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In this study, we develop a simplified theoretical model for flame initiation, propagation and extinction in 

premixed gas mixture containing water droplets, by considering water droplet evaporation in pre-flame 

or/and post-flame zones. The Eulerian droplet model with simplified evaporation sub-model is employed, 

while for gas phase the assumptions of constant-density, quasi-steady and large activation energy are 

made. Analytical correlations describing different flame regimes and transitions among flame balls, prop- 

agating spherical flames and planar flames are then derived to investigate the spherical flame initiation, 

propagation and extinction, with emphasis on the effects of water droplet evaporation on spherical flames 

at different Lewis numbers. Five different flame regimes are observed and discussed for droplets evap- 

oration in pre-flame or/and post-flame zones. It is found that the droplets with larger heat exchange 

coefficient are more effective in reducing flame propagation speed and temperature but increasing the 

vaporization front. Moreover, the cooling effect of evaporation heat loss plays an important role on flame 

regimes and their transitions. At the relatively large heat exchange coefficient, the total evaporation heat 

loss from pre-flame and post-flame zones reaches its maximum at an intermediate flame radius. The 

cooling effect is strong enough to quench the flame and results in the self-extinguishing flame. In ad- 

dition, the combined effects of stretch rate and Lewis number compete with the evaporation heat loss 

from droplet evaporation. For small Lewis number, the flammability limits can be achieved through self- 

extinguishing flames, whereas for large Lewis number the flames approach their flammability limits in 

their evolution into planar flames. For ignition of spherical flames, if the droplet-laden mixture is intrin- 

sically non-flammable, although a propagating flame kernel can be initiated, however it would still be 

quenched due to evaporation heat loss at a critical radius. The minimum ignition energy increases with 

heat exchange coefficient and Lewis number. 

© 2019 Elsevier Ltd. All rights reserved. 
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1. Introduction 

Evaporation of water droplets in combustion systems has at-

tracted many researchers’ attentions for decades, because it ren-

ders us the possibility to actively affect or control the host reac-

tion system of practical interest, like in fire suppression for civil

infrastructures (e.g. buildings) and also space vehicles (e.g. manned

spaceships) ( Grant et al., 20 0 0 ). It is well known that water mist

is an effective fire-suppression agent and has been developed for

commercial practice. 

Scientifically, droplet-laden combustion can be categorized as

two-phase multi-component reacting flow problem and therefore

the comprehensive interactions between continuous gas phase and

dispersed liquid phase can be interpreted in terms of inter-phasic
∗ Corresponding author. 
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xchanges of mass, momentum, energy and chemical species

 Crowe et al., 2011 ). The interpretation for their coupling can be

ade based on the chemical, physical and thermal effects from

he dispersed water droplets ( Lentati and Chelliah, 1998a; Mitani,

982 ). Specifically, the thermal effects are characterized mainly

hrough the continuous absorption of the energy from the gas

hase by the evaporating water droplets, and also through the con-

ective heat transfer due to the inter-phasic temperature differ-

nce. The significant manifestation of the physical effects is dilu-

ion (or termed as “oxygen displacement”), due to the addition of

he water vapour to the gaseous mixture. The direct consequences

rom dilution are variations of the local equivalence ratio, and also

he mixture properties (e.g. density and heat capacity). Loosely, the

hermal effects can also be viewed as one of the physical effects.

egarding the chemical effects, the water droplet can inhibit or

romote the homogeneous chemical reaction pathways somehow.

or instance, water vapour is expected to have higher three-body

ollision efficiency compared to other species (e.g. nitrogen), and
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Nomenclature 

A pre-exponential factor of Arrhenius law 

C p gas heat capacity 

d droplet diameter 

D gas molecular diffusivity 

D th gas thermal diffusivity 

E activation energy 

l th flame thickness of an adiabatic planar flame 

Le Lewis number 

m mass 

N d droplet number density 

q v latent heat of vaporization 

q c chemical reaction heat release 

Q ignition energy 

R 0 universal gas constant 

R f flame radius 

R v vaporization front 

s d droplet surface area 

t, r temporal and spatial coordinates 

T temperature 

T b flame temperature of an adiabatic planar flame 

T v boiling point 

u b laminar flame speed of an adiabatic planar flame 

U flame propagation speed 

Y gas mass fraction 

Y d droplet mass loading 

Z Zel’dovich number 

Greek letters 

ρg gas density 

ω v droplet evaporation rate 

ω c chemical reaction rate 

λg gas heat conductivity 

η moving coordinate attached to the propagating 

flame front 

ηv location of vaporization front in the moving coordi- 

nate 

� heat exchange coefficient 

σ thermal expansion ratio 

δ initial droplet mass loading 

Superscripts 

∼ dimensional quantity 

Subscripts 

d corresponding to the liquid phase 

f at the flame front 

g corresponding to the gas phase 

v at the front of onset vaporization 

0 in the fresh mixture 

ence enhances the radical recombination, which further weakens

he combustion process ( Lentati and Chelliah, 1998a ). Overall, the

hemical effects from the dispersed water droplets are relatively

inor, compared to the other two ( Lentati and Chelliah, 1998a;

eshadri, 1978 ). 

There have been numerous investigations available on water-

roplet-laden combustion, and most of them are concentrated

n understanding weakening (or “suppression” in fire science) of

he gaseous flames caused by the dispersed water droplets. The

xperimental studies, for instance, rely on counterflow diffusion

ames ( Naito et al., 2011; Sasongko et al., 2011; Yoshida et al.,

015; Zegers et al., 20 0 0 ), counterflow spray ( n -heptane) diffu-

ion flames ( Sasongko et al., 2016 ), propane/air co-flowing diffu-

ion flames ( Sakurai et al., 2013 ), spherical hydrogen/air/steam pre-
ixed flames ( Cheikhravat et al., 2015 ) and premixed methane/air

ames stabilized in nozzle-type burners ( Fuss et al., 2002 ). It is

ound that water mist is more effective than inert agents (e.g. ni-

rogen) in reducing the burning velocity ( Fuss et al., 2002 ). Also,

ddition of water droplets into the air stream can decrease the

xtinction strain rate in counterflow configurations ( Naito et al.,

011; Yoshida et al., 2015 ). Meanwhile, the higher surface area pa-

ameter, the smaller extinction strain rate. The optimum droplet

ize is also identified, below which the flame suppression effi-

iency (e.g. reduction of burning velocity or extinction strain rate)

s not improved with decreased droplet diameter. These findings

re also confirmed by the numerical simulations of freely prop-

gating hydrogen-, methane- and propane-air flames laden with

ater droplets made by Kee and his co-workers ( Modak et al.,

006; Yang and Kee, 2002 ). Based on their results, the optimum

ize for reducing the burning velocity is about 2 μm for hydro-

en, while it is around 10 μm for methane and propane. The op-

imum droplet size determined from the non-premixed counter-

ow methane flames is in the range of 15–20 μm ( Chelliah, 2007;

entati and Chelliah, 1998b, 1998a ). 

Besides the above investigations based on the specific ex-

erimental measurements and numerical computations, there are

lso theoretical analyses on droplet-laden flames available. Green-

urg and Dvorjetski investigate the effects of polydispersed water

pray on extinction of counterflow polydispersed spray flame and

aseous diffusion flames ( Dvorjetski and Greenberg, 2004, 2002 ).

n their work, the effects of spray polydispersity on optimal flame

uppression conditions are highlighted. Additionally, the multiplic-

ty and bifurcation of flame propagation velocity is observed when

he particle or droplet properties (e.g. diameter, initial loading, etc.)

re varied ( Belyakov et al., 2018; Mitani, 1981; Blouquin and Joulin,

998 ). However, to the best of our knowledge, there are still lim-

ted analytical studies on the transient development of droplet-

aden flames about their initiation, propagation and extinction.

his, in reality, can help us examine the comprehensive effects of

he dispersed water droplets on various regimes or stages of the

volving flames. 

The propagating spherical gaseous flames have been exten-

ively adopted to understand flame initiation and propagation, be-

ause of their geometrical simplicity, e.g. in Chen (2010) ; Chen

t al. (2011, 2009 ); Chen and Ju (2007) ; He (2000) ; Zhang

t al. (2013a, 2013b ); Zhang and Chen (2011) . For multi-phase

pherical flames, Greenberg (2007) derives an evolution equa-

ion to evaluate the finite-rate evaporation and droplet drag ef-

ects for the first time. Han and Chen (2015) investigate the

ffects of finite-rate droplet evaporation on ignition and prop-

gation of premixed spherical spray flame. They also use the

imilar method to examine the effects of finite-rate droplet

vaporation on extinction of spherical burner-stabilized diffusion

ames ( Han and Chen, 2016 ). The above studies unveil inter-

sting results regarding the effects of fuel droplet evaporation

n initiation, propagation and extinction of propagating spherical

ames. 

The present work aims to conduct the mathematical analysis on

remixed spherical flame initiation, propagation and extinction in

he combustible gas mixture with water droplets. The focus is on

nding general theoretical descriptions of different flame regimes

nd transitions among the ignition kernels, flame balls, propagat-

ng spherical flames and planar flames. The effects of droplet evap-

ration and Lewis number on flame propagation speed, vaporiza-

ion front, extinction, and minimum ignition energy will be exam-

ned. The rest of the paper is structured as below. Mathematical

odel and theoretical analysis are presented in Sections 2 and 3 ,

espectively. Results from the theoretical analysis will be discussed

n detail in Section 4 . Section 5 closes the paper with the main

onclusions. 
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Fig. 1. Schematic of the problem studied in (a) Case 1 and (b) Case 2. The star symbols in (a) and (b) represent the locations where the droplets completely vaporize, i.e. in 

the reaction sheet and spherical centre, respectively. 
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2. Mathematical model 

We consider a simplified model for initiation and propagation

of one-dimensional laminar spherical premixed flame laden with

water droplets. Our model includes three different regions to de-

scribe droplet evaporation and fuel combustion ( Greenberg, 2007;

Greenberg et al., 1993; Han and Chen, 2015 ). As shown in Fig. 1 ,

the flame structure consists of a pre-vaporization zone (Zone 1),

a pre-flame zone (Zone 2), and a post-flame zone (Zone 3). The

above three zones are respectively demarcated by the vaporiza-

tion front (dashed lines in Fig. 1 ) and flame front (solid lines in

Fig. 1 ). Note that the vaporization front R v corresponds to the lo-

cation where the droplet starts to evaporate. Various distributions

of water droplets may be presented in practical situations, depend-

ing on the droplet characteristics (e.g. diameter and mass loading)

and evaporation rate ( Belyakov et al., 2018 ). For instance, it is diffi-

cult for small water droplets to penetrate through the flame and

they are fully vaporized before the flame front R f . Nevertheless,

for large droplets, they can survive for a longer time and vapor-

ize in both unburned and burned zones ( Yang and Kee, 2002 ). As

such, in the current work, two cases (termed as Case 1 and Case

2) are investigated to examine the effects of droplet evaporation in

different zones on initiation and propagation of spherical flames.

Specifically, in Case 1, as shown in Fig. 1 a, the water droplets are

completely vaporized before the flame front, whereas in Case 2

( Fig. 1 b), they pass the flame front and continue to vaporize in

the post-flame zone. In other words, for Case 1, evaporation oc-

curs only in Zone 2, whilst for Case 2, it is in both Zones 2 and 3.

Nevertheless, there is no continuity of behaviour for Cases 1 and 2

when the droplets evaporate exactly at the flame front. Unless oth-

erwise stated, the governing equations in Section 2.1 are applicable

for both cases, but their respective boundary and jump conditions

will be presented separately in Section 2.2 . 

2.1. Governing equations 

Similar to previous theoretical studies ( Belyakov et al., 2018;

Han and Chen, 2016, 2015; Blouquin and Joulin, 1998 ), the liq-

uid droplets in the gas mixture are assumed to be dilute, and

therefore the interactions among them are negligible. Also, since

the droplet diameter investigated here is small, inter-phasic kinetic

equilibrium can be assumed and the particles have the same ve-
ocities as gas phase. These simplifications were also used in pre-

ious analytical studies of gas-droplet reaction systems ( Greenberg,

007; Greenberg et al., 1996 ). Meanwhile, in pre-vaporization zone

s presented in Fig. 1 , thermal equilibrium between droplets and

resh pre-mixture is assumed, and hence they have the same tem-

eratures ( Belyakov et al., 2018; Han and Chen, 2016, 2015 ). The

aporization front is assumed to critically reach the boiling point

nd therefore evaporation is initiated. Behind this front, the droplet

emperature maintains the boiling point and evaporation continues

 Belyakov et al., 2018; Han and Chen, 2016, 2015 ). In addition, the

roplet is assumed to be spherical and monodispersed. Note that,

n this work, the possible droplet-induced flame front instability

nd the resultant variations of flame properties are not considered,

hich is typically caused by the full coupling between the gas and

roplet phases. 

Eulerian descriptions are adopted for the droplet phase ( Crowe

t al., 2011 ), in which case the droplet phase can be treated as an

nter-penetrating medium. The Eulerian equation for droplet mass

oading Y d ( ≡
˜ N d ̃  m d 

˜ ρg0 
) can be derived from single droplet mass equa-

ion for ˜ m d and reads ( Hayashi and Kumagai, 1975 ) 

∂ 

∂ ̃  t 

(
˜ N d ˜ m d 

˜ ρg0 

)
= 

∂ Y d 
∂ ̃  t 

= −
˜ N d 

˜ ρg0 

˜ ω v 

˜ q v 
. (1)

ere ˜ t is time, ˜ q v is the latent heat of vaporization per unit mass of

ater droplet. ˜ N d is the droplet number density in the unit of vol-

me and ˜ ρg0 is gas density of the fresh mixture. ˜ ω v is the droplet

vaporation rate and is modelled as ( Hayashi and Kumagai, 1975 )

˜  v = 

˜ s d 
˜ λg Nu 

˜ d 

(
˜ T − ˜ T v 

)
, (2)

n which ˜ s d = π ˜ d 2 is droplet surface area, ˜ λg is the gas heat con-

uctivity, Nu is the Nusselt number, ˜ T is the gas temperature, ˜ T v is

he water boiling point, and 

˜ d is the droplet diameter. 

For gas phase, we adopt the well-known diffusive-thermal

odel ( Joulin and Clavin, 1979 ), according to which the den-

ity, thermal and transport properties are assumed to be con-

tant. The validity of the constant thermal property assumption has

een confirmed in the previous detailed numerical simulations of

aseous propagating spherical flames ( Chen and Ju, 2007; Li et al.,

018; Zhang et al., 2013a; Zhang and Chen, 2011 ). Furthermore,
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T  
t is assumed that the liquid droplets are dilute and their mass

oncentration is sufficiently small so that the transport properties

re not affected by their presence ( Belyakov et al., 2018; Green-

erg, 2007; Han and Chen, 2015 ). Hence, the gas motion induced

y thermal-expansion and droplet evaporation can be neglected.

hese simplifications were also used in previous analytical studies

f both gaseous flames and two-phase flames with dispersed liq-

id droplets ( Chen et al., 2011, 2009; Chen and Ju, 2007; Han and

hen, 2016, 2015; He, 20 0 0; Zhang et al., 2013b, 2013a; Zhang and

hen, 2011 ) and reasonable results are obtained for predicting the

eneral features of spherical flames. As such, the governing equa-

ions for temperature and fuel mass fraction of gas phase respec-

ively are 

˜ g ̃  C p 
∂ ̃  T 

∂ ̃  t 
= 

1 

˜ r 2 
∂ 

∂ ̃  r 

(
˜ r 2 ˜ λg 

∂ ̃  T 

∂ ̃  r 

)
+ 

˜ q c ̃  ω c − ˜ q v ̃  ω v , (3) 

˜ g 
∂ ̃  Y 

∂ ̃  t 
= 

1 

˜ r 2 
∂ 

∂ ̃  r 

(
˜ r 2 ˜ ρg ̃  D 

∂ ̃  Y 

∂ ̃  r 

)
− ˜ ω c , (4) 

here ˜ r is the radius, and 

˜ Y is the fuel mass fraction. ˜ ρg , ˜ C p and
˜ 
 are the density, heat capacity and molecular diffusivity of the

aseous fuel, respectively. ˜ q c is chemical reaction heat release per

nit mass of fuel. ˜ ω c is the reaction rate for one-step irreversible

eaction and is calculated as 

˜  c = ˜ ρg ̃
 A ̃

 Y exp 

(
− ˜ E / ̃  R 

0 ˜ T 
)
, (5) 

here ˜ A is the pre-exponential factor of Arrhenius law, ˜ E is the

ctivation energy, and 

˜ R 0 is the universal gas constant. Besides, ra-

iation heat transfer is not included in this work. 

We introduce the following non-dimensional variables 

 = 

˜ u 

˜ u b 

, r = 

˜ r 

˜ l th 

, t = 

˜ t 
˜ l th 

˜ u b 

, Y = 

˜ Y 

˜ Y 0 
, T = 

˜ T − ˜ T 0 
˜ T b 

. (6)

ere ˜ T 0 and 

˜ Y 0 denote the temperature and fuel mass fraction in

he fresh mixture, respectively. ˜ u b , ˜ T b = ˜ q c ̃  Y 0 / ̃  C p , ˜ l th = 

˜ D th / ̃  u b are the

aminar flame speed, flame temperature and flame thickness of an

diabatic planar flame without water addition, respectively. ˜ D th =
˜ 

g / ( ̃  ρg ̃  C p ) is the gas thermal diffusivity. 

As shown in the previous theoretical analysis for both gaseous

ames and two-phase flames with dispersed liquid droplets ( Chen

t al., 2011, 2009; Chen and Ju, 2007; Han and Chen, 2016, 2015;

e, 20 0 0; Zhang et al., 2013b, 2013a; Zhang and Chen, 2011 ),

t is reasonable to adopt the quasi-steady state assumption in

he moving coordinate system attached to the propagating flame

ront R f ( t ), i.e. η = r − R f (t) . The validation of this assumption has

een demonstrated by transient numerical simulations for gaseous

pherical flames without droplets ( Chen and Ju, 2007; He, 2000;

i et al., 2018; Zhang and Chen, 2011 ), in which the unsteady ef-

ects are found to have a generally negligible influence in light

f the overall balance between diffusion, reaction and convection

rocesses in stably propagating spherical flames. Particularly, when

he flame radius is small (e.g. flame kernel solution), as discussed

y Chen and Ju ( Chen and Ju, 2007) , there are only small quan-

itative differences between the flame propagation speed (versus

adius) from the theoretical analysis and transient computations.

ome key quantities for flame development, e.g. critical radius and

inimum ignition energy, are marginally affected. Hence, this as-

umption is also valid for the early stage of flame evolutions. Due

o relatively dilute water droplet concentration and the chemically

nert characteristics, the influences of water droplets on flame zone

hickness are small and therefore gaseous combustion still domi-

ates in the studied problem ( Belyakov et al., 2018; Han and Chen,

015 ). In addition, due to the kinetic equilibrium between two

hases, the droplets approximately follow the motion of the gas
hase. Therefore, the quasi-steady state assumption in η coordi-

ate system will be adopted for both gas and droplet equations

n the present analysis. The non-dimensional form of the gas and

roplet equations, i.e. Eqs. (1) , (3) and (4) , under the quasi-steady

tate assumption ( ∂ /∂ t = 0 ), reads 

U 

dT 

dη
= 

1 (
η + R f 

)2 

d 

dη

[(
η + R f 

)2 dT 

dη

]
+ ω c − ω v , (7) 

U 

dY 

dη
= L e −1 1 (

η + R f 

)2 

d 

dη

[(
η + R f 

)2 dY 

dη

]
− ω c , (8) 

U 

d Y d 
dη

= −ω v 

q v 
, (9) 

here U = d R f (t ) / d t is the non-dimensional flame propagating

peed and Le = 

˜ D th / ̃
 D is the Lewis number. The normalized latent

eat of vaporization is q v = ˜ q v / ( ̃  C p ̃  T b ) , and the chemical reaction

s ω c = ̃

 l th ̃  ω c / ( ̃  ρg ̃  u b ̃  Y 0 ) . Additionally, the non-dimensional droplet

vaporation rate ω v is 

 v = �( T − T v ) . (10) 

ere T v is the non-dimensional boiling temperature. The heat ex-

hange coefficient � in Eq. (10) is 

= π ˜ N d Nu ̃

 d ̃  D 

2 
th ̃  u 

−2 
b 

. (11) 

As shown in Eq. (11) , the non-dimensional parameter � essen-

ially is a lumped parameter affected by both gas and droplet prop-

rties. For the latter, it includes droplet diameter ˜ d and number

ensity ˜ N d . It should be highlighted that for Case 1, as shown in

ig. 1 a, Eq. (9) and the evaporation rate term ω v in Eq. (7) are only

ncluded in pre-flame zone. However, for Case 2 in Fig. 1 b, they are

onsidered in both pre- and post-flame zones. 

.2. Jump and boundary conditions 

.2.1. Droplet evaporation in pre-flame zone only (Case 1) 

The non-dimensional boundary conditions for both gas phase

 T and Y ) and droplet phase ( Y d ) equations at the spherical centre

 η = −R f ) and in the fresh mixture ( η → ∞ ) are 

= −R f : 
(
η + R f 

)2 dT 

dη
= −Q, 

dY 

dη
= 0 , Y d = 0 . (12)

→ ∞ : T = 0 , Y = 1 , Y d = δ. (13)

ere δ is the initial mass loading of the water droplets in the fresh

ixture, and Q is the normalized ignition energy. The steady-state

eposition of the ignition energy is provided as an energy flux at

he centre, which is also adopted by the previous theoretical stud-

es about ignition of spherical flames ( Chen and Ju, 2007; Han and

hen, 2015; He, 20 0 0; Zhang et al., 2013a; Zhang and Chen, 2011 ).

s demonstrated by the transient calculations of spherical flames

n ( Chen et al., 2011, 2009; Chen and Ju, 2007; He, 2000; Zhang

t al., 2013b, 2013a; Zhang and Chen, 2011 ), this simplification is

dequate to gain qualitative understanding of spherical flame initi-

tion and propagation, which will be discussed in Section 4.2 . 

At the vaporization front, η = ηv = R v − R f , the gas temperature

 , fuel mass fraction Y and droplet mass loading Y d satisfy the fol-

owing jump conditions ( Belyakov et al., 2018; Han and Chen, 2016,

015 ) 

 = T v , [ Y ] = [ T ] = 

[
dY 

dη

]
= 

[
dT 

dη

]
= 0 , [ Y d ] = 0 . (14)
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mass loading 
In the limit of large activation energy, chemical reactions in gas

phase are confined at an infinitesimally thin flame sheet (i.e. η = 0 )

( Chen and Ju, 2007; Joulin and Clavin, 1979 ). The corresponding

jump conditions at η = 0 are 

T = T f , Y = 0 , Y d = 0 , −
[

dT 

dη

]
= L e −1 

[
dY 

dη

]

= 

[
σ + ( 1 − σ ) T f 

]2 
exp 

[
Z 

2 

(
T f − 1 

σ + ( 1 − σ ) T f 

)]
, (15)

where T f is the flame temperature, σ is the thermal expansion ra-

tio and Z is the Zel’dovich number.The square brackets, i.e. [ f ] =
f ( η+ ) − f ( η−) , denote the difference between the variables at two

sides of the vaporization front ( η = ηv ) or flame sheet ( η = 0 ). 

2.2.2. Droplet evaporation in pre- and post-flame zones (Case 2) 

The corresponding boundary conditions at the spherical cen-

tre ( η = −R f ) and in the fresh mixture ( η → ∞ ) are the same as

Case 1, i.e. Eqs. (12) and (13) , except that d T /d η = 0 should be

used, instead of ( η + R f ) 
2 d T /d η = −Q . The reason is that the en-

ergy boundary condition may cause the present algebraic system

unsolvable when the water droplet is fully vaporized critically at

the spherical centre. As a future topic, ignition of droplet-laden

spherical flames in Case 2 will be investigated through relaxing the

above assumption about the front of vaporization completion, as

done by Belyakov et al. in ( Belyakov et al., 2018 ) for planar flames.

The jump conditions at the vaporization front are the same as

those in Case 1, i.e. Eq. (14) . In addition, the jump conditions at

the thin flame sheet are the same as in Case 1, i.e. Eq. (15) , ex-

cept that [ Y d ] = 0 (i.e. continuous distribution of droplet across the

flame front) should be used, instead of Y d = 0 . 

3. Theoretical analysis 

Eqs. (7) –(9) with proper jump and boundary conditions for

Cases 1 and 2 are solved analytically in pre-vaporization zone

( ηv ≤η < ∞ , Zone 1 in Fig. 1 ), pre-flame zone (0 ≤η < ηv , Zone 2)

and post-flame zone ( −R f ≤ η < 0 , Zone 3). The reader is reminded

here that the effects of various distributions of droplet evaporation

on spherical flame initiation and propagation (i.e. Case 1 and Case

2) are investigated in the current analysis. As such, both of their

solutions will be presented below. 

3.1. Droplet evaporation in pre-flame zone only (Case 1) 

(1) Distributions of temperature, fuel mass fraction and droplet

mass loading 

� 1 = 

G 

(
−k ·

(
R f + ηv 

)
, U 

k 
, −U 

k 

)
· F 

(
k 
(
R f 

G 

(
−k ·

(
R f + ηv 

)
, U 

k 
, −U 

k 

)
· F 

(
k 
(
R f + ηv 

)

� 2 = 

G ( −k · ( R f + ηv ) , 
U 
k 
, −U 

k 
) ·

G ( −k · ( R f + ηv ) , 
U 
k 
, −U 

k 
) · F ( k ( R f + ηv

� 3 = 

G ( −k · ( R f + ηv ) , 
U 
k 
, −U 

k 
) · F ( k R f 

G ( −k · ( R f + ηv ) , 
U 
k 
, −U 

k 
) · F ( k · ( R f + ηv )
The solutions for temperature, fuel mass fraction and droplet

ass loading in Zones 1–3 are 

 = 

⎧ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎩ 

T v 
I 1 ( η, U ) 

I 1 ( ηv , U ) 
, i f ηv ≤ η < ∞ 

T v −
T v 

(
ηv + R f 

)−2 
e 0 . 5 ( U+ k ) ( ηv −η) −U ( ηv + R f ) 

I 1 ( ηv , U ) ( k + U ) 

�
(
2 + 

U 
k 

)
�
(
1 + 

U 
k 

)� 1 , 

i f 0 ≤ η < ηv , 

T f + Q [ I 1 ( 0 , U ) − I 1 ( η, U ) ] , i f − R f ≤ η < 0 

(16)

 = 

⎧ ⎨ 

⎩ 

1 − I 1 ( η, LeU ) 

I 1 ( 0 , LeU ) 
, i f 0 ≤ η < ∞ 

0 , i f − R f ≤ η < 0 

, (17)

 d = 

⎧ ⎪ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎪ ⎩ 

δ, i f ηv ≤ η < ∞ 

δ
∫ η−R f 

( T 2 − T v ) dξ

∫ ηv 
−R f 

( T 2 − T v ) dξ
, i f 0 ≤ η < ηv , 

0 , i f − R f ≤ η < 0 

(18)

here k = 

√ 

4� + U 

2 , I 1 ( x, y ) = e −y R f 
+ ∞ 

∫ 
x 

( ξ + R f ) 
−2 e −yξ dξ ,

(a ) = 

∞ 

∫ 
0 

t a −1 e −t dt , F ( a, b, c ) = 

1 
∫ 
0 

t b e at ( 1 − t ) c dt , G ( a, b, c ) =
 

∫ 
0 

t b e at ( 1 + t ) c dt , and 

, U 
k 
, −U 

k 

)
− F 

(
k 
(
R f + ηv 

)
, U 

k 
, −U 

k 

)
· G 

(
−k ·

(
R f + η

)
, U 

k 
, −U 

k 

)
 

U 
k 
, −U 

k 

)
+ F 

(
k 
(
R f + ηv 

)
, U 

k 
, −U 

k 

)
· G 

(
−k ·

(
R f + ηv 

)
, 1 + 

U 
k 
, −U 

k 

) . 

2) Correlations for propagating spherical flames with droplet

evaporation 

Based on the jump conditions in Eq. (15) , one obtains the fol-

owing algebraic system for the correlations between flame tem-

erature T f , flame propagating speed U , flame radius R f , and vapor-

zation front ηv : 

 f = T v −
T v 

(
ηv + R f 

)−2 
e 0 . 5 ( U+ k ) ηv −U ( ηv + R f ) 

I 1 ( ηv , U ) ( k + U ) 

�
(
2 + 

U 
k 

)
�
(
1 + 

U 
k 

)� 2 , (19)

−QR 

−2 
f 

e −U R f + 0 . 5 ( k + U ) 
(
T f − T v 

)
+ 

T v 
(
ηv + R f 

)−2 
e 0 . 5 ( U+ k ) ηv −U ( ηv + R f ) 

I 1 ( ηv , U ) 

� 3 = 

1 

Le 

R 

−2 
f 

e −LeU R f 

I 1 ( 0 , LeU ) 
= 

[
σ + ( 1 − σ ) T f 

]2 
exp 

[
Z 

2 

T f − 1 

σ + ( 1 − σ ) T f 

]
,

(20)

here 

 f , 
U 
k 
, −U 

k 
) − F ( k ( R f + ηv ) , 

U 
k 
, −U 

k 
) · G ( −k R f , 

U 
k 
, −U 

k 
) 

 

U 
k 
, −U 

k 
) + F ( k ( R f + ηv ) , 

U 
k 
, −U 

k 
) · G ( −k · ( R f + ηv ) , 1 + 

U 
k 
, −U 

k 
) 

and 

 

U 
k 
, −U 

k 
) + F ( k · ( R f + ηv ) , 

U 
k 
, −U 

k 
) · G ( −k R f , 1 + 

U 
k 
, −U 

k 
) 

 

U 
k 
, −U 

k 
) + F ( k · ( R f + ηv ) , 

U 
k 
, −U 

k 
) · G ( −k · ( R f + ηv ) , 1 + 

U 
k 
, −U 

k 
) 
. 

.2. Droplet evaporation in pre- and post-flame zones (Case 2) 

1) Distributions of temperature, fuel mass fraction and droplet
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Fig. 2. Flame propagating speed as a function of flame radius for different Lewis 

numbers at Q = 0 with and without droplets: (a) Case 1 at �= 0.02; (b) Case 2 at 

�= 0.02; (c) �= 0. The critical flame radii R c , left and right flame ball radii ( R −z and 

R + z ) are denoted by circles, triangles and diamonds, respectively. 
The solutions for temperature, fuel mass fraction and droplet

ass loading in Zones 1–3 are 

 = 

⎧ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎩ 

T v 
I 1 ( η,U ) 
I 1 ( ηv ,U ) 

, i f ηv ≤ η < ∞ 

T v − T v ( ηv + R f ) 
−2 

e 
0 . 5 ( U+ k ) ( ηv −η) −U ( ηv + R f ) 

I 1 ( ηv ,U ) ( k + U ) 
�( 2+ U 

k ) 
�( 1+ U 

k ) 
� 1 , 

i f 0 ≤ η < ηv 

T v + e −0 . 5 ( U+ k ) η(T f − T v 
) F ( k ( R f + η) , U k 

, − U 
k ) 

F ( k R f , U k 
, − U 

k ) 
, 

i f −R f ≤ η < 0 

(21) 

 = 

{ 

1 − I 1 ( η,LeU ) 
I 1 ( 0 ,LeU ) 

, i f 0 ≤ η < ∞ 

0 , i f −R f ≤ η < 0 

(22) 

 d = 

⎧ ⎪ ⎪ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎪ ⎪ ⎩ 

δ , i f ηv ≤ η < ∞ 

δ
∫ 0 −R f 

( T 3 −T v ) d ξ+ ∫ η
0 ( T 2 −T v ) d ξ

∫ 0 −R f 
( T 3 −T v ) d ξ+ ∫ ηv 

0 ( T 2 −T v ) d ξ
, i f 0 ≤ η < ηv 

δ
∫ η−R f 

( T 3 −T v ) dξ

∫ 0 −R f 
( T 3 −T v ) d ξ+ ∫ ηv 

0 ( T 2 −T v ) d ξ
, i f −R f ≤ η < 0 

(23) 

2) Correlations for propagating spherical flames with droplet

evaporation 

The explicit expression of flame temperature for Case 2 is the

ame as that from Case 1, i.e. Eq. (19) , and hence will be not re-

eated here. By using the jump conditions of Case 2, one can ob-

ain the following algebraic system 

�
(
1 + 

U 
k 

)
F 
(
k R f , 1 + 

U 
k 
, −U 

k 

)
( k + U ) 

(
T f − T v 

)
�
(
2 + 

U 
k 

)
F 
(
k R f , 

U 
k 
, −U 

k 

)
 

T v 
(
ηv + R f 

)−2 
e 0 . 5 ( U+ k ) ηv −U ( ηv + R f ) 

I 1 ( ηv , U ) 

 3 = 

1 

Le 

R 

−2 
f 

e −LeU R f 

I 1 ( 0 , LeU ) 
= 

[
σ + ( 1 − σ ) T f 

]2 
exp 

[
Z 

2 

T f − 1 

σ + ( 1 − σ ) T f 

]
. 

(24) 

Eqs. (19) and (20) , as well as Eqs. (19) and (24) , describe the

orrelations between flame propagation speed U , radius R f , temper-

ture T f , and vaporization front ηv when the droplet laden spher-

cal flames are initiated and propagate outwardly in Case 1 and

ase 2, respectively. Therefore, the influences of the different dis-

ributions of water droplets from Case 1 and Case 2 can be com-

ared. Various parameters are included in the foregoing equations,

ncluding Lewis number ( Le ), heat exchange coefficient ( �), and ig-

ition energy ( Q ). Therefore, their effects on initiation and propa-

ation of spherical flames can be discussed through numerically

olving Eqs. (19) , (20) and (24) . 

The current models of Case 1 and Case 2 can recover the

orrelation for droplet-laden spherical flames without central en-

rgy deposition ( Q = 0) ( Chen and Ju, 2007 ) in the limit of δ → 0.

or Case 1 in which the flame ignition is taken into consider-

tion, its model can be reduced to the results about ignition

 Q > 0) of droplet-free spherical flames also derived by Chen

nd Ju ( Chen and Ju, 2007 ). In addition, when the flame radius

s infinite ( R f → + ∞ ) which corresponds to propagating planar

ames, the current models of both cases can give the consistent

esults for planar flames with the same initial droplet distributions

 Belyakov et al., 2018 ). As such, the current theoretical model can

e successfully simplified into different situations under various

imits. 
. Results and discussion 

The constants used in the following analysis include ( Belyakov

t al., 2018; Chen and Ju, 2007 ): Zel’dovich number Z = 10, ther-

al expansion ratio σ = 0.15, normalized boiling point of water

 v = 0.222, normalized latent heat of water evaporation q v = 1.256,
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Fig. 3. Flame propagation speed, vaporization front and flame temperature as functions of flame radius for different heat exchange coefficients at Le = 1.0 in (a) Case 1 and 

(b) Case 2. The symbols abcd and a’b’c’d’ are used to identify the different regimes for analysis in Figs. 7 and 8 . 
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initial droplet mass loading δ = 0.2. Note that these values of T v 
and q v correspond to the properties of liquid water at atmospheric

pressure ( Belyakov et al., 2018 ). 

4.1. Spherical flame propagation and extinction 

Fig. 2 a–c show the flame propagation speed as a function of

flame radius at Q = 0 with and without droplets. The influences of

Lewis numbers on spherical flame propagation are examined. The

solutions on the horizontal axis with U = 0 denote stationary flame

ball solutions (left R −z marked by triangles and right R + z marked

by diamonds). It is noted that there exists a critical flame radius

( R c , marked by open circles), beyond which propagating spherical

flames can be achieved. Fig. 2 a shows that in Case 1, for Le = 0.8,

there are two branches (upper stable flame and lower unstable

flame), and R c is equal to R −z . Along the stable flame branch, the

flame propagation speed first increases, then slightly decreases and

finally tends to be approximately 0.95 at large R f ( U = 1 for adia-
atic gaseous flames ( Chen and Ju, 2007 )). The increase is caused

y the transition from the flame balls dominated by diffusion to

he outwardly propagating spherical flames dominated jointly by

onvection and diffusion. The decrease is due to the preferential

ffects of flame stretch (i.e. K ≡ 2 U / R f for spherical flames) and the

mall Lewis number ( Law, 2006; Chen and Ju, 2007; Zhang et al.,

013a; Zhang and Chen, 2011 ). When Le = 1.0, there are still two

ranches, but the above mentioned non-monotonic behaviour for

he upper branch does not exist. When Le is increased to 1.5 and

.0, C -shaped solutions are observable. In these scenarios, R c is at

he turning point, which demarcates the upper stable branch and

ower unstable branch. These characteristics are also observed in

revious theoretical analysis for gaseous spherical premixed flames

 Chen et al., 2011, 2009; Chen and Ju, 2007; He, 2000; Zhang et al.,

013b, 2013a; Zhang and Chen, 2011 ). 

Through comparing Fig. 2 a and b, one can find that Case 1 and

ase 2 have qualitatively similar solution distributions in the U-

 f plane. Nevertheless, in Case 2, the flame propagation speed U
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Fig. 4. Flame propagation speed, vaporization front and flame temperature as functions of flame radius for different heat exchange coefficients at Le = 0.8 in (a) Case 1 and 

(b) Case 2. 
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s consistently lower than that in Case 1 with the same Le . This

s because in Case 2 the droplets are dispersed in the entire do-

ain and the gas phase heat loss due to water droplet evapora-

ion are stronger. Also, for the critical flame radii R c which indicate

he initiation of the stable flame branches, the influence of differ-

nt droplet distributions in two cases on R c becomes more pro-

ounced with increased Le . This is particularly true for large Le (say

.5 and 2). In fact, when the water droplets are presented in the

as mixture, the heat loss from their evaporation competes with

he Lewis number effects. When the latter enhances the flame, the

ame can be sustained at the similar critical radii in both Cases.

evertheless, when it weakens the flame (e.g. Le = 1.5 and 2), the

roplet distributions in Case 2 render the spherical flames be sus-

ained at a larger radius and therefore a weaker stretch rate than

n Case 1. Moreover, through comparing results with ( Fig. 2 a and

) and without droplets ( Fig. 2 c), there is only one branch for

ure gaseous flames and flame speed eventually reaches the pla-

ar flame speed ( U = 1) at a large R f . Also, the critical flame radius

 c without droplets is smaller than that with droplets at a fixed
e . The same trend of results in Fig. 2 c was observed in previous

heoretical analysis for gaseous spherical premixed flames ( Chen

t al., 2011, 2009; Chen and Ju, 20 07; He, 20 0 0; Zhang et al., 2013b,

013a; Zhang and Chen, 2011 ), which also qualitatively confirms

he results obtained from our theoretical model. 

Fig. 3 a and b show flame propagation speed U , vaporization

ront ηv and flame temperature T f as functions of flame radius

 f at Le = 1 in Case 1 and Case 2, respectively. The effects of

arious heat exchange coefficients � are discussed. In Fig. 3 a,

hen � = 0.02, dual flame ball solutions exist. As � increases,

he flame ball solutions do not exist, the separate stable and un-

table branches become a C -shaped curve and the critical flame

adius R c at the turning point increases. When �> 0.067, the

 -shaped curve cannot be found and this droplet-laden mixture

ecomes not flammable due to the heat loss from droplet evapora-

ion. This indicates that the spherical flame reaches its flammabil-

ty limit at relatively large radius (with weak stretch). The propa-

ation speed at extinction is about U ≈ 0.55. This value is con-

istent with the prediction from the freely propagation planar
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Fig. 5. Flame propagation speed, vaporization front and flame temperature as functions of flame radius for different heat exchange coefficients at Le = 1.5 in (a) Case 1 and 

(b) Case 2. 
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flames ( Belyakov et al., 2018 ), close to the results (50% −60% of

the adiabatic burning velocity) obtained by Blouquin and Joulin

( Blouquin and Joulin, 1998 ). 

In Case 1, the vaporization front ηv has two branches at

�= 0.02, and these branches evolve into C -shaped curves with in-

creased �, as presented in Fig. 3 (a). The upper stable flame branch

corresponds to the lower branch of ηv and upper branch of T f . It

can be seen that ηv is directly affected by T f for a fixed �. Specif-

ically, the higher T f leads to smaller ηv , indicating that it is closer

to the flame front R f . When the temperature variation is small for

propagating spherical flames with large radii, ηv is close to be con-

stant. However, ηv consistently increases with �, since lower T f 
due to the stronger heat loss from droplet evaporation spatially de-

lays the onset of the vaporization in the pre-flame zone. 

Similarly, the effects of heat exchange coefficient Ω in Case 2

are demonstrated in Fig. 3 b. The qualitatively similar behaviours

of U, T f and ηv with R f can be observed at �= 0.02 and 0.022

as in Case 1 from Fig. 3 a. However, when � increases to 0.026

and 0.029, a new flame regime, isolated Self-Extinguishing Flames
SEF), can be observed at intermediate radii. The extinction at the

ight turning point of SEF curves may be caused by the simulta-

eous heat transfer due to droplet evaporation from both Zones 2

nd 3. This was also seen from the theoretical analysis by Chen

nd Ju ( Chen and Ju, 2007 ), where the radiation heat loss in both

urned and unburned zones is considered for spherical gaseous

ames. For SEFs at � = 0.026 and 0.029, ηv and T f vary with R f 
on-monotonically. The flame temperature T f first increases and

hen decreases, whereas ηv has the opposite tendency. The ef-

ects of water droplets on the SEFs will be discussed further be-

ow through calculating the normalized evaporation heat loss in

ig. 8 . Unlike Case 1, when the droplets are present in the whole

omain, the flame reaches its flammability limit in the form of the

hrinking SEFs at intermediate radii, instead of that for the planar

roplet-laden flames (as shown in Fig. 3 a). The propagation speed

t extinction in Case 2 ( < 0.2) is much lower than that in Case

 ( ∼ 0.55). Meanwhile, the heat exchange coefficient correspond-

ng to this flammability limit is much lower in Case 2 (0.029) than

hat in Case 1 (0.067). 
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Fig. 6. Distributions of temperature, fuel mass fraction, droplet mass loading and evaporation rate for different heat exchange coefficients at Le = 1.0 in (a) Case 1 and (b) 

Case 2. The spherical centre is at η = −10 ( R f = 10). Dash lines: flame fronts ( η = 0); Dash-dotted lines: vaporization fronts ( ηv indicated). 

Fig. 7. The dependence of normalized evaporation heat loss on flame radius for 

Case 1 with Le = 1. The symbols here consistent with those in Fig. 3 a. 
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The combined effects of Lewis number and heat loss due to

roplet phase on spherical flame propagation will be further in-

estigated in Fig. 4 ( Le = 0.8) and Fig. 5 ( Le = 1.5). Similarly, both

ase 1 and Case 2 will be discussed to analyse the effects of dif-

erent droplet distributions. It is seen in Fig. 4 that when Le = 0.8,

volutions of U, T f and ηv with R f are qualitatively similar for both

ases. Besides the outwardly propagating spherical flames (at small

 ) and SEFs (at large Ω ), at intermediate �, a new regime arises,
.e. sub-limit SEFs (e.g. � = 0.1 in Case 1 and � = 0.035 in Case

), along which the flames can be initiated from a flame ball so-

ution but are quenched at a critical radius. The similar bifurcation

ehaviours are observed in previous studies for radiative spheri-

al flames ( Chen and Ju, 2007 ). At Le = 0.8, for both cases, the

ammability limits are gradually reached with the limiting solu-

ions of SEFs. The critical values for � for these limits are around

.27 and 0.21 for Case 1 and Case 2, respectively. One can see that

he T f is larger than unity when the propagating flames are highly

tretched at small and intermediate radii (e.g. R f < 50) for all the

onsidered �. This indicates that the enhancement effects of the

ositive stretch rate and small Lewis number dominate the heat

oss effects from droplet evaporation. In this scenario, ηv is slightly

nfluenced by Ω , as shown in Fig. 4 , before the flammability limit

s approached. 

At Le = 1.5, no flame balls, sub-limit SEFs and SEFs exist for

he two cases, which can be seen from Fig. 5 a and b, respec-

ively. Instead, U − R f solutions with different Ω are characterized

s the C -shaped curves with upper stable propagating spherical

ames beyond critical flame radii R c . The flame can only propagate

t relatively large radii, where the weakening effects from posi-

ive stretch rate and large Lewis number become comparatively

mall. R c is expected to become larger when the droplet cooling

ffects are considered, since both effects jointly weaken the spher-

cal flame propagation when Le > 1. As shown in Fig. 5 b, the weak-

ning is stronger when the droplets appear in pre- and post-flame

ones. When � is critically large, the gas-droplet mixture is not

ammable. This critical � in Case 1 is about 0.067, while in Case

 about 0.024. For ηv and T f , they show monotonic decrease and

ncrease with increased flame radius. 
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Fig. 8. The dependence of normalized evaporation heat loss on flame radius for Case 2 with Le = 1: (a) H all, 2 , (b) H ub , and (c) H b . The symbols in (a) consistent with those in 

Fig. 3 b. 
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Fig. 6 shows the spatial distributions of gas temperature, fuel

mass fraction, droplet mass loading and evaporation rate for the

spherical flames with radius R f = 10 at Le = 1. Note that Fig. 6 a

corresponds to Case 1, in which the droplets are only presented

in vaporization zone and pre-flame zone, whereas Fig. 6 b shows

the results when the droplets are dispersed in the full domain.

� = 0.02 and 0.026 are considered for comparisons. Three obser-

vations can be made based on Fig. 6 . Firstly, the evaporation rate

ω v in Case 1 is spiky close to the flame front in Zone 2, whereas

for Case 2 considerable ω v can be observed in both Zones 2 and

3. As such, in Case 2, the gas temperature gradually decreases to-

wards the spherical centre, which differs from Case 1. In the latter,

the temperature in the burned zone is constant. Also, the temper-

ature gradient in Zone 3 also reduces T f through heat conduction

and therefore flame temperature T f in Case 2 is consistently lower

than that in Case 1. Secondly, in Case 2, the vaporization front

ηv is higher than that in Case 1 with same heat exchange coef-

ficient �. For instance, when � = 0.02, ηv = 1.9 in Case 2 higher

than ηv = 1.615 in Case 1. Since ηv is the critical location where

the temperature critically reaches the boiling point and hence the

droplet evaporation starts, the above differences of ηv can be jus-

tified through comparing the temperature profiles in Zone 1. For

Case 2, the lower gas temperature due to combined vaporization in

Zones 2 and 3, and the more distributed gas temperature in Zones

1 and 2, which makes the mixture reach the boiling point farther

from the flame front and hence larger ηv . This is also observed by

Belyakov et al. in their theoretical analysis for planar flames with

water mists ( Belyakov et al., 2018 ). 

The relation between heat exchange coefficient � and vapor-

ization front ηv is also shown in Fig. 6 . When droplet evapora-

tion occurs only before the flame front as presented in Fig. 6 a, the
emperature profiles are only slightly affected by increased � from

.02 to 0.026, which results in the small change of ηv . In Case 2,

hen � is increased, the flame temperature T f and temperature

n the burned zone are noticeably reduced, but the temperature

efore the flame front is slightly increased. This directly leads to

igger locations of onset of droplet evaporation. These findings are

onsistent with the results in Fig. 3 . The relations between � and

v are also affected by various Lewis numbers. This is particularly

bvious when Le > 1 as shown in Fig. 5: the higher �, the farther

he vaporization front is from the flame. 

To gain an insight into how droplet evaporation affects various

ame regimes (e.g. SEF), the normalized evaporation heat loss can

e calculated in the pre-flame (Zone 2) and post-flame (Zone 3)

ones respectively as 

 ub = �
ηv ∫ 
0 

[ T 2 ( ξ ) − T v ] ξ
2 d ξ/ 

(
R 

2 
f 

d T 

d η

∣∣∣∣
0 −

− R 

2 
f 

d T 

d η

∣∣∣∣
0 + 

)
, (25)

 b = �
0 

∫ 
−R f 

[ T 3 ( ξ ) − T v ] ξ
2 d ξ/ 

(
R 

2 
f 

d T 

d η

∣∣∣∣
0 −

− R 

2 
f 

d T 

d η

∣∣∣∣
0 + 

)
, (26)

here ( R 2 
f 

dT 
dη

| 
0 −

− R 2 
f 

dT 
dη

| 
0 + 

) is the total heat release from chemical

eaction. T 2 and T 3 denote the temperature distributions in Zone 2

nd Zone 3, respectively. The total evaporation heat loss for Case 1

quals to that in the pre-flame zone (i.e. unburned zone), H al l , 1 =
 ub , while for Case 2, H al l , 2 = H ub + H b . 

Fig. 7 shows the normalized evaporation heat loss H all , 1 of

ropagating spherical flames for Case 1 at Le = 1. The correspond-

ng flame propagating speed solutions are marked in Fig. 3 a with

he same symbols. The branches ab and a’b’ respectively denote the

table flame solutions. It is seen that H all , 1 first decreases sharply
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Fig. 9. Flame propagation speed as a function of flame radius with different ignition energies at Le = 1.0. The heat exchange coefficients considered are: (a) Ω = 0.02, (b) 

Ω = 0.04, (c) Ω = 0.1 and (d) Ω = 0. The arrow in (c) indicates flame extinction. 
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nd when R f > 5 their values are almost close to zero. This means

hat when the spherical flames stably propagate outwardly, the

ontributions from the droplet-induced heat loss diminish quickly

nd then they are almost neglected in the late stage of flame prop-

gation. Also, lower � leads to smaller H all , 1 as shown in Fig. 7 . 

For Case 2, two flame regimes are selected here for further

nalysis: propagating spherical flame and SEF, as presented in

ig. 8 a. Their flame propagating speed solutions have been given

n Fig. 3 b and the symbols in Fig. 8 a are used to identify the same

ame regimes in Fig. 3 b. Along the travelling flame branch ab , the

otal heat loss H all , 2 monotonically increases with the flame radius

nd at large radius (say R f > 50), it begins to drop. This is mainly

ue to the fact that total heat release from chemical reaction rather

han heat loss of evaporation effect predominates as the flame

rows. In SEF which appears with a greater Ω , e.g. 0.026, the to-

al heat loss H all , 2 increases along the stable flame solutions a’c’b’

nd reaches its peak at point b’ . As such, the flame extinguishment

t point b’ is caused by the droplet evaporation. Therefore, qual-

tatively, in Case 2 when the droplets lie at the full domain, the

ontributions from their evaporation shows different characteris-

ics from those in Case 1. 

Fig. 8 b and c show the respective evaporation heat loss in Zone

 and Zone 3, i.e. H ub and H b . When Ω = 0.022, heat loss from

he unburned zone H ub (the stable branch a 1 b 1 in Fig. 8 b) de-

reases sharply with increased flame radius, similar to what is ob-

erved from Case 1 in Fig. 7 . However, for the contributions from

he post-flame zone (i.e. burned zone), H b (the stable branch a 2 b 2 
n Fig. 8 c) significantly increases when the flame propagates out-

ardly and then decreases as the cooling effect becomes weaker.
esides, by comparing Fig. 8 b and c, the higher total evaporation

eat loss ( H all,2 ) with larger flame radius is mainly caused by the

roplet evaporation in the burned zone ( H b ). In SEFs, H ub ( a 
′ 
1 c 

′ 
1 b 

′ 
1 in

ig. 8 b) decreases monotonically and peaks at a ′ 
1 
, while H b ( a ′ 

2 
c ′ 

2 
b ′ 

2 
n Fig. 8 c) increases monotonically and is highest at point b ′ 

2 
. This

lso confirms the effects of the droplet evaporation in the post-

ame zone. 

.2. Spherical flame initiation 

In this Section, we study initiation of droplet-laden spherical

ames using an external energy flux ( Q > 0) at the spherical cen-

re ( Chen and Ju, 2007; Han and Chen, 2015; He, 20 0 0; Zhang

t al., 2013a; Zhang and Chen, 2011 ). The effects of droplet evap-

ration on the flame development (from ignition kernel, propagat-

ng spherical flame to planar flame) and minimum ignition energy

ith different Lewis numbers and heat exchange coefficients will

e discussed in detail. Note that only Case 1 will be investigated

ere, as mentioned before in Section 2.2 . 

Fig. 9 a shows the flame propagation speed as a function of

ame radius at different ignition energies at Le = 1.0 and � = 0.02.

ithout ignition energy ( Q = 0), the result is the same as that in

ig. 3 a, with stable (fast flame) and unstable (slow flame) branches.

nce an external energy is deposited, the flame propagation trajec-

ory is changed. Specifically, at low ignition energy, e.g. Q = 0.06,

hree branches are obtained. Besides the original stable and un-

table branches, a new left ignition kernel branch at small radius

rises. However, along it the flame is quenched at a flame ball so-

ution. With increased Q , the ignition kernel branch and the middle
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Fig. 10. Flame propagation speed as a function of flame radius with different ignition energies for Case 1 at Le = 0.8. The heat exchange coefficients considered are: (a) 

Ω = 0.02, (b) Ω = 0.1, (c) Ω = 0.4 and (d) Ω = 0. The arrows in (b) and (c) indicate flame extinction. 
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fast flame branch move towards each other. When Q is larger than

a critical value Q min = 0.0637, these two branches merge, resulting

in a travelling spherical flame branch, along which successful evo-

lution of the flame kernel to self-sustaining propagating spheri-

cal flame can be achieved. The flame bifurcation from Fig. 9 a was

also observed from the previous theoretical analysis with one-step

chemistry and two-step chemistry ( Chen and Ju, 2007; He, 2000;

Zhang and Chen, 2011 ). 

For � = 0.04, Fig. 9 b shows that only one C -shaped curve is

observed for Q = 0, same as that in Fig. 3 a. When Q = 0.03, a left

flame kernel branch appears and the right C -shaped branch evolves

slightly towards the left side. Further increasing Q to 0.044 makes

the C -shaped branch break up into two branches (middle and right

ones). However, successful ignition is still not achieved. Again, with

Q is slightly higher than 0.0 6 6, successful ignition is achieved, in

which case the ignition kernel and middle flame branches merge

with each other. This leads to a new branch, along which the flame

can propagate towards large radius. Therefore, the minimum igni-

tion energy Q min is 0.0 6 6, slightly greater than that in Fig. 9 a. 

However, for � = 0.1, Fig. 9 c shows that there exists only one

ignition kernel branch, however large the ignition energy Q is. For

this case, the branch for outwardly propagating spherical flames

degrades. At Q = 0.04, along the ignition kernel branch, the flame

propagation speed decreases sharply to zero (flame ball solutions)

and the kernel is extinguished. When Q is further increased (say

0.3), the branch has a turning point, corresponding to the max-

imum possible flame radius. At that point, extinction occurs (in-

dicated with an arrow in Fig. 9 c) with finite flame propagating

speed. This is new U - R f pattern for extinction of ignition kernel and
ot observed from the previous theoretical analysis in ( Chen and

u, 2007 ) for spherical flames with external heat loss. Therefore,

he mixture with Le = 1.0 and � = 0.1 is not ignitable with any

gnition energies, since the mixture is essentially non-flammable.

omparing the results with droplets in Fig. 9 a–c and without

roplets in Fig. 9 d, one can see the presence of the droplet con-

iderably changes the relations between flame propagation speed

nd the radius. Also, the minimum ignition energy Q min for gaseous

ames is smallest ( Q min = 0 . 0622 ). 

To compare the combined effects of evaporation heat loss and

ewis number, Fig. 10 shows the results for smaller Lewis number,

.e. Le = 0.8. When � = 0.02 in Fig. 10 a, flame trajectories simi-

ar to those in Fig. 9 a are observed. When � = 0.1 in Fig. 10 b, for

 = 0, only sub-limit SEF can be observed, which is also shown in

ig. 4 a. When Q = 0.02, there are two branches: left ignition ker-

el and original sub-limit SEF. When Q is increased to minimum

gnition energy Q min = 0.029, the flame kernel branch and the

ub-limit SEF merge into one curve. Now the outwardly propagat-

ng spherical flame can be successfully initiated from the ignition

ernel. Nevertheless, at around the turning point of sub-limit SEF

open circle in Fig. 10 b), extinction occurs and the flame cannot

ropagate further towards ultimate planar flames. Therefore, over-

ll, for this condition (i.e. Le = 0.8 and � = 0.1), although the flame

ernel can be initiated successfully, however, its development into

arge-radius spherical flames and further planar flames fails, even

f the ignition energy is above the critical value, e.g. 0.06 and 0.1. 

Fig. 10 c shows U-R f curves for the mixture with Le = 0.8

nd � = 0.4. The mixture is not flammable (i.e. no propagat-

ng spherical flame solutions) when Q = 0, based on Fig. 4 a. When
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Fig. 11. Flame propagation speed as a function of flame radius with different ignition energies for Case 1 at Le = 1.5. The heat exchange coefficients considered are: (a) 

Ω = 0.008, (b) Ω = 0.02, (c) Ω = 0.1 and (d) Ω = 0. 

Fig. 12. Minimum ignition energy as a function of the heat exchange coefficient for 

Le = 0.8, 1.0 and 1.5. �FL is the maximum heat exchange coefficient for a flammable 

droplet-laden mixture. 
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 = 0.02, the left ignition kernel branch appears. A small increase

n Q ( = 0.0214) leads to a new sub-limit SEF at intermediate ra-

ius, which is not seen in Fig. 9 . As Q further increases, the ig-

ition kernel branch merges with the stable flame branch of the

ub-limit SEF, thereby reaching the critical ignition condition. At
arger ignition energies (e.g. Q ≥ 0.04), although they can success-

ully initiate the flames, it is always quenched at the turning points

open circle in Fig. 10 c). This radius corresponding to extinction

s generally smaller than those in Fig. 10 b with � = 0.1. Corre-

ponding to the droplet-free situation, Fig. 10 d shows that the sim-

lar trend with Fig. 10 a, except without the right unstable (slow

ame) branch, and as expected, its minimum ignition energy Q min 

s smallest compared to those in Fig. 10 a–c. 

For Le = 1.5, Fig. 11 a and b respectively show the U-R f solu-

ions with � = 0.008 and 0.02. There are ignition kernel branches

t small radii and propagating flame branches at large radii with

ow Q ( ≤ 1.0 in Fig. 11 a and ≤ 11.0 in Fig. 11 b). However, unlike

he results for Le = 0.8 and 1.0, the propagating flame branches

n Fig. 11 a and b are C -shaped. When Q is larger than a critical

alue (1.455 in Fig. 11 a and 12.25 in Fig. 11 b), two branches merge,

esulting in upper fast flame and lower slow flame branches.

 spherical flame can propagate outwardly along the fast flame

ranch, and hence a successful spherical flame initiation can be

chieved. However, Fig. 11 c shows that for � = 0.1, the strong ef-

ect of water droplet evaporation makes the mixture become non-

gnitable, similar to that in Fig. 9 c and 10 c. Like Figs. 9 and 10 , the

eat loss from the droplet evaporation has an important influence

n spherical flame ignition, and the mixture without droplets is

asiest to be ignited at a fixed Le . 

Fig. 12 shows the minimum ignition energy Q min as a function

f the heat exchange coefficient � for Le = 0.8, 1.0 and 1.5. The

alues of Q min from droplet-free cases are also added for com-

arison. From Fig. 12 , one can see that for increased Lewis num-
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ber, the flammable range of � ( < �FL ) is greatly reduced, which

can be identified by the left range of � to the dashed lines in

Fig. 12 . Under the flammable condition, overall, Q min increases with

Lewis number. This was also observed by previous investigations in

gaseous premixed spherical flames ( Chen et al., 2011; Chen and Ju,

2007; Zhang and Chen, 2011 ). Meanwhile, the minimum ignition

energy varies with �, but the extent to which it, together with Le ,

affects Q min is different. Specifically, for Le = 0.8, Q min is slightly

affected by evaporation heat loss. The increase magnitude is about

4% when � is changed from 0.001 to 0.297 in Fig. 12 . For Le = 1.0,

Q min increases by around 13% when � increases from 0.001 to

0.07. For Le = 1.5, Q min increases significantly with �, and when

� ≥ 0.02, the mixture is very difficult to be ignited ( Q min > 10). 

5. Conclusions 

In the present work, we develop a simplified theoretical model

for premixed spherical flame initiation, propagation and extinction,

considering two different distributions of dispersed water droplets.

Correlations describing the flame propagation speed, flame tem-

perature and vaporization front as functions of the flame radius

at different heat exchange coefficients, Lewis numbers and igni-

tion energies are derived. The results show that these correlations

can describe different flame regimes and transitions among igni-

tion kernels, flame balls, propagating spherical flames and planar

flames. With the help of these correlations, the effects of water

droplet evaporation on flame initiation, propagation and extinction

are assessed. 

The spherical flame propagation and extinction are strongly af-

fected by heat exchange coefficients and Lewis numbers. With in-

creased heat exchange coefficient, the flame propagation speed and

flame temperature are reduced, while the distance between vapor-

ization and flame fronts is increased. The various distributions of

water droplets are compared (through Cases 1 and 2) and it is

found that evaporation heat loss from the pre- and/or post-flame

zones plays different roles in affecting flame propagation and ex-

tinction. As the flame propagates outwardly, the evaporation heat

loss in the pre-flame zone decreases in both cases, while that

from in post-flame zone in Case 2 firstly increases and then de-

creases when heat exchange coefficient is relatively small. In addi-

tion, the combined effects of stretch rate and Lewis number com-

pete with the evaporation heat loss from droplet evaporation. For

small Lewis number, the flammability limits for both cases can

be achieved through self-extinguishing flames with large or inter-

mediate stretch (small or intermediate radius), whereas for large

Lewis number the flames approach their flammability limits under

low stretch conditions (large flame radius). 

For ignition of spherical flames, droplet evaporation and Lewis

number considerably affect the ignition kernel formation and sub-

sequent flame development. For flammable droplet-laden mixture,

propagating spherical flames can be obtained with proper ignition

energy deposition. If the mixture is intrinsically not flammable, al-

though a flame kernel can be initiated, however it would still be

quenched at an intermediate radius due to evaporation heat loss.

At small Lewis number, the minimum ignition energy is slightly

affected by droplet evaporation. However, it considerably increases

with heat exchange coefficient for large Lewis number. 

It should be highlighted that assumptions (e.g. constant ther-

mal properties, quasi-steady state and dilute droplet concentration)

are made here to perform the foregoing theoretical analysis. As

such, the conclusions made above are valid only for the problems

in which the above assumptions hold. In the future, further the-

oretical analysis through relaxing some of the above assumptions

and/or detailed numerical simulations will be conducted to investi-

gate initiation, propagation and extinction of propagating spherical

flames laden with water droplets. 
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