approximation matrix of
a nonnegative data matrix is also nonnegative, then we can also obtain best rank-
two NMF [44]. Moreover, for a general positive integer K, it is shown in [47] that
nonnegative double singular value decomposition (nndsvd), a deterministic SVD-
based approach, can be used to enhance the initialization of NMF, leading to a
faster reduction of the approximation error of many NMF algorithms. The CUR
decomposition-based initialization method [80] is another factorization-based initial-
ization approach for NMF. We compare our algorithm to widely-used algorithms for

initializing NMF in Section 3.6.2.

3.2 Our Problem Formulation

In this section, we first present our geometric assumption and prove that the
exact clustering can be obtained for the normalized data points under the geometric
assumption. Next, we introduce several useful lemmas in preparation for the proofs
of the main theorems in subsequent sections.

Our Geometric Assumption for the data matrix V is presented in the following.
We assume the columns of V lie in K circular cones which satisfy a geometric

assumption presented in (3.2.2) to follow. We define circular cones as follows:

Definition 3. Given u € RY with unit ¢, norm and an angle o € (0,7/2), the
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Example of Two Disjoint 3D Circular Cones

1
00 08 07 o8 o4

04 03 02 gy 0

Figure 3.1: Hlustration of the geometric assumption in (3.2.2). Here oy = ap = 0.2

and (12 = 0.9 > 3aq + ao.

circular cone with respect to (w.r.t.) u and « is defined as

xTu

C(u,a) := {x c RF\ {0} : > cos a}. (3.2.1)

1|2

In other words, C(u, a) contains all x € R\ {0} for which the angle between u
and x is not larger than a. We say that a and u are respectively the size angle and
basis vector of the circular cone. In addition, the corresponding truncated circular
cone in nonnegative orthant is C(u,a) NP, where P := RY.

We assume that there are K truncated circular cones C1 NP, ..., Cg NP with
corresponding basis vectors and size angles, i.e., Cy := C (ug, o) for k € [K]. Let
Bij := arccos (u;fruj). We make the geometric assumption that the columns of our
data matrix V lie in K truncated circular cones which satisfy

i,jerf}gfli# B > et 3. (3:2:2)
If we sort ay,...,ax as @i,...,ax such that & > a > ... > ag, (3.2.2) is
equivalent to

i’jg}(i]l}i# Bij > 31 + Ga. (3.2.3)
The size angle oy, is a measure of perturbation in k-th circular cone and f;;,7 # j
is a measure of distance between the i-th basis vector and the j-th basis vector.

Thus, (3.2.2) is similar to the second idea in [34] (cf. Section 3.1.1), namely, that
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the largest perturbation of the rows of V is bounded by a function of the smallest
distance from a row of H to the convex hull of all other rows. This assumption is
realistic for datasets whose samples can be clustered into distinct types; for example,
image datasets in which images either contain a distinct foreground (e.g., a face)
embedded on a background, or they only comprise a background. See Figure 3.1 for
an illustration of the geometric assumption in (3.2.2) and refer to Figure 1 in [36]
for an illustration of the separability condition.

Now we discuss the relation between our geometric assumption and the separa-
bility and near-separability [34,36] conditions that have appeared in the literature
(and discussed in Section 1.4). Consider a data matrix V generated under the ex-
treme case of our geometric assumption that all the size angles of the K circular
cones are zero. Then every column of V is a nonnegative multiple of a basis vector
of a circular cone. This means that all the columns of V can be represented as
nonnegative linear combinations of K columns, i.e., the K basis vectors uy, ..., ug.
This can be considered as a special case of separability assumption. When the size
angles are not all zero, our geometric assumption can be considered as a special case
of the near-separability assumption.

In Lemma 15, we show that Algorithm 1, which has time complexity O(KFN),

correctly clusters the columns of V under the geometric assumption.

Lemma 15. Under the geometric assumption on 'V, if Algorithm 1 is applied to 'V,
then the columns of V are partitioned into K subsets, such that the data points in

the same subset are generated from the same truncated circular cone.

Proof. We normalize V to obtain V', such that all the columns of V' have unit /s
norm. From the definition, we know if a data point is in a truncated circular cone,
then the normalized data point is also in the truncated circular cone. Then for any
two columns x, y of V' that are in the same truncated circular cone C,;NRE, k € [K],

the largest possible angle between them is min{2a4,7/2}, and thus the distance

|x—y||2 between these two data points is not larger than /2 (1 — cos (2a)). On the

other hand, for any two columns x, y of V' that are in two truncated circular cones
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Algorithm 1 Greedy clustering method with geometric assumption in (3.2.2)
Input: Data matrix V € RE*Y K € N

Output: A set of non-empty, pairwise disjoint index sets .7, %, ..., #x C [N]
such that their union is [V]
1) Normalize V to obtain V', such that all the columns of V' have unit ¢5 norm.

2) Arbitrarily pick a point z; € V' (i.e., z; is a column in V') as the first centroid.
3) for k=1to K —1do
Ziy1 = argmin{max{z] z,i € [k]}} (3.2.4)
zeV’

and set zg,1 be the (k + 1)-st centroid.
4) S = {n € [N]: k = argmax,c (g z; V'(:,n)} for all k € [K].

C; NRE, C; NRE, i # j, the smallest possible angle between them is §;; — o — «,

thus the smallest possible distance between them is /2 (1 — cos (8;; — a; — ;).
Then under the geometric assumption (3.2.2), the distance between any two unit
data points in distinct truncated circular cones is larger than the distance between
any two unit data points in the same truncated circular cone. Hence, Algorithm 1

returns the correct clusters. OJ

Now we present the following two useful lemmas. Lemma 16 provides an upper
bound for perturbations of singular values. Lemma 17 shows that we can directly

obtain the best rank-one nonnegative matrix factorization from the best rank-one

SVD.

Lemma 16 (Perturbation of singular values [62]). If A and A + E are in RI*V |
then

Up (A+E)—0,(A))* < |ElJf, (3.2.5)

HM’U

where P = min{F, N} and 0,(A) is the p-th largest singular value of A.. In addition,

we have

|0p(A + E) = 0p(A)| < 01 (E) = [[El|2 (3.2.6)
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for any p € [P].

Lemma 17 (Rank-One Approximate NMF [44]). Let ouv’ be the rank-one trun-

cated singular value decomposition of a matric V. € RI*N. Then u' = olul,
v’ = |v| solves
min ||V — xy’ ||p. (3.2.7)

F N
x€R+,y€R+

3.3 Relative Error Bounds for Non-Probabilistic
Data

In this section, we first present a deterministic theorem concerning an upper
bound for the relative error of NMF. Subsequently, we provide several extensions of

this theorem.

Theorem 5. Suppose all the data points in data matriz V & RiXN are drawn from
K truncated circular cones Cy ﬂRi, . ,C’KﬂRi, where Cy, := C (ug, ag,) fork € [K].
Then there is a pair of factor matrices W* € RE*E H* € RE*N | such that

IV — WH? || .
< max{sin a;g }. 3.3.1
Vi < kE[K]{ k) (3.3.1)

Proof. Define .9, := {n € [N] : v,, € C, NRE} (if a data point v,, is contained
in more than one truncated circular cones, we arbitrarily assign the data point to
any truncated circular cone that it is contained in). Then %, %, ..., %k C [N]
are disjoint index sets and their union is [N]. Any two data points V (:,j;) and
V (:,j2) are in the same circular cones if j; and js are in the same index set. Let
V. = V (;, %) and without loss of generality, suppose that V, € Cy for k € [K].
For any k € [K] and any column z of Vy, suppose the angle between z and uy is 3,
we have f < oy and z = ||z||2(cos B)ug +y, with ||y||2 = ||z]|2(sin 5) < ||z]|2(sin ag,).
Thus V; can be written as the sum of a rank-one matrix A, and a perturbation
matrix E;. By Lemma 17, we can find the best rank-one approximate NMF of V,

from the singular value decomposition of Vj. Suppose w; € ]le; and hy € ]R'f’“l
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solve the best rank-one approximate NMF. Let Sy := wih] be the best rank-one

approximation matrix of V. Let P, = min{F’,|.%/|}, then by Lemma 16, we have

Py Py
Vi = Sklli = >0y (Vi) = D 05 (Ag + Ep) < Bl (3.3.2)
p=2 p=2

From the previous result, we know that

IER _ Suev, llzl3sin? 5,
ViE ™ Suev, [

< sin® oy, (3.3.3)

where 3, denotes the angle between z and ug, 5, < a, and z € V. runs over all
columns of the matrix V.

Define hj € RY as hi(n) = hy(n), if n € ), and hj(n) = 0if n ¢ F. Let
W+ .= [WT,W;, . ,w}] and H* := [(hT)T ()" (h})T], then we have

IV - WH[F Y5, Vi — wihi [

(3.3.4)
IV[I% IV[[%
o SVl
Thus we have (3.3.1) as desired. O

In practice, to obtain the tightest possible upper bound for (3.3.1), we need to

solve the following optimization problem:

i Vv 3.3.6
min max (V) (3.3.6)

where o(Vy,) represents the smallest possible size angle corresponding to V. (defined
in (3.3.11)) and the minimization is taken over all possible clusterings of the columns
of V. We consider finding an optimal size angle and a corresponding basis vector
for any data matrix, which we hereby write as X := [xq,...,xy]| € RP*M where

M € N,. This is solved by the following optimization problem:

MIinimizey a
subject to  xLu>cosa, m € [M], (3.3.7)

u>0, (ufz=1 a=0,
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where u > 0 denotes element-wise nonnegativity and the decision variables are

(v, u). Alternatively, consider

maximize, Ccos (v
subject to  xLu>cosa, m € [M], (3.3.8)

u>0, |ulp=1.

Similar to the primal optimization problem for linearly separable support vector

machines [81], we can obtain the optimal u and « for (3.3.8) by solving

minimize,, 5 ull3
subject to  xiu>1, me[M], u>0, (3.3.9)

where the decision variable here is only u. Note that (3.3.9) is a quadratic pro-
gramming problem and can be easily solved by standard convex optimization soft-
ware. Suppose U is the optimal solution of (3.3.9), then u* := u/||4l|; and
a* := arccos (1/]|a||2) is the optimal basis vector and size angle.

We now state and prove a relative error bound of the proposed approximate
NMF algorithm detailed in Algorithm 2 under our geometric assumption. We see
that if the size angles of all circular cones are small compared to the angle between
the basis vectors of any two circular cones, then exact clustering is possible, and
thus the relative error of the best approximate NMF of an arbitrary nonnegative
matrix generated from these circular cones can be appropriately controlled by these
size angles. Note that first factor of the SVD can be computed for example with the
power method [62]. Recall that as mentioned in Section 3.2, Theorem 6 is similar
to the corresponding theorem for the near-separable case in [34] in terms of the

geometric condition imposed.

Theorem 6. Under the geometric assumption given in Section 3.2 for generating

V e REXN, Algorithm 2 outputs W* € REXK, H* € RfXN, such that

|V — W*H*||p :
< max{sin az}. 3.3.10
Ve = gt o) (3:5.10)
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Algorithm 2 Clustering and Rank One NMF (cri-nmf)
Input: Data matrix V € RE*Y K € N

Output: Factor matrices W* € REXK, H* € RfXN

1) Use Algorithm 1 to find a set of non-empty, pairwise disjoint index sets
S, Ia,y ..., I C[N].
2) for k = 1to K do

V= V(%) (3.3.11)
Uy, Sk, Xi] 1= svd (Vi) ; (3.3.12)
wii= [Up(5, 1), by o= S, DX, 1)); (3.3.13)
h := zeros(1, N), hi (%) = hy. (3.3.14)

3) W= [wi,...,wi], H .= [(h)" ;... (b)) |

Proof. From Lemma 15, under the geometric assumption in Section 3.2, we can
obtain a set of non-empty, pairwise disjoint index sets %1, %, ..., I C [N] such
that their union is [IN] and two data points V (3, 71) and V (:, jo) are in the same
circular cones if and only if j; and j; are in the same index set. Then from Theorem 5,

we can obtain W* and H* with the same upper bound on the relative error. O

In addition, for any fixed K < min{F, N}, we can use K truncated circular
cones with same size angle to cover nonnegative unit sphere, or equivalently, cover
the nonnegative orthant P. Then by applying Theorem 5, we can obtain a general

upper bound for relative error.

Theorem 7. Given a data matricx V € RiXN and K € N with F < N, K < F (if
F > N, we consider the transpose of V). If we define the minimum of the relative
error of the order-K NMF of V to be

min AV —WH|p

FXK K x
W€R+ 7HER+

J(V,K) := Vi ,

(3.3.15)
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we have the bound for J(V, K)

T
F — 3+ 4sin® /sm2
\/ 4K 2K (3.3.16)
\/F—2+4sm E/sm Y4

When K = 1, we can take the circular cone C (u,a) with u = e/v/F and
o = arccos 1/v/F to cover the nonnegative orthant, where e is the vector with all
I's. sina = /F —1/v/F, and this coincides with (3.3.16) for K = 1. From the
best rank-one approximation error in Frobenius norm of SVD, it is easy to see the

equality can be achieved by taking identity matrix, i.e., V = Ip.

3.4 Relative Error Bounds for Probabilistic Data

We now provide a tighter relative error bound by assuming a probabilistic model.
For simplicity, we assume a straightforward and easy-to-implement statistical model
for the sampling procedure. We first present the proof of the tighter relative error
bound corresponding to the probabilistic model in Theorem 8 to follow, then we
show that the upper bound for relative error is tight if we assume all the circular
cones are contained in nonnegative orthant in Theorem 9.

We assume the following generating process for each column v of V in Theorem 8

to follow.
1. sample k € [K] with equal probability 1/K;

2. sample the squared length [ from the exponential distribution! Exp(\;) with

parameter (inverse of the expectation) Ax;
3. uniformly sample a unit vector z € Cy w.r.t. the angle between z and uy;>

4. ifz ¢ Rf , set all negative entries of z to zero, and rescale z to be a unit vector;

'Exp()) is the function z + Aexp(—Az)1{z > 0}.
2This means we first uniformly sample an angle 3 € [0, o] and subsequently uniformly sample

a vector z from the set {x € RF : ||x||z = 1,xTu;, = cos 8}
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5. let v = Vlz;

Theorem 8. Suppose the K truncated circular cones C’kﬂ]Rf with Cy = C(ug, ax) €
RE for k € [K] satisfy the geometric assumption given by (3.2.2). Let A :=

(AMi;Aas. .5 k) € RE,. We generate the columns of a data matric V.€ RY*N
) 1 sin 2«
from the above generative process. Let f(a) := 5 — 5=, then for a small € > 0,

with probability at least 1 — 8 exp(—EN€?), one has

IV — W*H"*||g < \/Zszl flar)/Ax (3.4.1)

+ €,
[V ]E Yo 1/ Ak

where the constant § > 0 depends only on A\, and f(oy) for all k € [K].

Remark 8. The assumption in Step 1 in the generating process that the data points
are generated from K circular cones with equal probability can be easily generalized to
unequal probabilities. The assumption in Step 2 that the square of the length of a data
point is sampled from an exponential distribution can be easily extended any non-
negative sub-Ezxponential distribution (cf. Lemma 6), or equivalently, the length of
a data point is sampled from a nonnegative sub-Gaussian distribution (cf. Lemma 5

in Section 2.2.1).

The relative error bound produced by Theorem 8 is better than that of Theo-
rem 6, i.e., the former is more conservative. This can be seen from (3.4.3) to follow,
or from the inequality @ < tana for a € [0,7/2). We also observe this in the
experiments in Section 3.6.1.

Theorem 8 is proved by combining the large deviation bound in Lemma 6 with

the deterministic bound on the relative error in Theorem 6.

Proof of Theorem 8. From (3.3.2) and (3.3.3) in the proof of Theorem 6, to obtain
an upper bound for the square of the relative error, we consider the following random

variable

N 7202
_ Yon=1 Ly sin® By,
= 3 7
n=1 Ln

Dy : (3.4.2)
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where L,, is the random variable corresponding to the length of the n-th point, and
B,, is the random variable corresponding to the angle between the n-th point and uy,
for some k € [K] such that the point is in C, NREY. We first consider estimating the
above random variable with the assumption that all the data points are generated
from a single truncated circular cone CNRY with C' := C(u, a) (i.e., assume K = 1),
and the square of lengths are generated according to the exponential distribution
Exp(A). Because we assume each angle /3, for n € [N] is sampled from a uniform
distribution on [0, o], the expectation of sin? B,, is
1 sin2«a

E [sin2 Bn] = /Oa ; sin? fdgB = 5 o fla). (3.4.3)

Here we only need to consider vectors z € ]Rf; whose angles with u are not larger
than . Otherwise, we have E[sin? B,,] < f(a). Our probabilistic upper bound also
holds in this case.

Since the length and the angle are independent, we have
E[Dy] =E[E[Dy|Ly, ..., Ly]] = f(a), (3.4.4)

and we also have

E [L?sin®B,| = E[L}] E [sin® B, = JC(AO‘) (3.4.5)
Define X,, := L2 for all n € [N]. Let

Hy := Z”]%Van, and Gy = Zn-1 X]T\L[Sinz Bn. (3.4.6)
We have for all n € [N],

E[XP] = \PD(p+ 1) < A\ PpP,  ¥p> 1, (3.4.7)

where T'(+) is the gamma function. Thus || X, ||s, < A7, and X, is sub-Exponential.
By the triangle inequality, we have || X,, —EX,, ||y, < || Xn|lw, + [|[EXn|lv, < 2[| X0 v, -
Hence, by Lemma 6, for all ¢ > 0, we have (2.2.14) where M can be taken as
M = 2/\. Because

(E[(X,sin® B,)"])"" < A\ psin?a < A7'p, (3.4.8)
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we have a similar large deviation result for Gy.

On the other hand, for all ¢ > 0

G
P(Dx - fla)| = & =P (|72 - fla)| = ¢) (3.49)
N
€ Gy €
< P(;AGN—f(a)|z§)+P (‘HN—)\GN‘EZ). (3.4.10)
For the second term, by fixing small constants d;,ds > 0, we have
GN |1 —)\HN|GN 6)

= —_ 4.11

P(‘HN ACw ‘ ) ( Hy 2 3 )
11— )\HNlGN € 1 fla) )
<p (2NN S 2 > - <1\Y
_IP’( i QHN_)\ 01,Gy < ) +69
1

Combining the large deviation bounds for Hy and Gy in (2.2.14) with the above

inequalities, if we set 0; = d5 = € and take e sufficiently small,
P(|Dy — f(a)| > €) < 8exp (—EN€?), (3.4.13)

where ¢ is a positive constant depending on A and f(«).

Now we turn to the general case in which K € N. We have

K
1
E[X,] = w and (3.4.14)
E [X,sin’ B,| = i 1f( B/ A (3.4.15)
and for all p > 1,
KT+ D\ p
E[x7])VP — (2=t < . 41
(E[X7]) ( e < (3.4.16)
Similar to (3.4.13), we have
iy flow/Aw) ) 2
P |Dy— >e| < 8exp(—&Ne), 3.4.17
(Jov-Eo B = ) < sexp (-eve) (34.17)
K
and thus, if we let A := M, we have
Zk:l 1/ Ak
P(|VDy — Al <€) > P(|Dy = A% < A¢) (3.4.18)
>1—8exp (—ENAE). (3.4.19)

This completes the proof of (3.4.1). O
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Furthermore, if the K circular cones Cy, .. .,Ck are contained in the nonnegative
orthant RY, we do not need to project the data points not in RY onto R%. Then we

can prove that the upper bound in Theorem 8§ is asymptotically tight, i.e.,

_ kI K
IV - WH s, fmf(ak)/% a5 N 5 oo, (3.4.20)

Ve Skt /A
Theorem 9. Suppose the data points of V € RiXN are generated as given in The-
orem 8 with all the circular cones being contained in the nonnegtive orthant, then
Algorithm 2 produces W* € REXE and H* € RE*N with the property that for any
e€ (0,1) andt > 1, if N > c(t/€)*F, then with probability at least 1 —6 K exp(—t*F)

one has

IV - WH g \/Ziilf(ak)/kk < (3.4.21)

< ce
Ve Y1 1/ A
where ¢ is a constant depending on K and oy, A\ for k € [K].

To prove Theorem 9, we first provide a few definitions and lemmas. Consider the
following condition that ensures that the circular cone C'(u, «) is entirely contained

in the non-negative orthant RE.

Lemma 18. Ifu = (u(1),u(2),...,u(F)) is a positive unit vector and o > 0 satisfies

a < arccosy/1 —u2, (3.4.22)

where Uiy := ming u(f), then C(u,a) C RE.

Proof of Lemma 18. Because any nonnegative vector x is spanned by basis vectors
e}, es,...,ep, given a positive unit vector u, to find the largest size angle, we only
need to consider the angle between u and ey, f € [F]. Take any f € [F], if the angle
3 between u and ey is not larger than 7/4, we can obtain the unit vector symmetric
to e; w.r.t. u in the plane spanned by u and e; is also nonnegative. In fact, the

vector is 2(cos f)u — e;. Because u(f) = cos8 and 8 < /4, we have 2cos* 8 > 1
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and the vector is nonnegative. If 3 > /4, i.e., u(f) < 1/v/2, we can take the

extreme nonnegative unit vector z in the span of u and ey, i.e.,

,— a—ulfle
T lu—u(f)esls (3.4.23)

and it is easy to see ul’z = /1 —u(f)2. Hence the angle between z and u is

7/2 — B < /4. Therefore, the largest size angle ae, w.r.t. ey is

- arccos u( f), if u(f) > 1/v/2 (3.4.24)

arccos /1 —u(f)?, ifu(f) <1/v2

or equivalently, ae, = min{arccosu(f),arccos /1 —u(f)?}. Thus, the largest size

angle corresponding to u is

mfin {min{arccos u(f), arccos /1 — u(f)2}} (3.4.25)

Let tmax = maxsu(f) and umi, := mingu(f). Then the largest size angle corre-

sponding to u is

2

min { ArcCoS Upax, Arccos /1 — umin}. (3.4.26)

Because u? , +u?, < 1for F' > 1, the expression in (3.4.26) equals arccos /1 — u?2

and this completes the proof. O]
L .__ 1 sin(2p) sm 2,8
emma 19. Define f(5) := 5—7 and g(B) := ) for B € ( ] Let ey,

f € [F] be the unit vector with only the f-th entry bemg 1, and C be the circular cone
with basis vector u = ey, size angle being o, and the inverse expectation parameter
for the exponential distribution being X. Then if the columns of the data matrix
V € RN are generated as in Theorem 8 from C' (K = 1) and with no projection
to the nonnegative orthant (Step 4 in the generating process), we have

VvVvT\ D
E< ¥ ): Tf (3.4.27)

where Dy is a diagonal matriz with the f-th diagonal entry being g(a) and other
diagonal entries being f(a)/(F —1).
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Proof of Lemma 19. Each column v,, n € [N] can be generated as follows: First,
uniformly sample a 3, € [0, o] and sample a positive scalar [,, from the exponential
distribution Exp()), then we can write v,, = /I, [cos B,e; + sin 8, y,], where y,,
can be generated from sampling y,(1),...,y.(f — 1), yn(f + 1), ..., yn(F) from the
standard normal distribution N(0, 1), and setting y,(j) = yn(4)//Siss ¥u(0)2, J #
f, yn(f) = 0. Then

E [v(f1)vn(f2)]

= Bl ((cos® B)es(f1)es(f2)+(sin® B)yn(f1)yn(f2))] (3.4.28)
07 fl 7é f27
= g(a)/A, fi=f=f (3.4.29)

f@/(F=1A), h=f#F

where e;(f1) = 1{f = fi} is the fi-th entry of the vector e;. Thus E (VV?/N) =
E (vo,vl) =Dy/A

Proof of Theorem 9. Similar to Theorem 6, we have

IV - WH|[F 35, Vi — wihi [

- 3.4.30
VI it [Vl | )
_ Sk Vil = 0t (Vi) (3.4.31)
SE LVl h
Zszl U% (Vk)
- 2k=01 (Vi) 4.32
SAL (3432

Take any k € [K] and consider o7 (V). Define the index f;, := argmin p¢(pyu; and
the orthogonal matrix Py as in (3.6.1). The columns of Vj, can be considered as
Householder transformations of the data points generated from the circular cone
C}. = C(ey,,ax) (the circular cone with basis vector ey, and size angle ay), i.e.,
V. = P X}, where X;, contains the corresponding data points in C']Qk. In addition,

denoting N} as the number of data points in Vi, we have

N, N, AN\ o
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where Apax (Vng /Nk) represents the largest eigenvalue of V, VI /N;. Take any
v € V. Note that v can be written as v = P;x with x being generated from C’J?k.

Now, for all unit vectors z € R, we have

[vllw, = [Prx]lw, = [Ix[|w, (3.4.34)
— sup supp /2 (E (|XTz|p>>1/p (3.4.35)
[z]|l2=1 p=1
< supp /2E (|5 (3.4.36)
p>1

= [lIxllallw. < VIIXIBlle, < 1/3/ A (3.4.37)

That is, all columns are sampled from a sub-Gaussian distribution. By Lemma 19,
E(vw') =E (Pyxx"P}) = P, D, Pl /). (3.4.38)

By Lemma 8, we have for € € (0,1),¢ > 1 and if N, > &.(t/€)*F (& is a positive

constant depending on \;), with probability at least 1 — 2 exp(—t>F),

‘)\max <Vkvg/Nk) - )\max (E <VVT))’
<|[ViVE/N, —E(vwh) |2 <e, (3.4.39)

where the first inequality follows from Lemma 16. Because Apax (IE (VVT)) =

g(ag) /e, we can obtain that with probability at least 1 — 4K exp(—t*F),

i of (Vi) i g9(ay)
k=1 N k=1 KAy

K T K
= Amax — — 3.4.40
> (T5) ¥ - Lo (440
< 2K, (3.4.41)

where the final inequality follows from the triangle inequality and (3.4.39). From
the proof of Theorem 8, we know that with probability at least 1 — 2 exp(—c; Ne?),

IVIZ S 1/

. 4.42
N K = ¢ (3.4.42)
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Taking N to be sufficiently large such that t2F < c¢;Ne?, we have with probability
at least 1 — 6K exp(—t*F),

K K 2
> k=1 1//\k: D k=1 ||Vk||F
i1 9(aw) /A
< + c3e. 3.4.44
ZkK:1 1/)‘k ’ ( )
Note that g(ax) + f(ax) = 1. As a result, we have
>t J (o) /A [V — W*H"||#
— 36 < (3.4.45)
Yo 1/ ’ IVIIE
et f (o) /A
< + co€. 3.4.46
Zi{:l 1/>‘k ’ ( )
Thus, with probability at least 1 — 6K exp(—t?F'), we have
IV -WH e[S flan)/ M
_ < cge 3.4.47
NG S | (3447
where ¢4 depends on K and {(ag, Ay) : k € [K]}. O

3.5 Automatically Determining the Latent Di-
mension

Automatically determining the latent dimensionality K is an important problem
in NMF. Unfortunately, the usual and popular approach for determining the latent
dimensionality of nonnegative data matrices based on Bayesian automatic relevance
determination by Tan and Févotte [82] does not work well for data matrices gener-
ated under the geometric assumption given in Section 3.2. This is because in [82],
W and H are assumed to be generated from the same distribution. Under the geo-
metric assumption, V has well clustered columns and the corresponding coefficient
matrix H can be approximated by a clustering membership indicator matrix with
columns that are 1-sparse (i.e., only contains one non-zero entry). Thus, W and

H have very different statistics. While there are many approaches [83-85] to learn
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the number of clusters in clustering problems, most methods lack strong theoretical
guarantees.

By assuming the generative procedure for V proposed in Theorem 8, we consider
a simple approach for determining K based on the maximum of the ratios between
adjacent singular values. We provide a theoretical result for the correctness of this
approach. Our method consists in estimating the correct number of circular cones

K as follows:

. Vv
K := argmax M

’ 3.5.1
ke{Kmin ~~~~~ Kmax} o-ki-‘rl (V) ( )

Here Ky, > 1 and K., < rank(V) are selected based on domain knowledge. The
main ideas that underpin (3.5.1) are (i) the approximation error for the best rank-%
approximation of a data matrix in the Frobenius norm and (ii) the so-called elbow
method [86] for determining the number of clusters. More precisely, let V. be the
best rank-k approximation of V. Then [V — Vi||g = Y7_,,, 07(V), where 7 is the
rank of V. If we increase k£ to k + 1, the square of the best approximation error
decreases by oj,1(V). The elbow method chooses a number of clusters k so that
the decrease in the objective function value from k clusters to k£ + 1 clusters is small
compared to the decrease in the objective function value from k£ — 1 clusters to k
clusters. Although this approach seems to be simplistic, interestingly, the following
theorem tells that under appropriate assumptions, we can correctly find the number

of circular cones with high probability.

Theorem 10. Suppose that the data matriz V € RiXN 18 generated according to
the generative process given in Theorem 8 where K is the true number of circular
cones. Further assume that the size angles for K circular cones are all equal to
a, the angles between distinct basis vectors of the circular cones are all equal to
B, and the parameters (inverse expectations) for the exponential distributions are
all equal to A. In addition, we assume all the circular cones are contained in the
nonnegative orthant Rﬁ: (cf. Theorem 9) and K € {Kyin, - - -, Kimax} with Ky > 1

and Knax < rank(V). Then, for any t > 1, and sufficiently small € satisfying
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(3.5.17) in the proof, if N > c(t/€)*F (for a constant ¢ > 0 depending only on \, «
and (3), with probability at least 1 — 2 (Kpax — Kmin + 1) exp (—t2F),

ox(V) _ (V) (3.5.2)

Before proving Theorem 10, we first state and prove the following lemma.

Lemma 20. Suppose data matriz V is generated as in Theorem 8 with all the

circular cones being contained in RY, then the expectation of the covariance matriz

T

71 _ Skt flow) /A
E[vivi] = (F—1) I
L& oglaw) = flow)/(F=1) 7
+—F,gil A: uuf, (3.5.3)

where v denotes the first column of V.

Proof. From the proof in Lemma 19, we know if we always take e; to be the original
vector for the Householder transformation, the corresponding Householder matrix

for the k-th circular cone Cy, is given by (3.6.1) and we have

1 & PD.P}
E Tl — N ARk 3.5.4
[Vlvl ] K = A\ ’ ( )
where Dy, is a diagonal matrix with the first diagonal entry being g(ay) := %—i—%
and other diagonal entries are
1 sin(2ar)

F-1  F-1
We simplify P,D;PI using the property that all the F' — 1 diagonal entries of Dy,
are the same. Namely, we can write

(er —uy)(er —uy)"

F S 1 — (1) 420
_ow@? L w@u(F)

w2 1- 25 u | (3.5.7)
ug (F)ug (2 ug (F)?
L (F) =802 - 1= 4]
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Note that Py = [p’f, ph, ... ,p’}] is symmetric and the first column of Py, is u;. Let

D, be the diagonal matrix with diagonal entries being d;, ds, ..., dr. Then we have
K
P.DPy =3 d;pj(p;)" (3.5.8)
j=1
K
= dywu +dy > ph(ph)” (3.5.9)
j=2
= g (ar) wpuy, + J];(iki (I—upuy) (3.5.10)
(o) f (o)
=5t glag) — Tl uu; . (3.5.11)
Thus, we obtain (3.5.3) as desired. O

We are now ready to prove Theorem 10.

Proof of Theorem 10. Define

a = Z[,}:(}f(_aKA - J;Eaj/f, and (3.5.12)
pow S =S/ (3.5.13)

K\

By exploiting the assumption that all the a;’s and A;’s are the same, we find that

K
E [vlvlT] =al+b> uguy. (3.5.14)
k=1
Let U = [uy, uy, ..., ug]. We only need to consider the eigenvalues of K | uzul =

UU?”. The matrix UTU has same non-zero eigenvalues as that of UU”. Further-

more,
1 cosfB --- COSﬁ-
rg o [8 1 s 515
cosfB cosfB .-+ 1

= (cos B)ee” + (1 — cos B)I (3.5.16)
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where e € R¥ is the vector with all entries being 1. Therefore, the eigenvalues of
UlUare 1+ (K —1)cosB3,1—cosf3,...,1—cos 3. Thus, the vector of eigenvalues of
E [vivi]is [a+b(1+ (K —1)cosB),a+b(1—cosB),...,a+b(l—cosf),a,a,...,a.

By Lemmas 16 and 8, we deduce that for any ¢ > 1 and a sufficiently small € > 0,
such that

a+e _ a+b(1—cosf)—e
a—¢€ a—+€

: (3.5.17)

then if N > c(t/€)>’F (where ¢ > 0 depends only on A, a, and f3), then with
probability at least 1 — 2 (Kyax — Kmin + 1) exp (=t*F), Eqn. (3.5.2) holds. O

In Section 3.6.1, we show numerically that the proposed method in (3.5.1) works
well even when the geometric assumption is only approximately satisfied (see Section
3.6.1 for a formal definition) assuming that NN is sufficiently large. This shows that

the determination of the correct number of clusters is robust to noise.

Remark 9. The conditions of Theorem 10 may appear to be rather restrictive.
However, we make them only for the sake of convenience in presentation. We do
not need to assume that the parameters of the exponential distribution are equal if,
instead of 0;(V), we consider the singular values of a normalized version of V. The
assumptions that all the size angles are the same and the angles between distinct
basis vectors are the same can also be relaxed. The theorem continues to hold even
when the geometric assumption in (3.2.2) is not satisfied, i.e., § < 4a. However,
we empirically observe in Section 3.6.1 that if V satisfies the geometric assumption
(even approzimately), the results are superior compared to the scenario when the

assumption s significantly violated.

Remark 10. We may replace the assumption that the circular cones are contained
in the nonnegative orthant by removing Step 4 in the generating process (projection
onto P) in the generative procedure in Theorem 8. Because we are concerned with
finding the number of clusters (or circular cones) rather than determining the true

latent dimensionality of an NMF problem (cf. [82]), we can discard the nonnegativity
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constraint. The number of clusters serves as a proxy for the latent dimensionality

of NMF.

3.6 Numerical Results

3.6.1 Experiments on Synthetic Data

To verify the correctness of our bounds, to observe the computational efficiency
of the proposed algorithm, and to check if the procedure for estimating K is effective,
we first perform numerical simulations on synthetic datasets. All the experiments
were executed on a Windows machine whose processor is an Intel(R) Core(TM)
i5-3570, the CPU speed is 3.40 GHz, and the installed memory (RAM) is 8.00
GB. The Matlab version is 7.11.0.584 (R2010b). The Matlab codes for running the

experiments can be found at https://github.com/zhaoqiangliu/cri-nmf.

Comparison of Relative Errors and Running Times

To generate the columns of V, given an integer k € [K| and an angle 8 € [0, ag],
we uniformly sample a vector z from {x : xTu; = cos 3}, i.e., z is a unit vector such
that the angle between z and uy, is 3. To achieve this, note that if u, = ey, f € [F]
(e; is the vector with only the f-th entry being 1), this uniform sampling can
easily be achieved. For example, we can take x = (cosf)es + (sinf)y, where
y(f) = 0, y(i) = s(i)/ /S 5(7)%,i # f, and s(i) ~ N(0,1),i # f. We can then
use a Householder transformation [87] to map the unit vector generated from the
circular cone with basis vector ey to the unit vector generated from the circular cone
with basis vector ug. The corresponding Householder transformation matrix is (if
u; = ey, Py, is set to be the identity matrix I)

€r — Ui

_— 3.0.1
Ter —udll (3.6-1)

P,.=1- 2zkz;‘:, where 1z, =

In this set of experiments, we set the size angles a to be the same for all the circular

cones. The angle between any two basis vectors is set to be 4a + Aa where Aa :=


https://github.com/zhaoqiangliu/cr1-nmf
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0.01. The parameter for the exponential distribution A := 1./(1 : K). We increase
N from 10? to 10* logarithmically. We fix the parameters F' = 1600, K = 40 and o =
0.2 or 0.3. The results shown in Figure 3.2. In the left plot of Figure 3.2, we compare
the relative errors of Algorithm 2 (cri-nmf) with the derived relative error bounds.
In the right plot, we compare the relative errors of our algorithm with the relative
errors of three classical algorithms: (i) the multiplicative update algorithm [23]
(mult); (ii) the alternating nonnegative least-squares algorithm with block-pivoting
(nnlsb), which is reported to be one of the best alternating nonnegative least-
squares-type algorithm for NMF' in terms of both running time and approximation
error [26]; (iii) and the hierarchical alternating least squares algorithm [28] (hals).
In contrast to these three algorithms, our algorithm is not iterative. The iteration
numbers for mult and hals are set to 100, while the iteration number for nnlsb
is set to 20, which is sufficient (in our experiments) for approximate convergence.
For statistical soundness of the results of the plots on the left, 50 data matrices
V e R0 are independently generated and for each data matrix V, we run
our algorithm for 20 runs. For the plots on the right, 10 data matrices V are
independently generated and all the algorithms are run for 10 times for each V.
We also compare the running time for these algorithms when they first achieve the
approximation error smaller than or equal the approximation error of Algorithm 2.
The running times are shown in Table 3.1. Because the running times for o = 0.2

and a = 0.3 are similar, we only present the running times for the former.

From Figure 3.2, we observe that the relative errors obtained from Algorithm 2
are smaller than the theoretical relative error bounds. When a = 0.2, the relative
error of Algorithm 2 appears to converge to the probabilistic relative error bound
as N becomes large, but when a = 0.3, there is a gap between the relative error
and the probabilistic relative error bound. From Theorems 8 and 9, we know that
this difference is due to the projection of the cones to the nonnegative orthant. If
there is no projection (this may violate the nonnegative constraint), the probabilistic

relative error bound is tight as NV tends to infinity. We conclude that when the size
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Table 3.1: Running times in seconds of various algorithms (o = 0.2)

N cri-nmf mult nnlsb hals

102 | 0.034+0.03 | 1.56+0.76 5.82+1.15 | 0.46+£0.20
103 | 0.2640.10 | 9.54£5.91 6.44+2.70 | 3.01£1.85
10* | 1.8540.22 | 85.924£54.51 | 27.84 & 8.62 | 17.39+£5.77

angle « is large, the projection step causes a larger gap between the relative error
and the probabilistic relative error bound. We observe from Figure 3.2 that there are
large oscillations for mult. Other algorithms achieve similar approximation errors.
Table 3.1 shows that classical NMF algorithms require significantly more time (at
least an order of magnitude for large N) to achieve the same relative error compared

to our algorithm.

Automatically Determining K

We now verify the efficacy and the robustness of the proposed method in (3.5.1)
for automatically determining the correct number of circular cones. We generated
the data matrix V := [V + 0E],, where each entry of E is sampled i.i.d. from
the standard normal distribution, 6 > 0 corresponds to the noise magnitude, and
[-]+ represents the projection to nonnegative orthant operator. We generated the
nominal /noiseless data matrix V by setting o = 0.3, the true number of circular
cones K = 40, and other parameters similarly to the procedure in Section 3.6.1.
The noise magnitude ¢ is set to be either 0.1 or 0.5; the former simulates a relatively
clean setting in which the geometric assumption is approximately satisfied, while in
the latter, V is far from a matrix that satisfies the geometric assumption, i.e., a very
noisy scenario. We generated 1000 perturbed data matrices \Y% independently. From
Figure 3.3 in which the true K = 40, we observe that, as expected, the method
in (3.5.1) works well if the noise level is small. Somewhat surprisingly, it also works
well even when the noise level is relatively high (e.g., = 0.5) if the number of data

points N is also commensurately large (e.g., N > 5 x 10%).
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3.6.2 Experiments on Real Datasets
Initialization Performance in Terms of the Relative Error

Because real datasets do not, in general, strictly satisfy the geometric assump-
tion, our algorithm cri-nmf, does not achieve as low a relative error compared to
other NMF algorithms. However, similar to the popular spherical k-means (spkm;
we use 10 iterations to produce its initial left factor matrix W) algorithm [46], our
algorithm may be used as initialization method for NMF. In this section, we compare
cri-nmf to other classical and popular initialization approaches for NMF. These in-
clude random initialization (rand), spkm, and the nndsvd initialization method [47]
(nndsvd). We empirically show that our algorithm, when used as an initializer,
achieves the best performance when combined with classical NMF algorithms. The
specifications of the real datasets and the running times for the initialization meth-
ods are presented in Tables 3.2 and 3.3 respectively. We use face datasets (CK,
faces94, Georgia Tech face datasets) because this type of datasets is popularly used
for NMF. In fact, the invention of NMF is motivated by the finding that NMF
can learn the parts of objects in face datasets [88]. We use hyperspectral imaging
datasets (PaviaU dataset) and text datasets (trll and wap datasets, used for eval-
uating the clustering performance of various methods) because they are popularly
used in the analysis of NMF with separability assumptions [34,39]. These variants
of NMF are closely related to our model, i.e., NMF with a geometric assumption. In
addition, faces94 and Georgia Tech are balanced datasets, while CK, tr11 and wap
datasets are unbalanced (for example, for CK dataset, the largest cluster contains
173 samples and the smallest cluster only contains 24 samples). We think that these
differences in the datasets can help us to make a more comprehensive evaluation.

We use mult, nnlsb, and hals as the classical NMF algorithms that are combined

3http://www.consortium.ri.cmu.edu/ckagree/
4http://cswww.essex.ac.uk/mv/allfaces/faces94.html
Shttp://www.anefian.com/research/face_reco.htm

Shttp://www.ehu.eus/ccwintco/index.php?title=Hyperspectral_Remote_Sensing_

Scenes


http://www.consortium.ri.cmu.edu/ckagree/
http://cswww.essex.ac.uk/mv/allfaces/faces94.html
http://www.anefian.com/research/face_reco.htm
http://www.ehu.eus/ccwintco/index.php?title=Hyperspectral_Remote_Sensing_Scenes
http://www.ehu.eus/ccwintco/index.php?title=Hyperspectral_Remote_Sensing_Scenes
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Table 3.2: Information for real datasets used

Dataset Name F N K Description
CK3 49%x64 | 8795 | 97 | face dataset
faces94* 200x 180 | 3040 | 152 | face dataset

Georgia Tech® | 480x640 | 750 | 50 | face dataset

PaviaUS 207400 | 103 9 | hyperspectral

Table 3.3: Running times for initialization

Dataset Name crl-nmf spkm nndsvd
CK 3.30+£0.10 | 6.68£0.71 | 9.45+£0.12
faces94 14.50 £0.20 | 32.23 £2.28 | 32.81 £0.29
Georgia Tech | 1890 £ 1.13 | 24.77 £ 3.58 | 21.28 £ 0.35
PaviaU 0.73+0.11 | 247£048 | 0.84 £0.12

with the initialization approaches. Note that for nnlsb, we only need to initialize the
left factor matrix W. This is because the initial H can be obtained from initial W
using [26, Algorithm 2]. Also note that by the following lemma, the pair (W* H*)
produced by Algorithm 2 is a fixed point for mult, so we use a small perturbation

of H* as an initialization for the right factor matrix.

Lemma 21. The (W* H*) pair generated by Algorithm 2 remains unchanged in
the iterations of standard multiplicative update algorithm [23] for NMF.

Proof. There is at most one non-zero entry in each column of H*. When updat-

ing H*, the zero entries remain zero. For the non-zero entries of H*, we consider

partitioning V into K submatrices corresponding to the K circular cones. Clearly,
K

IV — WH'[[; = kzl Vi — wihg[[%, (3.6.2)

where V;, € RF*IZl and hy, € le’“'. Because of the property of rank-one NMF

(Lemma 17), for any k, when wy is fixed, hy € R‘fﬂ minimizes ||V, — wih’|[3.
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Table 3.4: Shift number for initialization approaches

CK | faces94 | Georgia Tech | PaviaU
cri-nmf+4mult | 3 2 3 2
spkm+mult 6 ) 4 7
nndsvd+mult 8 ) 3 2
cri-nmf+hals | 2 2 2 1
spkm+hals 5 4 3 3
nndsvd+hals 7 4 2 1

Also, for the standard multiplicative update algorithm, the objective function is
non-increasing for each update [23]. Thus hy, for each k € [K] (i.e., H*) will remain

unchanged. A completely symmetric argument holds for W*. m

For spkm, similarly to [46,47], we initialize the right factor matrix randomly.
In addition, to ensure a fair comparison between these initialization approaches, we
need to shift the iteration numbers appropriately, i.e., the initialization method that
takes a longer time should start with a commensurately smaller iteration number
when combined one of the three classical NMF algorithms. Table 3.4 reports the
number of shifts. Note that unlike mult and hals, the running times for different
iterations of nnlsb can be significantly different. We observe that for most datasets,
when run for the same number of iterations, random initialization and nndsvd initial-
ization not only result in larger relative errors, but they also take a much longer time
than spkm and our initialization approach. Because initialization methods can also
affect the running time of each iteration of nnlsb significantly, we do not report
shifts for initialization approaches when combined with nnlsb. Table 3.5 reports
running times that various algorithms first achieve a fixed relative error ¢ > 0 for
various initialization methods when combined with nnlsb. Our proposed algorithm
is clearly superior.

We present supplementary plots for Figure 3.4 and Table 3.5. Here, we use
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running time instead of number of iterations for the horizontal axis. In particular,
we display the performance of nnlsb for a fixed, reasonable, runtime with and
without initialization. We only present the results for nnlsb because of two reasons.
Firstly, when combined with initialization methods, compared to mult and hals,
nnlsb is unusual because the running times for different iterations of nnlsb can differ
significantly. Secondly, the plots for mult and hals are similar to that for nnlsb.
From Figure 3.5, we further observe that our initialization method is superior to
other initialization methods on the four datasets.

We observe from Figure 3.4 that our algorithm almost always outperforms all
other initialization approaches in terms of convergence speed and/or the final relative
error when combined with classical NMF algorithms for the selected real datasets
(except that nndsvd-+hals performs the best for PaviaU). In addition, we present
the results from the Georgia Tech image dataset. For ease of illustration, we only
display the results for 3 individuals (there are images for 50 individuals in total)
for the various initialization methods combined with mult. Several images of these
3 individuals are presented in Figure 3.6. The basis images produced at the 20"
iteration are presented in Figure 3.7 (more basis images obtained at other iteration
numbers are presented in the supplementary material). We observe from the basis
images in Figure 3.7 that our initialization method is clearly superior to rand and
nndsvd. In the supplementary material, we additionally present an illustration of
Table 3.5 as a figure where the horizontal and vertical axes are the running times
(instead of number of iterations) and the relative errors respectively. These addi-
tional plots substantiate our conclusion that Algorithm 2 serves as a good initializer

for various other NMF algorithms.

Intuition for the Advantages of cri-nmf over spkm as an Initializer for

NMF Algorithms

From Figure 3.4, we see that the difference between the results obtained from

using spkm as initialization method and the corresponding results obtained from
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using our initialization approach appears to be rather insignificant. However, from
Table 3.5, which reports the running time to first achieve specified relative errors
e > 0 for the initialization methods combined with nnlsb (note that nnlsb only
needs to use the initial left factor matrix, and thus we can compare the initial
estimated basis vectors obtained by spkm and cri-nmf directly), we see that our
initialization approach is clearly faster than spkm.

In addition, consider the scenario where there are duplicate or near-duplicate

11
samples. Concretely, assume the data matrix V := € R and K =

0 01
1. Then the left factor matrix produced by rank-one NMF is w = [1;0] and the
normalized mean vector (centroid for spkm) is u := [%, %] The approximation
error w.r.t. wis [V —ww!V|r = 1, while the approximation error w.r.t. u is |V —
ua’V||r & 1.0954. Note that spkm is more constrained since it implicitly outputs a
binary right factor matrix H € {0, 1}**¥ while rank-one NMF (cf. Lemma 17) does

not impose this stringent requirement. Hence cri-nmf generally leads to a smaller

relative error compared to spkm.

Initialization Performance in Terms of Clustering

We now compare clustering performances using various initialization methods.
To obtain a comprehensive evaluation, we use three widely-used evaluation met-
rics, namely, the normalized mutual information [89] (nmi), the Dice coefficient [90]
(Dice) and the purity [91,92]. The clustering results for the CK and tr11” datasets
are shown in Tables 3.6 and 3.7 respectively. Clustering results for other datasets
are shown in the supplementary material (for space considerations). We run the
standard k-means and spkm clustering algorithms for at most 1000 iterations and
terminate the algorithm if the cluster memberships do not change. All the classical

NMEF algorithms are terminated if the variation of the product of factor matrices is

"The trll dataset can be found at http://glaros.dtc.umn.edu/gkhome/fetch/sw/cluto/
datasets.tar.gz. It is a canonical example of a text dataset and contains 6429 terms and 414

documents. The number of clusters/topics is K = 9.


http://glaros.dtc.umn.edu/gkhome/fetch/sw/cluto/datasets.tar.gz
http://glaros.dtc.umn.edu/gkhome/fetch/sw/cluto/datasets.tar.gz
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small over 10 iterations. Note that nndsvd is a deterministic initialization method, so
its clustering results are the same across different runs. We observe from Tables 3.6
and 3.7 and those in the supplementary material that our initialization approach
almost always outperforms all others (under all the three evaluation metrics).

In addition, we present the clustering performance of faces94 and wap® datasets.
Information concerning the faces94 dataset is presented in Section 3.6.2. The other
dataset under consideration, wap, is a text dataset with 8460 terms, 1560 documents,
and the number of clusters is K = 20. From Tables 3.8 and 3.9, we observe that our
initialization approach outperforms all others for all the three clustering evaluation

metrics, except for the faces94 dataset where spkm with the nnlsb NMF algorithm.

8http://glaros.dtc.umn.edu/gkhome/fetch/sw/cluto/datasets.tar.gz


http://glaros.dtc.umn.edu/gkhome/fetch/sw/cluto/datasets.tar.gz
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Figure 3.2: Errors and performances of various algorithms. On the left plot, we com-
pare the empirical performance to the theoretical non-probabilistic and probabilistic
bounds given by Theorems 6 and 8 respectively. On the right plot, we compare the

empirical performance to other NMF algorithms.
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Figure 3.3: Estimated number of circular cones K with different noise levels. The

error bars denote one standard deviation away from the mean.
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tion methods combined with nnlsb

Table 3.5: Running times when algorithm first achieve relative error e for initializa-

CK e =0.105 e = 0.100 e =0.095
rand 727.53+23.93 | 1389.321+61.32 -
cri-nmf 40.27+1.96 71.77+2.83 129.62+5.98
spkm 79.37£2.52 91.234+2.69 240.12+5.32
nndsvd 309.25+6.24 557.34£7.59 | 1309.514£21.97
faces94 e =0.140 e =0.135 e =0.131
rand 2451.8+26.6 7385.8£49.6 -
cri-nmf 338.8+11.1 706.3+13.3 3585.2+49.4
spkm 465.3+13.5 1231.1£28.5 5501.4+134.4
nndsvd 1531.5+6.4 3235.8+£12.1 10588.6£35.9
Georgia Tech e =0.185 e =0.18 e =0.175
rand 3766.7£92.8 | 5003.7£126.8 | 7657.44285.9
cri-nmf 147.3£2.8 308.2+7.8 1565.0+59.5
spkm 253.2420.1 537.4+43.4 2139.2+142.9
nndsvd 2027.0£7.0 2819.44+9.5 4676.4+£15.3
PaviaU e = 0.0230 e = 0.0225 e = 0.0220
rand 192.514£16.11 | 224.65+16.17 | 289.484+16.74
cri-nmf 13.30+£0.40 16.93+0.61 30.06£0.94
spkm 32.00£3.16 40.274+4.39 52.40+£6.29
nndsvd 79.92+0.84 106.2940.91 160.10+0.92




Chapter 3. A New Initialization Method for NMF

MULT NNLSB HALS
1 ——rand ——rand 0.25 ——-rand
0.4} —cr1i-nmf|] 0.22 ——cr1—nmf ——cr1—-nmf
| spkm spkm spkm
e 0'35" —-nndsvd || 02 ——nndsvd ——nndsvd
o | 0.2 ]
= 0_3“ | 0.18
()
= 0.25§! 0.16
g X 0.14 0.15
[} 147 .
m 0-2 0y | (d
AN 0.12}
0.1} 04l ]
200 400 600 800 20 40 60 80 100 200 400 600
044 ——rand || ——rand 0.3 ——rand
| 0.28
\ —crl-nmf —crl-nmf —crl-nmf
0.35 \l spkm || 0.26 spkm || spkm
. \ "—-onndsvd || 5, —nndsvd || (.25 ——nndsvd ||
\
£ 0.3 1
w 0.22
()
= H
® 0.25¢|}
()
o
N &
0.15¢ ==
100 200 300 400 500 100 200 300 400
‘ ‘ ‘ 0.45¢ ‘ ‘ 3 ‘ ‘ ‘
kl ——rand ——rand ——rand
0.45, —cr1-nmf|] —cri-nmif|| 039/ —cr1-—nmf||
| spkm 0.4y spkm || spkm
_ 0.4'| -—--nndsvd |{ ——nndsvd ——nndsvd
o | 0.35 1 0.3} 1
I \
[0)
= 0.3
= 0.25
e
| 0.25
0.2\
0.2 \\
100 200 300 20 40 60 80 100 100 200 300
03] ——rand || %9 ——rand ——-rand
—cr1i—nmf —cri—-nmf —cri—nmf
0.25! spkm || 0.25] spkm 0.15! spkm
= -—--nndsvd ——nndsvd ——nndsvd
g 0.2} 1 0.2¢
w I
() |
= 0.1}
5 0.15} 1 0.15|l
2 |
0.1 1 0.1p
|\ \ 0.05
0.05\%e._ ____ 1005\ \_
200 400 600 20 40 60 80 100 100 200 300 400 500
Number of Ilterations Number of lterations Number of lterations

Figure 3.4: The first to fourth rows are the numerical results for CK, faces94, Georgia
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Figure 3.6: Images of 3 individuals in Georgia Tech dataset.
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i TE R IR

Figure 3.7: Basis images of 3 individuals in Georgia Tech dataset obtained at the
20" iteration. The first to fourth rows pertain to rand, cri-nmf, spkm, and nndsvd

initializations respectively.
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Table 3.6: Clustering performances for initialization methods combined with classi-

cal NMF algorithms for the CK dataset

nmi Dice purity
k-means 0.941+0.008 | 0.7734£0.030 | 0.821£0.023
spkm 0.940+0.010 | 0.765+0.036 | 0.81540.031
rand+mult 0.9194+0.009 | 0.7224£0.026 | 0.753£0.025
cri-nmf4+mult | 0.987+0.002 | 0.9444+0.006 | 0.961+0.006
spkm+mult 0.969+0.005 | 0.8754+0.020 | 0.911£0.018
nndsvd+mult | 0.870£0.000 | 0.614=£0.000 | 0.619=0.000
rand-+nnlsb 0.918£0.011 | 0.7274£0.026 | 0.756+£0.027
cri-nmf+nnlsb | 0.986+0.003 | 0.940+0.011 | 0.959+0.010
spkm+nnlsb 0.98440.004 | 0.92940.014 | 0.956+0.012
nndsvd+nnlsb | 0.899+£0.000 | 0.688+0.000 | 0.7244-0.000
rand+hals 0.956+0.007 | 0.8264+0.017 | 0.85940.022
cri-nmf+hals | 0.974+£0.006 | 0.889+0.015 | 0.925+0.016
spkm+hals 0.96440.005 | 0.85440.015 | 0.885+0.020
nndsvd+hals | 0.942£0.000 | 0.786£0.000 | 0.830+£0.000
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cal NMF algorithms for the trl11 dataset

Table 3.7: Clustering performances for initialization methods combined with classi-

nmi Dice purity
k-means 0.520+0.061 | 0.47040.042 | 0.673£0.059
spkm 0.504+0.103 | 0.45440.085 | 0.66440.091
rand+mult 0.595+0.040 | 0.540£0.050 | 0.764£0.025
cri-nmf4+mult | 0.649+0.049 | 0.610+0.052 | 0.791+0.023
spkm+mult 0.608+0.052 | 0.550+0.061 | 0.77340.031
nndsvd+mult | 0.580£0.000 | 0.515=£0.000 | 0.761=£0.000
rand-+nnlsb 0.597+0.030 | 0.5374£0.040 | 0.765£0.018
cri-nmf+nnlsb | 0.655+0.046 | 0.615+0.050 | 0.794+0.023
spkm+nnlsb 0.6184+0.052 | 0.56340.065 | 0.77640.027
nndsvd+nnlsb | 0.585£0.000 | 0.512+0.000 | 0.766+0.000
rand+hals 0.60940.044 | 0.5554+0.056 | 0.77240.024
cri-nmf+hals | 0.621£0.052 | 0.58040.062 | 0.778+0.026
spkm+hals 0.6194+0.052 | 0.5674+0.061 | 0.77640.027
nndsvd+hals | 0.583£0.000 | 0.511£0.000 | 0.768=£0.000
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NMEF algorithms for the faces94 dataset

Table 3.8: Clustering performance for initialization methods combined with classical

nmi Dice purity
k-means 0.945£0.007 | 0.788+0.027 | 0.778+0.026
spkm 0.939£0.005 | 0.779+0.019 | 0.775£0.021
rand + mult 0.840£0.007 | 0.595+0.019 | 0.577£0.019
cri-nmf 4+ mult | 0.941+£0.003 | 0.835+0.009 | 0.834+0.009
spkm + mult 0.938£0.005 | 0.8254+0.016 | 0.826+£0.016
nndsvd + mult | 0.589+0.000 | 0.217£0.000 | 0.17240.000
rand + nnlsb 0.8424+0.007 | 0.6074£0.015 | 0.587£0.018
crl-nmf + nnlsb | 0.952+0.002 | 0.873+0.009 | 0.873+0.008
spkm + nnlsb 0.953+0.004 | 0.871£0.013 | 0.870+0.015
nndsvd + nnlsb | 0.924+0.000 | 0.79840.000 | 0.785+0.000
rand + hals 0.894+0.007 | 0.725+0.016 | 0.708+0.017
cri-nmf + hals | 0.924+0.004 | 0.801£0.010 | 0.791+0.008
spkm + hals 0.903£0.005 | 0.746+0.007 | 0.73440.007
nndsvd + hals | 0.871£0.000 | 0.700%+0.000 | 0.678=+0.000
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NMEF algorithms for the wap dataset

Table 3.9: Clustering performance for initialization methods combined with classical

nmi Dice purity
k-means 0.528+0.030 | 0.360+0.042 | 0.604+0.033
spkm 0.518+0.012 | 0.3514+0.023 | 0.61440.027
rand + mult 0.572+0.017 | 0.40040.022 | 0.655+0.025
cri-nmf + mult | 0.5984+0.020 | 0.433+0.030 | 0.688+0.022
spkm + mult 0.588+0.019 | 0.4214+0.025 | 0.678+0.023
nndsvd + mult | 0.589£0.000 | 0.429£0.000 | 0.679=£0.000
rand + nnlsb 0.583£0.013 | 0.410+0.018 | 0.668+0.016
cri-nmf 4 nnlsb | 0.600£0.022 | 0.432+0.027 | 0.688+0.020
spkm + nnlsb 0.59240.019 | 0.42840.027 | 0.684+0.025
nndsvd + nnlsb | 0.588£0.000 | 0.427£0.000 | 0.678=£0.000
rand + hals 0.584+0.015 | 0.4164+0.018 | 0.66940.013
cri-nmf + hals | 0.60240.015 | 0.435+0.022 | 0.694+0.019
spkm + hals 0.584+0.011 | 0.42040.015 | 0.67840.020
nndsvd + hals | 0.594£0.000 | 0.421£0.000 | 0.681£0.000







Chapter

Conclusions and Future Works

In Chapter 2, we propose a fundamental understanding about when optimizing
the objective function of the k-means algorithm returns a clustering that is close to
the correct target clustering. To improve computational and memory issues, various
dimensionality reduction techniques such as PCA are also considered.

In Chapter 3, we propose a new geometric assumption for the purpose of perform-
ing NMF. In contrast to the separability condition [33,34,36], under our geometric
assumption, we are able to prove several novel deterministic and probabilistic results
concerning the relative errors of learning the factor matrices. We are also able to
provide a theoretically-grounded method of choosing the number of clusters (i.e., the
number of circular cones) K. We show experimentally on synthetic datasets that
satisfy the geometric assumption that our algorithm performs exceedingly well in
terms of accuracy and speed. Our method also serves a fast and effective initializer
for running NMF on real datasets. Finally, it outperforms other competing methods
on various clustering tasks.

For using k-means and dimensionality reduction techniques to learn mixture

models, several natural questions arise from the work in Chapter 2.

1. Instead of the separability assumptions made herein, we may consider modify-
ing our analyses so that we eventually make less restrictive pairwise separabil-

ity assumptions. This may enable us to make more direct comparisons between
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our separability assumptions and similar assumptions in the literature, such

as those in [17] and [55].

. Brubaker [66] considers the robust learning of mixtures of log-concave distri-

butions. Similarly, we may extend our work to the robust learning of noisy

mixtures in which there may be outliers in the data.

. Besides studying the sum-of-squares distortion measure for k-means in (1.1.1),

it may be fruitful to analyze other objective functions such as those for k-
medians [9] or min-sum clustering [10]. These may result in alternative sepa-
rability assumptions and further insights on the fundamental limits of various

clustering tasks.

. We have provided upper bounds on the ME distance under certain sufficient

(separability) conditions. It would be fruitful to also study necessary condi-
tions on the separability of the mixture components to ensure that the ME
distance is small. This will possibly result in new separability assumptions
which will, in turn, aid in assessing the tightness of our bounds and how they

may be improved.

For the work presented in Chapter 3, we plan to explore the following extensions.

1. First, we hope to prove theoretical guarantees for the scenario when V only

satisfies an approximate version of the geometric assumption, i.e., we only have

access to V := [V + 6E|, (cf. Section 3.6.1) where ¢ ~ 0.

. Second, here we focused on upper bounds on the relative error. To assess the

tightness of these bounds, we hope to prove minimax lower bounds on the

relative error similarly to Jung et al. [93].

. Third, as mentioned in Section 3.2, our geometric assumption in (3.2.2) can be

considered as a special case of the near-separability assumption for NMF [33].
To the best of our knowledge, there is no theoretical guarantee for the relative

error under the near-separability assumption.
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4. For large-scale data, it is often desirable to perform NMF in an online fash-
ion [94,95], i.e., each data point v, arrives in a sequential manner. We would

like to develop online versions of the algorithm herein.

5. It would be fruitful to leverage the theoretical results for k-means++ [5] to pro-
vide guarantees for a probabilistic version of our initialization method. Note
that our method is deterministic while k-means++ is probabilistic, so a prob-
abilistic variant of Algorithm 2 may have to be developed for fair comparisons

with k-means—+-.

6. We may also extend our Theorem 10 to near-separable data matrices, possibly

with additional assumptions.
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