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Abstract

We consider an economical bilinear rectangular mixed finite element scheme on regular mesh for generalized

Newtonian flows, where the viscosity obeys a Carreau type law for a pseudo-plastic. The key issue in the scheme is that

the two components of the velocity and the pressure are defined on different meshes. Optimal error bounds for both the

velocity and pressure are obtained by proving a discrete Babu�sska–Brezzi inf–sup condition on the regular quadran-

gulation. Finally, we perform some numerical experiments, including an example in a unit square with exact solutions, a

backward-facing step and a four-to-one abrupt contraction generalized Newtonian flows. Numerical experiments

confirm our error bounds. � 2002 Published by Elsevier Science B.V.
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1. Introduction

Let X be a rectangular domain or L-shaped domain in the plane with a boundary C ¼ oX. Consider the
following generalized Newtonian flow problem:

ðPÞ Find ðu; pÞ such that

�
X2

j¼1

o

oxj
½lðjDðuÞjÞDijðuÞ� þ

op
oxi

¼ fi; in X; i ¼ 1; 2; ð1:1Þ

div u ¼ 0; in X; ð1:2Þ

u ¼ 0; on C; and

Z
X
pdx ¼ 0; ð1:3Þ

where u ¼ ðu1; u2ÞT is the velocity, p is the pressure, f ¼ ðf1; f2ÞT is the applied body force and DðuÞ is the
rate of deformation tensor with entries
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DijðuÞ ¼
1

2

oui
oxj

�
þ ouj

oxi

�
; i; j ¼ 1; 2 ð1:4Þ

and

jDðuÞj2 ¼
X2

i;j¼1

½DijðuÞ�2: ð1:5Þ

We will assume throughout for ease of exposition that the viscosity l satisfies the following assumption:

(A) l 2 C1½0;1Þ and that there exist positive constants Cl and Ml such that

Mlðt � sÞ6 lðtÞt � lðsÞs6Clðt � sÞ; 8 tP sP 0: ð1:6Þ

For example the Carreau law

lðtÞ ¼ l1 þ ðl0 � l1Þð1þ ðktÞ2Þðn�1Þ=2
; ð1:7Þ

where k > 0 is a constant, l1 and l0 are the shear viscosities at infinity and zero shear rate, respectively
(0 < l1 < l0), n is the power-law index (0 < n6 1). Not that n ¼ 1 refers to Newtonian fluids. The in-
equality (1.6) is satisfied with Cl ¼ l0 and Ml ¼ l1.

During recent years, many authors have proposed and analyzed the finite element approximation of
generalized Newtonian flow problems. For error bounds of using conforming elements, see Refs. [3–5,12,
20]. For error bounds of using nonconforming linear elements, see Refs. [1,2].

Due to the restricted regularity of solutions of generalized Newtonian flow problems, low order finite
element method is often used in practice. When the low-order finite element method is applied to gener-
alized Newtonian flow problems, Stokes or Navier–Stokes equations, some special treatments are usually
needed in order to keep the scheme stable. The key issue for low order finite element approximation is how
to design the finite element subspaces for the velocity and pressure such that the Babu�sska–Brezzi (BB) inf–
sup condition is satisfied. This topic has attracted the attention of many authors [6,7,11,15]. There are two
typical ways to design low order finite element approximation. One is designing nonconforming linear-
constant velocity–pressure element. For example, Crouzeix and Raviart [10] proposed a nonconforming
linear element which has been proven very effective for the Stokes and Navier–Stokes equations. Unfor-
tunately, Falk and Morley [13] have shown that this simple nonconforming element does not satisfy a
discrete Korn inequality and therefore cannot be used with confidence to approximate the generalized
Newtonian flow problem ðPÞ. Recently Kouhia and Stenberg [18] constructed another linear noncon-
forming element for nearly incompressible linear elasticity and Stokes flow in two dimensions. This element
consists of a conforming linear approximation for one velocity component, a nonconforming linear ap-
proximation for the other component with a piecewise constant approximation for the pressure. Bao and
Barrett [1,2] used the element to solve the generalized Newtonian flow problem ðPÞ with the viscosity obeys
a general law including the Carreau law or power law by proving a generalized BB condition and a gen-
eralized discrete Korn inequality. Optimal error estimates were proven. Another way is to construct con-
forming bilinear-constant velocity–pressure element by using different quadrangulations. Han [16,17]
presented a bilinear-constant velocity–pressure finite element for the Stokes equations by using three dif-
ferent quadrangulations for constructing three finite dimensional subspaces of the pressure p, the velocity
components u1 and u2 on a rectangular physical domain with uniform mesh. This finite element approxi-
mation is called economical element in the sense that the degree of freedom is highly reduced. In [16,17]
optimal error bounds, OðhÞ, are proved for the velocity approximation in H 1ðXÞ norm and the pressure
approximation in L2ðXÞ norm, on assuming that u 2 ½H 2ðXÞ�2 and p 2 H 1ðXÞ for Stokes equations. In this
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paper we extend these results to the generalized Newtonian flow problem ðPÞ on a rectangular domain or
L-shaped domain with regular quadrangulation. Optimal error bounds for both the velocity and pressure
are obtained by proving a discrete BB inf–sup condition on the regular quadrangulation. In addition we
apply this economical finite element to simulate a generalized Newtonian flow problem on a unit square
with exact solution, which is used to test our error bounds. Furthermore we apply it to simulate a back-
ward-facing step generalized Newtonian flow and a four-to-one abrupt contraction generalized Newtonian
flow. We note that more general assumptions than (1.6) on the viscosity, which allow for singular/degen-
erate power laws as in [5], lead to a number of technical difficulties with this economical element. These will
be addressed elsewhere.

The layout of this paper is as follows. In Section 2 we introduce our finite element approximation for the
generalized Newtonian flow problem ðPÞ. In Section 3 we establish error bounds for the finite element
approximation. Finally in Section 4 we report on some numerical experiments. Throughout we adopt the
standard notation for Sobolev spaces. For any open bounded set G of R2, with Lipschitz boundary oG, we
denote the norm and standard semi-norm of W m;mðGÞ for any nonnegative integer m and m 2 ½1;1� by
k  km;m;G and j  jm;m;G, respectively. For m ¼ 2 we adopt the standard notation HmðGÞ � W m;2ðGÞ, k  km;2;G �
k  km;G and j  jm;2;G � j  jm;G. We adopt similar notation for the product spaces ½W m;mðGÞ�2 � W m;mðGÞ �
W m;mðGÞ and the trace space W m;mðcÞ, where c � oG. Finally C and Ci denote positive generic constants
independent of the mesh size h.

2. An economical finite element approximation

We introduce the following spaces:

X ¼ H 1
0 ðXÞ � H 1

0 ðXÞ with norm kvkX ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jv1j21;X þ jv2j21;X

q
;

where v ¼ ðv1; v2ÞT, and

M ¼ q 2 L2ðXÞ :
Z

X
qdx

�
¼ 0

�
with norm kqkM ¼ kqk0;X:

Then the weak formulation of problem ðPÞ is:
ðLÞ Find ðu; pÞ 2 X �M such that

Aðu; vÞ þ Bðv; pÞ ¼ f ðvÞ; 8v 2 X ; ð2:1Þ
Bðu; qÞ ¼ 0; 8q 2 M ; ð2:2Þ

where

Aðw; vÞ ¼
Z

X
lðjDðwÞjÞDðwÞ : DðvÞdx; ð2:3Þ

Bðv; qÞ ¼ �
Z

X
qdivvdx; f ðvÞ ¼

Z
X
f  vdx ð2:4Þ

and

DðwÞ : DðvÞ ¼
X2

i;j¼1

DijðwÞDijðvÞ:
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When the viscosity l satisfies (1.6) it is easy to show, see [5, Lemma 2.1], that there exist two positive
constants C1 and C2 such that for all 2� 2 real symmetric matrices Y and Z

lðjY jÞYj � lðjZjÞZj6C1jY � Zj; ð2:5Þ

C2jY � Zj2 6 lðjY jÞYð � lðjZjÞZÞ : ðY � ZÞ: ð2:6Þ
Here and throughout j  j is the Euclidean norm as in (1.5) above. Noting the Korn inequality

Ckvk2X 6
Z

X
jDðvÞj2 dx6 kvk2X ; 8v 2 X ; ð2:7Þ

see for example [19]; it follows from (2.3), (2.5) and (2.6) that there exist two positive constants C3 and C4

such that

jAðw; vÞ � Aðz; vÞj6C3kw� zkXkvkX ; 8w; z; v 2 X ; ð2:8Þ

C4kw� vk2X 6Aðw;w� vÞ � Aðv;w� vÞ; 8w; v 2 X : ð2:9Þ
Furthermore it is easy to show that the bilinear form Bð; Þ is bounded on X �M and satisfies the BB inf–
sup condition, see [15, p. 81], i.e. there exist positive constants C5 and C6 such that

jBðv; qÞj6C5kvkXkqkM ; 8v 2 X ; 8q 2 M ; ð2:10Þ

C6kqkM 6 sup
v2Xnf0g

Bðv; qÞ
kvkX

; 8q 2 M : ð2:11Þ

It follows immediately from (2.8)–(2.11) that the problem ðLÞ is well-posed; that is, for all f 2 X 0, the dual
of X, there exists a unique solution ðu; pÞ 2 X �M solving ðLÞ and

kukX þ kpkM 6CkfkX 0 : ð2:12Þ
We now use the economical conforming bilinear-constant velocity–pressure finite element of Han and

Wu [17] to discretize the problem ðLÞ. For ease of exposition, we assume that X is a rectangular domain,
i.e. X ¼ ða; bÞ � ðc; dÞ. The finite element method discussed below can be easily generated to the case in
which the domain X is L-shaped domain. Let M and N be two positive integers. First we divide X into MN
rectangles (see Fig. 1(a))

Tij ¼ fðx1; x2Þ: xði�1Þ
1 6 x1 6 xðiÞ1 ; xðj�1Þ

2 6 x2 6 xðjÞ2 g; 16 i6M ; 16 j6N ;

where a ¼ xð0Þ1 < xð1Þ1 <    < xðMÞ
1 ¼ b is a partition of ½a; b�, and c ¼ xð0Þ2 < xð1Þ2 <    < xðNÞ

2 ¼ d is a parti-
tion of ½c; d�. The corresponding quadrangulation is denoted by Th. Let hðiÞ1 ¼ xðiÞ1 � xði�1Þ

1 , i ¼ 1; 2; . . . ;M ,

Fig. 1. Quadrangulations of X: (a) Th, ‘�’––nodes for pressure p; (b) Th
1, ‘�’––nodes for first component of velocity u1 and (c) Th

2,

‘�’––nodes for second component of velocity u2.
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hðjÞ2 ¼ xðjÞ2 � xðj�1Þ
2 , j ¼ 1; 2; . . . ;N and h ¼ hmax and hmin be the maximum value and minimum value of the

set fhð1Þ1 ; hð2Þ1 ; . . . ; hðMÞ
1 ; hð1Þ2 ; hð2Þ2 ; . . . ; hðNÞ

2 g, respectively. We say that Th is a regular quadrangulation of X if
the following assumption is true [8]:

(B) There exists a constant r0 > 0 independent of h such that hmax=hmin 6 r0.

Then for each Tij 2 Th we connect the two midpoints of the two vertical sides of Tij by a straight
horizontal line segment. Then X is divided into MðN þ 1Þ rectangles (see Fig. 1(b)), the corresponding
quadrangulation is denoted by Th

1. Similarly, for each Tij 2 Th we connect the two midpoints of the two
horizontal sides of Tij by a straight vertical line segment. Then X is divided into ðM þ 1ÞN rectangles (see
Fig. 1(c)), the corresponding quadrangulation is denoted by Th

2.
Corresponding to the quadrangulation Th, let

Mh ¼ qh: qhjT
�

¼ constant; 8T 2 Th and

Z
X
qh dx ¼ 0

�
:

Then Mh is a subspace of M. Furthermore using the quadrangulation Th
1 and Th

2, we construct two
subspaces of H 1

0 ðXÞ. Set

Sh
1 ¼ vh 2 Cð0Þð�XXÞ: vhjT1 2 Q1ðT1Þ; 8T1 2 Th

1; and vhjC
n

¼ 0
o
;

Sh
2 ¼ vh 2 Cð0Þð�XXÞ: vhjT2 2 Q1ðT2Þ; 8T2 2 Th

2; and vhjC
n

¼ 0
o
;

where Q1 denotes the space of all polynomials of degree6 1 with respect to each of the two variables x1 and
x2. Let Xh ¼ Sh

1 � Sh
2 , obviously Xh is a conforming subspace of X. Then the standard approximation

theory, see e.g. [8, p. 123], yields for m 2 ð1; 2� that

inf
vh2Xh

ku� vhkX 6Ch2�ð2=mÞjuj2;m;X; inf
qh2Mh

kp � qhkM 6Ch2�ð2=mÞjpj1;m;X; ð2:13Þ

where the unique solution ðu; pÞ of ðLÞ is assumed to be such that u 2 ½W 2;mðXÞ�2 and p 2 W 1;mðXÞ. We note
that such regularity has been proved for m ¼ 2 if f 2 ½L2ðXÞ�2 and C 2 C2, see [14]. See also [14] for some
regularity results in the case when X is generalized convex.

Then the corresponding finite element approximation of problem ðLÞ is:
ðLhÞ Find ðuh; phÞ 2 Xh �Mh such that

Aðuh; vhÞ þ Bðvh; phÞ ¼ f ðvhÞ; 8vh 2 Xh; ð2:14Þ
Bðuh; qhÞ ¼ 0; 8qh 2 Mh: ð2:15Þ

3. Error estimates

In order to get error estimates of the finite element approximation ðLhÞ, we first prove the bilinear form
Bð; Þ satisfies the discrete BB condition on Xh �Mh, i.e. there exists a positive constant b0 independent of h
such that

CkqhkM 6 sup
vh2Xhnf0g

Bðvh; qhÞ
kvhkX

; 8qh 2 Mh: ð3:1Þ

The proof is an extension of that in [17] from a uniform mesh Th to a regular mesh Th. For the quadr-
angulation Th, we divided the edges of all rectangles into two sets, the set containing all vertical edges is
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denoted by LV, the set containing all horizontal edges is denoted by LH. We define the operator Ih : X ! Xh

by Ihv ¼ ðIh1v1; Ih2v2Þ 2 Sh
1 � Sh

2 satisfyingZ
l
Ih1 v1 dx2 ¼

Z
l
v1 dx2; 8 l 2 LV;

Z
l
Ih2v2 dx1 ¼

Z
l
v2 dx1; 8 l 2 LH: ð3:2Þ

It is straightforward to check that for any v 2 X , Ihv 2 Xh is uniquely determined by (3.2).

Lemma 3.1. Suppose that the quadrangulation Th is regular, i.e. assumption (B) holds, then the following
results hold:

(i) For any v 2 X , we have

Bðv; qhÞ ¼ BðIhv; qhÞ; 8qh 2 Mh: ð3:3Þ
(ii) There is a constant C independent of v and mesh size h, such that

kIhvk1;X 6Ckvk1;X; 8v 2 X : ð3:4Þ

Proof. (i) The equality (3.3) is a combination of (2.4) and (3.2) by using integration by parts and noting that
qh is piecewise constant.

(ii) Let wh 2 Xh be the standard generalized interpolant of v 2 X , see [8,9]. We set eh ¼ Ihv� wh, e ¼
v� wh, then

kIhvkX 6 kwhkX þ kehkX 6C6kvkX þ kehkX : ð3:5Þ
Let Xj ¼ fðx1; x2Þ: a6 x1 6 b; xðj�1Þ

2 6 x2 6 xðjÞ2 g be a subdomain of X, and T 2
ij � Xj, i ¼ 0; 1; 2; . . . ;M denote

the rectangles in Th
2, see Fig. 2, then for the second component of eh we have on noting that eh2 is bilinear

polynomial on each T 2
ij

jeh2j
2
1;Xj

¼
XM
i¼0

Z
T 2
ij

oeh2
ox1

� �2
"

þ oeh2
ox2

� �2
#
dx ¼ ðeEEjÞTAjðeEEjÞ; ð3:6Þ

where eEEj denotes the vector whose components are the node values of eh2 in the domain Xj and Aj is a
symmetric matrix. A direct computation shows that

qðAjÞ6
8

3r0

; ð3:7Þ

Fig. 2. Subdomain Xj––bounded by the dash lines.
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where qðAÞ denotes the spectral radius of a matrix A. Decomposing Aj as Aj ¼ PT
j Pj, (3.6) implies

jeh2j
2
1;Xj

¼ kPjeEEjk22: ð3:8Þ

By using the fact thatZ
l
eh2 dx1 ¼

Z
l
e2 dx1; 8 l 2 LH; ð3:9Þ

we get

Bj
eEEj ¼ Ej; ð3:10Þ

where Bj is a symmetric positive definite matrix and Ej is a vector whose components are the integrals of
the right-hand side of (3.9) divided by hl with hl the length of the segment l. A direct computation shows
that

qðB�1
j Þ6 2

r0

: ð3:11Þ

Combining (3.7), (3.8), (3.10) and (3.11), one gets

jeh2j
2
1;Xj

¼ kPjB�1
j Ejk22 6 kPjk22kB�1

j k22kEjk22 ¼ qðPT
j PjÞqððB�1

j ÞTB�1
j ÞkEjk22

¼ qðAjÞqðB�1
j Þ2kEjk22 6

8

3r0

4

r2
0

kEjk22 ¼
32

3r3
0

kEjk22: ð3:12Þ

On the other hand, using the H€oolder’s inequality, trace theorem and interpolation error between wh and v,
one gets

kEjk22 ¼
X

l2LH\Xj

1

h2l

Z
l
e2 dx1

� �2
6

X
l2LH\Xj

1

hmin

Z
l
ðe2Þ2 dx1 6C7

XM
i¼0

h�2
minke2k

2
0;T 2

ij

�
þ je2j21;T 2

ij

�
6C7

XM
i¼0

r2
0jv2j

2
1;T 2

ij

�
þ jv2j21;T 2

ij

�
6Cjv2j21;Xj

: ð3:13Þ

Summing (3.12) for j ¼ 1; 2; . . . ;N , noting (3.13), one obtains

jeh2j
2
1;X 6Cjv2j21;X: ð3:14Þ

Similarly, for the first component, we have

jeh1j
2
1;X 6Cjv1j21;X: ð3:15Þ

The required inequality (3.4) is a combination of (3.5), (3.14) and (3.15). �

The inf–sup condition (3.1) can be obtained from Lemma 3.1 and (2.11), see detail in Ref. [15]. It follows
immediately from (2.8)–(2.10) and (3.1) that the problem ðLhÞ is well-posed; that is, for all f 2 ½L2ðXÞ�2,
there exists a unique solution ðuh; phÞ 2 Xh �Mh solving ðLhÞ and

kuhkX þ kphkM 6C½kf1k0;X þ kf2k0;X�: ð3:16Þ

Theorem 3.1. Let ðu; pÞ be the unique solution of problem ðLÞ and ðuh; phÞ be the unique solution of problem
ðLhÞ. Then we have the following abstract error bound:

ku� uhkX þ kp � phkM 6Ch2�ð2=mÞ½juj2;m;X þ jpj1;m;X�: ð3:17Þ

W. Bao / Comput. Methods Appl. Mech. Engrg. 191 (2002) 3637–3648 3643



Proof. LeteXX h :¼ fvh 2 Xh: Bðvh; qhÞ ¼ 0; 8qh 2 Mhg: ð3:18Þ
For any vh 2 eXX h and qh 2 Mh, let

e :¼ u� uh; ea :¼ u� vh; eh :¼ vh � uh;

n :¼ p � ph; na :¼ p � qh; nh :¼ qh � ph:
ð3:19Þ

Subtracting (2.14) and (2.15) from (2.1) and (2.2) with v ¼ vh, respectively, we obtain

Aðu; vhÞ � Aðuh; vhÞ þ Bðvh; p � phÞ ¼ 0; 8vh 2 Xh; ð3:20Þ

Bðu� uh; qhÞ ¼ 0; 8qh 2 Mh: ð3:21Þ
Then from (2.8)–(2.10), (3.19) and (3.20), noting the triangle inequality, we have that

C4kek2X 6Aðu; u� uhÞ � Aðuh; u� uhÞ
¼ Aðu; eaÞ � Aðuh; eaÞ þ Aðu; ehÞ � Aðuh; ehÞ
¼ Aðu; eaÞ � Aðuh; eaÞ � Bðeh; p � phÞ
¼ Aðu; eaÞ � Aðuh; eaÞ � Bðeh; p � qhÞ
¼ Aðu; eaÞ � Aðuh; eaÞ � Bðe; p � qhÞ þ Bðea; p � qhÞ
6C8½kekXkeakX þ kekXkn

akM þ keakXkn
akM �

6C½keakX þ knakM �
2:

ð3:22Þ

Furthermore following the standard argument, see [15, p. 155], we have from (2.10) and (3.1) that

inf
vh2eXX h

ku� vhkX 6C inf
vh2Xh

ku� vhkX : ð3:23Þ

Therefore combining (2.13), (3.22) and (3.23) we obtain the desired result for ku� uhkX in (3.17).
We now estimate kp � phkM . From (3.20) we have for any vh 2 Xh and qh 2 Mh on adopting the notation

(3.19) and noting (2.8), (2.10) and (3.20) that

Bðvh; nhÞ ¼ �Bðvh; naÞ þ Bðvh; nÞ
¼ �Bðvh; naÞ þ Aðuh; vhÞ � Aðu; vhÞ6C½kvhkXkn

akM þ ku� uhkXkvhkX �: ð3:24Þ

Therefore combining (3.1) and (3.24), using the triangle inequality, we obtain the desired result for
kp � phkM in (3.17). The error estimate (3.17) is proved completely. �

4. Numerical results

In this section, we use the economical finite element approximation (2.14), (2.15) to solve a few gen-
eralized Newtonian flow problems, including an example with exact solution which is used to test the error
estimate (3.17), a backward-facing step and a four-to-one abrupt contraction generalized Newtonian flows.

Example 1. A model problem.
We consider the case of the Carreau law, (1.7) with k ¼ l0 ¼ 1, l1 ¼ 0:5 and various choices of

n 2 ð0; 1�. We set X ¼ ð0; 1Þ � ð0; 1Þ and choose f, for each choice of n, such that the unique solution of
ðPÞ is
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u1ðxÞ ¼ x21ð1� x1Þ2x2ð1� x2Þð1� 2x2Þ; ð4:1Þ

u2ðxÞ ¼ �x1ð1� x1Þð1� 2x1Þx22ð1� x2Þ2; ð4:2Þ

pðxÞ ¼ 4x1x2 � 1: ð4:3Þ
We computed the finite element approximation ðuh; phÞ, see (2.14) and (2.15). For computational ease,

we employed numerical integration on the right hand side of (2.14). We chose a quadrature rule over each
rectangle, which integrated a cubic polynomial exactly. It is a simple matter to show that the error es-
timate (3.17), with m ¼ 2, remains valid; as it would do even for a cruder rule. Four meshes were used in
our computations. The quadrangulation Th in mesh A consisted of four similar rectangles obtained by
subdividing X using the lines x1 ¼ 0:5, x2 ¼ 0:5. Mesh B was generated by subdividing every rectangle in
mesh A into four similar rectangles. Meshes C and D were similarly generated from meshes B and C,
respectively. We note that these meshes are regular, in fact they are uniform, i.e. r0 ¼ 1 in assumption
(B).

Table 1 shows, the maximum of the error ju� uhj over the mesh points, ku� uhk0;X, ku� uhk1;X and
kp � phk0;X for n ¼ 1, 0.5 and 0.001, respectively. The integral norms were approximated using the same
quadrature rule as described above. We see that numerical results confirm our error bound (3.17) with m ¼ 2
for this simple model problem. It should be noted that mesh A is very crude; which have only two degree of
freedoms for uh1 and uh2, respectively.

Example 2. Backward-facing step generalized Newtonian flow.
As shown in Fig. 3(a), we consider a generalized Newtonian flow in the case of Carreau law, (1.7) with

k ¼ l0 ¼ 1, l1 ¼ 0:5, in a backward-facing step channel. We take L ¼ 3:3, H ¼ 1:0, s ¼ 0:8, uinðx2Þ ¼
ð16ðx2 � H=2ÞðH � x2Þ; 0ÞT, uoutðx2Þ ¼ ð2x2ð1� x2Þ; 0ÞT. Fig. 4 shows contours of streamfunction for
n ¼ 1:0, 0.5 and 0.001.

Table 1

Errors of the finite element approximation in Example 1 for different values of n

Mesh

A B C D

n ¼ 1:0

max ju� uhj 4.464E)4 2.526E)4 9.242E)5 2.367E)5
ku� uhk0;X 1.172E)3 8.162E)4 2.594E)4 7.144E)5
ku� uhk1;X 1.531E)2 1.200E)2 6.850E)3 3.637E)3
kp � phk0;X 4.639E)1 2.348E)1 1.177E)1 5.891E)2

n ¼ 0:5

max ju� uhj 4.457E)4 2.524E)4 9.233E)5 2.364E)5
ku� uhk0;X 1.172E)3 8.164E)4 2.595E)4 7.145E)5
ku� uhk1;X 1.531E)2 1.200E)2 6.850E)3 3.637E)3
kp � phk0;X 4.639E)1 2.348E)1 1.177E)1 5.891E)2

n ¼ 0:001

max ju� uhj 4.451E)4 2.521E)4 9.224E)5 2.361E)5
ku� uhk0;X 1.173E)3 8.165E)4 2.595E)4 7.146E)5
ku� uhk1;X 1.531E)2 1.200E)2 6.850E)3 3.637E)3
kp � phk0;X 4.639E)1 2.348E)1 1.177E)1 5.891E)2
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Fig. 4. Contours of streamfunction in Example 2: (a) n ¼ 1:0, (b) n ¼ 0:5 and (c) n ¼ 0:001.

Fig. 3. Setup for (a) Example 2 and (b) Example 3.

Fig. 5. Contours of streamfunction in Example 3: (a) n ¼ 2:0, (b) n ¼ 1:0 and (c) n ¼ 0:001.
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Example 3. A four-to-one abrupt contraction generalized Newtonian flow.
As shown in Fig. 3(b), we consider a generalized Newtonian flow in the case of Carreau law, (1.7) with

k ¼ l0 ¼ 1, l1 ¼ 0:5, in a four-to-one abrupt contraction channel. We take L ¼ 2:0, H ¼ 1:0, s ¼ 1:0,
b ¼ 0:15, uinðx2Þ ¼ ðx2ð2� x2Þ; 0ÞT, uoutðx2Þ ¼ ð64ðx2 � 3H=4Þð5H=4� x2Þ; 0ÞT. Fig. 5 shows contours of
streamfunction for n ¼ 2:0, 1.0 and 0.001. Furthermore Table 2 shows the votex length along x-axis for
different n.

From Figs. 4 and 5, we can see that the economical finite element approximation (2.14), (2.15) can be
used to simulate generalized Newtonian flows.
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