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H I G H L I G H T S

• Autoignition and propagation of supersonic ethylene flame is investigated numerically.

• The time scale and energy balance methods are developed to study flame stabilization.

• The two methods show good validity in the autoignition process of the ethylene flame.

• Premixed combustion mode is dominant during the flame autoignition process.

• Diffusion combustion mode is dominant when the flame is finally stabilized.
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A B S T R A C T

Two analysis methods for time scale and energy balance relevant to flame ignition and stabilization in cavity-
stabilized flames are developed. The interaction time of hot product in the recirculation zone of the cavity with
the surrounding unburned mixture and the reaction induction time of the mixture are estimated in the time scale
method. The energy release from chemical reactions and the energy loss due to species exchange in the re-
circulation zone are included in the energy balance method. The autoignition and propagation of supersonic
ethylene flames in a model supersonic combustor with a cavity is investigated first using highly resolved large
eddy simulation. The evolutions of the two time scales are then calculated in the ignition process of the su-
personic ethylene flames. It is found that the time scale theory is well valid in the flame propagation and
stabilization stages. The rates of energy generation and loss are then analyzed in the cavity. It is found that
initially the local energy generation rate is relatively small, resulting in slow net energy accumulation in the
cavity. Then the energy generation increases due to the intermittent flame propagation in the cavity, whereas the
energy loss oscillates consistently since the burned gas leaves the cavity. Also, energy generation and loss are
generally balanced in the cavity and all tend to zero after the flame is globally stabilized. The two methods
present the characteristic time scales and energy balancing during the transient ignition process for the first time.

1. Introduction

The flow speed in a supersonic combustor typically is 1,000 m/s
whereas the laminar flame speed of hydrocarbon fuels typically is 1 m/s
or even lower [1]. Fuel mixing, ignition, and flame stabilization are
difficult under such high-speed flow conditions. However, these phy-
sical-chemical processes are the key problems to design high-speed
propulsion systems. Special methods are adopted to enhance ignition
and improve flame stability, which are generally divided into two ca-
tegories, i.e. increase flame burning velocity and decrease local flow
speed. Specifically, flame speed can be increased by introducing laser-
[2] or plasma-assisted igniters [3], seeding high reactivity radicals [4],

adding piloted flames [5], etc. However, practical use of the above
methods is still relatively limited due to the difficulties in their im-
plementation and active control. Conversely, Recirculation Zone (RZ) is
widely used for aerodynamically stabilizing the flames in supersonic
flows [6–8]. Both strut and cavity have been found to be effective de-
vices to generate RZ for flame stabilization in combustors, as seen from
the extensive experimental [9–11] and numerical [12–14] studies.
Specifically, the quasi-steady state flame characteristics [15], combus-
tion modes [16], and combustion instabilities [17] in cavity-based su-
personic combustors have been extensively investigated with various
cavity geometries and/or fueling schemes by Sun and Wang et al. All
these studies provide valuable insights into cavity-type supersonic
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flames. Supersonic combustion research becomes increasingly popular
in various countries like China [3,7,9,18], America [1,10,13], Russia
[19,20], Japan [6,21], Australia [2,4], and Europe [12,22].

Moreover, initiation of turbulent diffusion combustion of gaseous
fuels through autoignition and forced ignition has been reviewed in
detail [23], wherein fundamentals of the associated turbulence-chem-
istry interaction are emphasized. Several canonical ignition problems,
e.g. fuel jet in co-flow, mixing layer, opposed jet flow, and volumetric
compression are analyzed at the low-speed flow regimes. However, the
relevant discussion for supersonic flames is absent. Furthermore, al-
though successful ignition and flame stabilization has been achieved
experimentally using strut [11] or cavity [10] in supersonic flows, the
underlying mechanisms are still not clear. Successful ignition and flame
propagation in propulsion systems depend on many factors, e.g. the
injection scheme, the ignition energy and position, the local flow speed,
the combustor geometry [24,25]. Behind these factors there are two
fundamental principles. The first is the competition between the

residence time of Hot Burned Product (HBP) and the reaction induction
time of the fresh Unburned Combustible Mixture (UCM) in the RZ. The
second is the balance between energy generation due to UCM reactions
and energy loss from HBP to UCM in the RZ. An improved under-
standing on ignition and flame stabilization mechanisms may actually
give insights into enhanced design of robust supersonic combustors.

A model supersonic combustor equipped with a strut for fuel in-
jection and wall cavities for flame stabilization is investigated by a
highly resolved Large Eddy Simulation (LES) in this study. Low-order
methods for the foregoing time scale and energy balance in high-speed
flames are developed and applied to the simulated flame. Hereafter,
these two methods are termed as TSM (time scale method) and EBM
(energy balance method), respectively. The LES results provide the
input data for the analysis using the low-order models of flame auto-
ignition and stabilization. The TSM provides us an estimation of where
autoignition first occurs in the mixture fraction space and what the
order of magnitude of the autoignition time scale is. The EBM explains

Nomenclature

Symbols

ρ filtered density
̃uj filtered j-th velocity component

p filtered pressure
̃T filtered temperature
̃τij filtered viscous stress tensor
̃H filtered total enthalpy
̃hm filtered sensible enthalpy of species m
̃K filtered kinetic energy
̃qj filtered heat flux
̃Ym filtered mass fraction of species m

ω̇m filtered reaction rate of species m
ω̇T filtered heat release rate
δi Kronecker delta function

̃Sij filtered strain rate tensor
hΔ f m

o
, standard enthalpy of formation of species m

N total number of species
D molecular diffusivity
Sc Schmidt number
Sct turbulent Schmidt number
Prt turbulent Prandtl number
μ dynamics viscosity
Ru universal gas constant
Mm molecular weight of species m
λ heat conductivity
τij

sgs SGS stress tensor
μt SGS dynamic viscosity
Δ LES filter size
kt turbulent kinetic energy
hjsgs SGS enthalpy flux
Y j m

sgs
, SGS flux of species m

Da Damköhler number
Dasgs SGS Damköhler number
τsgs characteristic time scale of turbulence
τc characteristic time scale of chemistry
Ma Mach number
T* stagnation temperature
p* stagnation pressure
ϕ global equivalence ratio
τchem chemical time scale
τmix mixing time scale
τind reaction induction time
τRZ contact time

uouter averaged velocity
ṁu,ṁb mass flow rate

∗Tu ,
∗Tb stagnation temperature

∗eu ,
∗To specific total energy

Ėgen energy generation rate in the RZ
Ėloss energy loss rate in the RZ
ΔĖ net energy accumulation rate
s stoichiometric mass ratio of oxidizer to fuel
YO

0 mass fraction of oxidizer in oxidizer stream
YF

0 mass fraction of fuel in fuel stream
ΣRZ closed surface of the RZ
n normal vector of ΣRZ

u+,v+,w+ velocity component flows in the RZ
u−,v−,w− velocity component flows out the RZ
cp,1,cp,2 heat capacity
z mixture fraction
zst stoichiometric mixture fraction
ξMR most reactive mixture fraction
∇F ,∇O gradient of fuel/oxidizer mass fraction
sign,max sign/maximum function
mCV gas mass in the cavity
mCV-Ym mass of species m in the cavity
ϕCV averaged equivalence ratio in the RZ
pCV averaged pressure in the RZ
TCV averaged temperature in the RZ
zCV averaged mixture fraction in the RZ
RCV the cavity zone
VCV volume of the cavity
VRZ volume of the RZ
LRZ length of the RZ

Acronyms

RZ recirculation zone
HBP hot burned product
UCM unburned combustible mixture
TSM time scale method
EBM energy balance method
LES large eddy simulation
SGS sub-grid scale
IDT ignition delay time
TVD total variation diminishing
PSR perfectly stirred reactor
SFI signed flame index
RANS Reynolds-averaged Navier-Stokes
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the development of flame autoignition observed in the LES. Hence, the
present work contributes to the understanding on flame autoignition
and stabilization mechanisms in supersonic flows based on two dif-
ferent methods.

The novelties of our current work include the following scientific
and application aspects. Firstly, flame autoignition in shock-laden flows
is studied here. The role of the shock compression in initiating the flame
is explored, which has not been clearly understood as mentioned above
[23]. Secondly, the proposed low-order models act as the useful en-
gineering tools to provide us the detailed evolutions of the time scale
and energy balance relevant to transient flame autoignition and pro-
pagation. They can be further applied for analyzing other flame dy-
namics problems (e.g. extinction or instability). Thirdly, from applica-
tion point of view, the combustor considered here is characterized by
joint arrangement of strut and cavity, which has not been extensively
studied. Most of the studied supersonic combustor configurations con-
tain strut only or cavity only [19]. This configuration is expected to
significantly increase the efficiency of energy utilization from hydro-
carbon fuel combustion, through promoting the flame ignition and
enhancing the flame stabilization. Lastly, the EBM is derived from the
universal energy conservation law, which makes it extendable for other
types of heat engines that may be fueled with various chemical fuels
and/or operate under various conditions. Understanding the energy
conversion and conservation characteristics of such devices, in turn,
helps us improve the combustor design.

The rest of the paper is structured as below. Numerical methods,
including LES governing equations and Sub-Grid Scale (SGS) models,
numerical schemes and chemical kinetics are presented in Section 2.
Details about the model combustor, including the computational con-
figuration and simulation conditions for LES are described in Section 3.
The TSM and EBM for flame stabilization in recirculation zones are
developed in Section 4. Evolutions of the time scale and energy balance
in the flame ignition are presented in Section 5. Conclusions are drawn
in Section 6.

2. Governing equations and numerical methods

2.1. LES governing equations

The LES governing equations of mass, momentum, energy, and
species mass fractions are solved for fully compressible, multi-compo-
nent reacting flows [26]. They read
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where t is time, x is spatial coordinate, ρ is filtered density, ̃uj is
filtered j-th velocity component, p is filtered pressure, δij is Kronecker
delta function, ̃τij is viscous stress tensor, ̃ ̃ ̃= +H h K is filtered total
enthalpy (filtered sensible enthalpy ̃h plus filtered kinetic energy

̃ ̃= ∑ =K ui i
1
2 1

3 2), ̃qj is filtered heat flux, ̃Ym is filtered mass fraction of m-
th species, and ω̇m is the filtered reaction rate of m-th species. The fil-
tered heat release rate = − ∑ =ω ω ḣ ̇ ΔT m

N
m f m

o
1 , , where hΔ f m

o
, is the stan-

dard enthalpy of formation for m-th species, and N is the total number
of species. Mass diffusivity is modelled as =D μ ρ Sc/ , where =Sc 0.7 is
Schmidt number, μ is dynamic viscosity of the mixture. The filtered
pressure p is determined by (neglecting its correlation with density
fluctuations)

̃ ̃∑=
=

p ρ R T Y
M

,u m

N m

m1 (5)

where Ru = 8.314 J/(mol·K) is the universal gas constant, ̃T is filtered
temperature, and Mm is the molecular weight of m-th species.

The filtered viscous stress tensor in Eq. (2), ̃τij, is expressed as
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is the filtered strain rate tensor. The filtered heat

flux ̃qj in Eq. (3) is
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where λ is thermal conductivity.
The SGS stress tensor τij

sgs is [27]
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where =μ C ρ kΔt k t is the SGS dynamic viscosity, =C 0.094k is a
model constant [28], Δ is the filter size estimated as the cube root
square of the LES cell volume. The turbulent kinetic energy kt in Eq. (8)
is determined by solving the following transport equation [28]
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where =C 1.048e [28] is a model constant. Compared with the zero-
equation algebraic models (e.g. Smagorinsky model), the one-equation
eddy viscosity SGS model is expected to give more accurate results
because it relaxes local equilibrium assumption between the SGS energy
production and dissipation, originally introduced in the zero-equation
model. This assumption may not be valid in high-Reynolds-number
flows and/or with insufficient grid resolution [28]. Hence, this model
provides an independent SGS velocity scale with little increase in
computational cost [29].

The SGS enthalpy flux hj
sgs in Eq. (3) is related to the gradient of the

filtered enthalpy

̃
= − ∂
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h

μ
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h
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where =Pr 0.9t is the turbulent Prandtl number [30]. Moreover, the
SGS scalar flux of m-th species in Eq. (4) is modelled as
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where =Sc 0.4t is the turbulent Schmidt number [30].
The turbulence-chemistry interaction is not considered in this study,

and the filtered reaction rates of individual species ω̇m in Eq. (4) are
calculated based on the filtered species mass fractions, density, and
temperature (termed as laminar chemistry approach hereafter). Similar
treatment for supersonic combustion also has been used, e.g. in Refs.
[22,31,32]. Accurate predictions of temperature, velocity, and nitrogen
mole fraction with experimental data have been achieved in the ramp-
stabilized supersonic hydrogen-air diffusion flame [31]. Good agree-
ments of the predicted mean temperatures and mean species con-
centrations with the experimental data also have been achieved in su-
personic lifted jet flames as well as in the supersonic combustion of
near-wall boundary layers [32]. Specifically, the autoignition positions
in both two cases are reasonably well captured in Ref. [32]. Therefore,
the laminar chemistry approach is expected to be sufficient to capture
the ignition dynamics in our case using LES with high grid resolution,
which is further justified in Section 3.1.

A skeletal mechanism consists of 20 species and 36 reactions are
adopted for ethylene combustion [33]. A detailed validation of this
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mechanism in terms of laminar flame speed, adiabatic temperature, and
Ignition Delay Time (IDT) has been performed by Liu et al. [34] with
experimental data [35,36] or the detailed USC mechanism [37]. Good
predictions are seen in terms of laminar flame speed and adiabatic
temperature at different equivalence ratios (0.5–1.8) under 298 K and
1 atm. The IDT is also well captured at different pressures (1 atm and
3 atm) and initial temperatures (833–1430 K). This mechanism has
been used to investigate the transient autoignition process in a cavity-
based combustor [34].

2.2. Numerical methods

The LES governing equations are solved in a density-based multi-
component reactive flow solver RYrhoCentralFoam, which is developed
based on a fully compressible flow solver, rhoCentralFoam, in
OpenFOAM 5.0 package [38]. The finite volume method is used for
spatial discretization of Eqs. (1)–(4). The solution of momentum and
energy equations uses an operator-splitting approach [38]. Specifically,
in the first step, an explicit predictor equation is solved for the con-
vection of conserved variables. In the second step, an implicit corrector
equation for the diffusion of primitive variables is solved. Moreover,
second-order semi-discrete, non-staggered, Godunov-type central-up-
wind scheme developed by Kurganov, Noelle and Petrova [39] (termed
as KNP scheme hereafter) is used for the convection terms in mo-
mentum and energy equations. This enables the formation of flux in-
terpolations considering its transport in any directions due to the
compressible flow and wave propagation and avoid the explicit need for
a Riemann solver. It is shown that the KNP scheme is competitive in
accuracy with the other numerical schemes, e.g. Roe scheme [38].

Detailed chemistry calculations can be performed with
RYrhoCentralFoam through Eq. (4), and the convection terms are pre-
dicted using a TVD (total variation diminishing) scheme to ensure the
scalar boundness. The diffusive terms in Eqs. (1)–(4) are split into or-
thogonal and non-orthogonal parts to minimize the non-orthogonality
error. Second-order Gauss scheme with linear interpolation is used for
the orthogonal part and surface interpolation of variable normal gra-
dients is applied for the non-orthogonal part. Implicit second-order
Crank-Nicolson scheme is applied for the time discretization. The
maximum Courant number is set to be 0.1, which approximately cor-
responds to the physical time step of 10−9 s. The solver has been ap-
plied and validated with both supersonic combustion [40,41] and de-
tonative combustion [42]. The similar strategy has also been used by
other groups, e.g. by Wu [8] and Li [43] for supersonic hydrogen flames
in the DLR strut combustor. The velocity, pressure and overall flame
behaviors are predicted reasonably well in their respective studies
[8,43].

3. Problem specification

3.1. Physical model

A model supersonic combustor equipped with both strut and cavity
is investigated in this study, which is schematically shown in Fig. 1.
Ethylene (C2H4) is parallelly injected into the airflow from a strut in-
jector with 8 convergent-divergent nozzles. The diameter of each nozzle
is 1.5 × 10−3 m at the throat and 2.2 × 10−3 m at the exit. The strut
has a length of 0.07 m and a width of 0.012 m, which is placed 0.069 m
downstream of the combustor entrance. Two wall cavities are oppo-
sitely mounted at 0.179 m downstream of the combustor entrance. Each
cavity is 0.024 m in length and 0.006 m in depth with an inclination
angle of 45° at the rear wall. The combustor is a rectangular duct with a
cross-section area of 0.04 m × 0.055 m and a total length of 0.424 m.

Currently the experimental data from this specific combustor are
not available for comparisons with the LES. Therefore, the following
efforts are made to ensure the soundness of our results to the largest
extent. Firstly, the numerical solver has been well validated and applied
in different problems of high-speed combustion, including strut super-
sonic combustor [40,41], supersonic auto-igniting hydrogen flames
[44] and rotating detonative combustion [42]. Good accuracies are
observed in various quantities from the above work. Secondly, very fine
mesh is used to resolve most of the kinetic energy. A posterior analysis is
made to examine the sufficiency of the current mesh. Thirdly, with the
foregoing fine mesh resolution, the model-free method, i.e. laminar
chemistry approach, is used for predicting turbulent combustion. This is
helpful to alleviate the uncertainties or errors in the combustion mod-
elling due to the non-universal or ad hoc sub-models. Therefore, the
results from the highly-resolved LES are expected to be accurate and
reliable.

47.4 million hexahedral cells are used to discretize the computa-
tional domain in Fig. 1. For better capturing the fine turbulence
structures and flame front, the grid is locally refined at all the solid
walls, the strut jet-wake zone, and the central combustion zone. Fig. 2
shows the local enlarged grids around the fuel injector and the cavity.
The thin pink lines are the grid lines, while the thick black lines are
solid walls. The minimum grid size is 9.375 × 10−5 m around the
injector and in the jet-wake zones, and 1.0 × 10−4 m in the cavity.

A posterior examination of the grid resolution is performed based on
LES results. The spatially-mean y+ values are 0.1 near the cavity, 0.9
near the strut, and 0.5 near the combustor walls. Therefore, the near-
wall turbulence is well-resolved. Furthermore, a well-known criterion
to measure the LES quality is the ratio of the SGS viscosity to the mo-
lecular viscosity, i.e. [45,46]

=μ
μ
μE

t

(12)

Fig. 3(a) shows the scatter plots of μE versus the filtered heat release

Fig. 1. Schematic of the model supersonic combustor. The domain bounded between the two cross-sections P1 (x = 0.139 m, where is the injector exit) and P2
(x = 0.3 m, behind the cavity) is used for visualizations in Figs. 6, 8, and 9.
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rate (ω̇T , in [W/m3]) at the combustor center plane when the flame has
stabilized. For most of the regions with significant heat release rate (e.g.

≥ ×ω̇ 1 10T
9 W/m3), the corresponding values of μE are less than 2

(bounded by the black dashed box B1 in Fig. 3a). Only a small region
with ω̇T typically lower than 1 × 109 W/m3 is observable for
4 ≤ μE ≤ 7 (bounded by the pink dashed box B2 in Fig. 3a). Therefore,
based on the criterion in Ref. [46], in our LES the relevant combustion
regions are highly resolved.

The flame resolution is evaluated through the validity of the laminar
chemistry approach, i.e. directly using filtered reactive scalar values
(e.g. reactant concentration, temperature) to calculate the filtered
species reaction rates. The SGS Damköhler number, Dasgs, is calculated
as [46]
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H O

2 2 2 2

2
2

(13)

where τsgs is the characteristic time of the smallest resolved structure
[47] and τc is the characteristic time of chemistry [48]. =C 0.15s is a
constant, ω̇H O2 is the reaction rate of H2O. The condition of ≪Da 1sgs is
required to minimize the errors induced by the reactive fluctuations in
estimating the resolved chemical reaction rates [49]. It means that the
characteristic chemical time scales are sufficiently resolved and the
effects of the SGS fluctuations on the filtered reaction rates are negli-
gible [50]. Fig. 3(b) shows the three-dimensional contours of the in-
stantaneous Dasgs after the fuel injector. It is seen that the highest Dasgs
is 0.0125 in the entire combustor, which is much less than unity. Hence,
our LES with this resolution is also adequate to capture the ignition
dynamics without considering the SGS fluctuations of reactive scalars.

3.2. Simulation conditions

Mach number (Ma) at the combustor entrance is 2.5, whereas the air
stagnation temperature (T*) and pressure (p*) are 1,700 K and 1.5 MPa,
respectively. These conditions approximately correspond to a flight
Mach number of 6.5. The air mass flow rate is 1.0 kg/s. Ethylene is used
to mimic the major dissociation products of kerosene after flowing over
the cooling channel slotted along the combustor walls [34]. Mach
number of ethylene at the injector exit is 2.0. The stagnation tem-
perature and pressure of ethylene are 600 K and 1.07 MPa, respectively.
The global equivalence ratio ϕ is 0.4. The vitiated air is provided by a
pre-combusted heater, which consists of 23.3% O2, 7.6% H2O, 12.5%
CO2, and 56.6% N2 by mass. The specific inlet conditions of both oxi-
dizer and fuel are detailed in Table 1.

Initially, the flow field in the domain is assumed to be quiescent,
whereas the temperature is initialized with the static temperature of air
stream (941 K). Air and ethylene enter the combustor simultaneously at
the initiation of the simulation.

4. Low-order theories for flame autoignition and stabilization

4.1. Characteristic time scale analysis

Fig. 4 shows a schematic of TSM in the RZ created by, e.g. a bluff
body. The RZ is regarded as a high-temperature zone filled with HBP,
which mixes with UCM at the interface through diffusion and convec-
tion. The UCM is heated to reach the autoignition temperature, and a
stable flame can occur after an induction distance [51]. Hence, whether
a stable flame is achievable after the bluff body depends on whether the
UCM is sufficiently heated by the HBP immediately after the strut.
Furthermore, the total heat transferred depends on the time that HBP
interacts with UCM.

The total time for UCM to be ignited, hereafter denoted as τchem, is
dominated by two components, i.e. the time within which the UCM
mixes with the HBP (denoted as τmix), and the induction time for UCM
ignition (denoted as τind). Therefore,

= +τ τ τchem mix ind (14)

Moreover, the time that the HBP in the RZ interacts with the UCM in
a distance of the length of the RZ (denoted as LRZ), τRZ, is calculated as

=τ L u/ ,RZ RZ outer (15)

where uouter is the average velocity of the UCM in the main stream. If
>τ τRZ chem, UCM can be ignited, resulting in a globally stable flame

downstream. Conversely, if τind increases under some unfavorable
conditions (e.g. off-flammability limit, sudden decrease in temperature
and/or pressure of the air stream), the flame front would be blown off
from the RZ. If τind or τchem is large enough, global flame extinction
occurs. Furthermore, according to the experimental observations [52],
generally ≪τ τmix ind. This assumption is also widely adopted in other

Fig. 2. Local enlarged grids around (a) the fuel injector and (b) the cavity.

Fig. 3. Evaluation on the grid resolution: (a) scatter plots of μE versus ω̇T colored by temperature and (b) contours of instantaneous SGS Damköhler number Dasgs.
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studies of supersonic flame stabilization, e.g. in Refs. [6,7,9,10,11,13],
and is of good validity in our case due to the following reasons. Firstly,
the speed is low while the temperature is high for HBP in the RZ. The
typical Mach number of HBP in the RZ is lower than 0.3 (hence HBP is
of low-compressibility and even incompressible) while the typical
temperature is 1,200 K or higher after shock-induced ignition occurs.
This can be verified from Figs. 6, 8, and 9 shown later. However, the
speed is much higher while the temperature is much lower for UCM in
the main flow. The large velocity gradient results in strong species
convection between HBP and UCM, whereas the large temperature
gradient leads to strong diffusion effect. The both effects enhance
mixing between HBP and UCM. Secondly, τmix is generally tens of mi-
croseconds in our posterior calculations based on the LES results.
However, τind generally ranges from 200 to 1,800 μs under proper
mixture fractions (e.g. 0.015–0.045, the typical mixture fractions in the
cavity), and can get much higher under fuel- leaner or richer conditions
as shown in Fig. 11. Therefore, τmix can be neglected in Eq. (14), and the
critical condition for flame stabilization is approximated as

≈τ τ .RZ ind (16)

In high-Reynolds-number flows like supersonic flows, LRZ is com-
parable to the characteristic length of the flame-holder. As such, ac-
cording to Eqs. (15) and (16), flame stability may be improved, e.g. by
increasing the characteristic dimensions of the flame-holders (e.g. the
strut height, the cavity length), decreasing the air inflow velocity while
increasing its pressure, or accelerating the chemical reactions (e.g. in-
troducing hot burned exhaust gas, plasma).

Therefore, TSM is a time scale based theory, which is consistent
with the Damköhler (Da) number based criterion [53] for extinction.
The Da number is defined as the ratio of the fluid timescale to the
chemical timescale, and Da = 1 is the critical condition to determine
the initiation of flame extinction. However, the Da number is a global
quantity, which cannot provide the detailed time scale evolutions for
the transient ignition and flame stabilization process. Specifically, an
ignition Da number has been defined to quantify the effect of turbu-
lence on the early ignition characteristics [54], and a limiting global Da
number has been found for each fuel (under which the ignition prob-
ability is about zero) [55]. However, these Da numbers are only ap-
plicable for the initial mixtures. Conversely, the two time scales we

define above vary with the local thermo-physical conditions, are ap-
plicable to the entire process, i.e. from occurrence of flame kernel,
flame propagation and flame stabilization.

4.2. Energy balance analysis

Fig. 5 shows a schematic of EBM, in which the RZ is treated as a
Perfectly Stirred Reactor (PSR) with homogeneous temperature and
compositions [56]. Combustion in the RZ is presumably divided into
two sequential processes, i.e. (a) mixing process of UCM and HBP at an
infinitely small time scale; (b) chemical reactions at finite rate. Within
this finite reaction time, some of the partially burned gas is recirculated
back, denoted as process (c) in Fig. 5. Take the entire RZ as a control
volume, heat generation comes from the combustion of the local mix-
ture, whereas energy loss is due to the total energy difference between
HBP leaves and UCM enters the RZ. Flame stabilization is dominated by
the balance between the energy generation and loss. Note that the heat
transfer between the gas and flame-holder walls, heat conduction be-
tween HBP and UCM, and radiative heat loss are not considered. In
EBM, in the statistical sense, we have that

(a) For the ignition process, heat generation rate (Ėgen) is generally
larger than the loss rate (Ėloss). Energy is accumulated in the RZ,
which finally results in successful ignition and flame propagation;

(b) For the flame stabilization process, Ėgen is approximately equal to
Ėloss. Heat is dynamically balanced in the RZ with flame fluctua-
tions;

(c) For the flame extinction process, Ėgen is generally smaller than Ėloss.
Heat in the RZ itself decreases continuously. Local flame extinction
first occurs in the RZ, which further transits to global extinction.

It is assumed that the UCM flows into the RZ at a mass flow rate of
ṁu and stagnation temperature of ∗Tu . The instantaneous mass flow rate
of HBP originally in the RZ is ṁb at stagnation temperature of ∗Tb . After
process (a) shown in Fig. 5, the mixture at mass flow rate of +m m( ̇ ̇ )u b

and stagnation temperature of ∗Tm is obtained. In process (b), the mix-
ture separates into two streams. One is partly reacted and recirculated
back in process (c). Its mass flow rate is ṁRZ and stagnation temperature
is ∗Tb . The reminder stream is more sufficiently reacted and leaves the
RZ at a mass flow rate of + −m m m( ̇ ̇ ̇ )u b RZ and stagnation temperature
of ∗To .

The total heat release rate in the RZ, Ėgen, can be obtained from

∭=E ω dxdydż ̇ ,gen V T
RZ (17)

where VRZ is the volume of the RZ.
If the flame is stabilized or the RZ reaches a statistically steady state,

the mass flow rates at which the flows enter and leave the RZ are ba-
lanced, i.e.

Table 1
Inlet conditions of air and ethylene.

inlet T* [K] p* [MPa] Ma YO2 YH2O YCO2 YN2 YC2H4 ϕ

Vitiated air 1,700 1.5 2.5 0.233 0.076 0.125 0.566 0.0 0.4
Fuel (ethylene) 600 1.07 2.0 0.0 0.0 0.0 0.0 1.0

Fig. 4. Schematic of the time scale analysis. The red zone denotes the re-
circulation zone filled with hot burned product (HBP), the blue zone denotes
the surrounding unburned combustible mixture (UCM), and the pink zone de-
notes the flame zone.

Fig. 5. Schematic of the energy balance analysis.
Process (a) is the infinitely fast mixing between HBP
and UCM, (b) is the finite rate reaction of UCM, and
(c) is the exhausting of HBP.
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=m ṁ ̇u RZ (18)

The closed surface of the RZ is denoted as ΣRZ with unit normal
vector of n. The net mass flow rate across the surface is zero, i.e.

∫∫ ∭◯ = =U n Uρ d div ρ dV( · ) Σ ( ) 0
V

ΣRZ
RZ (19)

where =U u v w( , , ) is the velocity vector. According to the Gauss
theorem, Eq. (19) can be re-cast into

∭ ⎜ ⎟
⎛
⎝

∂
∂

+ ∂
∂

+ ∂
∂

⎞
⎠

=ρ u
x

v
y

w
z

dxdydz 0.
VRZ (20)

The velocity components can be decomposed into two parts. For the
gas flows into the RZ, they are denoted as u+, v+, and w+, respectively.
Conversely, for the gas flows out of the RZ, they are denoted as u−, v−,
and w−, respectively. Equation (20) is then rearranged as

∭ ⎜ ⎟ ⎜ ⎟
⎡
⎣⎢

⎛
⎝

∂
∂

+ ∂
∂

+ ∂
∂

⎞
⎠

− ⎛
⎝

∂
∂

+ ∂
∂

+ ∂
∂

⎞
⎠

⎤
⎦⎥

=
+ + + − − −

ρ u
x

v
y

w
z

u
x

v
y

w
z

dxdydz 0
VRZ

(21)

Therefore, the mass flow rate through ΣRZ is

Fig. 6. Time evolution of the scalar fields at: (a) 0 μs,
(b) 30 μs, (c) 60 μs, and (d) 90 μs. For each instant,
from left to right and from upper to lower, tem-
perature (range: 450–2650 K), OH mass fraction
(range: 1 × 10−6–0.016), magnitude of density
gradient (range: 0–200 kg/m4), and heat release rate
(range: 1 × 107–8 × 1010 W/m3) are shown.

Fig. 7. Scatter plots of heat release rate (first column, range: 0–8 × 1010 W/m3), CH2O (second column, range: 0–0.02) and OH (third column, range: 0–0.012) mass
fractions in mixture fraction space at: (a) 30 μs, (b) 60 μs, and (c) 90 μs. The dashed lines denote =z 0.0636st , whereas the red dots: premixed combustion, blue dots:
diffusion combustion, green dots: non-reactive.
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∭

∭ ⎜ ⎟
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ρ u
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̇

1
2

u V

V

RZ

RZ (22)

The energy loss due to the total energy difference between UCM and
HBP, Ėloss, is then calculated as

= −∗ ∗E m c T c Ṫ ̇ ( ),loss u p o p u,2 ,1 (23)

where cp,1 and cp,2 are respectively the specific heat capacities of UCM
and HBP. Therefore, the energy balance equation in the RZ is

∭

∭ ⎜ ⎟=
− ⎛

⎝

∂
∂

+ ∂
∂

+ ∂ ⎞
⎠

∗ ∗

ω dxdydz

c T c T
ρ u

x
v
y

w
z

dxdydz

̇

2
.

V T

p o p u
V

,2 ,1

RZ

RZ (24)

5. Results and discussion

5.1. Highly-resolved LES of flame ignition and stabilization

5.1.1. Formation of the shock-induced autoignition spots
Fig. 6 shows the evolutions of temperature, magnitude of density

gradient, hydroxyl (OH) mass fraction, and heat release rate at
t = 0–90 μs. Note that t = 0 μs corresponds to the instant at which the

Fig. 8. Time evolution of the scalar fields at: (a)
130 μs, (b) 170 μs, (c) 220 μs, and (d) 270 μs. For
each instant, from left to right and from upper to
lower, temperature (range: 450–2650 K), OH mass
fraction (range: 1 × 10−6–0.016), Mach number
(range: 0–2.4) superimposed with iso-lines of
ux = 0, and heat release rate (range:
1 × 107–8 × 1010 W/m3) are shown.

Fig. 9. Instantaneous (a) scalar fields and (b) scatter plots in the mixture fraction space at 1070 μs. The fields and their corresponding ranges in Fig. 9(a) are same to
those in Fig. 8, and those in Fig. 9(b) are same to those in Fig. 7.
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auto-igniting hot spot occurs, based on the increased intermediate
species mass fraction in the combustor, e.g. OH. OH is formed in re-
action layers and consumed by slow recombination reactions [57],
which is a marker of hot products in high speed flows. It can widely
exist in non-reactive regions due to species transport but not limited to
thin reaction layers in the combustor [58].

At t = 0 μs, the supersonic air from the entrance reaches and im-
pinges on the cavity rear walls. Two bow shocks are formed due to
strong compression near the rear of the cavities, which is indicated by
zone B1 in Fig. 6(a). These two shocks intersect at the combustor
centerline at x ≈ 0.208 m. Gas temperature in the cavity is increased
(reaches about 1,200 K) after the shocks. However, it is still not suffi-
cient to induce ignition immediately. OH is low and ω̇T is small, which
are only observable near the cavity rear walls, indicated by zones C1
and D1 in Fig. 6(a), respectively.

At t = 30 μs, gas in the cavity is further blocked and the bow shocks
almost evolve into normal shocks in front of the cavity rear walls (zone
B1 in Fig. 6b). The two shocks intersect at x ≈ 0.198 m in the com-
bustor centerline. The highest temperature near the cavity rear wall
reaches about 1,750 K, which is slightly higher than air stagnation
temperature. Hence, noticeable combustion heat release has occurred
before this instant, which is confirmed by the distributions of OH and
ω̇T indicated by zones C1 and D1 in Fig. 6(b), respectively. Three auto-
igniting hot spots are formed at the two cavity rear walls and the shock
intersection point. However, the highest ω̇T indicates that reaction in
the auto-igniting hot spots is not strong.

At t = 60 μs, the hot spots at the combustor center (indicated by
zone A1 in Fig. 6c) is transported downstream (zone A2 in Fig. 6c). The

bow shocks are weakened by combustion and many shocklets featured
by considerable density gradient are formed in the cavity. The con-
centration of OH radical along the hot spots is increased. There are four
isolated islands with noticeable ω̇T , i.e. zone D1 at the combustor
center, zone D2 some distance behind, zones D3 and D4 transported
from the hot spots at the rear wall of the upper and lower cavities. The
latter three, zones D2, D3 and D4, tend to merge with each other.

At t= 90 μs, larger area with high temperature (e.g. above 2,200 K)
is seen in the combustor in two separated zones A1 and A2 in Fig. 6(d).
The high temperature zones are developed and transported downwards
to ignite more fuel/air mixtures around zones A1 and A2. Zones D2, D3,
and D4 in the previous instant merge into zones D5 and D6 (one in
upper half and the other in lower half of the combustor) with significant
ω̇T . Zone D1 grows with time, whereas zones D5 and D6 are dissipated
due to thermal loss and/or radical transport to their surroundings.

It is revealing to examine the autoignition process in mixture frac-
tion space. The mixture fraction (z) is defined as in Ref. [26] and the
stoichiometric value is =z 0.0636st . Fig. 7 shows the scatter plots of ω̇T ,
CH2O, and OH mass fractions versus z at three instants. Formaldehyde
(CH2O) is formed in the preheat layer of hydrocarbon flames from the
initial fuel decomposition reactions and is consumed in reaction layer
[59]. It is an important precursor radical prior to autoignition [60]. The
points in Fig. 7 are colored by the Signed Flame Index (SFI), which is
defined as [61]

= ∇ ∙∇ ∙ − ∙SFI sign F O max sign ω ω β( ) [ ( ̇ [ ̇ ] ), 0],T T (25)

where the sign function sign (x) returns + 1 if x ≥ 0, and returns −1 if
x < 0, whilst the maximum function max (x,y) returns the larger one
between x and y. ∇F and ∇O are the gradients of the fuel and oxidizer
mass fractions, respectively. ω[ ̇ ]T is the volume average of ω̇T in the
entire computational domain, and β is a small fraction, say 1% in this
study. Based on our numerical experiments, slightly smaller or larger
values of β would not cause any appreciable change in the results due to
the sharp gradient of heat release in the combustion zone. Therefore,

∙ω β[ ̇ ]T can be viewed as a threshold to identify the non-zero ω̇T . It is
obvious from Eq. (25) that

= + ∇ ∙∇ ≥ ≥ ∙SFI F O ω ω β1, if 0 and ̇ [ ̇ ]T T

= − ∇ ∙∇ < ≥ ∙SFI F O ω ω β1, if 0 and ̇ [ ̇ ]T T

= < ∙SFI ω ω β0, if ̇ [ ̇ ]T T

Therefore, SFI is an indicator for various situations: premixed flame
( = +SFI 1), diffusion flame ( = −SFI 1), and non-reactive flows
( =SFI 0).

At t = 0 μs (not shown), ω̇T , CH2O, and OH mass fractions are zero.
At the next instant, say 1 μs later, however, they start to increase. At
t = 30 μs, there is an obvious increase in the heat release ω̇T . The
mixture fraction corresponding to the highest ω̇T is lower than zst, i.e.
lies in the fuel-lean side. This value of z is termed as the most reactive

Fig. 10. Time evolution of gas thermophysical properties and residence time in
the cavity. The scatter points are the corresponding ignition delay time. Units
are: mCV in kg, pCV in MPa, TCV in K, τRZ and τind in μs. Only τRZ and τind use the
right legend. The green dashed lines are two characteristic times (t = 220 and
550 μs).

Fig. 11. Calculations of ignition delay time in homogeneous ethylene/air mixtures. The dashed box bounds the range of the most reactive mixture fraction.
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mixture fraction (ξMR) [23], and is analyzed in Section 5.2. Premixed
combustion is dominant at this instant. At t = 60 μs, ω̇T has two ex-
tremum values because there are four discontinuous combustion zones
spatially, one in the upstream zone D1 and the other three in the
downstream zones D2, D3 and D4 (see Fig. 6c). At t = 90 μs, the higher
CH2O but lower OH in zones D5 and D6 (denoted by the blue dots)
indicates that strong decomposition reactions of C2H4 are dominant.

The autoignition process in this period (0–90 μs) is characterized by
the formation of bow shocks due to supersonic flow compression at the
cavity rear walls, and the formation of discrete igniting hot spots due to
these shocks. Significant reactions can only undergo in a narrow range
of mixture fraction (from 0 to 0.2) and the premixed and diffusion
combustion modes are comparable. The cavity firstly induces the for-
mation of bow shocks (and thus auto-igniting hot spots) at the rear
walls, then provides a high temperature (due to deceleration of the
supersonic air inflow) recirculation zone favorable to the growth of the
initial flame. The strut in front of the cavity provides a preliminary low-
speed flow for the cavity (see Fig. 8). Hence, the combination of strut
and cavity improves the ignition ability in supersonic flows compared
with pure strut or cavity, which has been experimentally observed in,
e.g. Refs. [9,11].

Also note that both strength and location of the shocks adjust with
the development of the flow field. The shocks at the cavity rear walls
may even disappear after the flame is globally stabilized (see Fig. 9).
The behavior of the shocks and the shock-induced igniting spots shows
strong dynamics in the ignition, which is more complex than simple
geometries, e.g. the supersonic jet flame with hot co-flow [46]. A
transient bow shock is found to be created by the flame, which allows
for the first autoignition of the hydrogen/air mixture. The interaction
between the shock and flame shows strong intermittency and periodi-
city but does not entirely vanish. The measurements of autoignition
lengths in a low-speed jet flame [62] show that turbulent mixing delays
autoignition. However, in our case turbulent mixing enhances ignition
in the cavity through increasing the fuel temperature and the mixture
homogeneity while decreasing the UCM ignition delay due to the
mixing with intermediate species. Similar positive feedback between
the cavity mixing and heat release also has been observed in the work of
Wang et al. [63], in which the interactions between bow shocks and
fuel mixing/combustion are numerically investigated.

5.1.2. Flame stabilization
Fig. 8 shows the evolutions of temperature, Mach number, OH mass

fraction, and heat release rate at t = 130–270 μs. At t = 130 μs, the
local flame in zone D1 reaches at the side wall of the combustor, grows
both longitudinally and transversely. Zones D5 and D6 with local
flames in the previous instant merge into a single zone D7, which grows
about two thirds of the full height of the combustor in Fig. 8(a). Gas
speed in the cavity is low and the RZ shows strong spatial discontinuity.
However, both ω̇T and OH are low in the cavity at this instant.

At t = 170 μs, the high-temperature zones A3 and A4 occur again in
front of the cavity rear walls in Fig. 8(b). The thermo-chemical condi-
tions, e.g. gas temperature and intermediate species, are more in favor
of local re-ignition of fuel/air mixtures in the cavity compared with
previous instants (e.g. t = 0–90 μs) due to the previous burning of gas
in the cavity. It is seen that the downstream zone C1 with high OH mass
fraction exists after zones D3 and D4, which are featured with strong
ω̇T . Zone A2 is transported further downstream.

At t= 220 μs, the local high-temperature zones almost join together
and form an extensive area with high temperature after the cavity in
Fig. 8(c). The cavity is partly filled with high temperature gas as well,
but are not accomplished with significant ω̇T . Within 170–220 μs, it is
found that HBP in the rear part of cavity has a tendency to be trans-
ported upstream due to the flow recirculation. At t = 270 μs, the cavity
is full of HBP and intermediate species, e.g. OH in Fig. 8(d). The high
temperature zones after the cavity become spatially more continuous.
Gas in the front part of the cavity is ignited by the recirculated HBP

from the rear part.
The scatter plots of ω̇T , CH2O and OH in mixture fraction space (not

shown for brevity) indicate that premixed combustion becomes more
dominant as the flame evolves. The highest ω̇T increases stably while
the highest OH tends to stable in this period. Furthermore, as most of
the region after the cavity section is ignited while the cavity is only
partly ignited, CH2O is low, which indicates that flame propagation but
not re-ignition is dominated in this period.

The autoignition process in this period (130–270 μs) is character-
ized by propagation of the local flame (induced by hot spots in previous
instants) both downstream and upstream. Premixed combustion is
found to be dominant. After a long time (~800 μs) of HBP backward
convection towards the strut, the combustion field finally reaches a
statistically steady state. Fig. 9(a) shows the contours of T, Ma, OH and
ω̇T at t = 1070 μs. Fig. 9(b) shows the scatter plots of ω̇T , CH2O and OH
against z at this instant. It is found that the region between two adjacent
injectors (e.g. zone A0 in Fig. 9a) and the region between the injector
and combustor wall (zone A1) are preheated to above 1,300 K ac-
companied with weak decomposition of C2H4, and therefore with low
ω̇T . HBP is stabilized in the entire cavity as indicated by zone A2. Be-
hind the cavity, HBP is seen in a wide band close to the combustor wall
indicated by zone A3. The Mach trains are clearly seen in each sepa-
rated supersonic ethylene jet with a long tail (circled by zone B0). The
supersonic jets then break up and partly entrained into the cavity,
which is continuously ignited by HBP. The remainder of the jets is
transported downstream to sustain combustion in the center region. At
this instant, flame is stabilized in the cavity and fully established in the
combustor. The scatters in Fig. 9(b) acquires the expected shape for
diffusion combustion [23].

5.2. Low-order analysis of flame ignition and stabilization

It is found in Figs. 8 and 9 that the speed of the recirculating gas in
the cavity is low, compared to that of the incoming air stream. Hence,
the entire cavity presumably acts as the recirculation zone for ignition
and flame stabilization. The TSM and EBM are respectively applied to
study the evolutions of gas thermodynamics in the cavity during the
ignition process in Sections 5.2.1 and 5.2.2.

5.2.1. Time scale analysis
Fig. 10 shows the evolutions of the volume-averaged gas thermo-

physical properties (e.g. mCV, ϕCV , pCV ,TCV , and zCV ) and residence time
(τRZ) in the cavity zone (denoted as RCV). The total mass (mCV) and the
mass of interested species (mCV-Ym) are calculated respectively as

∭=m ρdxdydz,CV
CVR (26)

∭=−m ρY dxdydz.CV Y mm
CVR (27)

A nominal global equivalence ratio in the cavity (ϕCV ) is calculated
based on −mCV C H2 4 and −mCV O2. The volume-averaged temperature and
pressure in the cavity are respectively calculated as

∭=T Tdxdydz V/ ,CV CV
CVR (28)

∭=p pdxdydz V/ ,CV CV
CVR (29)

where = × −V m8.91 10CV
6 3 is the volume of the cavity. The volume-

averaged mixture fraction, zCV , is calculated as

=
− +
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− −
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CV O

CV
2 4 2

(30)

where s = 24/7 is the stoichiometric mass ratio of O2 to C2H4,
=Y 0.233O

0 is O2 mass fraction in the oxidizer stream, and =Y 1.0F
0 is

C2H4 mass fraction in the fuel stream. The IDT of UCM in the cavity is
calculated under the conditions of zCV , TCV and pCV using homogeneous
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PSR model, in which the autoignition is assumed to occur when
T ≥ 1,800 K. Selecting different temperature threshold values would
not cause significant change in the predicted IDT as temperature in-
creases rapidly at ignition [64].

In Fig. 10, it is found that remarkable fuel ( =ϕ 0.579CV , larger than
the global equivalence ratio 0.4) is entrained into the cavity and hence
leads to premixed UCM at t = 0 μs. From t = 0–220 μs, as autoignition
occurs in the cavity,TCV increases gradually, which leads to pronounced
thermal expansion in the cavity. This may prevent the fuel further en-
trainment into the cavity, and hence ϕCV decreases. zCV is lower than zst
(0.0636) but is close to the most reactive mixture fraction ξMR, which is
shown in Fig. 11. τRZ increases rapidly due to the flow blockage induced
by the bow shocks at the cavity rear walls before t = 70 μs. However,
τRZ is generally smaller than τind before this instant. This is not con-
tradictory to the time scale theory in Section 4.1 (requires τRZ ≥ τind) as
there are no flames in the cavity currently. After t = 70 μs, ≥τ τRZ ind is
well satisfied.

From t = 220–550 μs, mCV decreases oscillatorily. On one hand,
increased TCV generally leads to enhanced gas thermal expansion (see
the increased pCV ). This prevents the surrounding gas to enter the cavity
whereas the cavity gas is easier to be transport out of the RZ. On the
other hand, the gas before the cavity is not fully ignited (before
t = 550 μs), part of which enters the cavity at relatively high density.
The low ϕCV at t = 250–270 μs leads to >τ τind RZ . The TSM only ac-
counts for the ignition of fuel/oxidizer at their initial forms (i.e. C2H4/
O2). However, in real flames, there are many intermediate species, e.g.
OH, H, O, CH2O, HCO. These reactive radicals may accelerate the
chemistry of C2H4/O2 and hence decrease the IDT. Also, the radical
reactions may be dominant when the concentration of C2H4 and/or O2

is low. However, this fact is not considered when calculate τind of UCM
in TSM. After t = 270 μs, τind is missing due to excessive low ϕCV .
Successful ignition is not achievable in the homogeneous PSR calcula-
tions.

It is seen that before t = 550 μs, gas properties in the cavity (e.g.
mCV, TCV , ϕCV , zCV ) show strong fluctuations with flame propagation
against the main flow in front of the cavity. After then, these quantities
tend to reach statistically steady state (not shown after t = 670 μs in
Fig. 10). It is noteworthy that although ϕCV varies remarkably in the
ignition process, zCV does not. From Eq. (30), it is seen that zCV depends
on not only −mCV O2 and −mCV C H2 4, but also mCV. Furthermore, zCV is
smaller than zst in the ignition process.

In Figs. 7 and 9, it is found that CH2O, OH, and ω̇T reach their
maximums preferentially at the mixture fractions that are separated
from the stoichiometric line. The most reactive mixture fraction is the
one at which the reaction rate is the maximum [23]. A series of
homogeneous PSR calculations are performed, with initial conditions of
temperature and pressure close to those at the early ignition time in
Fig. 10. Specifically, the temperature is 1,150–1,280 K, the pressure is
0.2 MPa and 0.3 MPa (typical values of pCV in Fig. 10), and air

composition is same as that at the combustor entrance. For T ≥ 1,280 K
the IDT is short (tens of microseconds) and ignition is readily achieved.
Furthermore, TCV is hardly lower than 1,150 K, because the minimum
TCV in the entire ignition process is 1,190 K (only occurs at t = 0 μs).

Fig. 11 shows the calculated τind versus z at 0.2 and 0.3 MPa and
1,150–1,280 K. ξMR is indicated by the dashed box. The determination
of ξMR is not rigorous as the minimum τind is relatively broad [23]. It is
seen that the curves are relatively flat in the shown range of mixture
fraction after z ≈ 0.0225, especially at higher temperatures and higher
pressures. Here, we take ξMR in a range of 0.0225–0.04. It is seen that
zCV at most instants in Fig. 10 locates in this range. At some instants,
zCV is slightly lower than 0.0225, which may be due to the following
reasons. First, as seen in Fig. 11, the higher the initial temperature is,
the lower limit of ξMR that first occurs. At most instants, TCV is re-
markably higher than the highest T in Fig. 11 (1,280 K). The lower limit
of ξMR may be smaller than 0.0225 when T is higher. Second, zCV is
volume-averaged in the entire cavity. However, the cavity may be not
homogeneously mixed as an idealized PSR. The actual z at the ignition
front may be higher than zCV . Anyhow, ξMR provides an estimation of
where autoignition firstly occurs in the mixture fraction space and what
the order of magnitude of the actual autoignition time scale is.

5.2.2. Energy balance analysis
The specific total energy of the gas flows in ( ∗eu ) or out of ( ∗eo ) the

cavity is calculated as

∭ ∭= =∗ ∗ ∗e c T ρc T dxdydz ρdxdydz/ ,i p i i G p G,
i i (31)

where Gi is the gas flows into or out of the cavity, and ∗ei is the corre-
sponding specific total energy.

Fig. 12 shows the evolutions of energy generation and loss rates as
well as the net energy ( = −E E EΔ ̇ ̇ ̇gen loss) accumulation rate in the
cavity. At t = 0 μs, Ėgen is slightly above 0, indicating an initiation of
combustion heat release. Total energy of the gas entering the cavity is
larger than that leaving it, leading to negative Ėloss. This means that
through interaction with the surrounding, the total energy in the cavity
is increased. This is because that the supersonic air inflow
( =∗T 1, 700K) reaches at the cavity rear wall at this instant, while the
original gas in the cavity is relatively cold ( <∗T K941 ). Short after
t = 0 μs, both Ėgen and Ėloss increase rapidly. At t = 30 μs, significant
heat release is achieved through the spontaneous reactions in the cavity
itself. Once chemical reactions are initiated, gas temperature in the
cavity increases rapidly. However, as it is shown in Fig. 6, flame cannot
be stabilized immediately after its first occurrence in the cavity. Weak
combustion and even local flame extinction may occur due to in-
stantaneous large Ėloss (e.g. t = 30–40 μs). The EBM, to some degree,
explains the flame intermittency in the cavity at the early phase of ig-
nition.

Before t= 550 μs, Ėloss is negative at most time. Energy in the cavity
is featured with continuous and strong oscillatory accumulation pro-
cess. After t = 320 μs, reactions in the cavity reach the steady-state and
hence Ėgen varies mildly with time. This leads to the moderate variation
of thermophysical properties of the gas flows out of the cavity.
However, this is not the case for the gas flows in due to the flame
propagation upstream against the main flow in the combustor in front
of the cavity (see Fig. 8). After t = 550 μs, Ėgen drops towards zero
because ω̇T in the cavity is low when the combustor finally reaches the
statistically steady-state (see Fig. 9a). Ėloss becomes positive means that
the cavity is able to generate energy to the main flow after a long time
of energy accumulation. However, at about t = 1,000 μs (not shown),
Ėloss also tends to be 0 as Ėgen.

Note that although TSM and EBM are developed to investigate the
unsteady ignition process in the recirculation zones resulted from bluff
body type flame-holders, they are of practical significance in a more
general sense. They may be also used to study the unsteady flame ex-
tinction process and the statistically steady state flame stabilization. For

Fig. 12. Time evolution of energy balance in the cavity. The pink dashed lines
are two characteristic times (t = 220 and 550 μs).
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the highly unsteady processes, e.g. flame ignition and extinction, highly
resolved LES is desired to provide the transient input data (see Eqs. (16)
and (24)) for both the TSM and EBM. The evolution of intermediate
species also may be obtained using the transient analysis method with
skeletal or detailed chemical kinetics. However, for quasi-steady pro-
blems like stabilized flames, steady RANS may be able to provide the
accurate input data for the two low-order models, which provide de-
tailed quantitative insights into the mechanisms of flame ignition, sta-
bilization and extinction. Understanding these flame characteristics
helps us improve the combustor design. For example, if the flame ex-
tinguishes in our case, we will know the reason based on the transient
energy balance analysis. We can improve our flame stabilizer (strut and
cavity combination) design to enhance energy generation and weaken
energy loss in the recirculation zone.

Moreover, the EBM we developed is applicable to other types of
energy conversion and utilization devices fueled with other type of
fuels, but not limited to our specific combustor fueled with ethylene.
Firstly, the strut/cavity combination is effective for flame stabilization
(and hence for the conversion of chemical energy of fuels to the thermal
energy and kinetic energy of the working fluid) in supersonic flows. In
spite of the differences in combustor configurations and/or operating
conditions, the energy conversion and conservation processes in other
internal combustion engines, e.g. laser-induced plasma ignition engine
[3], spark-assisted ignition engines [65,66], are similar for chemical
fuels. Secondly, although ethylene is used as fuel in our case, the ap-
plication of the EBM is general for other gaseous fuels (e.g. hydrogen,
methane, natural gas). For liquid fuels (e.g. hydrocarbon-type kerosene,
ethanol) that are widely used as practical energy resources, the EBM
can also be extended, through considering the heat loss term due to the
liquid evaporation into the energy equation.

6. Conclusions

The time scale and energy balance methods are developed in this
work, which are then applied to investigate the flame autoignition and
propagation of supersonic ethylene flames simulated with highly re-
solved large eddy simulation. The two methods can provide us the in-
sights into the characteristic time scales and energy balancing during
the transient ignition process.

From the numerical results, one can find that flame kernels are in-
itiated from the auto-igniting hot spots induced by supersonic flow
compression at the cavity rear wall and the intersection of bow shocks
in the combustor center. The local flames developed from the hot spots
then propagate both downstream and upstream, and premixed com-
bustion mode is dominant. It is also seen that the flame is finally sta-
bilized downstream of the strut injectors and now diffusion combustion
is dominant.

The evolutions of the two time scales are calculated in the ignition
process of the ethylene flames. It is found that from 0 to 220 μs, when
the autoignition hot spots arise in the cavity, the average temperature
increases whereas the average equivalence ratio and mixture fraction
decrease. From 220 to 550 μs, at different stages of flame propagation
in the cavity, gas properties in the cavity show strong fluctuations. It is
found that the time scale theory is well valid in the flame propagation
dominated process within the lean flammability of ethylene / oxygen
mixture. After about 550 μs, gas properties in the cavity tend to be
stable. The most reactive mixture fraction ranges from 0.0225 to 0.04,
which is lower than the stoichiometric value 0.0636, but is close to the
average value in the cavity.

The rates of energy generation and loss are then analyzed for the
ignition process in the cavity. It is found that from 0 to 220 μs, the local
energy generation rate is small, resulting in slow net energy accumu-
lation in the cavity. From 220 to 550 μs, the energy generation in-
creases due to the intermittent flame propagation in the cavity, whereas
the energy loss oscillates consistently since the hot product leaves the
cavity. This results in strong fluctuation in net energy accumulation.

After 550 μs, the energy generation rate is negligibly small, whereas the
energy loss rate is positive but also tends to be zero after about 1,000 μs.
Energy generation and loss are generally balanced in the cavity after
the flame is globally stabilized.

Lastly, starting from the underlying universal energy conversation
law, the energy balance method is applicable to analyze the unsteady
flame ignition and extinction processes and the statistically steady state
flame stabilization. It is also extendable towards a broader range, in-
cluding other types of heat engines fueled with various chemical fuels
and operate under various conditions. Understanding the energy con-
version and conservation characteristics of such devices, in turn, helps
us improve the combustor design.
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